
INTRODUCTION TO CALCULUS



1: What is calculus?

1.2. Can you figure the next entry of the sequence of numbers

When solving such a riddle, we already use already a basic idea of calculus. 

You might see that the differences

1.1 Calculus deals with two themes: taking differences and summing things up.

Differences measure how data change, sums quantify how quantities accumulate.

The process of taking differences measures a rate of change. 

A limiting process gives the derivative. 

The process of summation produces the integral. 

The two operations are related by the fundamental theorem of calculus. 

In this first part, we look at functions which are evaluated on the set integers and where there is no need
for limits. 

It allows us to illustrate a major benefit of calculus: it gives us the ability to predict the future by 
analyzing the past.



Now, we can go back to the previous sequence and see that that the next term is 15.

Looking at the original sequence gives 48 + 15 = 63. 

Seeing such a difference pattern allows to get the future entries of the process. 

This observation is important.

1.3. Let us rewrite what we just did using the concept of a function.

A function f takes an input x and gives an output called y= f(x). 

The sequence we have just seen is then the function f(1) = 0, f(2) = 3, f(3) = 8, f(4) = 15, f(5) = 24,... 

Define now a new function Df by Df(x) = f(x+ 1)− f(x). 

It is a rate of change which we also call a “derivative”.

show a pattern. 

Taking differences again gives



Now, we can take the derivative again and define f(n) = f(n+ 1)− f(n). 

The function f is the function where the derivative has been applied twice. 

We have seen f(1) = 2, f(2) = 2, f(3) = 2,.... 

The second derivative is constant. 

We have dealt with data which measure a constant acceleration.

Figure 1. When plotting the sequence of numbers in the 
coordinate plane, the function is visualized as a graph.

1.4. Functions can be visualized graphically in the form of a graphs y = f(x). 

To do so, we draw two perpendicular axes, the x-axis and the y-axis and mark down every pair (x, f(x)) 
in this Euclidean plane.

Write also f(x) instead of f(x). 

We have f(1) = 3 − 0 = 3, f(2) = 8 − 3 = 5, f(3) = 15 − 8 = 7,.... 



1.5. When the first mathematicians were recording numbers, they marked them into tally sticks. 

An artifact from tens of thousands of years ago is the Ishango bone. 

We see that 1 = 1, 2 = 1 + 1, 3 = 1 + 1 + 1 etc. 

If we look at this counting function f(x) = x, it satisfies f′(x) = 1, the counting function and f′′(x) = 0.

1.6 We can now ask which function g has the property that g′ = f. 

The function g represents the summation of the terms.

Over the next thousands of years, humans figured out to represent numbers as symbols like

We can look at the marks as a constant function



1.7. The new function g satisfies g(1) = 1, g(2) = 3, g(3) = 6, etc. 

These numbers are called triangular numbers. 

From the function g we can get f  back by taking difference:

For example Dg(5) = g(6) − g(5) = 15 − 10 = 5. 

And indeed this is f(5). 

Finding a formula for the sum Sf(n) is not so easy if you have not seen it yet. 

We have to find the n’th term in the sequence which starts with

then g(x + 1) − g(x) = f(x). 

Can we get a formula for the function g?

For example f(5) = 0 + 1 + 2 + 3 + 4 and f(3) = 0 + 1 + 2 + 3, then f(4 + 1)− f(4) = 4. 

We see that if we define g= Sf as



1.8. Legend tells that when Karl-Friedrich Gauss was a 9 year old school kid, his teacher, Mr. Buttner 
gave him the task to sum up the first 100 positive integers 1 + 2 +· · · + 100. 

Gauss did not want to do this tedious work and looked for a better way to do it. 

He discovered that pairing the numbers up would simplify the summation. 

He would write the sum as (1 + 100) + (2 + 99) +· · · + (50 + 51) so that the answer is                                
g(x) = x(x− 1)/2 = 5050. 

We have now an explicit expression for the sum function.

Lets apply the difference function again: Dg(x) = x(x+ 1)/2− x(x− 1)/2 = x = f(x).

1.9. Let us add up the new sequence again and compute h = Sg. 

We get the sequence 0, 1, 4, 10, 20, 35,... called tetrahedral numbers. 

The reason is that one can use h(n) balls to build a tetrahedron of side length n. 

For example, we need h(4) = 20 golf balls to build a tetrahedron of side length 4. 



1.10. The general relation

1.11. This is a fantastic result. 

The goal of this class is to understand this theorem, and to apply it. 

Note that if we define [n]0 = 1, [n]1 = n, [n]2 = n(n− 1)/2, [n]3 = n(n− 1)(n− 2)/6 then D[n] = [1], D[n]2 = 
2[n], D[n]3 = 3[n]2

   and in general

already is a version of the fundamental theorem of calculus. 

It will lead to the integral                      ,  derivative                   and the fundamental theorem of 
calculus.

The formula which holds for h is  h(x) = x(x-1)(x-2)/6. 

You can easily check that summing the differences gives the function back.



Examples



2.1. A function is a rule which assigns to a real number a new real number. 

The function f(x) = x3 − 2x for example assigns to the number x = 2 the value 23 − 4 = 4.

A function is assigned a domain A, the points where f is defined and a codomain B a set of numbers in 
which f is mapped to. 

The range is f(A).

2.2. Many functions like f(x) = x2 − 2x are defined everywhere. 

In general, we assume that the domain is the place where the function is defined and the codomain is the 
set of real numbers and the range the set of numbers which are reached by f. 

Functions can also be defined on domains which are discrete.

2: Functions



2.3. A function g(x) = 1/x for example cannot be evaluated at 0 so that the domain must exclude the  
point 0. 

Its range is also ℝ \ {0}, the set of real numbers without 0. 

The inverse of a function f is a function g such that g(f(x)) = x. 

The function g(x) =        for example is the inverse of the function f(x) = x2 on its domain ℝ+ = [0, ∞). 

The function f(x) = 1/x is its own inverse.

2.4. Here are a few examples. 

We will look at many of them in more detail during the class. 

Very important are polynomials, trigonometric functions, the exponential and the logarithmic function.

Below we see some functions. 

The compound interest function can also be interpreted as an exponential. 

The prime function p(n) which gives the n’th prime is also a function. 

The domain is ℕ = {1, 2, 3, . . . } of natural numbers, the range B is the set of primes.
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We can build new functions by:

It will for h → 0 go over to the exponential function. 

The logarithmic function as the inverse of the exponential function is only defined on the positive real 
axes.



Important functions:

2.5. We will look at these functions a lot during this class. 

The logarithm, exponential and trigonometric functions are especially important. 

For some functions, we need to restrict the domain, where the function is defined. 

For the square root function √x or the logarithm log(x) for example, we have to assume that the number 
x on which we evaluate the function is positive. 

We write that the domain is (0, ∞) = R+. 

For the function f(x) = 1/x, we have to assume that x is different from zero. 

Keep these three examples in mind.



2.6. The graph of a function is the set of points {(x, y) = (x, f(x)) } in the plane, where x runs over the 
domain A of f. 

Graphs allow us to visualize functions. 

We can “see a function”, when we draw the graph.





2.7. Definition: A function f : A → B is invertible if there is an other function g such that g(f(x)) = x for 
all x in A and f(g(y)) = y for all y ∈ B. 

The function g is the inverse of f. 

Example: g(x) =         is the inverse of f(x) = x2 as a function from A = [0, ∞) to B = [0, ∞). 

You can check with the horizontal line test whether an inverse exists: draw the box with base A and side 
B, then every horizontal line should intersect the graph exactly once.

3.1. The function 1/x is not defined everywhere. 

It blows up at x = 0 where we divide by zero. 

Sometimes however, a function can be healed at a point where it is not defined. 

A silly example is f(x) = x2/x which is initially not defined at x = 0 because we divide by x. 

The function can be “saved” by noticing that f(x) = x for all x different from 0. 

Functions often can be continued to “forbidden” places if we write the function differently. 

This can involves dividing out a common factor. 

3: Limits
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3.2. Example. The function f(x) = (x3− 1)/(x− 1) is at first not defined at x = 1.

But for x close to 1, nothing really bad happens. 

We can evaluate the function at points closer and closer to 1 and get closer and closer to 3. 

We say limx→1 f(x) = 3.

Indeed, you might have noticed already that f(x) = x2 + x + 1 by factoring out (x− 1).

While initially not defined at x = 1, there is a natural value b = 3 we can assign for f(1) = 3 so that the 
graph continues nicely through that point.

3.3. Definition. We write x → a to indicate that x approaches a. 

This approach can be from either side, from the left x → a− or from the right x → a+. 

A function f(x) has a limit at a point  a  if there exists a unique  b  such that f(x) → b for x → a. 

We write limx→a f(x) = b if the limit exists and if it is the same value b, when approaching from either 
side. 

3.4. Example. The sinc function f(x) = sin(x)/x is called sinc(x). 

Here are some examples:



It is not defined at x = 0 at first. 

It appears naturally in geometry as a quotient between the length of a side of a right angle triangle and  
an arc length of a sector which contains it. 

We will look at this function a lot also later on and show that the limit of f(x) exists for x → 0. 

This fact is important.

limx→0             = 1.

Now to illustrate some important functions via graphs.

3.5. Example. The function f(x) = x/|x| is 1 if x > 0 and −1 if x < 0. 

It is not defined at x = 0 and there is no way to assign a value  b  at x = 0 in such a way that                       
limx→0 f(x) = b. 

One could define f(0) = 0 and call the function the sign function. 

It is defined everywhere but it is not continuous at 0 as it jumps. 

We look at continuity in the next lecture.

Fundamental theorem of trigonometry.
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Figure: We see the graphs of 
f (x) = (x3− 1)/(x− 1), the sinc 
function sinc(x) = sin(x)/x, the 
sign function sign(x) = x/|x|, 
the floor function floor(x) 
giving the largest integer 
smaller or equal to x, the tan 
function and the absolute 
value function abs(x) = |x|.

3.6. Example. The function f(x) = cos(x2)/(x4 + 1) has the property that f(x) approaches 1 if x approaches 
0. 

To evaluate functions at 0, there was no need to take a limit because x4 + 1 is never zero. 

The function is everywhere defined. 

Actually, most functions are nice in the sense that we do not have have to worry about limits at most
points. 



3.7. Example. Also, for sin and cos, the limit limx→a  f(x) = f(a) is defined. 

This extends to trigonometric polynomials like sin(3x) + cos(5x). 

The function tan(x) however has no limit at x = π/2. 

No finite value b can be found so that tan(π/2+h) → bfor h → 0. 

This is due to the fact that cos(x) is zero at π/2.

3.8. Example. The cube root function f(x) = x1/3 is defined for all x and even x = 0. 

For the square root function f(x) =         we have to be aware that for x < −0, it is not defined. 

The domain of the is function is the positive real axis

In the overwhelming cases of real applications we only have to worry about limits when the function 
involves division by 0. 

For example f(x) = (x4+x2+1)/x needs to be investigated more carefully at x = 0. 

You see for example that for x = 1/1000, the function is slightly larger than 1000. 

We can simplify it to x3 + x + 1/x for x ≠  0.

There is no limit limx→0 f(x) because 1/x has no limit.
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Why do we worry about limits? 

One of the main reasons will is that we will soon define the derivative and integral using limits. 

A second reason is that limits of polynomials lead to function like the exponential function or logarithm 
function. 

An other reason is that one can use limits to define numbers like π = 3.1415926. . . . 

In the next lecture, we also look at the important concept of continuity which refers to limits.

3.9. The following properties hold for limits:

limx→a f(x) = b and limx→a g(x) = c implies limx→a f(x) + g(x) = b + c.
limx→a f(x) = b and limx→a g(x) = c implies limx→a f(x)· g(x) = b · c.
limx→a f(x) = b and limx→a g(x) = c ≠ 0 implies limx→a f(x)/g(x) = b/c.

Figure: To the left we see a case, where 
the limit exists at x = a. If x approaches a 
then f(x) approaches b. To the right we 
see the function  f(x) = arctan(tan(x) + 1), 
where arctan is the inverse of tan. The 
limit does not exist for a = π/2. If we 
approach a from the right, we get the 
limit −π/2. From the left, we get the limit 
f(π/2) = π/2. Note that  f is not defined at 
x = π/2 because tan(x) becomes infinite 
there.



3.10. This implies we can sum up and multiply or divide functions which have limits:

Examples: 

Polynomials like x5− 2x + 6 or trig polynomials like sin(3x) + cos(5x) have limits everywhere. 

Rational functions like (x2 − 1)/(x2 + 1) have limits everywhere if the denominator has no roots. 

Functions like cos2(x) tan(x)/sin(x) can be healed by simplification. 

Prototype functions like sin(x)/x have limits everywhere.

4.1.

4.2. In the interior (a, b), the limit needs to exist both from the right and from the left. 

Intuitively, a function is continuous if one can draw the graph of the function without lifting the 
pencil. 

Continuity means that small changes in x results in small changes of f(x). 

Some functions like (x2− 1)/(x− 1) or sin(x)/x need to have function values filled in to become 
continuous.

Definition: A function f is continuous at a point x0 if a value f(x0) 
can be found such that f(x) → f(x0) for x → x0. 

A function f is continuous on [a, b] if it is continuous for every 
point x in the interval [a, b].

4: Continuity



4.3. Example. Any polynomial like x3 or trig functions like cos(x), sin(x), exp(x) for example are 
continuous. 

Also the sum and products of continuous functions is continuous. 

For example, x5 + sin(x3 + ex) is continuous everywhere. 

We can also compose continuous functions like exp(sin(x)) and still get a continuous function.

4.4. The function f(x) = 1/x is continuous except at x = 0. 

It is a prototype with a pole discontinuity at x = 0. 

One can draw a vertical asymptote. 

The division by zero kills continuity. 

Remember however that this can be salvaged in some cases like f(x) = sin(x)/x which is continuous 
everywhere. 

The function can be healed at 0 even so it was at first not defined at x = 0.



4.5. The logarithm function f(x) = log |x| is continuous for all x ≠ 0. 

It is not continuous at 0 because f(x) → −∞ for |x| → 0. 

It might surprise you that f(x) = (1− x2)/ log |x| can be extended to a continuous function. 

It is not defined at first at x = 0 as log |0| = −∞. 

It is also not defined at x = 1 or x =−1 at first because log(1) = 0. 

But in both cases, we can heal it and see f(1) = f(−1) = 0. 

The value f(0) = 0 is easier to see, but filling in the value f(1) = f(−1) = −2 is less obvious. 

We will learn later to heal the function at these two points. 

It will need hospitalization.

4.6. The co-secant function csc(x) = 1/sin(x) is not continuous at x = 0, x= π, x = 2π and more generally 
for any multiple of π. 

It has poles there because sin(x) is zero at those points and because we divide by zero at such points. 

The function cot(x) = cos(x)/sin(x) shares the same discontinuity points as csc(x).



4.7. The function f(x) = sin(π/x) is continuous everywhere except at x = 0. 

It is a prototype of a function which is not continuous due to oscillation. 

We can approach x = 0 in ways that f(xn) = 1 and such that f(zn) =−1. 

Just pick xn = 2/(4k + 1) or zn = 2/(4k− 1).

Rules:

a) If f and g are continuous, then f + g is continuous.
b) If f and g are continuous, then f ∗ g is continuous.
c) If f and g are continuous and if g ≠ 0 everywhere, then f /g is continuous.
d) If f and g are continuous, then f ◦ g(x) = f(g(x)) is continuous.

4.8. The signum function

 f(x) = sign(x) = 

is not continuous at 0.

It is a prototype of a function with a jump discontinuity at 0. 

There is no way we can make this continuous at 0.



Examples. a) f(x) =                   is continuous everywhere on the real line. b) f(x) = cos(x) + sin(x) is 
continuous everywhere. c) f(x) = log(|x|) is continuous everywhere except at 0. d) f(x) = sin(πx)/log |x4| is 
continuous at x = 0. Is it continuous everywhere?

Example: The function f(x) = [sin(x + h)− sin(x)]/h is continuous for every parameter h > 0. 

We will see soon what happens when h becomes smaller and smaller and that the continuity will never 
deteriorate but indeed, we will see f(x) will for smaller and smaller h  get to the cos function.

4.10. Why do we like continuity? 

One reason important in applications is that “continuity provides stability and some sort of 
predictability.”

4.9. There are three major reasons, why a function can be not continuous at a point: it can jump, oscillate 
or escape to infinity. 

Here are the prototype examples we will look at more during the lecture.
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4.11. Continuity will be useful when finding maxima and minima. 

A continuous function on an interval [a, b] has a maximum and minimum. 

We will see shortly that if a continuous function is negative at some place and positive at an other, there 
is a point between, where it is zero. 

Being able to find solutions to equations f(x) = 0 is important and much more difficult, if f not 
continuous.

Discontinuities are usually associated to catastrophes. 

Discontinuities happen typically, if something breaks.



5: Intermediate value theorem

Definition: If f(a) = 0, then a is called a root of f .          

                   For f(x) = sin(x) for example, there are roots at x = 0, x= π.

If f is continuous on the interval [a, b] and f(a), f(b) 
have different signs, then there is a root of f in (a, b).

5.3. The proof is constructive: we can assume f(a) < 0 and f(b) > 0. 

The other case is similar. 

Look at c = (a + b)/2. 

If f(c) < 0, then take [c, b] as the new interval, otherwise, take [a, c]. 

We get a new root problem on a smaller interval. 

Repeat the procedure. 

After n steps, the search is narrowed to an interval [un, vn] of length 2n(b− a). 

Continuity assures that f(un)− f(vn) → 0 and that f(un), f(vn) have different signs. 

Both point sequences un, vn converge to a root of f.

5.2. Intermediate value theorem of Bolzano.

5.1. Finding solutions to g(x) = h(x) is equivalent to find solutions f(x) = g(x)−h(x) = 0.



Example: Verify that the function f(x) = x17− x3 + x5 + 5x7 + sin(x) has a root.\

Solution. The function goes to +∞ for x → ∞ and to −∞ for x → −∞. 

Definition: We call a point p, where Df(x) = 0 an h-critical point.

                    We call a point   a   a local maximum if f(a) ≥ f(x) in an open interval containing    a. 

                     A local minimum is a point   a  , where f(a) ≤ f(x).

Example: We can check that the function f(x) = x(x− h)(x−2h) has the derivative Df(x) = 3x(x− h). 

With the notation [x]3 = x(x− h)(x− 2h) and [x]2  = x(x− h), we have D[x]3 = 3[x]2. 

Since [x]2 has exactly two roots 0, h, the function [x]3 has 2 critical points.

Definition: derivative(next discussion). 

                     Df(x) = (f(x + h)− f(x))/h  is the h-derivative of f

We have for example f(10000) > 0 and f(−1000000) < 0. 

Then use the theorem.

Example: For [x]n+1 = x(x− h)(x− 2h)· · · (x− nh) we can compute D[x]n+1 = (n + 1)D[x]n. 

Because [x]n has exactly n roots, the function [x]n+1 has exactly n critical points. 

Keep D[x]n = n[x]n-1 in mind! 

For the usual derivative it will be true dxn/dx = nxn-1.



Fermat’s maximum theorem If f is continuous and has f(a) = f(b) = f(a + h), then f has either a local 
maximum or local minimum inside the open interval (a, b).

Now that we have mentioned a few new ideas and definitions, we can begin calculus.

6.1. Calculus is a theory of differentiation and integration. 

We explore here this concept again in a simple setup and practice differentiation and integration without 
taking limits. 

We fix a positive constant h and take differences and sums. 

The fundamental theorem of calculus for h = 1 generalizes. 

We can then differentiate and integrate polynomials, exponentials and trigonometric functions. 

Later, we will do the same with actual derivatives and integrals. 

But now, we can work with arbitrary continuous functions. 

The constant h never pops up. 

You can think of it as something fixed, like the Planck constant 1.6 x10−35m. 

In the standard calculus of Newton and Leibniz the limit h → 0 is taken.

6: Fundamental theorem



6.2. If f is continuous then Df is a continuous. 

For simplicity, we call it “derivative”.

We keep the positive constant h fixed. 

As an example, let us take the constant function f(x) = 5. 

We get Df(x) = (f(x + h)− (f(x))/h = (5− 5)/h = 0 everywhere.

You see that in general, if f is a constant function, then Df(x) = 0.

6.3. f(x) = 3x. 

We have Df(x) = (f(x + h)− f(x))/h = (3(x + h)− 3x)/h which is 3 . 

You see in general that if f(x) = mx + b, then Df(x) = m.

For f(x) = c we have Df(x) = 0. 

For f(x) = mx + b, we have Df(x) = m.

Definition: Given f(x), define the difference quotient
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Df(x) =
f(x+ h)→ f(x)

h



6.4. For f(x) = x2 we compute Df(x) = ((x + h)2 - x2)/h = (2hx + h2)/h = 2x + h

6.6. Given a function f, define a new function Sf(x) by summing up all values of f(jh), where 0 ≤ jh < x 
with x = nh.

Sf(x) = h[f(0) + f(h) + f(2h) +· · ·+ f((n−1)h)]

In short hand, we call Sf also the ”integral” or ”anti-derivative” of f. 

It will become  the integral in the limit h → 0 later in the class.

Definition: Given f(x) define the Riemann sum

6.5. For f(x) =         we compute Df(x) = (                 -        )/h

                    =  

which is   

For h → 0, we get               .
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→
x



The difference Df(x) will become the derivative f ′(x).

The sum Sf(x) will become the integral 

6.7. Example. Compute Sf(x) for f(x) = 1. 

Solution. We have Sf(x) = 0 for x ≤ h, and Sf(x) = h for h ≤ x < 2h and Sf(x) = 2h for 2h ≤ x < 3h. 

In general S1(jh) = j and S1(x) = kh where k is the largest integer such that kh < x. 
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0
f(t)dt

Sf means areas of rectangles and is 
close to the area under the graph of f.

Df means rise over run and is close to 
the slope of the graph of f.



6.8. Here is the quantum fundamental theorem of calculus

SDf(kh) = f(kh)− f(0)                                              DSf(kh) = f(kh)

6.9. This leads to differentiation formulas for polynomials. 

We will leave away the square brackets later to make it look like the calculus we will do later on. 

6.10. If f(x) = [x] + [x]3 + 3[x]5 then Df(x) = 1 + 3[x]2 + 15[x]4. 

The fundamental theorem allows us to integrate and get Sf(x) = [x]2/2 + [x]4/4 + 3[x]6/6.

Example: For f(x) =         = x(x− h)(x− 2h)...(x− mh + h) we have

          f(x+h) − f(x) = (x(x− h)(x− 2h)...(x− kh + 2h)) ((x + h) − (x− mh + h)) = [x]m−1hm

and so                                         . 

We have obtained the important formula D[x]m =m[x]m-1.

Theorem: Sum the differences gives                   Theorem: Difference the sum gives
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[x]mh
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D[x]mh = m[x](m→1)
h

Definition: Define exph(x) = (1 + h)x/h. 

It is equal to 2x for h = 1 and morphs into the function ex when h goes to zero.



6.11. The function exph(x) = (1 + h)x/h has the property that its derivative is the function again. 

We also have exph(x + y) = exph(x) exph(y). 

More generally, define exp(a · x) = (1 + ah)x/h. 

It satisfies D exph(a · x) = a exph(a · x) .

We write a dot because exph(ax) is not equal to exph(a · x). 

For now, only the differentiation rule for this function is important.

6.12. If a is replaced with ai where i =          , we have exp(1 + ia)(1 + aih)x/h and still                              

Taking real and imaginary parts define new trig functions          (x) = cosh(a · x) + i sinh(a · x). 

These functions are real and morph into the familiar cos and sin functions for h → 0. 

For any h > 0 and any a, we have now Dcosh(a · x) =−a sinh(a · x) and Dsinh(a · x) = a cosh(a · x). 

We will later derive these identities for the usual trig functions.

As a rescaled exponential, it is continuous and monotone. 

Indeed, using rules of the logarithm we can see exph(x) = ex(log(1+h)/h) = exA. 

It is actually a classical exponential with some constant A.
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↑1
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D expaih = ai expaih
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6.13.

6.14. We have directly from the definition S1/[x + 1]h = logh(x + 1)

More generally S(1/[x + a]) = log(x + a)− log(a).

Fundamental theorem of Calculus:

Integration rules (for x = kh)

S xn = xn+1/(n + 1)
S ea·x = (ea·x − 1)/a
S cos(a · x) = sin(a · x)/a
S sin(a · x) = (1− cos(a · x))/a
S 1/(1+ax) = log(1 + ax)/a

As a consequence we can compute things like

Definition: Define logh(x) as the inverse of exph(x) and 1/[x + a]h = Dlogh(x + a).

Differentiation rules

D xn = nxn−1

D ea·x = aea·x

D cos(a · x) =−a sin(a · x)
D sin(a · x) = a cos(a · x)
D log(1 + xa) = a/(1 + ax)

DSf(x) = f(x) and SDf(x) = f(x)− f(0).



7.1. Given a function f and a constant h > 0, we can look at the new function

It is the average rate of change of the function with step size h. 

When changing x to x + h and then f(x) changes to f(x + h). 

The quotient Df(x) is a slope and “rise over run”. 

Now, we take the limit h → 0. 

7: Rate of Change

Fermat’s extreme value theorem: If Df(x) = 0 and f is continuous, then f has a local maximum or 
minimum in the open interval (x, x + h).

Pictures

It is called the instantaneous rate of change. 



Definition: If the limit     f(x) = limh→0                        exists, we say f
is differentiable at the point x. 

The value is called the derivative or instantaneous rate of change 
of the function f at x. 

We denote the limit also with f ′(x).

Dividing this by h gives −2x− h. 

The limit h → 0 gives −2x. 

We have just seen that for f(x) = x2, we get f ′(x) = −2x. 

For x = 3, this is −6.

7.2. Example. For f(x) = 30 − x2 we have

We derive the important formulas     xn = nxn-1,       exp(ax) = a exp(ax),        sin(ax) = a cos(ax),
     cos(ax) =−a sin(ax) which we have seen already before in a discrete setting. 

But now we see them also to in the limit h → 0:
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f(x+ h)→ f(x)

h



The derivative f ′(x) has a geometric meaning. 

It is the slope of the tangent at x. 

This is an important geometric interpretation. 

Often, x is “time” and the derivative as the rate of change of the quantity f (x) in  time

For f(x) = xn, we have f′(x) = nxn -1 .

Example. For f(x) = |x|, we have (f(x + h) − f(x))/h = 1 if x > 0 and (f(x + h) − f(x))/h= −1 if x is smaller 
than −h. 

The limit h → 0 does not exist at x = 0!



Proof: We can use our discrete calculus set-up and note that [x]n goes to xn for h → 0.

More traditional is an expansion f(x+h) − f(x) = (x+h)n -xn = (xn +nxn-1h+a2h2 +· · ·+ hn) − xn = nxn-1h + 
a2h2 +... + hn). 

If we divide by h, we get nxn-1 + h(a2 +· · · + hn-2) for which the limit h → 0 exists: it is nxn-1. 

This example is important because many functions can be approximated very well with polynomials.

For f(x) = sin(x) we have f ′(0) = 1 because the differential quotient is [f(0 + h)− f(0)]/h = sin(h)/h = 
sinc(h). 

We have already mentioned that the limit is 1 before. 

Lets look at it again geometrically. 

For all 0 < x < π/2 we have sin(x) ≤ x ≤ tan(x).

Now divide everything by sin(x). 

Because tan(x)/sin(x) = 1/cos(x) → 1 for x → 0, the value of sinc(x) = sin(x)/x must go to 1 as x → 0.

Renaming the variable x with the variable h, we have verified the fundamental theorem of trigonometry

7.3. For f(x) = cos(x) we have f′(0) = 0.

To see this, look at [f(0 + h)− f(0)]/h = [cos(h)− 1]/h.



From 2− 2 cos(h) = sin2(h) + (1− cos(h))2 which is less than h2 (geometry!) we have (1− cos(h) ≤ h2/2 so 
that (1− cos(h))/h ≤ h/2. 

We have now

Now use the just established (cos(h)− 1)/h → 0 and the fundamental theorem of trigonometry                
sin(h)/h → 1 to see that [cos(x + h)− cos(x)]/h → − sin(x).

For f(x) = cos(ax) we have f ′ (x) = −a sin(ax).

7.5. Similarly,

because (cos(h)− 1)/h → 0 and sin(h)/h → 1, we see that [sin(x + h)− sin(x)]/h → cos(x).

The interpretation is that the tangent is horizontal for the cos function at x = 0.

7.4. From the previous two examples and trig identities we get

for f(x) = sin(ax), we have f ′(x) = a cos(ax).
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7.6. Like π, the Euler number e = e1 is irrational. 

Here are the first digits: 2.7182818284590452354. 

If you want to find an approximation, just pick a large n, like n = 100 and compute (1 + 1/n)n. 

For n = 100 for example, we see 101100/100100.

We only need to compute the integer 101100 and then put a comma after the first digit to get a decent 
approximation of e.

For x < 0, the inequalities are reversed.

7.7. To see why the limit exists, verify that the fractions An = (1 + 1/n)n increase and Bn = (1 + 1/n)(n+1) 
decrease. 

Since Bn/An = (1 + 1/n) which goes to 1 for n → ∞, the limit exists. 

The same argument shows that (1 + 1/n)xn = exp1/n(x) increases and exp1/n(x)(1 + 1/n) decreases. 

The limiting function exp(x) = ex is called the exponential function. 

Remember that if we write h = 1/n, then (1 + 1/n)nx = exph(x) considered earlier in the class. 

We can sandwich the exponential function between exph(x) and (1 + h) exph(x):

exph(x) ≤ exp(x) ≤ exph(x)(1 + h),     x ≥ 0.



7.9. It follows from the properties of taking limits that (f(x) + g(x))′ = f ′(x) + g′(x).

We also have (a f(x))′ = a f ′(x). 

From this, we can now compute many derivatives

7.10. Find the slope of the tangent of f(x) = sin(3x) + 5 cos(10x) + e5x at the point x = 0. 

Solution: f ′(x) = 3 cos(3x)− 50 sin(10x) + 5e5x. 

Now evaluate it at x = 0 which is 3 + 0 + 5 = 8.

Finally, lets mention an example of a function which is not everywhere differentiable.

7.11. The function f(x) = |x| has the properties that f ′(x) = 1 for x > 0 and f ′(x) =−1 for x = < 1. 

The derivative does not exist at x = 0 even though the function is continuous there. 

You see that the slope of the graph jumps discontinuously at the point x = 0.

7.12. For a function which is discontinuous at some point, we don’t even attempt to differentiate it there. 

For example, we would not even try to differentiate sin(4/x) at x = 0 nor f(x) = 1/x3 at x = 0 nor sin(x)/|x| 
at x = 0. 

Remember these bad guys?

To the end, you might have noticed that sometimes, more general results have appeared, where x is 
replaced by ax. 

We will look at this again but in general, the relation f ′(ax) = af(ax) holds (”if you drive twice as fast, 
you climb twice as fast”).



8: Derivative Function

8.1. The derivative f ′(x) =     f(x) was defined as a limit of (f(x + h)→ f(x))/h for h → 0. 

We have seen that     xn = nxn-1 holds for integer n. 

We also know already that sin′(ax) = a cos(x), cos′(ax) =→a sin(x) and exp′(ax) = a exp(ax). 

We can now differentiate already a lot of functions and evaluate the derivative f ′(x) at a given point
x and compute the slope of the graph of f at x.

8.2. Example: Find the derivative f ′(x) of f(x) = sin(4x) + cos(5x) -         + 1/x + x4 and evaluate it at x = 
1. 

Solution: f ′(x) = 4 cos(4x) -5 sin(5x) - 1/(2         ) - 1/x2 +4x3.

Plugging in x = 1 gives  - π  - 1/2 - 1 + 4.

8.3. The differentiation process produces also a rule which assigns to a function f a new function f ′, the 
derivative function. 

For example, for f(x) = sin(x), we get f ′(x) = cos(x). 

In this lecture, we want to understand the new function and its relation with f . 

What does it mean if f ′(x) > 0? 

What does it mean that f ′(x) < 0? 

Do the roots of f tell about f ′ or do the roots of f ′ tell about f ?
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8.4. Here is an example of a function f , its derivative f ′ and the derivative of the derivative f ′′ . 

Can you see the relation?

Definition: A function is called strictly monotonically increasing
on an interval I = (a, b) if f ′(x) > 0 for all x ∈ (a, b). It is strictly
monotonically decreasing if f ′(x) < 0 for all x ∈ (a, b).

Example: Can you find a function f on the interval [0, 1] which is bounded |f(x)| ≤ 1 but such that f ′(x) is 
unbounded?

Monotonically increasing functions “go up” when you “increase x”. 

Lets color that:

To understand this, it is good to distinguish intervals, where f ′(x) is increasing or decreasing. 

This are the intervals where f ′(x) is positive or negative.



the

Definition: Given f(x), we can define g(x) = f ′(x) and then take the
derivative g′ of g. This second derivative f ′′x) is called the acceleration.
It measures the rate of change of the tangent slope. For f(x) = x4, for
example we have f ′′(x) = 12x2. If f ′′(x) > 0 on some interval the function
is called concave up, if f ′′(x) < 0, it is concave down.

the the the

9.1. The product rule gives the derivative of a product of functions in terms of the functions and the 
derivatives of each function. 

It is also called Leibniz rule named after Gottfried Leibniz, who found it in 1684.

It is important because it allows us to differentiate many more functions. 

We will be able to compute so the derivative of f(x) = x sin(x) for example without having to take the 
limit the limit lim(f(x + h) - f(x))/h. 

Let us start with an identity which is a discrete Leibniz rule which holds in the Babylonian calculus 
where we do not take limits.

9: Product Rule
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9.2. It can be written as D(f g) = Df g+ + f Dg with a shifted function g+(x) = g(x + h) and
Df(x) = [f(x + h) - f(x)]/h. 

This quantum Leibniz rule can also be seen geometrically: the rectangle of area (f + df )(g + dg) is the 
union of rectangles with area f · g, f · dg and df · g+. 

Now take the limit h → 0:

Example: Find the derivative function f ′(x) for f(x) = x3sin(x). 

Solution: We know how to differentiate x3 and sin(x) so that f ′(x = 3x2 sin(x) + x3 cos(x).

9.4. The quotient rule allows to differentiate f(x)/g(x). 

Because we can write this as f(x) · 1/g(x), we need only to differentiate 1/g(x). 

This gives the reciprocal rule:

(f(x)g(x)) = f ′(x)g(x) + f(x)g(x).

9.3. We get the extraordinarily important product rule:
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10: Chain rule

9.5. In order to see this, write h = 1/g and differentiate the equation 1 = g(x)h(x) on both sides. 

The product rule gives 0 = g′(x)h(x) + g(x)h′(x) so that h′(x) = -h(x)g′(x)/g(x) = -g′(x)/g2(x).

xn = nxn-1

9.6. The quotient rule is obtained by applying the product rule to f(x)·(1/g(x)) and using the reciprocal 
rule.

If g(x) ≠ 0, then

This implies that the formula                               holds for all integers n.

If g(x) ≠ 0, then
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[g(x)f →(x)→ f(x)g→(x)]

g2(x)

10.1. In order to take the derivative of a composition of functions like f(x) = sin(x7), the product rule 
does not work. 

The functions are not multiplied but are “chained” in the sense that we evaluate first x7 then apply the sin 
function to it. 

In order to differentiate, we take the derivative of the x7 then multiply this with the derivative of the 
function sin evaluated at x7  ——- the answer is 7x6 cos(x7).



Write H(x) = g(x+h)-g(x) in the first part on the right hand side

10.3. Let us look at some examples.

Example: Find the derivative of f(x) = (4x2− 1)17. 

Solution The inner function is g(x) = 4x2− 1 with derivative 8x. 

We get therefore f(x) = 17(4x− 1)6 ·8x. 

Remark. We could have expanded out the power (4x2− 1)17 first and avoided the chain rule. 

Try it. You will see that the rule of avoiding the chain rule is called the pain rule.

Example: Find the derivative of f(x) = sin(π cos(x)) at x = 0. 

Solution: applying the chain rule gives cos(π cos(x)) · (−π sin(x)).

As h → 0, we also have H → 0 and the first part goes to f(g(x)) and the second factor has g (x) as a limit.

10.2.



Definition: Denote by arccos(x) the inverse of cos(x) on [0, π] 
and with arcsin(x) the inverse of sin(x) on [−π/2, π/2].

10.4. One of the cool applications of the chain rule is that we can compute derivatives of inverse 
functions:

Example: Find the derivative of the natural logarithm function log(x).  

Solution: Differentiate the identity exp(log(x)) = x. 

On the right hand side we have 1. 

On the left hand side the chain rule gives exp(log(x)) log (x) = x log (x) = 1. 
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d

dx
log (x) =

1

x



Thus 

11: Critical Points

Definition: A point x0 is a critical point of f if f ′(x0) = 0.

Example: Find the critical points of the function f(x) = x3 + 3x2 − 24x. 

Solution: we compute the derivative as f(x) = 3x2 + 6x− 24. 

The roots of f are 2, −4.

11.1. We like to maximize nice quantities and minimize unpleasant ones. 

Optimizing quantities is also an important principle which nature follows: laws in physics like Newton’s 
law describing the motion of planets, or the Maxwell’s equations describing the propagation of light, or 
the equations written down by Einstein to describe how matter influences geometric space are based on 
the principle of extremization. 

An important intuitive insight is that at maxima or minima of a function f , the tangent to the graph must 
be horizontal. 

This leads to the following notion for differentiable functions:

Example: f(x) = sin(x2 + 3) —>  f ′(x) = cos(x2 + 3)2x.
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d

dx
arcsin(x) =

1→
1↑ x2
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1→ x2



Definition: A point is called a local maximum of f, if there 
exists an interval U = (p − a, p + a) around p, such that f(p) ≥ 
f(x) for all x ∈ U. A local minimum is a local maximum of −f.  
Local maxima and minima together are called local extrema.

11.2. Why is this so? 

Assume the derivative f ′(x) = c is non-zero. 

We can assume c > 0 otherwise replace f with −f . 

By the definition of limits, for some small enough h, we have f(x + h)− f(x)/h ≥ c/2. 

But this means f(x + h) ≥ f(x) + hc/2 and x cannot be a local maximum.

Fermat: If f is differentiable and has a local extremum at x, then f ′(x) = 0.

Example: The point x = 0 is a local maximum for f(x) = cos(x). 

The reason is that f(0) = 1 and f(x) < 1 nearby.

Example: The point x = 1 is a local minimum for f(x) = (x− 1)2. 

The function is zero at x = 1 and positive everywhere else.



Example: The function f(x) = x sin(1/x) is continuous 
at x = 0 but there are infinitely many critical
points near 0. 

The function f is not differentiable at 0, the derivative 
sin(1/x)− cos(1/x)/x not only oscillates
like crazy at x = 0, it also blows up at x = 0.

Example: We have already seen that f ′(x) = 0 does not 
necessarily imply that x is a local maximum or minimum. 

The function f(x) = x3 is a counter example. 

It satisfies  f ′(0) = 0 but 0 is neither a minimum nor 
maximum there. 

It is an example of an inflection point, which is a point, 
where the second derivative f changes sign.

Example: The derivative of f(x) = 72x− 30x2 − 8x3 + 3x4 is 
f ′(x) = 72− 60x− 24x2 + 12x3. 

By plugging in integers (calculus teachers like integer roots 
because students like integer roots!) we can guess the roots 
x = 1, x = 3, x= −2 and see f(x) = 12(x− 1)(x + 2)(x− 3).

The critical points are 1, 3, −2.



11.4. If f ′′(x0) > 0 then f ′(x) is negative for x < x0 and positive for f ′(x) > x0. 

This means that the function decreases left from the critical point and increases right from the critical 
point. 

The point x0 is a local minimum. 

Similarly, if f ′′(x0) < 0 then f ′(x) is positive for x < x0 and f ′(x) is positive for x > x0. 

This means that the function increases left from the critical point and increases right from the critical 
point. 

The point is a local maximum.

Second derivative test. If x is a critical point of f and  f ′′((x) > 0, then f is a local minimum. 

If f ′′(x) < 0, then f is a local maximum.

Example: The function f(x) = x2 has one critical point at x = 0. 

Its second derivative is 2 there.

11.3. If f ′′(x) > 0, then the graph of the function is concave up. 

If f ′′(x) < 0 then the graph of the function is concave down.



Example: Find the local maxima and minima of the function f(x) = x3− 3x using the second derivative 
test. 

Solution: f ′(x) = 3x2 − 3 has the roots 1, −1. 

The second derivative f ′′(x) = 6x is negative at x = −1 and positive at x = 1. 

The point x = −1 is therefore a local maximum and the point x = 1 is a local minimum.

We see that x =−1 is a critical point. 

There are no other roots of 2x + 2x3 + 4 = 0.

How do we get the derivative of arctan again? 

Differentiate: tan(arctan(x)) = x and write u =arctan(x):

Example: Find the critical points of f(x) = 4 arctan(x) + x2 . 

Solution. The derivative is



Fun and games!!!!!!!!!!!

(1 + tan2(u)) arctan (x) = 1.

12: Global extrema

12.1. Now we are interested in global maxima. 

These are points where the function is maximal overall. 

These global extrema can occur either at critical points of f or at the boundary of the domain, where both 
f and f ′ are defined.

But tan(u) = tan(arctan(x)) = x so that tan2(u) = x2. 

And we have (1+x2) arctan(x) = 1.

Solving for arctan(x) gives arctan (x) = 1/(1+x2).

Use the identity 1 + tan2( u ) = 1/ cos2( u ) to write this as

Definition: A point  a  is called a global maximum of f if f (a) ≥ f (x) 
for all x. It is called a global minimum of f if f (a) ≤ f (x) for all x.



To decide about global maxima, just look at the critical points and boundary points and pick the
maximal.

Example: Find the global maximum of f(x) = x2 on the interval [−1, 2]. 

Solution. We look for local extrema at critical points and at the boundary. 

Then we compare all, these extrema to find the maximum or minimum. 

The critical points are x = 0. 

The boundary points are −1, 2. 

Comparing the values f(−1) = 1, f(0) = 0 and f(4) = 4 shows that f has a global maximum at 2 and a 
global minimum at 0.

12.2. How do we find global maxima? 

The answer is simple: make a list of all local extrema and boundary points, then pick the largest. 

Global maxima or minima do not need to exist however. 

The function f(x) = x2 has a global minimum at x = 0 but no global maximum. 

The function f(x) = x3 has no global maximum nor minimum at all. 

We can however look at global maxima on finite intervals.



Extreme value theorem of Bolzano: A continuous function f on a closed 
finite interval [a, b] attains a global maximum and a global minimum.

13: Hospital’s rule

Hospital’s rule. If f, g are differentiable and f(p) = g(p) = 0 and g′(p) ≠ 0, then

Example: Lets prove the fundamental theorem of trigonometry again:

In order to apply l’Hospital, we had to know the derivative. 

Our work to establish the limit was not in vain.

13.1. Hospital’s rule allows to compute limits - it is a miracle procedure:

12.3. Note that the global maximum or minimum can also be on the boundary or points where the 
derivative does not exist:
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lim
x→p

f(x)

g(x)
= lim

x→p

f ↑(x)

g↑(x)

Lets see how it works in examples:



13.2. The proof of the rule is very simple: since f(p) = g(p) = 0 we have Df(p) = (f(p + h)− f(p))/h                  
= f(p + h)/h and Dg(p) = (g(p + h)− g(p))/h= g(p + h)/h so that for every h > 0 with g(p + h) ≠ 0 the 
quantum l’Hospital rule holds:

13.3. Sometimes, we have to administer l’Hospital twice:

Example: Find the limit         (1− cos(x))/x2. 

This limit had been pivotal to compute the derivatives of trigonometric functions. 

Solution: differentiation gives

Now apply l’Hospital again

If f(p) = g(p) = f′(p) = g′(p) = 0 then                                             if the limit to the right exists.

Now take the limit h → 0 - done!
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lim
x→p

f(x)

g(x)
= lim

x→p

f ↑(x)

g↑(x)
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lim
x→0



Example: What is 00?

What is the limit            xx? 

This will provide the best answer to the question — What is 00?

Now the limit can be seen as the limit (1/x)/(−1/x2) = −x which goes to 0. 

Therefore         xx
 = 1. 

We assume that x > 0 in order to have real values xx. 

If we want a function defined everywhere take |x|x.)

14: Newton method

We were able to find roots of functions using a “divide and conquer” technique: start with an interval         
[a, b] for which f(a) < 0 and f(b) > 0. 

If f((a + b)/2) is positive, then use the interval [a, (a+b)/2] otherwise [(a+b)/2, b]. 

After n steps, we are (b−a)/2n close to the root.

13.5. Hospital’s rule always works in calculus situations, where functions are differentiable.

Solution: Because xx = exlog(x), it is enough to understand the limit xlog(x) for x → 0.
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Now,  f ′(x) is the slope of the tangent and the right hand side is ”rise” over ”run” (see the picture). 

If we solve for T(x), we get

Definition: The Newton map is defined as

If the function f is differentiable, we can do better and use the value of the derivative to get closer to a 
point y= T(x). 

Lets find this point y. 

If we draw a tangent at (x, f(x)) and intersect it with the x-axes, then
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T (x) = x→ f(x)

f →(x)



14.2. The Newton’s method  applies this map a couple of times until we are sufficiently close to the 
root: start with a point x, then compute a new point x1 = T (x), then x2 = T (x1) etc.

If p is a root of f such that f(p) ≠ 0, and x0 is close enough to p, then x1 =T(x), x2 = T2(x) converges to the 
root p.

In 4 steps we expect to have 24 = 16 digits correct. 

Having a fast method to compute roots is useful. 

For example, in computer graphics, where things can not be fast enough.

We will explore a bit in the lecture how fast the method is.

The Newton method converges extremely fast to a root f(p) = 0 if f(p) ≠ 0. 

In general, the number of correct digits double in each step.

Example: If f(x) = ax + b, we reach the root in one step.

Example: If f(x) = x2 then T(x) = x− x2/(2x) = x/2. 

We get exponentially fast to the root 0.

In general, the method is much better:



14.3. If we have several roots, and we start at some point, to which root will the Newton method 
converge? 

Does it at all converge?

This is an interesting question.

It is also historically intriguing because it is one of the first cases, where ”chaos” was observed at the end 
of the 19’th century.

This is already 1.6 x10-12 close to the real root! 

12 digits, by hand!

Example: Lets compute √2 to 12 digits accuracy. 

We want to find a root  f(x) = x2 -2.

The Newton map is T(x) = x− (x2 − 2)/(2x). 

Lets start with x = 1.



14.5. Unlike the intermediate value theorem which applied for continuous functions, the mean value 
theorem involves derivatives. 

We assume therefore today that all functions are differentiable unless specified. 

The mean value theorem can be seen as a consequence of the intermediate value theorem.

Mean value theorem: Any interval (a, b) contains a point x such that

the the thethe

Rolle’s theorem: If f(a) = f(b) then f has a critical point in (a, b).
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f →(x) =
f(b)→ f(a)

b→ a
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16: Riemann Integral

where k is the largest integer such that kh < x. 

Lets write Sn if we want to stress that the parameter h = 1/n was used in the sum. 

We define the Riemann integral as the limit of these sums Sn f , when the mesh size h = 1/n goes to zero.

Definition: Define

16.1. In this part, we define the definite integral                  if f is a differentiable function. 

We then compute it for some basic functions. 

We have previously defined the Riemann sums
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0
f(t)dt
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0
f(t)dt = lim

n→0
Snf(x)



16.4. Riemann also looked at points x0 < x1 <· · · < xn [0, x] such that the maximal distance (xk+1− xk) 
between neighboring xj goes to zero. 

The Riemann sum is then Snf= ∑k f(yk)(xk+1− xk) (see image), where yk is arbitrarily chosen inside the 
interval (xk, xk+1). 

For continuous functions, the limiting result is the same the Sf(x) sum done here. 

There are numerical reasons to allow more general partitions because it allows to adapt the mesh size: 
use more points where the function is complicated.

16.3. The Riemann integral is the limit                                      . 

It converges to the area under the curve for all continuous functions.

16.2. A very important result is that

                    For any continuous function, the limit exists.

It is easier to see when f is differentiable as one can then estimate the error. 

There are n little pieces which are each of area ≤ M/n, where M is the maximal slope that f can have in 
the given interval.

          For non-negative f, the value                is the area between the x-axis and the                                    
          graph of f. For general f, it is a signed area, the difference between two areas.
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f(t)dt

<latexit sha1_base64="47xOgtmGO2ZQ1OjSuMAAHWNT458=">AAACHnicbVDLSsNAFJ3UV62vqEs3o0VoQUoiUrsRCm5cVrAPaEuYTCftkMkkzEykJWTtb/gDbvUP3Ilb/QG/w2mbhW09cOHMOfdy5x43YlQqy/o2cmvrG5tb+e3Czu7e/oF5eNSSYSwwaeKQhaLjIkkY5aSpqGKkEwmCApeRtuvfTv32IxGShvxBTSLSD9CQU49ipLTkmKcj2JNx4CRjx4c3vn5RDrvWxbicQq+kxbJjFq2KNQNcJXZGiiBDwzF/eoMQxwHhCjMkZde2ItVPkFAUM5IWerEkEcI+GpKuphwFRPaT2SkpPNfKAHqh0MUVnKl/JxIUSDkJXN0ZIDWSy95U/M/rxsqr9RPKo1gRjueLvJhBFcJpLnBABcGKTTRBWFD9V4hHSCCsdHoLW1yBfKLSgg7GXo5hlbQuK3a1Ur2/KtZrWUR5cALOQAnY4BrUwR1ogCbA4Am8gFfwZjwb78aH8TlvzRnZzDFYgPH1C3RCoUQ=</latexit>

h
∑

xk=kh→[0,x)

f(xk)



Example: Let f(x) = x2. 

In this case, we can not see the numerical value of the area geometrically. 

But since we have computed S[x2] earlier in this class and seen that it is [x3]/3 and since we have defined 
Shf (x) →                 for h → 0 and [xk] → xk  

 for h → 0, we know that

Taking the limit n → ∞  and using that k/n → x shows that 

Example: Let f(x) = cx. 

The area is half of a rectangle of width x and height cx so that the area is cx2/2. 

Adding up the Riemann sum is more difficult. 

Let k be the largest integer smaller than xn = x/h. 

Then

Example: If f(x) = c is constant, then                             . 

We can see also that cnx/n  ≤  Sn f(x)  ≤  c(n + 1)x/n.

<latexit sha1_base64="YO51S0lviblDsKkBV4Rurf9/sQk=">AAACEHicbVBLTgJBFOzBH+IPZemmIzHBDZkxBtmYkLhxiYl8EkDS0/RAh56eSfcbw2TCJbyAW72BO+PWG3gBz2EDsxCwkpdUqt5LvZQbCq7Btr+tzMbm1vZOdje3t39weJQ/PmnqIFKUNWggAtV2iWaCS9YADoK1Q8WI7wrWcse3M7/1xJTmgXyAOGQ9nwwl9zglYKR+vtDlEvr24wR7JbgYAL6hk36+aJftOfA6cVJSRCnq/fxPdxDQyGcSqCBadxw7hF5CFHAq2DTXjTQLCR2TIesYKonPdC+ZPz/F50YZYC9QZiTgufr3IiG+1rHvmk2fwEivejPxP68TgVftJVyGETBJF0FeJDAEeNYEHnDFKIjYEEIVN79iOiKKUDB9LaW4iowZTHOmGGe1hnXSvCw7lXLl/qpYq6YVZdEpOkMl5KBrVEN3qI4aiKIYvaBX9GY9W+/Wh/W5WM1Y6U0BLcH6+gXECJw5</latexit>∫ x

0
f(t)dt = cx



Linearity of the integral

Upper bound:

the the the

If 0 ≤ f(x) ≤ M  for all x, then 

This example actually computes the volume of a pyramid which has at distance  t  from the top an area 
t2 cross section. 

Think about t2dt as a slice of the pyramid of area t2 and height dt. 

Adding up the volumes of all these slices gives the volume.

<latexit sha1_base64="WX/drpTersy1qw18RgzuKQjXgzM="></latexit>∫ x

0
(f(t) + g(t))dt =

∫ x

0
f(t)dt+

∫ x

0
g(t)dt

<latexit sha1_base64="Nqjtxpw6h9Ah4wmPS2/V8bf94VM=">AAACL3icbVDdSgJBGJ21P7M/q8tuhiSwG9mVMG8CoZsuDfIH1GR2dlYHZ2eXmW8jEd+j1+gFuq03iG6iq6C3aNRFUjswcDjnfHzfHDcSXINtf1iptfWNza30dmZnd2//IHt4VNdhrCir0VCEqukSzQSXrAYcBGtGipHAFazhDq4nfuOBKc1DeQfDiHUC0pPc55SAkbrZYptL6Nr3j7gtzJRHsJ+Hcw/w1VyYJxKrm83ZBXsKvEqchORQgmo3+932QhoHTAIVROuWY0fQGREFnAo2zrRjzSJCB6THWoZKEjDdGU3/NsZnRvGwHyrzJOCp+ndiRAKth4FrkgGBvl72JuJ/XisGv9wZcRnFwCSdLfJjgSHEk6KwxxWjIIaGEKq4uRXTPlGEgqlzYYuryIDBOGOKcZZrWCX1YsEpFUq3F7lKOakojU7QKcojB12iCrpBVVRDFD2hF/SK3qxn6936tL5m0ZSVzByjBVg/vx65p70=</latexit>∫ x

0
ωf(t)dt = ω

∫ x

0
f(t)dt

<latexit sha1_base64="Eb6U88CXrfoTcGlysowvM9+s4jI=">AAACE3icbVBLSgNBFOzxG+MvKrhx0xgE3YQZEXUZcONGiGA+kImhp+eNNunpGbrfSELMMbyAW72BO3HrAbyA57DzWRhjwYOi6j3qUUEqhUHX/XLm5hcWl5ZzK/nVtfWNzcLWds0kmeZQ5YlMdCNgBqRQUEWBEhqpBhYHEupB52Lo1x9AG5GoG+yl0IrZnRKR4Ayt1C7s+kJh273t0ugQj0KkvgR61W0Xim7JHYHOEm9CimSCSrvw7YcJz2JQyCUzpum5Kbb6TKPgEgZ5PzOQMt5hd9C0VLEYTKs/+n9AD6wS0ijRdhTSkfr7os9iY3pxYDdjhvfmrzcU//OaGUbnrb5QaYag+DgoyiTFhA7LoKHQwFH2LGFcC/sr5fdMM462sqmUQLMO4CBvi/H+1jBLascl77R0en1SLJ9PKsqRPbJPDolHzkiZXJIKqRJOHskzeSGvzpPz5rw7H+PVOWdys0Om4Hz+ANaVnVE=</latexit>∫ x

0
f(t)dt → Mx



16.5 We see that if two functions are close then their difference is a function which is included in a small 
rectangle and therefore has a small integral:

16.6

The other equalities are the same since

This gives us:

It is easy to show identities like                                and                                         .  

Since                               we have                                        and from                                            .              

If f and g satisfy |f(x) − g(x)| ≤ c, then
<latexit sha1_base64="SsSHFbNnKO1aYBubR1N15JxmVmU=">AAACG3icbVDLSgNBEJz1GeMr6lGQwSDowbArEnMMePEYwUQhWZfZSW8cMju7zPRKQpKbv+EPeNU/8CZePfgDfoeTmIOvgm6Kqm56psJUCoOu++7MzM7NLyzmlvLLK6tr64WNzYZJMs2hzhOZ6KuQGZBCQR0FSrhKNbA4lHAZdk/H/uUtaCMSdYH9FPyYdZSIBGdopaCw0xIKA/e6R4fRfu/gsGPbkLaRtiRQ3gsKRbfkTkD/Em9KimSKWlD4aLUTnsWgkEtmTNNzU/QHTKPgEkb5VmYgZbzLOtC0VLEYjD+Y/GNE96zSplGibSmkE/X7xoDFxvTj0E7GDG/Mb28s/uc1M4wq/kCoNENQ/OtQlEmKCR2HQttCA0fZt4RxLexbKb9hmnG00f24EmrWBRzlbTDe7xj+ksZRySuXyufHxWplGlGObJNdsk88ckKq5IzUSJ1wckceyCN5cu6dZ+fFef0anXGmO1vkB5y3T1hWoDA=</latexit>∫ x

0
|f(x)→ g(x)|dt ↑ cx

<latexit sha1_base64="2/v3jqoSqfCq1+ov0dKCGGQ3wDw=">AAACIHicbVDLSgMxFM34rPVVdekmWARBKDMitRuh4MZlRfuAdiyZNNOGZjJDckcsw3yAv+EPuNU/cCcu9QP8DtNpF7b1QMLJuedyb44XCa7Btr+speWV1bX13EZ+c2t7Z7ewt9/QYawoq9NQhKrlEc0El6wOHARrRYqRwBOs6Q2vxvXmA1Oah/IORhFzA9KX3OeUgJG6heJtV7Yf3e7gXuLLjq8ITSbPRJ46aZrdxmWX7Ax4kThTUkRT1LqFn04vpHHAJFBBtG47dgRuQhRwKlia78SaRYQOSZ+1DZUkYNpNss+k+NgoPeyHyhwJOFP/diQk0HoUeMYZEBjo+dpY/K/WjsGvuAmXUQxM0skgPxYYQjxOBve4YhTEyBBCFTe7YjogJhEw+c1M8RQZMkjzJhhnPoZF0jgrOeVS+ea8WK1MI8qhQ3SETpCDLlAVXaMaqiOKntALekVv1rP1bn1YnxPrkjXtOUAzsL5/AU5qo3s=</latexit>

Sn[x]
n
h =

[x]n+1
h

n+ 1
<latexit sha1_base64="8XdHpNKC+axcffYOQI5N8r49Rxw=">AAACE3icbZDLSsNAFIYn9VbrLSq4cRMsQt2URKR2IxTcuKxoL9CGMJmetkMnkzAzkZbYx/AF3OobuBO3PoAv4HM4bYPY1h8OfPznHM7h9yNGpbLtLyOzsrq2vpHdzG1t7+zumfsHdRnGgkCNhCwUTR9LYJRDTVHFoBkJwIHPoOEPrif9xgMISUN+r0YRuAHucdqlBCtteebRncfbMIy8fmF4dvVLnpm3i/ZU1jI4KeRRqqpnfrc7IYkD4IowLGXLsSPlJlgoShiMc+1YQoTJAPegpZHjAKSbTP8fW6fa6VjdUOjiypq6fzcSHEg5Cnw9GWDVl4u9iflfrxWrbtlNKI9iBZzMDnVjZqnQmoRhdagAothIAyaC6l8t0scCE6Ujm7viCzwANc7pYJzFGJahfl50SsXS7UW+Uk4jyqJjdIIKyEGXqIJuUBXVEEGP6Bm9oFfjyXgz3o2P2WjGSHcO0ZyMzx+LJp2/</latexit>

Sn exph(x) = exph(x)

<latexit sha1_base64="Gd/09MlJy7DWHs1OaOjUsrmpjn4=">AAACEXicbVBLTsMwEHXKr5Rf+OzYWFRIbKgShEqXldiwLBL9SGmIHHfSWnU+sh1EiXoKLsAWbsAOseUEXIBz4LZZ0JYnWX56b0Yz8/yEM6ks69sorKyurW8UN0tb2zu7e+b+QUvGqaDQpDGPRccnEjiLoKmY4tBJBJDQ59D2h9cTv/0AQrI4ulOjBNyQ9CMWMEqUljzzyHl0vcH9EJ9ror+uirHlmWWrYk2Bl4mdkzLK0fDMn24vpmkIkaKcSOnYVqLcjAjFKIdxqZtKSAgdkj44mkYkBOlm0+3H+FQrPRzEQr9I4an6tyMjoZSj0NeVIVEDuehNxP88J1VBzc1YlKQKIjobFKQc6xMnUeAeE0AVH2lCqGB6V0wHRBCqdGBzU3xBhqDGJR2MvRjDMmldVOxqpXp7Wa7X8oiK6BidoDNkoytURzeogZqIoif0gl7Rm/FsvBsfxuestGDkPYdoDsbXL22unJE=</latexit>

[x]kh → [x]k ↑ 0
<latexit sha1_base64="vT9WLUenFmPstdjrtxrgBqW3948=">AAACF3icbZDLSsNAFIZPvNZ6i7rTzWAR3FgSkdplwY3LivYCbQyT6bQdOpmEmYlYQsHX8AXc6hu4E7cufQGfw2mbhW39YeDjP+dw5vxBzJnSjvNtLS2vrK6t5zbym1vbO7v23n5dRYkktEYiHslmgBXlTNCaZprTZiwpDgNOG8HgalxvPFCpWCTu9DCmXoh7gnUZwdpYvn1464vWo+f37wfobMqG2jpCjm8XnKIzEVoEN4MCZKr69k+7E5EkpEITjpVquU6svRRLzQino3w7UTTGZIB7tGVQ4JAqL53cMEInxumgbiTNExpN3L8TKQ6VGoaB6Qyx7qv52tj8r9ZKdLfspUzEiaaCTBd1E47MieNAUIdJSjQfGsBEMvNXRPpYYqJNbDNbAokHVI/yJhh3PoZFqJ8X3VKxdHNRqJSziHJwBMdwCi5cQgWuoQo1IPAEL/AKb9az9W59WJ/T1iUrmzmAGVlfvxT2nw0=</latexit>

Sn[x]
k
h → Sn[x]

k ↑ 0
<latexit sha1_base64="Y7gxY+a2t/Iojvks9SpJCLz+WIA=">AAACGnicbZDLSgMxFIYzXmu9jboUIViEilBnRGo3QsGNy4r2Au04ZNK0DZPJDElGLMOsfA1fwK2+gTtx68YX8DlM21nY1gMJH/9/Dif5vYhRqSzr21hYXFpeWc2t5dc3Nre2zZ3dhgxjgUkdhywULQ9JwigndUUVI61IEBR4jDQ9/2rkNx+IkDTkd2oYESdAfU57FCOlJdc8uHV5+9FxB/c+vJxA4p/Y6WlR38euWbBK1rjgPNgZFEBWNdf86XRDHAeEK8yQlG3bipSTIKEoZiTNd2JJIoR91CdtjRwFRDrJ+BspPNJKF/ZCoQ9XcKz+nUhQIOUw8HRngNRAznoj8T+vHatexUkoj2JFOJ4s6sUMqhCOMoFdKghWbKgBYUH1WyEeIIGw0slNbfEE8olK8zoYezaGeWiclexyqXxzXqhWsohyYB8cgiKwwQWogmtQA3WAwRN4Aa/gzXg23o0P43PSumBkM3tgqoyvX6XAn84=</latexit>

Sn[x]
k
h = [x]k+1

h /(k + 1)

<latexit sha1_base64="trnGKGEyrhMt4XdIsxl+Xu6v8aA=">AAACFXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyK1G6HgxmUFe4G2DJn0TBuayQxJRlpKfQ1fwK2+gTtx69oX8DnMtF3Y1h8CH/85h5Pz+zFnSjvOt5VZW9/Y3Mpu53Z29/YP7MOjuooSSaFGIx7Jpk8UcCagppnm0IwlkNDn0PAHt2m98QhSsUg86FEMnZD0BAsYJdpYnn3ShmHs9QvDC3yTYgptHWHHs/NO0ZkKr4I7hzyaq+rZP+1uRJMQhKacKNVynVh3xkRqRjlMcu1EQUzogPSgZVCQEFRnPL1ggs+N08VBJM0TGk/dvxNjEio1Cn3TGRLdV8u11Pyv1kp0UO6MmYgTDYLOFgUJx+bENA7cZRKo5iMDhEpm/oppn0hCtQltYYsvyQD0JGeCcZdjWIX6ZdEtFUv3V/lKeR5RFp2iM1RALrpGFXSHqqiGKHpCL+gVvVnP1rv1YX3OWjPWfOYYLcj6+gW45p27</latexit>

exph(x) = exp(x) → 0

<latexit sha1_base64="ZozkpjXFHbY9LX0MmB7srVaa4Zk=">AAACIXicbZDLSgMxFIYzXmu9VV26CVZBEMqMSO1GKLhxWcFeoDcyaaYNzWSG5Iy0DPMCvoYv4FbfwJ24E/c+h2k7C9t6IOHn/8/hJJ8bCq7Btr+sldW19Y3NzFZ2e2d3bz93cFjTQaQoq9JABKrhEs0El6wKHARrhIoR3xWs7g5vJ3n9kSnNA/kA45C1fdKX3OOUgLG6udMWl9C1OyMMHYl7gG9aniI0HnVieeEkyfTu5vJ2wZ4WXhZOKvIorUo399PqBTTymQQqiNZNxw6hHRMFnAqWZFuRZiGhQ9JnTSMl8Zlux9PfJPjMOD3sBcocCXjq/p2Iia/12HdNp09goBeziflf1ozAK7VjLsMImKSzRV4kMAR4ggb3uGIUxNgIQhU3b8V0QAwNMADntriKDBkkWQPGWcSwLGqXBadYKN5f5culFFEGHaMTdI4cdI3K6A5VUBVR9IRe0Ct6s56td+vD+py1rljpzBGaK+v7F3tIo4c=</latexit>∫ x

0
tndt =

xn+1

n+ 1

<latexit sha1_base64="SRkhVYojC8/IPCOanu0exp6+wcY=">AAACGXicbVDLSgNBEJyNrxhfUY96GAxCcgm7IjEXIeDFYwTzgOy6zE4myZDZ2WWmVxJCLv6GP+BV/8CbePXkD/gdTh4Hk1jQUFR1090VxIJrsO1vK7W2vrG5ld7O7Ozu7R9kD4/qOkoUZTUaiUg1A6KZ4JLVgINgzVgxEgaCNYL+zcRvPDKleSTvYRgzLyRdyTucEjCSnz11uQTffhhgl0Y6DwXcBnztai7zg4KfzdlFewq8Spw5yaE5qn72x21HNAmZBCqI1i3HjsEbEQWcCjbOuIlmMaF90mUtQyUJmfZG0y/G+NwobdyJlCkJeKr+nRiRUOthGJjOkEBPL3sT8T+vlUCn7I24jBNgks4WdRKBIcKTSHCbK0ZBDA0hVHFzK6Y9oggFE9zClkCRPoNxxgTjLMewSuoXRadULN1d5irleURpdILOUB456ApV0C2qohqi6Am9oFf0Zj1b79aH9TlrTVnzmWO0AOvrFwgjn4I=</latexit>∫ x

0
cos(t)dt = sin(x)

<latexit sha1_base64="eIrwO8VgvCeCelu/TqUnSNJpNiE=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoOQHAy7IjEXIeDFYwTzgOy6zE4myZDZ2WWmVxJCrv6GP+BV/8CbeBV/wO9w8jiYxIKGoqqb7q4gFlyDbX9bqbX1jc2t9HZmZ3dv/yB7eFTXUaIoq9FIRKoZEM0El6wGHARrxoqRMBCsEfRvJn7jkSnNI3kPw5h5IelK3uGUgJH8LHa5BN9+GGBXc5mHAm4DvnbwOXZppPODgp/N2UV7CrxKnDnJoTmqfvbHbUc0CZkEKojWLceOwRsRBZwKNs64iWYxoX3SZS1DJQmZ9kbTT8b4zCht3ImUKQl4qv6dGJFQ62EYmM6QQE8vexPxP6+VQKfsjbiME2CSzhZ1EoEhwpNYcJsrRkEMDSFUcXMrpj2iCAUT3sKWQJE+g3HGBOMsx7BK6hdFp1Qs3V3mKuV5RGl0gk5RHjnoClXQLaqiGqLoCb2gV/RmPVvv1of1OWtNWfOZY7QA6+sXuoCgSA==</latexit>∫ x

0
sin(t)dt = 1→ cos(x)

<latexit sha1_base64="WNcwEBBj21gV3IxXzirpU68Ot08=">AAACFHicbZDJSgNBEIZ74hbjFvXgwUtjELwYZkRiLkLAi8cIZoFs9HQqSZOenqG7RhJCXsMX8Kpv4E28evcFfA47y8Ek/tDw8VcVVf37kRQGXffbSaytb2xuJbdTO7t7+wfpw6OyCWPNocRDGeqqzwxIoaCEAiVUIw0s8CVU/P7dpF55Am1EqB5xGEEjYF0lOoIztFYrfVIXCltuc0ChibSN9NbC4NJrpTNu1p2KroI3hwyZq9hK/9TbIY8DUMglM6bmuRE2Rkyj4BLGqXpsIGK8z7pQs6hYAKYxmn5gTM+t06adUNunkE7dvxMjFhgzDHzbGTDsmeXaxPyvVouxk2+MhIpiBMVnizqxpBjSSRq0LTRwlEMLjGthb6W8xzTjaDNb2OJr1gccp2ww3nIMq1C+ynq5bO7hOlPIzyNKklNyRi6IR25IgdyTIikRTsbkhbySN+fZeXc+nM9Za8KZzxyTBTlfvx12nWs=</latexit>∫ x

0
etdt = ex → 1



17: Fundamental theorem

Proof. Using notation of Euler, we write A ~ B. 

We say ”A and B are close” and mean that A - B → 0 for h → 0. 

 From DSf(x) = f(x) for x = kh we have DSf(x) ∼ f (x) for kh < x < (k + 1)h because f is continuous. 

We also know                                         because Df(t)∼ f ′(t) uniformly for all 0 ≤ t ≤ x by the definition 
of the derivative and the assumption that f′ is continuous on the bounded interval.

17.1 The fundamental theorem of calculus for differentiable functions will allow us to compute many 
integrals nicely. 

Earlier in the class, we saw that if Sf(x) = h(f(0) +· · · + f(kh)) and Df(x) = (f(x + h) - f(x))/h then we have 
SDf = f(x) - f(0) and DSf(x) = f(x) if  x = nh. 

This now becomes the fundamental theorem. 

It assumes that f ′ must be continuous.
<latexit sha1_base64="KW6Xd4jtCmNgP7HlNAVqMd2Sx9k="></latexit>∫ x

0
f →(t)dt = f(x)→ f(0) and

d

dx

∫ x

0
f(t)dt = f(x)



The example                              is challenging for now. 

We need a hint and write                                                             .

Example:

You can always leave such expressions as your final result. 

It is even more elegant than the actual number 390625/8.

as well as

We also know SDf(x) = f (x) - f (0) for x = kh. 

By definition of the Riemann integral,    

Example:

Example:



We give reformulations of the fundamental theorem in ways in which it is mostly used: If f is the 
derivative of a function F then

Here is a version of the fundamental theorem, where the boundaries are functions of x. 

Given functions g, h and if F is a function such that F′= f , then

The function F is called an anti-derivative. 

It is not unique but the above formula does always give the right result. 

Lets make a list 

The function F(x) = log |x -1| - log |x + 1| has therefore f(x) = 2/(x2 - 1) as a derivative. 

The answer is

<latexit sha1_base64="m+vgjk9UH2OJfA83dqhEvuVQ5zQ=">AAACInicbZDLSgMxFIYz9VbrrerSTbAI7cIyI1K7EQpCcVnB1kJby5k0o6GZzJCckZbaJ/A1fAG3+gbuxJXg2ucwrV14OxDy8f/ncJLfj6Uw6LpvTmpufmFxKb2cWVldW9/Ibm41TJRoxusskpFu+mC4FIrXUaDkzVhzCH3JL/z+ycS/uOHaiEid4zDmnRCulAgEA7RSN7vXFgq7cOnTID8o9Ab0uGrv26li0S/sV/NQ6GZzbtGdFv0L3gxyZFa1bvaj3YtYEnKFTIIxLc+NsTMCjYJJPs60E8NjYH244i2LCkJuOqPpd8Z0zyo9GkTaHoV0qn6fGEFozDD0bWcIeG1+exPxP6+VYFDujISKE+SKfS0KEkkxopNsaE9ozlAOLQDTwr6VsmvQwNAm+GOLr6HPcZyxwXi/Y/gLjYOiVyqWzg5zlfIsojTZIbskTzxyRCrklNRInTByRx7II3ly7p1n58V5/WpNObOZbfKjnPdPrH+huw==</latexit>∫ b

a
f(x)dx = F (x)|ba = F (b)→ F (a)

<latexit sha1_base64="y5XS3ETtb5WsDT+HkxCAl8RJbeU="></latexit>∫ g(x)

h(x)
f(t)dt = F (g(x))→ F (h(x))



18: Anti-derivatives

Definition: For every C, the function F(x) =                       + C is called 
an anti-derivative of g.  The constant C is arbitrary and not fixed.

18.1. The definite integral                         represents a signed area under the curve. 

We say “signed” because the area of the region below the curve is counted negatively.

There is something else to mention:

You should have as many anti-derivatives “hard wired” in your brain. 

It really helps. 

Here are the core functions you should know.
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0
f(t)dt



18.2. The fundamental theorem of calculus assured us that

18.3. Finding the anti-derivative of a function is in general harder than finding the derivative. 

We will learn some techniques but it is in general not possible to give antiderivatives for a function, if it 
looks simple.

Find the anti-derivative of f(x) = sin(4x) + 20x3 + 1/x.

the the

Example: 

The anti derivative gives us from a function f a function F which has the 
property that  F′ = f . Two different anti derivatives F differ only by a constant.

Example: 

Solution: we can find the anti-derivatives of each term separately and add them up. 

The result is F(x) = tan(x) + log |1− x| + C.

Solution: We can take the anti-derivative of each term separately. 

It is F(x) = −cos(4x)/4 + 4x4 + log(x) + C.

Find the anti-derivative of f(x) = 1/ cos2(x) + 1/(1− x). 



19: Area

Therefore,                  is the difference of the area above the graph minus the area below the graph. 

We call it a signed area.

The area of a region G enclosed by two graphs f ≤ g and bounded by a ≤ x ≤ b is

19.3. Make sure that if you have to compute such an integral that g ≥ f before giving it the interpretation 
of an area.

Example: Find the area of the region bound by the cos function and the x and y axes.  

19.2. More generally we can also look at areas sandwiched between two graphs f and g.

19.1. If f(x) ≥ 0, then                 is the area under the graph of f(x) and above the interval [a, b] on the         
x-axis. 

If the function is negative, then                    is negative too and the integral is minus the area below the 
curve:
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a
f(x)dx
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a
f(x)dx

<latexit sha1_base64="w5zVtsUAhDm29vEedt6IdRc3cDA=">AAACDHicbVDLSsNAFJ34rPXRqks3g0Wom5KI1C4LblxWsA9oY5hMJu3QySTM3EhL6C/4A271D9yJW//BH/A7nD4WtvXAhcM593Iux08E12Db39bG5tb2zm5uL79/cHhUKB6ftHScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7w9up335iSvNYPsA4YW5E+pKHnBIwklcs9LgEjzz6OCyPLoORVyzZFXsGvE6cBSmhBRpe8acXxDSNmAQqiNZdx07AzYgCTgWb5HupZgmhQ9JnXUMliZh2s9njE3xhlACHsTIjAc/UvxcZibQeR77ZjAgM9Ko3Ff/zuimENTfjMkmBSToPClOBIcbTFnDAFaMgxoYQqrj5FdMBUYSC6WopxVdkyGCSN8U4qzWsk9ZVxalWqvfXpXptUVEOnaFzVEYOukF1dIcaqIkoStELekVv1rP1bn1Yn/PVDWtxc4qWYH39AmDMmvw=</latexit>∫ b

a
f(x)dx
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a
(g(x)→ f(x))dx

Solution:
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0
cos (x)dx = 1



Find the area of the region enclosed by the graphs f(x) = x2 and f(x) = x4.

20.1. To compute the volume of a solid, one can cut it into slices, so that each slice is perpendicular to a 
given line x. 

If A(x) is the area of the slice and the body is enclosed between a and b then

is the volume of the body. 

The integral adds up A(x)dx, the volume of the slices.

20: Volume

Example: 

Solution:
<latexit sha1_base64="a8U2maWM5AOvcPayTwcclSFsW/0="></latexit>∫ 1

0
(x2 → x4)dx =

1

3
→ 1

5
=

2

15



Example: Compute the volume of a pyramid with square base length 2 and height 2. 

Solution: we can assume the pyramid is built over the square −1 ≤ x ≤ 1 and −1 ≤ y ≤ 1. 

The cross section area at height h is A(h) = (2− h)2. 

Therefore,

Definition:  A solid of revolution is a surface obtained by 
rotating the graph of a function f(x) around the x-axis.

Example: Find the volume of a round cone of height 2 and where the circular base has the radius 1. 

Solution. This is a solid of revolution obtained by rotation the graph of f(x) = x/2 around the x axis. 

The area of a cross section is πx2/4. 

Integrating this up from 0 to 2 gives

The area of the cross section at x of a solid of revolution is A(x) = πf(x)2. 

The volume of the solid is

This is base area 4 times height 2 divided by 3.
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a
ωf(x)2dx



21: Improper Integrals

21.1. Integrals on infinite intervals or integrals with a function becoming infinite at some point are called 
improper integrals. 

The area under the curve can either remain finite or become infinite. 

Here is an example, where the value is finite:

Since the anti-derivative is −1/(3x3), we have

To justify this, compute the integral                                                        and see that in the limit b → ∞, 
the value 1/3 is achieved.

Example: What is the integral

This is the height 2 times the base area π divided by 3.



Example:

This does not make any sense because the function is positive so that the integral should be a positive 
area. 

The problem is this time not at the boundary −1, 1. 

The sore point is x = 0 over which we have carelessly integrated over.

21.2. A shocking example is the following. 

It is a case where things go wrong.

22: Integration by parts

Example: To see how integration by parts work, lets try to find                              . 

First identify what you want to differentiate and call it u, the part to integrate is called v.

Now, write down uv and subtract a new integral which integrates u′v :

22.1. Integrating the product rule (uv)′ = u′v + uv′ gives the method integration by parts. 
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u(x)v→(x)dx = u(x)v(x)→
∫

u→(x)v(x)dx



Example: Find                  .

Solution. While there is only one function here, we need two to use the method. 

Let us look at log(x) · 1:

23.1. A trig substitution is a substitution, where x is a trigonometric function of u or u is a trigonometric 
function of x. 

Here is an important example:

23: Trig Substitution

Example:  Find                           .

Solution. You want to differentiate x and integrate ex.



Example: 

Solution. Write x = sin(u) so that cos(u) =                   dx = cos(u)du. 

We have  sin(−π/2) =−1 and sin(π/2) = 1 the answer is

Example: Compute the area of a half disc of radius r which is given by the integral

Solution. Write x = r sin(u) so that r cos(u) =                        and dx = r cos(u) du and r sin(−π/2) = −r and 
and r sin(π/2) = r. 

The answer is

23.2. Let us do the same computation for a general radius r:

The area of a half circle of radius 1 is given by the integral



Example: Evaluate the following integral

That is enough. 

You have seen all the main ideas of calculus . 

Further knowledge is accumulated by using calculus.

the the

Solution: Substitute x = cos(u), dx =− sin(u) du and get

There exists (also on the website) a shorter review of calculus ideas for those already having a class 
before (it is named Calculus.pdf).. 


