[extde= - x| = 2 2] = 2¢(-2)*-2x

2+1 a3
Let 1=fxtan"xdx
Take u=tan"'x, dv = x dx
1 x’
du= ——dx, v_fxdx=—
]
I—tan"x-———
f2 1+x
s
= —1tan x—— >
2 l+x
2
=£—tan"x—— (1+x%) ldx
2 1+ x°
2
=x—tan"x——l- 1= : 2]dx
2 2 1+ x
2
35 1 1 1 dx
=—tan x—— [ dx+—
2f 2f1+x
o x
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=[2-9+§(9)%+%]—[2-1+§(1)%+

=18+18+l— 2—2—1 = 32i
9 3 4

s l 2
dx dx dx
[ =D ¢ =1 e

1-€ 2

= lim + lim
€—0+ 4 (x_])z"‘? 6—»04-f(x___])213

1+é

€—0+

]--€ 2
T _1\-213 . __1\213
= lim [ (x—1)dx + lim f (x 1) dx
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2_
ek = fx 3x+2dx

X
= f [x-3+3]dx [By term by term divisions]
X
.
= | xdx— | 3dx+ | —dx
Jote— [t |2
x2

S 3x+2log, |x|+C

Evaluate: / (5z° + 2 cosx) dx.

/ (_5;r3 + 2cosx) dr = / 51> dr + / 2cosx dx

H /;1‘3 dr + 2 /cos;r dx

1‘4
=5-T+2-sin;r—+-C'
£l
AN
= + 2sinx + C',

T



‘ij%{g Integration by Substitution

U-substitution and deﬁnite Integrals

/r'(: " 2
f.s‘!x(x +1) dx S(“"\ Y d ¥ ;-.;—_Su, JUL
Lt Ul'-‘-)(li—\ /'u=|?‘:|=z. | ,I g 2 B
%%Z:g_k \HA:O-H‘-'- -IqUL }I =g
du = 2%d¥ :
L du = Xdx :%(25}-.‘5.(032




2
1—x2

dx we can write

2 _ 1 1
1—22 1—2 142z

Example: To integrate [

and integrate each term

2
/1_$2 = log(1 + z) — log(1 — ) .

5—2x

Example: Integrate =7"-.

3). Write

Solution. The denominator is factored as (x —2)(x —

5 —2x A B

2 5546 z-3 z_2°

Now multiply out and solve for A, B:
Alx —2)+B(x—3)=5—2z.

This gives the equations A + B = —2, —2A — 3B = 5. From the first equation we get
A = —B — 2 and from the second equation we get 2B +4 — 3B = 5 so that B = —1
and so A = —1. We have not obtained

D — 2x B 1 1
2—-5x4+6 x—3 zx—2

and can integrate:

0 —2x
/$2_5x+6dx——log(:v—3)—log(:v—2).



Example: Integrate f(x)
(1 —2z)(1 4 2z). Write

= [ ﬁ dz. Solution. The denominator is factored as

A B 1
_|_

1—2z  1+2c 1—4z2°
We get A =1/4 and B = —1/4 and get the integral

[ @) da

Example: Marry go round:

1
- log(l —2x) — 1 log(1+42x) + C'.

Find I = [ sin(z) exp(z) dz. Solution. Lets inte-

grate exp(x) and differentiate sin(z).

= sin(x) exp(z) — / cos(z) exp(x) dz .

Lets do it again:

= sin(z) exp(z) — cos(x) exp(z) — / sin(x) exp(z) dz.

We moved in circles and are stuck! But wait. Are we really? We have now derived an

identity

I =sin(z

which we can solve for I and get

)exp(x) — cos(x) exp(z) — I
I = [sin(z) exp(z) — cos(z) exp(x)]/2.




Example: Find [ ze® dz. Solution. You want to differentiate x and integrate e*.
/ x exp(z) dr = xexp(z) — / 1-exp(z) dr = xexp(x) —exp(z) + C dx .

Example: Find [log(z) dz. Solution. While there is only one function here, we
need two to use the method. Let us look at log(x) - 1:

/ log(z) 1 dx =log(z)x — / lx de =zxlog(z) —x+ C .

X

Example: Find [ zlog(z) dz. Solution. Since we know from the previous problem

how to integrate log we could proceed by taking x = u. We can also take u = log(z)
and dv = x:

i 1 z?
/ log(z) x dx = log(x)? — / -y dx
which is log(z)z?/2 — z*/4.



Example: Find the anti derivative of

flz) = e+ (42® + 21) .

Solution: It is e*'+** + C.
Example: Find

/\/:v5+1:134 dzx .

Solution. Try (2°+1)3/2 and differentiate. This gives 15/2 of what we have. Therefore
F(z) = (2/15)(x® + 1)3/2.
Example: Find the anti-derivative of

log(z)

Solution: We spot that 1/z is the derivative of log(z). The anti-derivative is log(z)*/2+
C.



Example: Find the anti-derivative of [ log(z)/x dz. Solution: Pick u = log(z), du =
(1/z)dz. Because dz = zdu, we get [udu = u?/2 + C. Back substitute to get
log®(z)/2 + C.

Example: Find the anti-derivative

/ log(log(z)) ——— da

log(z)x

Solution: Try u = log(x) and du = (1/x)dx, then plug this into the formula. It gives
[ log(u)/u du. We have just solved this integral before and got log(u)?/2 + C.

Example: Solve the integral
/ Y dx.
1+ z4

Solution: Substitute u = z?, du = 2zdx gives (1/2) [ du/(14+u?) du = (1/2) arctan(u) =
(1/2) arctan(z?) + C.




Example: Find the anti-derivative of f(z) = sin(4z) + 20z° + 1/z. Solution: We
can take the anti-derivative of each term separately. It is F'(z) = — cos(4x)/4 + 4z* +
log(x) + C.

Example: Find the anti-derivative of f(z) = 1/cos?(z) + 1/(1 — z). Solution: we
can find the anti-derivatives of each term separately and add them up. The result is
F(x) =tan(x) +log |l —z| + C.

Example: f05 r’ dx = %8|8 = %. You can always leave such expressions as your final
result. It is even more elegant than the actual number 390625/8.

Example: fo cos(z) dz = sin(z)|7/? = 1.

Example: Find fo sin(x) dz. Solution: The answer is 2.

Example: For fo cos(t + 1) dt = sin(x + 1)|3 = sin(2) — sin(1), the additional term
+1 does not make matter as when using the chain rule, it goes away.

AVAL A A AL LA

Example: For f:/gl cot(z) dz, the anti-derivative is difficult to spot. It becomes
only accessible if we know, where to look: the function log(sin( )) has the deriv-
ative cos(z)/sin(z). So, we know the answer is log(sin(st:))|,,r 76 = log(sin(m/4)) —
log(sin(7/6)) = log(1//2) — log(1/2) = —1log(2)/2 + log(2) = log(2)/2.

Let us look at two for now more challenging cases:

Example: The example f23 2/(t* — 1) dt is challenging for now. We need a hint and

write 2/(z* —1) =1/(x —1) —1/(z + 1). The function F(z) = log|z — 1| — log |z + 1]
has therefore f(z) = 2/(z* — 1) as a derivative. The answer is f23 2/(t* — 1) dt =
F(3) — F(2) =1log(2) —log(4) — log(1) + log(3) = log(3) — log(2) = log(3/2).



a) f loigx) dr
b) [ cos®(z) — 3sin*(z) dz
¢) | gz 4
d) [(z+1)%" dz
[

a) [ z*log(z) dzx
b) [ cos?(z)sin(z) dx

c) [ cos*(2z) dx



