Review Mathematics



Partial Fractions

A way of "breaking apart" fractions with polynomials in them.

What are Partial Fractions?

We can do this directly:

5x-4

Xx-2 = X+ X% -x-2

Like this:

Which can be simplified using Rational Expressions to:




2 3 Bbx-4
x2 T xel “2 X2 -x-2

N 7

Partial Fractions

That is what we are going to discover:

How to find the "parts" that make the single fraction
(the "partial fractions").

wWhy Do We Want Them?

First of all ... why do we want them?

Because the partial fractions are each simpler.

Partial Fraction Decomposition

So let me show you how to do it.
The method is called "Partial Fraction Decomposition”, and goes like this:
Step 1: Factor the bottom

5x-4 Sx-4
x% -x-2 (x-2)(x+1)




Step 2: Write one partial fraction for each of those factors

5x-4

Step 3: Multiply through by the bottom so we no longer have fractions

5x-4 =

Step 4: Now find the constants A; and A,

Substituting the roots, or "zeros", of (x—2)(x+1) can help:

5(-1)-4 =
-q
Az = 3
5(2)-4 =
6
A[ = 2
And we have our answer:
5x-4

X% =x=2



Proper Rational Expressions

Firstly, this only works for Proper Rational Expressions, where the degree of the top is less
than the bottom.

The degree is the largest exponent the variable has.

o : the degree of the top is less than the degree of the bottom.

T degree of top is 1
e | degree of bottom is 3

Proper:

o : the degree of the top is greater than, or equal to, the degree of the
bottom.

x? —1 degree of top is 2

Improper:
Proper r+1 degree of bottom is 1

If your expression is Improper, then do polynomial long_division first.

Factoring the Bottom

It is up to you to factor the bottom polynomial.

But don't factor them into complex humbers ... you may need to stop some factors at

quadratic (called irreducible quadratics because any further factoring leads to complex
numbers):



Example: (x2—4)(x2+4)

e x2-4 can be factored into (x—2)(x+2)

e But x2+4 factors into complex numbers, so don't do it

So the best we can do is:

So the factors could be a combination of

e |inear factors

¢ irreducible quadratic factors

When you have a quadratic factor you need to include this partial fraction:

Factors with Exponents

Sometimes you may get a factor with an exponent, like (x=2)3 ...

You need a partial fraction for each exponent from 1 up.

Like this:



Example:

Has partial fractions

The same thing can also happen to quadratics:

Example:

Has partial fractions:

A Big Example Bringing It All Together

Here is a nice big example for you!

e Because has an exponent of 2, it needs two terms ( and

e And is @ quadratic, so it will need




Now multiply through by (x+3)2(x2%+3):
x2+15 = (x+3)(x2+3)A; + (X2+3)A5 + (x+3)%(Bx + C)
There is a zero at x = =3 (because x+3=0), so let us try that:
(—-3)2+15 =0 + ((=3)2+3)A, + 0
And simplify it to:

24 = 12A,

SO
Let us replace with

x2+15 = (x+3)(x2+3)A; + 2x%+6 + (x+3)%(Bx + C)
Now expand the whole thing:
x2+15 = (3+3x+3x2+9)A; + 2x2+6 + (X3+6x2+9x)B + (Xx2+6x+9)C
Gather powers of x together:
x2+15 = x3(A1+B)+x2%(3A1+6B+C+2)+x(3A1+9B+6C)+(9A1+6+9C)
Separate the powers and write as a Systems of Linear Equations ':

0= A1+B
1 = 3A;+6B+C+2



0 =3A1+9B+6C
15 = 9A; +6+9C

Simplify, and arrange neatly:

o
Il

AL + B

-1 = 3A;1 + 6B + C
3A1 + 9B + 6C
1 = Aq + C

o
Il

Now solve.

You can choose your own way to solve this ... I decided to subtract the 4th equation from the
2nd to begin with:
0= A1 + B
-2 = 2A; + 6B
0 = 3A; + 9B + 6C
1 = A4 + C

Then subtract 2 times the 1st equation from the 2nd:

0 = 3A1 + 9B + 6C
1 = A + C



Now I know that B = —=(1/2).

We are getting somewhere!

And from the 1st equation I can figure that A; = +(1/2).

And from the 4th equation I can figure that C = +(1/2).

Final Result:

And we can now write our partial fractions:

Summary

Start with a Proper Rational Expressions (if not, do division first)

Factor the bottom into:
¢ |inear factors

e or "irreducible" quadratic factors
Write out a partial fraction for each factor (and every exponent of each)
Multiply the whole equation by the bottom

Solve for the coefficients by
e substituting zeros of the bottom

e making a system of linear equations (of each power) and solving

Write out your answer!



Binomial Theorem

A binomial is a polynomial with two terms

5y° - 3
N\
2 terms

example of a binomial

Example: a+b

a+b is a binomial (the two terms are a and b)

Let us multiply a+b by itself using Polynomial Multiplication :
(a+b)(a+b) = a2 + 2ab + b?
Now take that result and multiply by a+b again:
(@ + 2ab + b?)(a+b) = a® + 3a%b + 3ab? + b3
And again:

(a3 + 3a?b + 3ab? + b3)(a+b) = a* + 4a3b + 6a2b?2 + 4ab3 + b?



The calculations get longer and longer as we go, but there is some kind of pattern developing.

That pattern is summed up by the Binomial Theorem:

(a+b)"=>" (:) a™*p

k=0
The Binomial Theorem

And you will learn lots of cool math symbols along the way.

Exponents
First, a quick summary of Exponents . exponenr

(or index, W
An exponent says how many times to use something in a multiplication. or power. )

Example: 82 = 8 x 8 = 64 /’8
base

An exponent of 1 means just to have it appear once, so we get the original value:

Example: 81 = 8




An exponent of 0 means not to use it at all, and we have only 1:

Example: 80 = 1
—

Exponents of (a+b)

Now on to the binomial.

We will use the simple binomial , but it could be any binomial.

Let us start with an exponent of 0 and build upwards.

Exponent of O

When an exponent is 0, we get 1:

Exponent of 1

When the exponent is 1, we get the original value, unchanged:

Exponent of 2

An exponent of 2 means to multiply by itself (see



Exponent of 3

For an exponent of 3 just multiply again:

The Pattern

Now, notice the exponents of 4. They start at 3 and go down: 3, 2, 1, O:
a> +3a°b+3ab’+ b’
Likewise the exponents of D go upwards: 0, 1, 2, 3:
a’ +3a°b+3ab’+ b’

If we number the terms 0 to n, we get this:

2

k=0 k=1 k

Which can be brought together into this:

k

3



The terms are:

Example: When the exponent, n, is 3.

k=0: k=1: k=2: k=3:

an-kbk an-kbk an-kbk an-kbk
= g3 0p0 | = g3-1pl | = 33-2p2 | = 33-3p3

= a3 =a2b | =ab? = b3

It works like magic!

Coefficients

So far we have:

But we really need:

We are missing the numbers (which are called coefficients).

Let's look at all the results we got before, from
1
a+b
a’+2ab + b’

a°+ 3a’b + 3ab® + b®

up to



They actually make Pascal's Triangle !

Each number is just the two numbers above it added 1|2

together (except for the edges, which are all "1")

(Here I have highlighted that 1+3 = 4)

1

Armed with this information let us try something new ... an exponent of 4:

| exponents go 4,3,2,1,0: B » T | 1
exponents go 0,1,2,3,4:

go 1,4,6,4,1: ) hd Tl 0

And that is the correct answer (compare to the top of the page).
We have success!
We can now use that pattern for exponents of 5. 6. 7. ... 50. ... 112. ... vou name it!

That pattern is the essence of the Binomial Theorem.

Now you can take a break.
When you come back see if you can work out (a+b)?> yourself.

Answer (hover over): a° + 5a%b + 10a°b? + 10a?b® + 5ab* + b”



As a Formula

Our next task is to write it all as a formula.

We already have the exponents figured out:

But how do we write a formula for "find the coefficient from Pascal's Triangle" ... ?
Well, there is such a formula:

It is commonly called "n choose k" because it is how many ways to choose k elements from a
set of n.

|
" — I The "!" means " factorial ", for example 4! = 4x3x2x1 = 24
k) kl(n—k)

) (1)
And it matches to Pascal's Triangle like this: , (0 , 1 ,
(Note how the top row is row zero (0) (l) (2)
and also the leftmost column is zero!) (3) (?) (g) (:33)

o G G G @)



Example: Row 4, term 2 in Pascal's Triangle is "6".

Let's see if the formula works:
N__ 4 4 4321
2)  21(4—2)! 2121 2.1-2-1
Putting It All Together

The last step is to put all the terms together into one formula.

But we are adding lots of terms together ... can that be done using one formula?

Yes! The handy Sigma Notation allows us to sum up as many terms as we want:

start at this value
go to this value ~3 4

1+2+3+4 = 10

™M

Now it can all go into one formula:

((l-}- b)n _ Z (:)an—kbk

k=0
The Binomial Theorem



So let's try using it forn = 3 :

(a + b)° 23: (2) a3 kb

k=0

3\ 3-0,0 3\ 31,1 3\ 3.9,0 3\ 33,3
(O)a b+(1)a b + 2a. b” + 3a. b

1-a®® +3-a’b +3-a'b®> +1-a"
= a® + 3a’b + 3ab® + b°

BUT ... it is usually much easier just to remember the patterns:

e The first term's exponents start at n and go down

e The second term's exponents start at 0 and go up

|
e Coefficients are from Pascal's Triangle, or by calculation using kl(:::;k)'

Like this:

Example: What is (y+5)%
Start with exponents: y350 y351 252 153 054
Include Coefficients: 1y450  4y351 6y?52 4yl53  1y054

Then write down the answer (including all calculations, such as 4x5, 6x52, etc):



We may also want to calculate just one term:

Example: What is the coefficient for x> in (2x+4)8

The exponents for x3 are 8-5 (=3) for the "2x" and 5 for the "4":

(2x)345
(Why? Because:
2x:| 8 7 6 5 4 3 2 1 0
4: 0 1 2 3 4 5 6 7 8
(2x)849|(2x)741 |(2x)%42 |(2x)°43 [(2x)*4% |(2x)34° |(2x)24° |(2x) 147 |(2x) 948

But we don't need to calculate all the other values if we only want one term.)

And let's not forget "8 choose 5" ... we can use Pascal's Triangle, or calculate directly:

8!
51(8-5)!

- 8 _
~ 5131

8X7X6
3x2x1

n!
k!(n-k)!

= 56

And we get:

56(2x)34°
Which simplifies to:

458752 x3



And one last, most amazing, example:

Example: A formula for e (Euler's Number)

We can use the Binomial Theorem to calculate e (Euler's number) .
e = 2.718281828459045... (the digits go on forever without repeating)

It can be calculated using:

(It gets more accurate the higher the value of n)

That formula is a binomial, right? So let's use the Binomial Theorem:

(1+3)" = Z (Z)l"—"(%)"

k=0

First, we can drop as it is always equal to 1:
n o,
=3 (}) !
. n
k=0 L

And, quite magically, most of what is left goes to 1 as n goes to infinity:



z”‘: n! 1
~ kl'(n— k) nk

k terms

n n n n
as N —3» 00 1 -1-1-...-1
Which just leaves:

—~ 1 1 1 1 1
ZH— + TRETRETR TR
k=0

SRS S

N 2 6 24

With just those first few terms we get ¢ ~ /2. /0835, ..



Alternative - much easier

Derivation d(uv) — udv + vdu
udv = d(uv) — vdu
/udv = / uUv) /vdu
Ex 1

I = /azcos(a:)d:z:

u=x dv = cos(zx)dx — v = sin(x)

I = xsin(x) — /sin(:v)d:v = xsin(x) + cos(x)



u = In(x)

%du:d—f
T

/udv:uv—/vdu

/udv — In(z) +

X

dx

L,
== — vV — ——
2 T
1 1
___1 _
" n(x) "



Let

then (1) becomes

or

Derivation of other formula

df
d:z:

[ sotode = o= [ 1dr+ [ g5 da
/fj—idwzfg—/g%dw

f(@) = u(x) Y _ ()

d
%(fg) f

ﬁ — u’(x) and g = /Ud:lf

/ wodz = u / v — / | / vl d
/uvdz-u/vdw—/ /vdz

—=-> other formula



Integration by Parts

You will see plenty of examples soon, but first let us see the rule: works but more complicated

fu v dXx = ufv dx —fu' (fv dx) dx
e u is the function u(x)
e Vv is the function v(x)

e U'is the derivative of the function u(x)

The rule as a diagram: f uyv dx
[ |

u [vdx - fu'([vdx ) dx

Let's get straight into an example:

Example: What is fx cos(x) dx ?
OK, we have x multiplied by cos(x), so integration by parts is a good choice.

First choose which functions for u and v:

o U=X



e v = cos(Xx)

So now it is in the format _fu v dx we can proceed:

Differentiate u: U' = x' = 1

Integrate v: | v dx = [cos(x) dx = sin(x)

Now we can put it together:

| x cos(x) dx

x sin(x) - [1(sin(x)) dx
Simplify and solve:
X sin(x) — fsin(x) dx

X sin(x) + cos(x) + C
Done!



So we followed these steps:

e Choose u and v

e Differentiate u: u’
e Integrate v: fv dx
e Put u, u' and fv dx into: ufv dx - fu' (fv dx) dx

e Simplify and solve
Let's try some more examples:

Example: What is fln(x)/xz dx ?

First choose u and v:

e U= In(x)
e v=1/x%
. . . 1
Differentiate u: In(x)" = -
. 2 4v = (w2 dy = —v1 - —1
Integrate v: fl/x dx fx dx X .

Now put it together:



-1 1 (-1
(n x > IT (7) dx
Simplify:
—In(x)/x = | =1/x2 dx
—-In(x)/x — 1/x + C

_In(x) + 1
> + C

Example: What is fln(x) dx ?

But there is only one function! How do we choose u and v ?

Hey! We can just choose v as being "1":

e U= In(x)

e Vv=1

Differentiate u: In(x)" = 1/x



Integrate v: fl dx = X

Now put it together:

Jtnx-1 dx

Simplify:

xIn(x) — |1 dx

XIn(x) = x+ C

Example: What is fex x dx ?

Choose u and v:



Differentiate u: (e*)" = &*

Integrate v: fx dx = X2/2

Now put it together:

It only got worse!

Well, that was a spectacular disaster.

Maybe we could choose a different u and v?

Example: [eX x dx (continued)



Choose u and v differently:

Differentiate u: (x)' = 1

Integrate v: fex dx = eX

Now put it together:

Simplify:

xeX —eX 4+ C

e*(x—1) + C

The moral of the story: Choose u and v carefully!



A helpful rule of thumb

Choose u based on which of these comes first:

Inverse trigonometric functions such as sin"1(x), cos™1(x), tan™1(x)

: Logarithmic functions such as In(x), log(x)

2 3

: Algebraic functions such as x4, x

e T: Trigonometric functions such as sin(x), cos(x), tan (x)

o
m = »>» =~ ™

e E: Exponential functions such as eX, 3%

And here is one last (and tricky) example:

Example: fex sin(x) dx
Choose u and v:

e U = sin(x)

o v =X
Differentiate u: sin(x)" = cos(x)
Integrate v: fex dx = eX

Now put it together:

JeXsin(x) dx = sin(x) X — [cos(x) eX dx



It looks worse, but let us persist! To find fcos(x) e* dx we can use
integration by parts again:

Choose u and v:

e U = cos(X)

o vV =¢eX

-sin(X)

Differentiate u: cos(x)’

Integrate v: fex dx = eX
Now put it together:

fex sin(x) dx = sin(x) e* — (cos(x) e* —f—sin(x) e* dx)
Simplify:

fex sin(x) dx = eX sin(x) — e* cos(x) — f eX sin(x)dx



... SO we can bring the right hand integral over to the left and we get:

2 [eX sin(x) dx = €* sin(x) — e* cos(x)

Simplify:

JeXsin(x) dx = ¥2 eX (sin(x) — cos(x)) + C

Definite Integrals

When the integral has an interval like [a, b] we can use either of these:

b

fuvdx=[u fvdx— fu'( fvdx)dx]
ab h b
fuvdx=[u fvdx] - fu'( fvdx)dx

Where u and v are functions of x, and a and b are the limits on X.

b

The second version can help us see the relationship between the left and right integrals.



N>
Complex Plane il §
3
h E Real >
—1 “0 1 (Also called an "Argand Diagram")
-1

A plane for complex numbers!

Real and Imaginary make Complex

A Complex Number is a combination of a Real Number and an Imaginary Number:

A Real Number is the type of humber we use every day.

Examples: 12.38, 2, 0, —2000
When we square a Real Number we get a positive (or zero) result:

22=2x2=4
12=1x1=1

02=0x0=0
What can we square to get —1?

2=-1

Squaring —1 does not work because multiplying negatives gives a positive : (—=1) x (-1) = +1,
and no other Real Number works either.




So it seems that mathematics is incomplete ...

... but we can fill the gap by imagining there is a number that, when multiplied by itself, gives
-1
(call it i for imaginary):

An Imaginary Number , when squared gives a negative result
imaginaryz -~~~ negative

Examples: 5i, -3.6i, i/2, 500i

And together:

A Complex Number is a combination of a Real Number and an Imaginary Number

Examples: 3.6 + 4i, —0.02 + 1.2i, 25 — 0.3i, 0 + 2i

Putting a Complex Number on a Plane

You may be familiar with the number line ':

- i S
10-9 8 -76-5-4-3-2-1012345%67 8 910

But where do we put a complex number like ?



Let's have the real number line go left-right as usual, and have the imaginary number line
go up-and-down:

A
5i| |
4 S o3+4i
We can then plot a complex number like 3 + 4i : 3i §)
2i| ©
. . ] E R l
e 3 units along (the real axis), - ea

-4-3-2-1:.(0 123 4

-2i
-3i

e and 4 units up (the imaginary axis).

-4i
A
o] é
4i| <
And here is 4 - 2ij : :! Sk
15 Real
® 4 units along (the real axis), 6 en
4-3-2-101234
¢ and 2 units down (the imaginary axis). oY é
-3i 4-2/
-4i

And that is the complex plane:

e complex because it is a combination of real and imaginary,

e plane because it is like a geometric plane (2 dimensional).



Whole New World

Now let's bring the idea of a plane ( Cartesian coordinates , Polar coordinates , Vectors etc)

to complex numbers.

It will open up a whole new world of nhumbers that are more complete and elegant, as you will
see.

Complex Number as a Vector

We can think of a complex number as a vector .

This is a vector.
It has magnitude (length) and direction.

A

" 3+4i

3i
as a Vector: 2i

And here is the complex number 3 + 4i

-1",@1234>




Adding

You can add complex numbers as vectors, too:

To add the complex numbers 3 + 5i and 4 — 3i :

¢ add the real nhumbers, and

e add the imaginary numbers

separately, like this:

(3 + 5i) + (4 — 3i)

(3+4)+(5-23)i
= 7/ + 2i




Polar Form

Bi .
. 3+4
. . 3i
Let's use 3 + 4i again: 5
|
i
191 2 3 4 >
-1

Here it is in polar form:

So the complex number 3 + 4i can also be shown as distance (5) and angle (0.927 radians).

Let's see how to convert from one form to the other using Cartesian to Polar conversion ':

Example: the number 3 + 4i



From 3 + 4i :

e r=vV(x2+vy2)=V(3%2+4%)=Vv25=5
e 0 =tan™! (y/x) =tan’! (4/3) = 0.927 (to 3 decimals)

And we get distance (5) and angle (0.927 radians)

Back again:

e XxX=rxcos(0)=5xcos(0.927) =5 x 0.6002... = 3 (close enough)
e y=rxsin(0)=5xsin(0.927 ) =5 x 0.7998... = 4 (close enough)

And distance 5 and angle 0.927 becomes 3 and 4 again

In fact a common way to write a complex number in Polar form is

X+iy= rcose+irsine

r(cos 6 + i sin 9)

And "cos @ + i1 sin 8" is often shortened to "cis 8", so:

X+iy=rcisé6

cis is just shorthand for cos @ + i sin 6



So we can write:
3 + 4i =5 cis 0.927

In some subjects, like electronics, "cis" is used a lot!

Summary

e The complex plane is a plane with:

¢ real numbers running left-right and

¢ imaginary numbers running up-down.

e To convert from Cartesian to Polar Form:
e r=vV(x? + y?)
e 8=tanl(y/ x)

e To convert from Polar to Cartesian Form:
e x=rxcos(0)
e y=rxsin(0)

e Polar formrcos @ + i r sin 0 is often shortened to r cis 6



Hyperbolic Functions

The two basic hyperbolic functions are "sinh" and "cosh":

Hyperbolic Sine:

X _ —X
sinh(x) = = 2e

(pronounced "shine")

Hyperbolic Cosine:

eX + ™%
2

cosh(x) =
(pronounced "cosh")

They use the natural exponential function e*

And are not the same as sin(x) and cos(x), but a little bit similar:

sinh vs sin

Y| Jsinho) \ Y/
DAZ IR N | coshtn
/1
|
|
/ 1 1
cosh vs cos




Catenary

One of the interesting uses of Hyperbolic Functions is
the curve made by suspended cables or chains.

A hanging cable forms a curve called a catenary
defined using the cosh function:

f(x) = a cosh(x/a)

7

-3 -2 -1 ‘ 1 2 3

Other Hyperbolic Functions

|
From sinh and cosh we can create: Y
- tanh(x)
Hyperbolic tangent "tanh” (pronounced "than"):
* X
_ sinh(x) _ eX—-e7% | |
tanh(x) = cosh(X) — oX 1 o-x |

|

tanh vs tan




Hyperbolic cotangent:

_cosh(x) _ eX+ e™X
coth(x) = Sinh(X) — oX — o
Hyperbolic secant:
3 1 B 2
sech(x) = osh(X) — oX 5 o—x

Hyperbolic cosecant "csch"” or "cosech":

1 2
sinh(x) eX — @—X

Why the Word "Hyperbolic" ?

Because it comes from measurements made on a Hyperbola :

csch(x) =

So, just like the trigonometric functions relate to a circle, the hyperbolic functions relate to a
hyperbola.



|dentities
¢ sinh(—x) = —sinh(x)
e cosh(—x) = cosh(x)
And

e tanh(—x) = —tanh(x)
e coth(—x) = —coth(x)
e sech(—x) = sech(x)

e csch(—x) = —csch(x)

Odd and Even

Both cosh and sech are Even Functions , the rest are Odd Functions.

Derivatives

Derivatives are:

d . _
ax sinh(x) = cosh(x)
a4 cosh(x) = sinh(x)
dx

d _ 1 _ 2
I tanh(x) = 1 — tanh4(x)



Taylor Series

A Taylor Series is an expansion of some function into an infinite sum of terms, where each

2

term has a larger exponent like x, x4, x3, etc.

Example: The Taylor Series for eX

2 3 4 5
X — X X X X
X =1+x+ S+ 3+ 7+ 5+

says that the function: e*
is equal to the infinite sum of terms: 1 + X + x2/2! + x3/3! + ... etc

Example: e* for x=2

Well, we already know the answer is e? =2.71828... x 2.71828... = 7.389056...

But let's try more and more terms of our infinte series:

Terms Result
1+2 3
1+2+3—? S5

1+2+ ;? + %? 6.3333...
1+2+ 22 | 2’ 2 7

21 31 41



22 23 24 25

1424+ 5+ 42 + <2 4+ 7.2666...

2! 31 41 5!

22 23 24 25 26
142+ STt 3Tt artEr T a 7.3555...

22 23 24 25 26 97
42+ Sr+3r+artsrter Y7 7.3809...

22 23 24 25 26 o7 78
142+ Sr+Srtgrtgrtert syt 73873

It starts out really badly, but it then gets better and better!

Here are some common Taylor Series:

Taylor Series expansion As
2 3 -
e =1+x+ 57+ 3+ .. 2]
3 5 -
i . X x>
SINX=X=3r ¥ 5 ~ ngo (2n +1)!
20 n
2 4 (_1) 2n
X X
cosx=l-r*ar - 2 @)
1 o0
1 I=1-|-:r-|—172+173-|---- for |z| < 1 E -




Approximations

We can use the first few terms of a Taylor Series to get an approximate value for a function.

Here we show better and better approximations for cos(x). The red line is cos(x), the blue is

1 — x2/2!

1 — x%/2! + x%/4! \5\\/‘; /

1 — x%/2! + x4/41 — x5/6! \5y/%‘¥

1 — x2/2! + x%/4! — x5/6! + x8/8! \5\\// \/g

&/
< {




What is this Magic?

How can we turn a function into a series of power terms like this?

Well, it isn't really magic. First we say we want to have this expansion:

f(x) = ¢g + cy(x-a) + cy(x-a)? + c3(x-a)3 + ...
Then we choose a value "a", and work out the values cy, ¢y, Cy, ... etc

And it is done using derivatives (so we must know the derivative of our function)

yA
Quick review: a derivative gives us the slope of a y=3
function at any point. Slope =0
These basic derivative rules can help us:
e The derivative of a constant is O yA

e The derivative of ax is a (example: the derivative of 2x is 2)

e The derivative of x" is nx™! (example: the derivative of x3
is 3x2)

We will use the little mark to mean "derivative of".



To get cp, choose x=a so all the (x-a) terms become zero, leaving us with:

f(a)

Co

So ¢cq = f(a)
To get ¢4, take the derivative of f(x):

f'(x) = c; + 2cy(x-a) + 3cz(x-a)? + ...
With x=a all the (x-a) terms become zero:
f(a) =c

So ¢cq = f (a)
To get c,, do the derivative again:

f (x) = 2cy + 3x2xc3(x-a) + ...
With x=a all the (x-a) terms become zero:
f (a) = 2¢c,

Socp, =f (a)/2
In fact, a pattern is emerging. Each term is

¢ the next higher derivative ...

e ... divided by all the exponents so far multiplied together (for which we can use factorial
notation, for example 3! = 3x2x1)



And we get:
flll(a)

f(x) = f(a) + 1ok (x-a) + ol (x-a)2 +

— 4 (x-a)3 +

Now we have a way of finding our own Taylor Series:

Example: Taylor Series for cos(x)

Start with:

flll

f(x) = f(a) + f'(a) (x-a) + "(a) @) (x-a)2 + (a) (@) (x-a)3 +

The derivative of cos is —sin, and the derivative of sin is cos, so:
e f(x) = cos(x)
e f'(X) = —sin(x)
f''(x) = —cos(x)
f''""(x) = sin(x)

e etc...

Note: A Maclaurin Series is a Taylor Series where a=0, so all the
examples we have been using so far can also be called Maclaurin Series.

And we get:
cos(x) = cos(a) — sm(a) (x-a) — cos(a) (X a)2 sm(a) (X a)3
Now put a=0, which is nice because cos(0)=1 and sin(0)=0:
cos(x) = 1 — %(X-O) - 2-(x-0)2 + %(X-O)?’ + 2 (x-0)% +

Simplify:

cos(x) = 1 — x2/21 + x%/4! — ...



Limits (Evaluating)

Quick Summary of Limits

Sometimes we can't work something out directly ... but we can see what it should be
as we get closer and closer!

Example:

(x2 = 1)
(x — 1)

Let's work it out for x=1:

(1?-1) _@1-1) _ 0
(1-1) (@1-1) 0

Now 0/0 is a difficulty! We don't really know the value of 0/0 (it is "indeterminate"),
so we need another way of answering this.

So instead of trying to work it out for x=1 let's try approaching it closer and closer:



Example Continued:

0.5 1.50000

0.9 1.90000

0.99 1.99000

0.999 1.99900

0.9999 1.99990

0.99999 1.99999
(x?—1)

Now we see that as x gets close to 1, then gets close to 2

(x=1)

We are now faced with an interesting situation:

e When x=1 we don't know the answer (it is indeterminate)

e But we can see that it is going to be 2

We want to give the answer "2" but can't, so instead mathematicians say exactly
what is going on by using the special word "limit"



" (x2—1)

The limit o (x=1) as X approaches 1 is 2
And it is written in symbols as:
2_
im X=1 _ 5
x—1 X—1

As a graph it looks like this: );A /
So, in truth, we cannot say what the value at x=1is. 2 /\
/ IIhO/e /
But we can say that as we approach 1, the limit is 2.

>
-1 0 1 2 X

Evaluating Limits

"Evaluating" means to find the value of (think e-"value"-ating)

In the example above we said the limit was 2 because it looked like it was going
to be. But that is not really good enough!

In fact there are many ways to get an accurate answer. Let's look at some:



1. Just Put The Value In

The first thing to try is just putting the value of the limit in, and see if it works (in
other words substitution ).

im X $ 10 _
X—)]_OZ 2 SJ

Example:

Easy!

Example:

o

i xz—]_ (1—1) o 0
i 1 $ (1-1) x

x—1 X—
No luck. Need to try something else.

2. Factors

We can try factoring .



Example:

. 2_
lim X—1
x—1 X—1

By factoring (X2—1) into (x—1)(x+1) we get:

lim x2—1 _ lim (x=1)(x+1)
X—1 X—1 X—1 (X_l)
= lim (x+1)
X—1

Now we can just substitiute x=1 to get the limit:

im (x+1) = 1+1 =2

X—1



3. Conjugate

For some fractions multiplying top and bottom by a conjugate can help.

The conjugate is where we change
the sign in the middle of 2 terms like this: 3X + ]

Conjugate: 3, 7

Here is an example where it will help us find a limit:

x—4 4—X

Evaluating this at x=4 gives 0/0, which is not a good answer!

So, let's try some rearranging:

Multiply top and bottom by the conjugate of the 2—Vx . 2+V/X
top: 4—X 2+VX
2 _ 2
Simplify top using (a+b)(a—b) = a2 — b2 : 2 (VX)

(4—x)(2+VX)

4—X

Simplify top further: (A=) (2+VX)

1
2+VX

Cancel (4—x) from top and bottom:



So, now we have:

lim = |lim - — - — !

wa 4—X wsd  24+VX 2+vV4 ~ 4

L'Hopital's Rule

L'Hopital's Rule can help us calculate a  limit that may otherwise be hard or
impossible.

It says that the limit when we divide one function by another is the same after we
take the derivative of each function (with some special conditions shown later).

In symbols we can write:

lim fX) _ jim £(x)
x—c 9(X) x—c 9'(X)

The limit as x approaches c of "f-of—x over g-of—x" equals the
the limit as x approaches c of "f-dash-of—x over g-dash-of—x"

All we did is add that little dash mark ’ on each function, which means to take the
derivative.



Example:

lim x2+x—6
x—2 x2-4
At x=2 we would normally get:
22+2-6 _ 0
22-4 0

Which is indeterminate , so we are stuck. Or are we?

Let's try L'HOpital!

Differentiate both top and bottom (see Derivative Rules ):

lim X2 +x—6 — lim 2x+1-0
x—2 X2—4 x—2 2x—0
Now we just substitute x=2 to get our answer:
2
lim 2x+1-0 _ i
x—2 2X—0 4 | A : : A 1

Here is the graph, notice the "hole" at x=2: \ &




Example:

lim =—
X—00 X2

Normally this is the result:

X
i (00
lim & —
X—00 X2 OO

Both head to infinity. Which is indeterminate.

But let's differentiate both top and bottom (note that the derivative of e*X is €%):

. X .
lim & - |lim &~

X—00 X2 X—00 X

Hmmm, still not solved, both tending towards infinity. But we can use it again:

. X . X . X
lim & - Ilim & = |lim &
X—00 X2 X—00 2X X—00
Now we have:
. X
||m e— = 00
X—00

It has shown us that eX grows much faster than x2.



Cases

We have already seen a % and % example. Here are all the indeterminate forms

that L'Hopital's Rule may be able to help with:

% — Ox0o 1®° 09 00 -

Conditions
Differentiable

For a limit approaching c, the original functions must be differentiable either side of
¢, but not necessarily at c.

Likewise g’(x) is not equal to zero either side of c.

The Limit Must Exist

This limit must exist:

lim ()
X—C g’(X)

Why? Well a good example is functions that never settle to a value.



Example:
lim X+cos(X)

X—>00 X

Which is a % case. Let's differentiate top and bottom:

lim 1—sin(x)

X—00

And because it just wiggles up and down it never approaches any value.
So that new limit does not exist!
And so L'Hopital's Rule is not usable in this case.

BUT we can do this:

lim X+C0s(X) _ |im (1 + L(X))
X— 00 X X—00 X
cos(x) +1

As x goes to infinity then

zero.
And we are left with just the "1", so:

lim X+cos(X) — lim (1 + coi(x)) — 1

X—00 X X—00

tends to between % and o and both tend to



Partial Derivatives

A Partial Derivative is a derivative where we hold some variables constant. Like in
this example:

Example: a function for a surface
that depends on two variables x
andy

When we find the slope in the x
direction (while keeping y fixed) we
have found a partial derivative.

Or we can find the slope in the y
direction (while keeping x fixed).

Let's first think about a function of one variable (x):

f(x) = x?



We can find its derivative using the Power Rule :

f'(x) = 2x

But what about a function of two variables (x and y):

f(x, y) = x* +y>

We can find its partial derivative with respect to x when we treat y as a constant
(imagine y is @a number like 7 or something):

f'y =2x + 0 = 2x

Explanation:

e the derivative of x? (with respect to x) is 2x

e we treat y as a constant, so y> is also a constant (imagine y=7, then
73=343 js also a constant), and the derivative of a constant is 0

To find the partial derivative with respect to y, we treat x as a constant:

f'y = 0 + 3y? = 3y?



Explanation:

e we now treat x as a constant, so x? is also a constant, and the derivative of
a constant is O

e the derivative of y? (with respect to y) is 3y?

That is all there is to it. Just remember to treat all other variables as if they are
constants.

Holding A Variable Constant

So what does "holding a variable constant” look like?

Example: the volume of a cylinderisV =7
2
r<h

A

We can write that in "multi variable" form as

h = height

f(r,h) =@ r?h

radius



For the partial derivative with respect to r we hold h constant, and
r changes:

f. =7 (2r) h = 2;rh

(The derivative of r? with respect to r is 2r, and ® and h are constants)

It says "as only the radius changes (by the tiniest amount), the volume
changes by 27rh"

It is like we add a skin with a circle's circumference (27tr) and a height of h.



For the partial derivative with respect to h we hold r constant:

fl, = Tt r? (1)= 7r?

(7 and r? are constants, and the derivative of h with respect to h is 1)

It says "as only the height changes (by the tiniest amount), the volume

changes by 7tr2"

It is like we add the thinnest disk on top with a circle's area of 7wr2.



Let's see another example.

Example: The surface area of a square prism.

X

The surface includes the top and bottom with areas of x2 each, and 4 sides of
area xy each:

f(x, y) = 2x2 + 4xy
f'x = 4x + 4y
f'y = 0 + 4x = 4x
Three or More Variables

We can have 3 or more variables. Just find the partial derivative of each variable in
turn while treating all other variables as constants.



Example: The volume of a cube with a square prism cut out from it.

74

-id
-
2
L
’

’’
-
-
2
-’
.
’




When there are many x's and y's it can get confusing, so a mental trick is to change
the "constant” variables into letters like "c" or "k" that /ook like constants.

Example: f(x, y) = y3sin(x) + xztan(y)
It has x's and y's all over the place! So let us try the letter change trick.
With respect to x we can change "y" to "k":
f(x, y) = k3sin(x) + x?tan( k)
f = k3cos(x) + 2x tan(k)
But remember to turn it back again!

f.. = y3cos(x) + 2x tan(y)

Likewise with respect to y we turn the "x" into a "k":
f(x, y) = y3sin( k) + k 2tan(y)
f'y = 3y?sin(k) + k’sec?(y)

2

f'y = 3y?sin(x) + x%sec?(y)

But only do this if you have trouble remembering, as it is a little extra work.



Notation: we have used f'y to mean "the partial derivative with

respect to x", but another very common notation is to use a funny
backwards d (9) like this:

of

3 = 2X
Which is the same as:

f'x = 2x

d is called "del" or "dee" or "curly dee"

So g—; can be said "del f del x"

Example: find the partial derivatives of f(x, y, z) = x* — 3xyz using
"curly dee" notation

f(x, y, z) = x* — 3xyz

of _ 4.3 _
Ix = 4X 3yz
of _

3y = 3Xz
a—f=—3xy

0z



Stationary Points

(Definition & How to Find
Stationary Points)

A stationary point, or critical point, is a point at which the
curve's gradient equals to zero. Consequently if a curve has

equation y = f(x) then at a stationary point we'll always have:

flx)=0
which can also be written:
dy
= =0
dx

In other words the derivative function equals to zero at a

stationary point.

Different Types of Stationary
Points

There are three types of stationary points:

e Jocal (or global) maximum points

e Jocal (or global) minimum points

e horizontal (increasing or decreasing) points of inflexion.



It is worth pointing out that maximum and minimum points are

often called turning points.

Turning Points

A turning pointis a stationary point, which is either:

e a Jocal (or global) minimum

e a local (or global) maximum

each of which are illustared in the graphs shown here, where the

horizontal tangent is shown in orange:

Global Maximum Point

4/\
4/\

0




Horizontal Points of Inflection

A horizontal point of inflection is a stationary point, which is

either:

e a increasing horizontal point of inflection
e a decreasing horizontal point of inflection
each of which are illustared in the graphs shown here, where the

horizontal tangent is shown in orange:

Method: finding stationary points

Given a function f(x) and its curve y = f(x), to find any

stationary point(s) we follow three steps:

e Step 1:find f/(x)

e Step 2: solve the equation f’(x) = 0, this will give us the
x-coordinate(s) of any stationary point(s).

o Step 3 (if needed/asked): calculate the y-coordinate(s) of
the stationary point(s) by plugging the x values found in
step 2 into f(x).




Example 1

Given the function defined by the equation:
— 42
y=x"—4x+5
find the coordinates of any stationary point(s).

Solution

Following our three-step method:

e Step 1: find %.
Fory = x*> — 4x + 5, we find:

dy

— =2x—-4

dx

e Step 2: solve the equation % = 0.

That's:

2x—4=0
Solving this leads to:

2x =4

Finally:



At this stage we can state the curve y = x> — 4x + 5 has
one stationary point whose x-coordinate is x = 2.

e Step 3: calculate the sationary point's y-coordinate.
To do this we replace x by 2 in the curve's equation
y=x>—4x+35.
That's:

y=2>—4x%x2+5
=4-8+5
=—44+5

y=1

So the stationary point has y-coordinate y = 1.

We can therefore state that the curve y = x? — 4x + 5 has one

stationary point with coordinates ( 2,1 )

This result is confirmed, using our graphical calculator and looking

atthecurve y = x> — 4x + 5:

A
\ of {
\‘

y\ 8T

\

\

v
\ /

A / We can see quite clearly that the curve has a global minimum
A point, which is a stationary point, at ( 2,1 )
3 \\

\\\\

Stationary Point
-6 -5 -4 -3 -2 1 0 1 2 3 { (G'Obal Mlnlmum) 9 10 1" 12 13

| 2,1)




Example 2

Find the coordinates of any stationary point(s) of the function

defined by:
— 3 2
y=2x" +3x“—12x + 1

Solution

Following our three-step method:

e Step 1:find %.
Using the power rule for differentiation we find:

d—y=3x2x3‘1+2><3x2_1—12
dx

= 6x2 + 6x! — 12
d—y=6x2+6x—12
dx

e Step 2: solve the equation % = 0.

. d .
Since d—)yc = 6x°> + 6x — 12 we need to solve the quadratic

equation:
6x> +6x — 12 =0
we find two solutions:

x=-2 and x=1



So at this stage we can state that the function
y = 2x° 4 3x? — 12x + 1 has two stationary points. One
with x-coordinate x = —2 and the other with x-coordinate
x=1.
Step 3: calculate the sationary point's y-coordinate.
Since we found two values of x, in step 2, there are two y-
coordinates to calculate, one for each value of x.

o whenx = —2:

Replacing x by —2 iny = 2x° + 3x% — 12x + 1,

we find:

y=2x%(-2>+3x(-2?-12%x(-2) + 1
=2X(-8)+3%x4-(-24)+1
=—-16+12+24+1

y =21

So the function has a stationary point at:
(-2,21)

o whenx = 1:
Replacing x by 1iny = 2x3 + 3x% — 12x + 1, we
find:

y=2x1+3x12-12x1+1
=2X1+3x1-12+1
=2+3-12+1

y=-6



So the function has its second stationary point at:

(1,-6)

We can see both of these stationary points on the graph shown

below:

Stationary Point
(local maxi mum )

(=2,21)

%
Stationary Point

(local minimum)

(1,—-6)

-20

We can see quite clearly that the stationary point at ( -2,21 ) is

a local maximum and the stationary point at ( 1,—-6 ) is a local

minimum.

Example 3

Given the function defined by:
y=x>—6x*+12x— 12

Find the coordinates of any stationary point(s) along this function's

curve's length.



Solution

Following our three-step method:

e Step 1:find 2.
Sincey = x> — 6x> + 12x — 12, we use the power rule for differentiation
to find this function's derivative:

j—)yc =3xxt—2x6x* + 12x71 + 0
= 3x% — 12x! + 124°
% =3x* — 12x + 12
e Step 2: solve the equation % = 0.
Since % = 3x? — 12x + 12 we have to solve the

quadratic equation:
3x* —12x+12=0
We can solve this using the quadratic formula or by factoring
In doing so we find one solution:
x=2

So, at this stage, we can state that this function has one

stationary point whose x-coordinate is x = 2.



e Step 3: calculate the sationary point's y-coordinate.
Since we found that the stationary point had x-coordinate
x = 2, to find its y-coordinate we replace x by 2 in the

function's equation y = x> — 6x% + 12x — 12. That's:

y=2-6x22+12%x2-12
=8—-6%X4+24-12
=8—-24+24 - 12
y=—4
So this function has a stationary point with coordinates:

(2,-4)

This result is confirmed when we look at the graph of
y=x> —6x* + 12x — 12:

0d

3 /

Stationary Point
nt of Inflection

(Increasing Horizontal Po

(2,—-4)

Looking at this graph, we can see that this curve's stationary

point at ( 2, —4 ) is an increasing horizontal point of inflection.



Example 4

Given the function defined by:

4
y=x+ —
X

find the coordinates of any stationary points along this curve's

length.
Solution

Following our three-step method:

. dy
e Step 1: find e
We canre-writey = x + %, using negative exponents:

y=x+4x"!

We can now use the power rule for differentiation to find the derivative:

Zx—y =1+ (-1)4.x 11
=1-4x"

y __ 4
> =



e Step 2: solve the equation o _ .

dx
. d .
Since ay =1- ;iz we need to solve the equation:
4
l-—=0
x2

To solve this equation by hand we start by writing the

2 x2

entire left hand side over x“ using the fact that 1 = — SO
that:
4
l-—=0
x2
can be written:
24
Z =0
x2  x?

and therefore we have to solve:

x* -4 _

x2

0

This will equal to O if and only if the numerator, x> — 4,
equals to 0.

So all we need to solve is:

x2-4=0



That's:

which leads to two solutions:

x=-2 and x=2

e Step 3: calculate the sationary point's y-coordinate.
Since we found two values of x, in step 2, there are two y-
coordinates to calculate, one for each value of x.
o whenx = —2:

replacingx by =2 iny = x + %, we find:

4
y=—2+_—2
= -2+ (-2)
=-2-2
y = —4

So one of this function's stationary points is:
(-2.-4)

o whenx = 2:

replacingx by 2iny = x + %, we find:



4

=2+ —
Y t 5
=2+2
y=4

So the function's second stationary point has

coordinates:

(2,4)

We can see both of these stationary points on the graph shown

below:

Stationary Point
(local maximum)

(-2,—-4)

Stationary Point
(local minimum)

———————— —»

2

2,4)

We can see quite clearly that the stationary point at ( -2,—4 )

is a local maximum and the stationary point at ( 2,4 ) is a local

minimum.



Jacobians

* In 1D problems we are used to a simple change of variables, e.g. from x to u

[ f(@)dz = [ f(a

R

xr

« Example: f12 %dg; — ]n(2)

u))

|—|

“Ldu

LJ_

1D Jacobian

Substitute

r =U

maps strips of width dx
to strips of width du

—1 dx — —2

:—fl “du = [lnu]1 = In(2)



2D Jacobian

 For a continuous 1-to-1 transformation from (x,y) to (u,v)

et = x(u,v) and y = y(u, v)

[fR z,y)dady = ffR’ (u,v),y(u,v)) ‘8E ,yg

I |
« Where Region (in the xy plane) maps onto region R in the uv plane R’

dudv

dr Oz |
ey — | g Bo | DI,
J— xdy
8(’&,’0) y _y areas dudv
U

xu xv
— — xuy’u — Ly yu
* Hereafter call such terms CB U Yu Yo




Why the 2D Jacobian works

. y P
b g ﬂ‘m L [
a L—_\_‘f—i

 Transformation T yield distorted grid of lines of constant u and constant v

e For small du and dv, rectangles map onto parallelograms

du = (du,0) and dv = (0, dv)
b Tu Dy du - Ly Ly 0
dw:(% yv><0> - (yu yv)(d’”>

- - T, du 2, dv
dA = |dx x dy| = ( st ) X (

— (:Cuyv - xvyu)dUdv

* This is a Jacobian, i.e. the determinant of the Jacobian Matrix



Relation between Jacobians

ggz: z; is the inverse matrix of ggz::; i.e.,

Tu Lo Uz Uy Y\ (1 0
yu y’U Ua: vy o O 1

* Because (and similarly for dy)

 The Jacobian matrix

dxdy and dudy, i. !
det(AB) = det(A)det(B) =1 = det(A) =
. So det B
‘fm,y) ~ ‘aw,v) -
u,v)| | 0(x,y)




Simple 2D Example

Area of circle A=

| [, dzdy
x = pcos and y = psinb

g_ﬁ % | cos ¢ —psinb — ((;()52 0 + sin” 9) —
g_y 9 | 7| sinf  pcosh | ’ -
o 00

A= [ fj:(f” pdpdd = [1p%]7 (012" = 772



Harder 2D Example

[ [p(x® 4+ y*)dzdy

where R is this
region of the xy

plane, which maps to
R here




An Important 2D Example

e Evaluate —:U d a
— X B
f —oo € T V(@2
e First consider 3 3 >
2 _ ra 2 a _y2
I;= " e *da [ e ¥dy >

=2, Sl dyda

COS¢ —Trcoso
sin ¢ 7 COS ¢

d(z,y)

ePut = =rcos¢p and y =rsino o v): =7

IS OZW re=" drdg < 12 < IR 2 OQW re=" drde
a—o00= 1, =7

m(l—e%) < I’ < (1 - e~20°) as



3D Example

e Transformation of volume elements between Cartesian and spherical polar
coordinate systems (see Lecture 4)

xr = rsinfcoso
y = rsinfsing
z = 1rcosb
sinffcos¢ rcosfcos¢p —rsinfsingd
g(l‘,ey, 2) = | sinfsin¢ rcosfsing  rsinfcoso
(r,0,9) cos 6 —rsin 6 0

— r2sin 6




Definition: The Jacobian of the transformation

D:w,v) — xu v), yu, v))

is the 2 X 2 determinant

0x 0x

o y) | M dx gy ox dy

ou, v) o oy ouov v ou
ou  ov

Note that the bars around the 2 X 2 matrix mean "'determinant', not
da(x.y)

absolute value. The Jacobian p
(u,v)

may be positive or negative.




Change-of-variable formula: If a 1-1 mapping ® sends a region D* in

uv-space to a region D in xy-space, then

//f(x,y)dxdy = / f(®(u, v)) 9%, ) dudv.
D D*

o(u, v)

Note that this involves the absolute value of the Jacobian. Even when the

Jacobian is negative, the distortion in volume is positive.




Example 1: Compute the Jacobian of the polar

coordinates transformation
X = rcos@, y=rsing.

Solution: Since

d

a—’; = cos(d), % = sin(0),
d
£ = —rsin@), — = rcos(®),

our Jacobian is

ox 0x
or 00 cosd —rsiné
= = r
dy oy sin@ rcos@
or 00

This explains why there's an r factor in polar integrals!
The area element dA = dx dy is not equal to dr d#f.
Instead, dA is equal to rdr d@.




Let's see why the Jacobian is the distortion factor in general for a mapping
D:(uv) » (x(u,v), y(u, v)) = x(u, vii+yu, v)j,

making good use of all the vector calculus we've developed so far. Let Q = [a, a + h] X [c, ¢ + k] be a rectangle in the uv-

plane and ®@(Q) its image in the xy-plane as shown in

+ 4

v Y
®(a, c+k)
c+ k .............
v
P P(a, c
Q > ®(Q)
u
c ............. :
: ®(a + h, c)
u T
- - - -
a a+h
¥ ¥

Then
u=®Pa+h, c)—DPa, o), v = ®a, c+k)—DP(a, ).

o ® o ® - - u v
The area of the parallelogram spanned by u = u11 + u;J and v = v;1 + v, ] is the determinant : :

U VN



We then compute

hox X ox  Ox

uir Vi ou Ay ou Ay

area(®(0)) ~ ~ oy o | = hk o o
Uy \ %) ha kW M EM

Since area(Q) = hk, this means that the area of our region in the xy plane

is given by the absolute value of the Jacobian times the area in the uyv
plane. Our shorthand for this is

a(x,y)
A Y = o, v)

dudv.

Areas are always positive, so the area of a small parallelogram in
xXy-space is always the absolute value of the Jacobian times
the area of the corresponding rectangle in uv-space.



Example 2: Compute folo e~ P dx.

Solution: We did this before using x = g(u) = Su.
Instead, let's take x = —5u, so g'(u) = =5 is

5 = e and dx = —5du. The map

negative. Now e
g sends the interval from O to -2 in u-space to the
interval from 0 to 10 in x-space, and our change-of-

variable formula says

10 2
/ e Pdx = / —-5é"du.
0 0

Of course, we usually integrate from —2 to 0, not
from 0 to —2.

Flipping the limits of integration changes the sign of the

answer, so

10 0
/ e Pdx = / +5¢“du = 5(1 — e72).
0 -

2

If we had written our 1-dimensional integrals in terms
of regions instead in terms of starting points and end

points, we would have had a factor of 435, rather than
—5, all along. The mapping x = —5u sends the region
D* = [-2, 0] to the region D = [0, 10], and

/e_x/sdx = /e“
D D*

dx

—| du.
du "




Eigenvector and Eigenvalue

A simple example is that an eigenvector does not change direction in a
transformation:

How do we find that vector?

The Mathematics Of It

For a square matrix A, an Eigenvector and Eigenvalue make this equation true:

Av = Av
A

Matrix Eigenvalue
Eigenvector



Let us see it In action: Example: For this matrix

-6 3
4 5

an eigenvector is

with a matching eigenvalue of 6

Let's do some matrix multiplies to see if that is true.

AV gives us:
-6 3|1 —6Xx1+3%4
4 5||4 4x1+5%x4
AV gives us :
1

Yes they are equal!

So we get Av = AV as promised.



Notice how we multiply a matrix by a vector and get the same result as when we
multiply a scalar (just a number) by that vector.

How do we find these eigen things?

We start by finding the eigenvalue. We know this equation must be true:
Av = Av

Next we put in an identity matrix so we are dealing with matrix-vs-matrix:

Av = Alv
Bring all to left hand side:
Av — Alv =0

If v is non-zero then we can (hopefully) solve for A using just the determinant :

A=Al | =0

Let's try that equation on our previous example:



Example: Solve for A

Start with | A — AL | = 0

-6 3 10|
4 5 01|
Which is:
-6-A 3 |_
4 5—-A

Calculating that determinant gets:

(—=6—A)(5—=A) — 3x4 =0

Which simplifies to this Quadratic Equation :

AM+A-42=0

And solving it gets:

A= -70rb6

And yes, there are two possible eigenvalues.



Now we know eigenvalues, let us find their matching eigenvectors.

Example (continued): Find the Eigenvector for the Eigenvalue A = 6:

Start with:

Av = Av

Put in the values we know:
-6 3
4 5

X
Y

Y

After multiplying we get these two equations:

—6X + 3y = 6X
4x + 5y = 6y
Bringing all to left hand side:
—12x + 3y =
4x — 1y = 0

Either equation reveals that y = 4x, so the eigenvector is any non-zero
multiple of this:



And we get the solution shown at the top of the page:

-6 3||1 —6x1+3%x4 6
4 5|4 4x1+5x4 24
... and also ...

1 6
o | M

So Av = Av, and we have success!

Now it is your turn to find the eigenvector for the other eigenvalue of —/
Why?

What is the purpose of these?

One of the cool things is we can use matrices to do transformations in space,
which is used a lot in computer graphics.

In that case the eigenvector is "the direction that doesn't change direction" !



And the eigenvalue is the scale of the stretch:

e 1 means no change,

e 2 means doubling in length,

e —1 means pointing backwards along the eigenvalue's direction

o efc

There are also many applications in physics, etc.
nC . i
Why "Eigen

Eigen is a German word meaning "own" or "typical"

"das ist ihnen eigen"” is German for "that is typical of them”

Sometimes in English we use the word "characteristic", so an eigenvector can be
called a "characteristic vector".

Not Just Two Dimensions

Eigenvectors work perfectly well in 3 and higher dimensions.



Example: find the eigenvalues for this 3x3 matrix:

2 00
0 45
0 4 3
First calculate A — AI:
2 00 1 00 2—-A O 0
0 45 010 O 4-A 5
0 4 3 001 0 4 3-A

Now the determinant should equal zero:

2-A O 0
0 4-A 5
0 4 3-A

Which is:
(2—=A) [ (4—=A)(3—A) —5%x4 1 =0
This ends up being a cubic equation, but just looking at it here we see one of

the roots is 2 (because of 2—A), and the part inside the square brackets is
Quadratic, with roots of —1 and 8.



Example (continued): find the Eigenvector that matches the
Eigenvalue -1

Put in the values we know: 2 0 0]|x X
04 5]y y
0 4 31|z Z

After multiplying we get these equations:

2X = —X
4y + 5z = -y
4y + 3z = -z
Bringing all to left hand side:
3x =0
5y +5z =0
4y +4z = 0
Sox =0, and y = =z and so the eigenvector is any non-zero multiple
this:
0
1




TEST Av:

And AV:

So Av = Av, yay!

(You can try your hand at the eigenvalues of 2 and 8)

O ON
~ p~ O
W U1 O

o

I
w U




Rotation

Back in the 2D world again, this matrix will do a rotation by 6:

cos(B) —sin(0)
sin(B) cos(0)

Example: Rotate by 30°

V3 1

cos(30°) = - and sin(30°) = 1 SO:
V3 -1
cos(30°) —sin(30°) 2 2
sin(30°) cos(30°) 1 V3
2 2

But if we rotate all points, what is the "direction that doesn't change
direction"?



Let us work through the mathematics to find out:

First calculate A — Al:

V3 -1
2 2
1 V3
2 2

10
01

Now the determinant should equal zero:

Which is:

V3

(-

V3 )\

NEZ-N) = (55)(5) = 0




Which becomes this Quadratic Equation:

AN - (V3A+1=0
Whose roots are:

_ V3 . i
)\—Z:I:2

The eigenvalues are complex!

I don't know how to show you that on a graph, but we still get a solution.

Eigenvector

So, what is an eigenvector that matches, say, the % + é root?
Start with:
Av = A\v
Put in the values we know:
V3 -1
2 2 X X
1 V3 ||y y
2 2
After multiplying we get these two equations:
V3 1 V3 i
> X — 2y——2 X + 2x

1, V3 _ V3 i
2 Xt Y=Y Y




Which simplify to:

And the solution is any non-zero multiple of:

or

Wow, such a simple answer!
Is this just because we chose 30°? Or does it work for any rotation matrix? I

will let you work that out! Try another angle, or better still use "cos(6)" and
"sin(6)".

Oh, and let us check at least one of those solutions:

V3 -1 jv3 _ 1
2 2 i 2 2
1 V3 |[1 i . V3
2 2 2 2

Does it match this?



Oh yes it does!




Solving Systems of Linear Equations Using
Matrices

Example: Solve

e X+y+z=6
e 2y + 5z = -4
® 2X + 5y —z =27

But first we need to write the question in Matrix form.

In Matrix Form?

OK. A Matrix is an array of numbers, right?
6 4 24
1 -9 8

X + vy + z = 6
2y + 5z = -4
2x + 5% - z = 27

Well, think about the equations:



They could be turned into a table of humbers like this:

1 1 1 = 6
0 2 5 = -4
2 5 -1 = 27
We could even separate the numbers before and after the "=" into:
1 1 1 6
O 2 5 and —4
2 5 -1 27

Now it looks like we have 2 Matrices.

In fact we have a third one, which is [X Y Z]:

1 1 1 X 6
0 2 5 Y | = |-4
2 5 -1 ||Lz] |27

Why does [x y z] go there? Because when we Multiply Matrices the left side
becomes:

1 1 1 X (X +y+zZ
0 2 5 Y | = 2y + 5z
2 5 -1 | LZ 12X + By - Z _

Which is the original left side of our equations above (you might like to check
that).



The Matrix Solution

We can write this:

1 1 1 X '3
0 Y | = | -4
2 5 -1 | |LZ | _27_
like this:
AX =B
where

e A is the 3x3 matrix of X, y and z coefficients
e Xisx, yand z, and

e Bis 6, -4 and 27

Then (as shown on the Inverse of a Matrix page) the solution is this:
X =A1B
What does that mean?

It means that we can find the values of x, y and z (the X matrix) by multiplying the inverse of
the A matrix by the B matrix.



So let's go ahead and do that.

First, we need to find the inverse of the A matrix (assuming it exists!)

"1 01 1 1-1 27 6 3]
0 2 5 = _% 10 -3 -5
2 5 -1 4 -3 2

Then multiply Al by B (we can use the Matrix Calculator again):

ES 1 27 6 31 67 1 -105 5
Y= 37|10 -3 5[4 = 21|63 = |3
|z -4 -3 2 [|l27 | 42 -2 _

And we are done! The solution is:

See Linear Algebra notes next for complete discussion.



Basic Linear Algebra

2.1 Matrices and Vectors
Matrices

DEFINITION m A matrix is any rectangular array of numbers. =

1 2 1 2 3 1
I S P S I SR
3 4 4 5 6 -2

are all matrices.

If a matrix 4 has m rows and »n columns, we call 4 an m X n matrix. We refer to
m X n as the order of the matrix. A typical m X n matrix 4 may be written as

For example,




DEFINITION m The number in the ith row and jth column of 4 is called the ijth element of 4
and is written g;;. =

For example, if

A =

l\] ~ ’_‘l

oo Wn BN
Ioawl

then ai = 1, arz — 6, and aszy = 7.
Sometimes we will use the notation 4 = [q;;] to indicate that 4 is the matrix whose

ijth element is a;;.

DEFINITION m Two matrices 4 = [a;] and B = [b;] are equal if and only if 4 and B are of the
same order and for all i and j, a;; = b;;. =

For example, if

A= and B =
3 4 w z

then4 = Bifandonlyifx =1,y =2, w =3, and z = 4.



Vectors

Any matrix with only one column (that is, any m X 1 matrix) may be thought of as a column
vector. The number of rows in a column vector 1s the dimension of the column vector. Thus,

2
may be thought of as a 2 X 1 matrix or a two-dimensional column vector. R” will denote
the set of all m-dimensional column vectors.
In analogous fashion, we can think of any vector with only one row (a 1 X » matrix as
a row vector. The dimension of a row vector 1s the number of columns in the vector. Thus,
[9 2 3] may be viewed as a 1 X 3 matrix or a three-dimensional row vector. In this book,

vectors appear in boldface type: for instance, vector v. An m-dimensional vector (either row
or column) in which all elements equal zero 1s called a zero vector (written 0). Thus,

N
[0 O] an 0

are two-dimensional zero vectors.



Any m-dimensional vector corresponds to a directed line segment in the m-dimensional
plane. For example, in the two-dimensional plane, the vector

-,

corresponds to the line segment joining the point
0
H
1
A
The directed line segments corresponding to

S H R I S

to the point

are drawn in Figure 1.



(1,2)

FIGURE 1
Vectors Are Directed
Line Segments

(19 _3)

> X,



The Scalar Product of Two Vectors

An important result of multiplying two vectors is the scalar product. To define the scalar prod-

uct of two vectors, suppose we have a row vector u = [u; u, - u,]and a column vector
oh
V2
g
_v -

of the same dimension. The scalar product of u and v (written u - v) is the number
uUvy + upvy + o0+ ou,,.

For the scalar product of two vectors to be defined, the first vector must be a row vec-
tor and the second vector must be a column vector. For example, if

.
1
2]

u=1[1 2 3] and \%

thenu - v = 1(2) + 2(1) + 3(2) = 10. By these rules for computing a scalar product, if

u= B] and v=1[2 3]

then u - v 1s not defined. Also, if

u=1[1 2 3] and v=[3]
4
then u - v 1s not defined because the vectors are of two different dimensions.
Note that two vectors are perpendicular if and only if their scalar product equals 0.
Thus, the vectors [ —1] and [1 1] are perpendicular.
We note that u - v = |[u|| ||v]| cos 6, where ||jul| is the length of the vector u and 6 is the
angle between the vectors u and v.



Matrix Operations

We now describe the arithmetic operations on matrices that are used later in this book.

The Scalar Multiple of a Matrix

Given any matrix 4 and any number ¢ (a number 1s sometimes referred to as a scalar),
the matrix cA4 is obtained from the matrix 4 by multiplying each element of 4 by c. For

example,
_ 1 2 3 6
if A= , then 34 =
-1 0 -3 0

For ¢ = —1, scalar multiplication of the matrix 4 is sometimes written as —A.

Addition of Two Matrices

Let A = [a;] and B = [b;;] be two matrices with the same order (say, m X n). Then the
matrix C = 4 + B is defined to be the m X n matrix whose ijth element is a;; + b;;. Thus,
to obtain the sum of two matrices 4 and B, we add the corresponding elements of 4 and
B. For example, if

1 2 3 -1 -2 =3
A=[ ] and B=[ ]
0O —1 1 2 1 —1

1-1 2-2 3—3]_[0 0 o]
0+2 —-14+1 1-1 2 0 0f

then

a+8=|



Addition of Vectors

This rule for matrix addition may be used to add vectors of the same dimension. For ex-
ample, ifu =[1 2]andv=1[2 1],thenu+v=[1+2 2+ 1] =1[3 3]. Vectors
may be added geometrically by the parallelogram law (see Figure 2).

We can use scalar multiplication and the addition of matrices to define the concept
of a line segment. A glance at Figure 1 should convince you that any point # in the
m-dimensional plane corresponds to the m-dimensional vector u formed by joining the
origin to the point u. For any two points # and v in the m-dimensional plane, the line
segment joining u and v (called the line segment uv) 1s the set of all points in the
m-dimensional plane that correspond to the vectors cu + (1 — ¢)v, where 0 = ¢ = 1
(Figure 3). For example, if u = (1, 2) and v = (2, 1), then the line segment uv consists

of the points corresponding to the vectors ¢c[1 2] + (1 —¢)[2 1]=[2—c 1+ ¢],

where 0 = ¢ = 1. For ¢ = 0 and ¢ = 1, we obtain the endpoints of the line segment uv;
for ¢ = ;, we obtain the midpoint (0.5u + 0.5v) of the line segment uv.

X9 A

v=[2 1]

u=[1 2] 3 2
wrve bl r \
1| ©=

FIGURE 3
Line Segment Joining

u=(1,2) and
v=1(21)

FIGURE 2




Using the parallelogram law, the line segment uv may also be viewed as the points cor-
responding to the vectors u + ¢(v — u), where 0 = ¢ = 1 (Figure 4). Observe that for
¢ = 0, we obtain the vector u (corresponding to point ), and for ¢ = 1, we obtain the
vector v (corresponding to point v).

The Transpose of a Matrix

Given any m X n matrix

ayp a2 Ain
dz; dx Ao
A4 =
_aml Am2 amn_

FIGURE 4
Representation of Line
Segment uv




Thus, A is obtained from A by letting row 1 of 4 be column 1 of 47, letting row 2 of 4
be column 2 of 4%, and so on. For example,

1 2 3
if A= [ ], then Al =
4 5 6

W N
lCJ\UI-hl

Observe that (47)" = 4. Let B = [1 2]; then

B = B] and (BH'=[1 2]=8B

As indicated by these two examples, for any matrix 4, (47)" = A.

Matrix Multiplication

Given two matrices 4 and B, the matrix product of 4 and B (written AB) 1s defined if and
only 1f

Number of columns in 4 = number of rows in B (1)

For the moment, assume that for some positive integer r, A has » columns and B has r
rows. Then for some m and n, 4 1s an m X r matrix and B 1s an » X n matrix.



DEFINITION m The matrix product C = 4B of 4 and B is the m X n matrix C whose ijth

element 1s determined as follows:
ijth element of C = scalar product of rowi of 4 X columnjof B m (2

If Equation (1) is satisfied, then each row of 4 and each column of B will have the
same number of elements. Also, if (1) is satisfied, then the scalar product in Equation (2)
will be defined. The product matrix C = 4B will have the same number of rows as 4 and
the same number of columns as B.

EXAMPLE 1 Matrix Multiplication

Solution

Compute C = AB for

1

1 1 2
A=[ ] and B =12
2 1 3 1

IN w ’_‘l

Because 4 1s a 2 X 3 matrix and B 1s a 3 X 2 matrix, 4B 1s defined, and C will be a
2 X 2 matrix. From Equation (2),

ci=[ 1 2112|=1)+12) +201) =5

T
[E—
L

co=[1 1 2] 1(1) + 13) + 2(2) = 8

N W =
[

1
[e—
1

=02 1 31|2|=200) +1Q) +3(1) =7




cn=1[2 1 3]|3| =201+ 13) + 30) = 11

EXAMPLE 2 Column Vector Times Row Vector

Find AB for

3
A=H and B=[1 2]

Solution Because 4 has one column and B has one row, C = 4B will exist. From Equation (2), we
know that C is a 2 X 2 matrix with

Ci11 — 3(1) =3 Cry — 4(1) =4
ci2 =3(2) =6 cnp = 4(2) =8

i

Thus,



EXAMPLE 3 Row Vector Times Column Vector
Compute D = BA for the 4 and B of Example 2.
Solution In this case, D will be a 1 X 1 matrix (or a scalar). From Equation (2),

diy =1 2][‘31] = 1(3) + 2(4) = 11

Thus, D = [11]. In this example, matrix multiplication is equivalent to scalar multiplica-
tion of a row and column vector.

Recall that if you multiply two real numbers a and b, then ab = ba. This is called the
commutative property of multiplication. Examples 2 and 3 show that for matrix multipli-
cation, it may be that AB # BA. Matrix multiplication is not necessarily commutative. (In
some cases, however, AB = BA will hold.)

EXAMPLE 4 Undefined Matrix Product
Show that 4B is undefined if

S

1 2
A=[ ] and B=|[0 1
12

3 4

Solution This follows because A has two columns and B has three rows. Thus, Equation (1) 1s not
satisfied.



TABLE 1
Gallons of Crude Oil Required to Produce 1 Gallon
of Gasoline

Crude Premium Regular Regular
oil Unleaded Unleaded Leaded
1 1 3 1
2 r 3 T

Many computations that commonly occur in operations research (and other branches
of mathematics) can be concisely expressed by using matrix multiplication.To illustrate
this, suppose an oil company manufactures three types of gasoline: premium unleaded,
regular unleaded, and regular leaded. These gasolines are produced by mixing two types
of crude oil: crude oil 1 and crude oil 2. The number of gallons of crude oil required to
manufacture 1 gallon of gasoline 1s given in Table 1.

From this information, we can find the amount of each type of crude oil needed to
manufacture a given amount of gasoline. For example, if the company wants to produce
10 gallons of premium unleaded, 6 gallons of regular unleaded, and 5 gallons of regular
leaded, then the company’s crude oil requirements would be

Crude 1 required = (%) (10) + (%) (6) + (i) 5 = 12.75 gallons
Crude 2 required = (3) (10) + (3) (6) + (3) 5 = 8.25 gallons

More generally, we define

pu = gallons of premium unleaded produced
ry = gallons of regular unleaded produced
r; = gallons of regular leaded produced

¢, = gallons of crude 1 required

¢, = gallons of crude 2 required



Then the relationship between these variables may be expressed by
a=@prvt@rv+@r
Cy = (%)PU + (%) ry + (%) rr

Using matrix multiplication, these relationships may be expressed by

3 2 1] [Pu
Ci| _ |4 3 34
c,] |1 L 3f|"Y

4 3 4

- - L¥L]

Properties of Matrix Multiplication

To close this section, we discuss some important properties of matrix multiplication. In
what follows, we assume that all matrix products are defined.

1 Row i of AB = (row i of A)B. To illustrate this property, let

11
1 1 2

A= [ ] and B=12 3

2 1 3 1 2

Then row 2 of the 2 X 2 matrix 4B is equal to - )
thES

2 1 3]|12 3(=[7 11]
1 2

This answer agrees with Example 1.



2 Column j of AB = A(column j of B). Thus, for A and B as given, the first column

of AB 1s -

1

[1 1 2] [5]
2 =

2 1 3 7

1]

Properties 1 and 2 are helpful when you need to compute only part of the matrix 4B.
3 Matrix multiplication 1s associative. That 1s, A(BC) = (4B)C. To illustrate, let

A=1[1 2], B-= . C=
4 5 1

Then AB = [10 13] and (4B)C = 10(2) + 13(1) = [33].
On the other hand,
7
BC = [ ]
13

so A(BC) = 1(7) + 2(13) = [33]. In this case, A(BC) = (AB)C does hold.

4 Matrix multiplication 1s distributive. That 1s, A(B + C) = AB + AC and (B + C)D =
BD + CD.



2.2 Matrices and Systems of Linear Equations

Consider a system of linear equations given by

ayx, +apx, + - +ax, = b

a1x; + axpx, + -+ axx, = b,

(3)
Ap1X1 T ApXo + = + apx, = by,

In Equation (3), x;, x», . . . , x,, are referred to as variables, or unknowns, and the a;’s
and b,’s are constants. A set of equations such as (3) is called a linear system of m equa-
tions in » variables.

DEFINITION m A solution to a linear system of m equations in » unknowns is a set of values for
the unknowns that satisfies each of the system’s m equations. =

To understand linear programming, we need to know a great deal about the properties
of solutions to linear equation systems. With this in mind, we will devote much effort to
studying such systems.

We denote a possible solution to Equation (3) by an n-dimensional column vector x,
in which the ith element of x is the value of x,. The following example illustrates the con-
cept of a solution to a linear system.



EXAMPLE 5 Solution to Linear System

[]
X
2

x1+2x2=5
2xl—x2=

-3

is a solution to the linear system

@)

and that

1s not a solution to linear system (4).

Solution To show that

=K

1s a solution to Equation (4), we substitute x; = 1 and x, = 2 in both equations and check
that they are satisfied: 1 + 2(2) = 5 and 2(1) — 2 = 0.

[]
X
l

1s not a solution to (4), because x; = 3 and x, = 1 fail to satisfy 2x; — x, = 0.



Using matrices can greatly simplify the statement and solution of a system of linear
equations. To show how matrices can be used to compactly represent Equation (3), let

Then (3) may be written as

A1n X1 b,
537 X2 b,
2 X = 2 b — E
Amn | | Xn_ b
Ax = b (5)

Observe that both sides of Equation (5) will be m X 1 matrices (or m X 1 column vec-
tors). For the matrix Ax to equal the matrix b (or for the vector Ax to equal the vector b),
their corresponding elements must be equal. The first element of Ax is the scalar product
of row 1 of 4 with x. This may be written as

[a1;

ain

aln]

= ay11X] t apxy; + 0+ oagx,

This must equal the first element of b (which is b,). Thus, (5) implies that a,;x; +
a;»x, + ++ + a,,x, = b,. This is the first equation of (3). Similarly, (5) implies that the scalar



product of row i of 4 with x must equal b;, and this 1s just the ith equation of (3). Our dis-
cussion shows that (3) and (5) are two different ways of writing the same linear system. We
call (5) the matrix representation of (3). For example, the matrix representation of (4) is

2 1 X9 O
Sometimes w¢C abbfeViate (5) by ertlng

Alb )

If A 1s an m X n matrix, it is assumed that the variables in (6) are x;, x5, . . . , x,,. Then

(6) 1s still another representation of (3). For instance, the matrix

1 2 3| 2
0 1 2|3
1 1 1|1

represents the system of equations
X1 + 2x2 + 3X3 =2
Xy, + 2x3 = 3

x1+x2+x3=1



2.3 The Gauss-Jordan Method for Solving Systems of Linear Equations

We develop in this section an efficient method (the Gauss—Jordan method) for solving a
system of linear equations. Using the Gauss—Jordan method, we show that any system of
linear equations must satisfy one of the following three cases:

Case 1 The system has no solution.
Case 2 The system has a unique solution.
Case 3 The system has an infinite number of solutions.

The Gauss—Jordan method is also important because many of the manipulations used in
this method are used when solving linear programming problems by the simplex algo-
rithm (see Chapter 4).

Elementary Row Operations

Before studying the Gauss—Jordan method, we need to define the concept of an elemen-
tary row operation (ERO). An ERO transforms a given matrix 4 into a new matrix A’
via one of the following operations.



Type 1 ERO
A’ is obtained by multiplying any row of 4 by a nonzero scalar. For example, if

1 2 3 4]
A=1]1 3 5 6
01 2 3

then a Type 1 ERO that multiplies row 2 of 4 by 3 would yield

1 2 3 4
A'=|3 9 15 18
01 2 3

Type 2 ERO

Begin by multiplying any row of 4 (say, row i) by a nonzero scalar c. For some j # i, let
row j of A" = c(row i of A) + row j of 4, and let the other rows of A" be the same as the
rows of 4.

For example, we might multiply row 2 of 4 by 4 and replace row 3 of 4 by 4(row 2
of A) + row 3 of A. Then row 3 of A" becomes

411 3 5 6]+[0 1 2 3]1=1[4 13 22 27]
and

1 2 3 4]
1 3 5 6
4 13 22 27,

AI




Type 3 ERO

Interchange any two rows of 4. For instance, if we interchange rows 1 and 3 of 4, we
obtain

0 1 2 3]
A =11 3 5 6
1 2 3 4

Type 1 and Type 2 EROs formalize the operations used to solve a linear equation sys-
tem. To solve the system of equations

X +x, =2

(7)
2x1 + 4x, =7

we might proceed as follows. First replace the second equation in (7) by —2(first equa-
tion in (7)) + second equation in (7). This yields the following linear system:

X+ x, =2

(A
2x2=3 ( )

Then multiply the second equation in (7.1) by %, yielding the system

x1+x2=2
_3 (72
JC2—§

Finally, replace the first equation 1n (7.2) by —1[second equation in (7.2)] + first equa-
tion in (7.2). This yields the system



1
2

(73)
Xy = %

System (7.3) has the unique solution x; = % and x, = % The systems (7), (7.1), (7.2),
and (7.3) are equivalent in that they have the same set of solutions. This means that x; =
1 _ 3. . : i
> and x, = 7 is also the unique solution to the original system, (7).

If we view (7) in the augmented matrix form (4|b), we see that the steps used to solve
(7) may be seen as Type 1 and Type 2 EROs applied to 4|b. Begin with the augmented

matrix version of (7):

[1 1 | 2] )
2 417
Now perform a Type 2 ERO by replacing row 2 of (7") by —2(row 1 of (7')) + row 2 of
(7"). The result is
1 1|2
(71')
0 213

which corresponds to (7.1). Next, we multiply row 2 of (7.1") by ; (a Type 1 ERO), re-
sulting in
1 1

: (7.2')
0 1]3 '

which corresponds to (7.2). Finally, perform a Type 2 ERO by replacing row 1 of (7.2")
by —1(row 2 of (7.2")) + row 1 of (7.2"). The result is

1 0

0 1 (73')

which corresponds to (37.3). Translating (7.3") back into a linear system, we obtain the sys-

tem x; = 5 and x, = 3, which is identical to (7.3).



Finding a Solution by the Gauss-Jordan Method

The discussion in the previous section indicates that if the matrix 4’'|b’ is obtained from
Alb via an ERO, the systems Ax = b and 4'x = b’ are equivalent. Thus, any sequence of
EROs performed on the augmented matrix A|b corresponding to the system Ax = b will
yield an equivalent linear system.

The Gauss—Jordan method solves a linear equation system by utilizing EROs 1n a system-
atic fashion. We illustrate the method by finding the solution to the following linear system:

2x1+2x2+ X3=9
2x1— x2+2x3=6 (8)

X1 — X+ 2x3=15

The augmented matrix representation is

2 2 119
Ab=1[2 -1 2|6 (8")
1 -1 2|5

Suppose that by performing a sequence of EROs on (8") we could transform (8") into

1 0 0 1]
01 012 9)
0 0 1




We note that the result obtained by performing an ERO on a system of equations can
also be obtained by multiplying both sides of the matrix representation of the system of
equations by a particular matrix. This explains why EROs do not change the set of solu-
tions to a system of equations.

Matrix (9') corresponds to the following linear system:

X1 =1
X9 =2 (9)
X3 = 3

System (9) has the unique solution x; = 1, x, = 2, x3 = 3. Because (9') was obtained
from (8") by a sequence of EROs, we know that (8) and (9) are equivalent linear systems.
Thus, x; = 1, x, = 2, x3 = 3 must also be the unique solution to (8). We now show how
we can use EROs to transform a relatively complicated system such as (8) into a relatively
simple system like (9). This is the essence of the Gauss—Jordan method.
We begin by using EROs to transform the first column of (8") into
0
0
0]

Then we use EROs to transform the second column of the resulting matrix into
o

1

0]

Finally, we use EROs to transform the third column of the resulting matrix into
o

0

1




As a final result, we will have obtained (9"). We now use the Gauss—Jordan method to
solve (8). We begin by using a Type 1 ERO to change the element of (8") in the first row
and first column into a 1. Then we add multiples of row 1 to row 2 and then to row 3
(these are Type 2 EROs). The purpose of these Type 2 EROs i1s to put zeros in the rest of
the first column. The following sequence of EROs will accomplish these goals.

Step 1 Multiply row 1 of (8") by % This Type 1 ERO yields

1 9

1 1 5|3

Allbl — 2 _1 2 6
1 -1 2|5

Step 2 Replace row 2 of 4,|b; by —2(row 1 of 4,|b,) + row 2 of 4,|b,. The result of
this Type 2 ERO is

- 1 9-
1 1 3 o)
A2|b2 =10 -3 1 —3
1 -1 2 5

Step 3 Replace row 3 of 4,|b, by —1(row 1 of 4,|b, + row 3 of 4,|b,. The result of this
Type 2 ERO 1is

1 1 3] 5
Asbs =0 -3 1 |-3
o 23| §




The first column of (8') has now been transformed into
o

0

0

By our procedure, we have made sure that the variable x; occurs in only a single equation
and in that equation has a coefficient of 1. We now transform the second column of 4;|b; into

o
1
0.
We begin by using a Type 1 ERO to create a 1 in row 2 and column 2 of 45|b;. Then we

use the resulting row 2 to perform the Type 2 EROs that are needed to put zeros in the
rest of column 2. Steps 4—-6 accomplish these goals.

Step 4 Multiply row 2 of 45|b; by —%.The result of this Type 1 ERO is
i | { | o
A4|b4 =10 1

N[ = 1)



Step 5 Replace row 1 of A4|b, by —1(row 2 of A4bs) + row 1 of A4bs. The result of
this Type 2 ERO 1s

-1 0 % %—n
Asbs=10 1 —3 |1
0 -2 |y
Step 6 Replace row 3 of As|bs by 2(row 2 of 45|bs) + row 3 of 4s|bs. The result of this

Type 2 ERO is

-1 O % %-
Agbs =0 1 —5 | 1
5 | s
0 0 = | 5
Column 2 has now been transformed into
o
1
0.

Observe that our transformation of column 2 did not change column 1.
To complete the Gauss—Jordan procedure, we must transform the third column of
A6|b6 into




We first use a Type 1 ERO to create a 1 in the third row and third column of 4¢|bs. Then
we use Type 2 EROs to put zeros in the rest of column 3. Steps 7-9 accomplish these
goals.

Step 7 Multiply row 3 of 4¢|bg by %. The result of this Type 1 ERO 1is

1 0 2|3
A7|b7= 0 1 _% 1
0 0 3|3

Step 8 Replace row 1 of 4,|b, by —%(row 3 of A;|b;) + row 1 of A,|b,. The result of
this Type 2 ERO is

1 0 01
A8|b8 — O 1 _%
0 0 1 |3

Step 9 Replace row 2 of 4g|bg by %(row 3 of Ag|bg) + row 2 of Ag|bg. The result of this
Type 2 ERO is

A9|b9 =

lo o ’_‘I
o = O
_—0 O




Ao|bgy represents the system of equations

X1 =1
X, =2 9)
X3 = 3

Thus, (9) has the unique solution x; = 1, x, = 2, x3 = 3. Because (9) was obtained from
(8) via EROs, the unique solution to (8) must also be x; = 1, x, = 2, x3 = 3.

The reader might be wondering why we defined Type 3 EROs (interchanging of rows).
To see why a Type 3 ERO might be useful, suppose you want to solve

2)C2+X3=6
X1 + X2_X3=2 (10)
2x, + xp +x3 =4

To solve (10) by the Gauss—Jordan method, first form the augmented matrix

0 2 1|6
Ab=|[1 1 —-1|2
2 1 1|4

The 0 in row 1 and column 1 means that a Type 1 ERO cannot be used to create a 1 in row
1 and column 1. If, however, we interchange rows 1 and 2 (a Type 3 ERO), we obtain

1 1 —1]2
0 2 11/6 (10)
2 1 114

Now we may proceed as usual with the Gauss—Jordan method.



EXAMPLE 6

Solution

Special Cases: No Solution
or an Infinite Number of Solutions

Some linear systems have no solution, and some have an infinite number of solutions. The
following two examples illustrate how the Gauss—Jordan method can be used to recognize
these cases.

Linear System with No Solution

Find all solutions to the following linear system:
x; +2x, =3
2x1 + 4x2 =4

We apply the Gauss—Jordan method to the matrix

1 2|3
=], 1l
2 414

We begin by replacing row 2 of 4A|b by —2(row 1 of A|b) + row 2 of A|b. The result of

We would now like to transform the second column of (12) into

i
1
but this is not possible. System (12) is equivalent to the following system of equations:
+ 2x, =3
NG (12)
Ox 1 + 0x2 = =2

Whatever values we give to x; and x,, the second equation in (12") can never be satisfied.
Thus, (12') has no solution. Because (12") was obtained from (11) by use of EROs, (11)
also has no solution.

Example 6 illustrates the following idea: If you apply the Gauss—Jordan method to a lin-
ear system and obtain a row of the form [0 0 -+ 0|c] (¢ # 0), then the original lin-
ear system has no solution.



EXAMPLE 7 Linear System with Infinite Number of Solutions

Apply the Gauss—Jordan method to the following linear system:

x1+x2 =1
X, +x3=3 (13)
x1+2x2+x3=4

Solution The augmented matrix form of (13) is

1 1 0
Ab=10 1 1]3
1 2 1] 4

We begin by replacing row 3 (because the row 2, column 1 value is already 0) of 4|b by
—1(row 1 of A|b) + row 3 of A|b. The result of this Type 2 ERO is

1 1 0] 1
0 1 1| 3]
Next we replace row 1 of 4;|b; by —1(row 2 of 4,|b;) + row 1 of 4,|b;. The result of

this Type 2 ERO is
1 0 —-1] -2
A2|b2 =0 1 1
0 1




Now we replace row 3 of 4,|b, by —1(row 2 of 4,|b,) + row 3 of 4,|b,. The result of
this Type 2 ERO is

1 0 —-1] -2
Aslb; = {0 1 1 3
0 0 0 0]
We would now like to transform the third column of 45|bs into
o
0
1

but this is not possible. The linear system corresponding to As|bs is

X1 - X3 = —2 (141)
Xs + X3 = 3 (142)
Oxl + OX2 + OX3 =0 (143)

Suppose we assign an arbitrary value & to x3. Then (14.1) will be satisfied if x; — k£ = —2,
or x;, = k — 2. Similarly, (14.2) will be satisfied if x, + £ = 3, or x, = 3 — k. Of course,
(14.3) will be satisfied for any values of x;, x,, and x5. Thus, for any number &, x; = k — 2,
X, = 3 — k, x3 = k1s a solution to (14). Thus, (14) has an infinite number of solutions (one
for each number k). Because (14) was obtained from (13) via EROs, (13) also has an infinite
number of solutions. A more formal characterization of linear systems that have an infinite
number of solutions will be given after the following summary of the Gauss—Jordan method.



Summary of the Gauss-Jordan Method

Step 1 To solve 4x = b, write down the augmented matrix A|b.

Step 2 At any stage, define a current row, current column, and current entry (the entry
in the current row and column). Begin with row 1 as the current row, column 1 as the cur-
rent column, and a;, as the current entry. (a) If a,; (the current entry) is nonzero, then
use EROs to transform column 1 (the current column) to

-1
0

0
Then obtain the new current row, column, and entry by moving down one row and one
column to the right, and go to step 3. (b) If a,, (the current entry) equals 0, then do a
Type 3 ERO involving the current row and any row that contains a nonzero number in the

current column. Use EROs to transform column 1 to

1
0

-O-
Then obtain the new current row, column, and entry by moving down one row and one
column to the right. Go to step 3. (¢) If there are no nonzero numbers in the first column,
then obtain a new current column and entry by moving one column to the right. Then go

to step 3.



Step 3 (a) If the new current entry is nonzero, then use EROs to transform it to 1 and
the rest of the current column’s entries to 0. When finished, obtain the new current row,
column, and entry. If this 1s impossible, then stop. Otherwise, repeat step 3. (b) If the
current entry 1s 0, then do a Type 3 ERO with the current row and any row that con-
tains a nonzero number in the current column. Then use EROs to transform that cur-
rent entry to 1 and the rest of the current column’s entries to 0. When finished, obtain
the new current row, column, and entry. If this is impossible, then stop. Otherwise, re-
peat step 3. (¢) If the current column has no nonzero numbers below the current row,
then obtain the new current column and entry, and repeat step 3. If it 1s impossible, then
stop.

This procedure may require “passing over’ one or more columns without transform-
ing them (see Problem 8).

Step 4 Write down the system of equations 4'x = b’ that corresponds to the matrix 4’|b’
obtained when step 3 is completed. Then A’x = b’ will have the same set of solutions as

Ax = b.



Basic Variables and Solutions to Linear Equation Systems

To describe the set of solutions to A'x = b’ (and Ax = b), we need to define the concepts
of basic and nonbasic variables.

DEFINITION m After the Gauss—Jordan method has been applied to any linear system, a variable
that appears with a coefficient of 1 in a single equation and a coefficient of 0 in
all other equations is called a basic variable (BV). =

Any variable that 1s not a basic variable is called a nonbasic variable (NBV). =

Let BV be the set of basic variables for A’x = b’ and NBV be the set of nonbasic vari-
ables for A’x = b’. The character of the solutions to 4’x = b’ depends on which of the
following cases occurs.

Case 1 A’'x = b’ has at least one row of form [0 0 --- 0|c] (¢ # 0). Then
Ax = b has no solution (recall Example 6). As an example of Case 1, suppose that

when the Gauss—Jordan method is applied to the system Ax = b, the following matrix
1s obtained:

1 0 0 1 1
010 2| 1
Ap =0 0 1 3| -1
000O0| O
000 0] 2

In this case, A’x = b’ (and Ax = b) has no solution.



Case 2 Suppose that Case 1 does not apply and NBV, the set of nonbasic variables, is

empty. Then 4’x = b’ (and Ax = b) will have a unique solution. To illustrate this, we re-
call that in solving

2x1+2x2+ X3=9
2x1_ x2+2x:3:6

X1 — X, +2x3 =25
the Gauss—Jordan method yielded
1 0 01
Ab =0 1 0|2
0 0 1| 3]

In this case, BV = {x;, x,, x3} and NBV is empty. Then the unique solution to 4’x = b’
(and Ax = b)isx; = 1,x, = 2, x3 = 3.

Case 3 Suppose that Case 1 does not apply and NBV is nonempty. Then A'x = b’ (and
Ax = b) will have an infinite number of solutions. To obtain these, first assign each non-
basic variable an arbitrary value. Then solve for the value of each basic variable in terms
of the nonbasic variables. For example, suppose

1 0 0 1 1] 3
010 2 0]2
A'lb' = (15)
001 0 111
00 0 0 010



Because Case 1 does not apply, and BV = {x,, x,, x3} and NBV = {x4, x5}, we have an
example of Case 3: A'x = b’ (and Ax = b) will have an infinite number of solutions. To
see what these solutions look like, write down A'x = b’:

X + x;+ x5=3 (15.1)
X5 2X4 =2 (15.2)

X3 + x5=1 (15.3)

Ox; + 0xy + Ox3 + Ox4 + Ox5 = 0 (15.4)

Now assign the nonbasic variables (x, and xs) arbitrary values ¢ and ., with x, = ¢ and
xs = k. From (15.1), we find that x;, = 3 — ¢ — k. From (15.2), we find that x, = 2
— 2c¢. From (15.3), we find that x; = 1 — k. Because (15.4) holds for all values of the
variables, x;, =3 —c — k,x, =2 — 2¢,x3 = 1 — k, x4 = ¢, and x5 = k will, for any
values of ¢ and k, be a solution to A’x = b’ (and Ax = b).

Our discussion of the Gauss—Jordan method 1s summarized in Figure 6. We have de-
voted so much time to the Gauss—Jordan method because, in our study of linear pro-
gramming, examples of Case 3 (linear systems with an infinite number of solutions) will
occur repeatedly. Because the end result of the Gauss—Jordan method must always be one
of Cases 1-3, we have shown that any linear system will have no solution, a unique so-
lution, or an infinite number of solutions.



FIGURE 6
Description of
Gauss-Jordan Method
for Solving Linear
Equations




2.5 The Inverse of a Matrix

To solve a single linear equation such as 4x = 3, we simply multiply both sides of the
equation by the multiplicative inverse of 4, which is 4~ ', or i. This yields 4~ '(4x) =
(473, orx = %. (Of course, this method fails to work for the equation Ox = 3, because
zero has no multiplicative inverse.) In this section, we develop a generalization of this
technique that can be used to solve “square” (number of equations = number of un-
knowns) linear systems. We begin with some preliminary definitions.

DEFINITION B A square matrix is any matrix that has an equal number of rows and columns. =
The diagonal elements of a square matrix are those elements a;; such thati = ;. m

A square matrix for which all diagonal elements are equal to 1 and all nondiagonal
elements are equal to 0 is called an identity matrix. m

The m X m identity matrix will be written as 7,,. Thus,

1 0 O]
A R
2 019 3 ’

0o 0 1

If the multiplications /,, A and Al,, are defined, it 1s easy to show that 1,, 4 = Al,, = A.
Thus, just as the number 1 serves as the unit element for multiplication of real numbers,
I,, serves as the unit element for multiplication of matrices.

Recall that % is the multiplicative inverse of 4. This 1s because 4(%) = (%)4 = 1. This
motivates the following definition of the inverse of a matrix.




DEFINITION m For a given m X m matrix 4, the m X m matrix B is the inverse of 4 if
BA = AB =1, (16)

(It can be shown that if BA = I,, or AB = I,,, then the other quantity will also equal
[,) =

Some square matrices do not have inverses. If there does exist an m X m matrix B that
satisfies Equation (16), then we write B = 4~ '. For example, if

2 0 —1]
A=| 3 1 2
-1 0 1]

the reader can verify that

and
1 0 1 0o —1] [1 0 o0
-5 1 =7 3 1 2|=|0 1 O
1 0 2{—1 0 1] [0 O 1
Thus,
1 0 1




L - - 4

To see why we are interested in the concept of a matrix inverse, suppose we want to
solve a linear system A4x = b that has m equations and m unknowns. Suppose that 4~'
exists. Multiplying both sides of Ax = b by 4™, we see that any solution of 4x = b must
also satisfy 4~ '(4x) = A~ 'b. Using the associative law and the definition of a matrix in-
verse, we obtain

A 'DHx =A4""b
or Ix=A"'b
or x =A"'b

This shows that knowing 4 ' enables us to find the unique solution to a square linear sys-
tem. This is the analog of solving 4x = 3 by multiplying both sides of the equation by 4.

The Gauss—Jordan method may be used to find 4" (or to show that 4~ ! does not ex-
ist). To illustrate how we can use the Gauss—Jordan method to invert a matrix, suppose
we want to find 4~ ' for

;2
A =
1 3

-
c d

N R .

This requires that we find a matrix

that satisfies



From Equation (17), we obtain the following pair of simultaneous equations that must
be satisfied by a, b, ¢, and d:

B W S A MR
1 3llel LOT 1 3lld 1
|
c
(the first column of 4~ '), we can apply the Gauss—Jordan method to the augmented matrix
[2 5 1]
1 310
B
1 3
B
0

will have been transformed into the first column of 4~ '. To determine

.

Thus, to find

Once EROs have transformed

to 12,



(the second column of 4~ "), we apply EROs to the augmented matrix
N
1 311

When

has been transformed into /5,

will have been transformed into the second column of 4 !. Thus, to find each column of
A~', we must perform a sequence of EROs that transform

B
1 3
into I,. This suggests that we can find 4~ ' by applying EROs to the 2 X 4 matrix
2 5 | 1 O]
1 310 1

A|12 — [



When

has been transformed to /1,
1
o
will have been transformed into the first column of 4™, and
0
i
will have been transformed into the second column of A~ '. Thus, as 4 is transformed into

L, L is transformed into A~"'. The computations to determine 4~ "' follow.

Step 1 Multiply row 1 of A|I, by % This yields

I
A’|lé: |: 2 2 ]
1 310 1
Step 2 Replace row 2 of 4'|I; by —1(row 1 of A'|I5) + row 2 of A’|[;. This yields
1 2] 5 0
wi=| 1| 30
0o L] -1



Step 3 Multiply row 2 of 4”|I5 by 2. This yields
L0
2
—1 2]

Step 4 Replace row 1 of 4”|I5 by —3(row 2 of 4”|I5) + row 1 of A”|I5. This yields

[10| 3—5]
0 1] —1 2

Because 4 has been transformed into ,, I, will have been transformed into 4~ '. Hence,

A‘l—[ 3 —5]
—1 2

The reader should verify that A4~' = 47' 4 = L.

S
nm ” — 2
AL :

1
0

A Matrix May Not Have an Inverse

Some matrices do not have inverses. To illustrate, let

A=[1 2] and A_1=[e f] (18)
2 4



To find A~ we must solve the following pair of simultaneous equations:

1 2|le 1
= (18.1)
2 4]lg] 0.
1 2 0
= (18.2)
2 4]lh. 1.

When we try to solve (18.1) by the Gauss—Jordan method, we find that

This indicates that (18.1) has no solution, and 4~' cannot exist.

Observe that (18.1) fails to have a solution, because the Gauss—Jordan method trans-
forms A into a matrix with a row of zeros on the bottom. This can only happen if rank
A < 2.If m X m matrix 4 has rank 4 < m, then 4~ " will not exist.

1s transformed into




The Gauss-Jordan Method for Inverting an m X m Matrix A

Step 1 Write down the m X 2m matrix A|L,,.

Step 1 Use EROs to transform A|I,, into ,,|B. This will be possible only if rank 4 = m.
In this case, B = A~ !. If rank 4 < m, then 4 has no inverse.

Using Matrix Inverses to Solve Linear Systems

As previously stated, matrix inverses can be used to solve a linear system 4x = b in which
the number of variables and equations are equal. Simply multiply both sides of Ax = b
by A~! to obtain the solution x = 4~ 'b. For example, to solve

2x1 + SX2 =17

19
X, +3x, =4 (19

write the matrix representation of (19):
2 5| x 7
= (20)
1 3 X2 4

Let



We found in the previous illustration that

Multiplying both sides of (20) by 4", we obtain
IR P I I
—1 241 3dlx, —1 2114
MEH
Xs_ 1
Thus, x; = 1, x, = 1 1s the unique solution to system (19).

2.6 [eterminants

Associated with any square matrix 4 1s a number called the deferminant of A (often ab-
breviated as det 4 or |4|). Knowing how to compute the determinant of a square matrix
will be useful in our study of nonlinear programming.

Fora 1l X 1 matrix 4 = [a],

det 4 = a (21)

For a 2 X 2 matrix

4 = [all alZ]
d»1 dn» (22)

detA = dy11d2> — dndqr



For example,

dt[2 4]—25 —3(4) = -2
ety 5| T2 -3 =

Before we learn how to compute det 4 for larger square matrices, we need to define the
concept of the minor of a matrix.

DEFINITION m IfAisan m X m matrix, then for any values of i and j, the ijth minor of 4
(written 4;)) 1s the (m — 1) X (m — 1) submatrix of 4 obtained by deleting row i
and column j of 4. =

For example,

1 2 3]
, 4 6 1 3
if A=14 5 6| then A = and Azr =
7 9 4 6
7 8 9
Let A be any m X m matrix. We may write 4 as
Cdy1 arz a1y |
dz1 dx Aop
A4 =
_aml am2 e amn_

To compute det A4, pick any value of i (i = 1, 2, . .., m) and compute det A4:

det A = (—1) a;(det 4;1) + (1) %a,(det Ap) + -+ + (— 1) ™a;,(det 4;,) (23)



Formula (23) is called the expansion of det 4 by the cofactors of row i. The virtue of (23) is

that it reduces the computation of det 4 for an m X m matrix to computations involving only

(m — 1) X (m — 1) matrices. Apply (23) until det 4 can be expressed in terms of 2 X 2

matrices. Then use Equation (22) to find the determinants of the relevant 2 X 2 matrices.
To illustrate the use of (23), we find det 4 for

1 2 3
A=|4 5 6
7 8 9
We expand det 4 by using row 1 cofactors. Notice that a,;; = 1, a1, = 2, and a;3 = 3.
Also
S [5 6]
e P
so by (22), det 4,; = 5(9) — 8(6) = —3;
S [4 6]
207 9
so by (22), det 4,, = 4(9) — 7(6) = —6; and
S [4 5]
13 7 g

so by (22), det 4,3 = 4(8) — 7(5) = —3. Then by (23),

det 4 = (—1)'"layy(det 411) + (=1)' ayp(det A1) + (1) ays(det 4,5)
= (DM(=3) + (D@)(=6) + (DB)(=3)=-3+12-9=0

The interested reader may verify that expansion of det 4 by either row 2 or row 3 cofac-
tors also yields det 4 = 0.

We close our discussion of determinants by noting that they can be used to invert
square matrices and to solve linear equation systems. Because we already have learned to
use the Gauss—Jordan method to invert matrices and to solve linear equation systems, we
will not discuss these uses of determinants.



Gram-Schmidt Orthogonalization We will do this stuff in class and homeworks.

We have seen that it can be very convenient to have an orthonormal basis for a given vector
space, in order to compute expansions of arbitrary vectors within that space. Therefore, given a
non-orthonormal basis, it is desirable to have a process for obtaining an orthonormal basis from it.

Fortunately, we have such a process, known as Gram-Schmidt orthogonalization. Suppose that
we have a linearly independent, but not orthonormal, set of functions {x1, X2, - - -} that span a given
vector space V. To construct an orthonormal set {1, @2, ...} from this set, we proceed as follows.
First, to obtain ¢, we simply normalize x;:

Il

P1

Next, to obtain (2, we need to ensure that it is orthogonal to ¢, and then normalize it.
As an intermediate step, we seek a function 9 of the form

Y2 = X2 + c12¢1

such that (p1[2) = 0. Then, we can set w2 = 102 /||1)2||. Taking the scalar product of both sides of
the above equation with ¢, we obtain

0 = (p1|v2) = (p1]x2) + cr2{w1]e1).

Because the ¢; are orthonormal, it follows that

c12 = —(p1|x2)-

We conclude that 5 can be obtained as follows:

Y2 = x2 — (p1lxe)e1
P
9ol

We now have a set of two functions that is orthonormal.
Now, to obtain (3, we must ensure that it is orthogonal to ¢; and 2, and then normalized.
To that end, we seek a function 13 of the form

P2 =

Y3 = X3 + c13¢1 + C23¢02

such that (¢1|¢3) = (p2|ty3) = 0. Then, we can set 3 = ¥3/||¢3||. Taking the scalar product of
both sides of the above equation with (7, and then separately, @2, we obtain

0 = (p1l¥3) = (p1|x3) + c13{p1|p1) + ca3(p1]p2)
0 = (p2|¥3) = (p2|x3) + c13{p2|p1) + ca3{pa|p2)-



Because the ¢; are orthonormal, it follows that

c13 = —(p1]x3), 23 = —(p2|x3)-

We conclude that 3 can be obtained as follows:

Y3 = x3— (p1lx3)e1 — (p2lx3) 2
Y3 = ﬂ
3|

We now have a set of three functions that are orthonormal.
Continuing this process, we see that we can obtain each function ¢; as follows:

j—1

v = Xxi— >_{#rlxs)ex
k=0

Y

2T Tl

This yields a set of functions {1, ¥2,...} that is an orthonormal basis of the space spanned by
{x1, X2, - - -}, with respect to the scalar product that is used.

Example We wish to obtain a set of orthonormal polynomials with respect to the scalar product

(flg) = / ()9l ds.

This will be accomplished by applying Gram-Schmidt orthogonalization to the set {1, z,z?, z3,...}.
Setting xj(z) = 27 for j = 0,1,2,..., our orthogonal set {¢;}, j =0,1,2,...,, is obtained as follows:

Yo(z) = xo(x)
= 1,
_ tho(z)

#0l@) = ol

1

(L1)/=
1

[f_ll 1 ds] 2

1
7)
Pi(z) = x1(x) — {polx1)po(z)

() v

1 1
= :v——/ sds
2J1

1
— z—20
7y

N

|
8

= x,



Y1(z)
91|
X

(z|z)/?
T
[f_ll s2ds
3

= —1,',

2
Ya(z) = x2(2) — (polx2)po(x) — (p1|x2)¢1()

_ xz_<ixz>i_ f 3

- V21" [ V2 2 2
1 1 3 1

_ o2 1 2 5. 9 3

= I 2/_lsds 2:1:/_13ds

p1(z) =

]1/2

12 3
_ 2 _ - _ @
= =337 30
1
_ 2 -
= I 3
Vo ()
€T ey
2200 =
RS
- 1/2
(@ 4= D
_ 2’ — 3
- 9 1/2

Continuing this process, we obtain

In general,
2n +1
on(z) = T 9 n(T),
where P,(x) is the Legendre polynomial of nth degree. We will learn more about these orthogonal

(but not orthonormal) polynomials later in this course. O

While Gram-Schmidt orthogonalization can be applied to the monomial bais {1,z,z% 23,...}
to obtain an orthonormal sequence of polynomials, it can be quite cumbersome, as can be seen from
the preceding example. However, a modification of this procedure can yield a much more efficient
approach.

Suppose that we have already generated a sequence of n orthonormal polynomials g, ©1, @2, ..., Yn—1
with respect to some scalar product

b
umzjfwwwmmm,



where ¢; is of degree j for j = 0,1,2,...,n — 1. Then, to obtain ¢,, which of degree n, we
orthogonalize zy,_1(z), which is of degree n, against ¢g, ¢1,...,pnr—1 using the same approach as
in Gram-Schmidt orthogonalization. That is, we compute

|
[

n

Yn(z) = 2Pn-1(x) — ) (Pjleen-1)p;(z),
§=0
. V()
ol =

Now, consider the scalar product (y;|zy,—1). Using the properties of the scalar product, we
have

(pjlzon_1) = (z@j|Pn_1)-.
However, because ¢q,®1,...,¢n—1 are orthonormal, (p|¢,—1) = 0 if p(z) is any polynomial of

degree less than n — 1. Because zp;(x) is of degree j + 1, it follows that (¢;|z¢n—1) = 0 whenever
j+1<n—1,orj<n—2. Therefore, our orthogonalization procedure simplifies to

Yo(T) = 2Pn-1(x) — (Pn—2|TPn-1)Pn—2(T) — (Pn-1]TPn—1)Pn-1(z),
@ =

That is, any family of orthogonal polynomials satisfies a three-term recurrence relation, in which
each polynomial depends on the previous two. Table lists several families of orthogonal polynomials
that can be generated from such a recurrence relation; we will see some of these families later in
the course.

Polynomials Scalar Product

Legendre i _11 P, (2) Py (z) dz = 26mn/(2n + 1)

Shifted Legendre fol Pl (z)Pr(x)dx = dpn/(2n + 1)

Chebyshev, first kind f_ll T (2) T () (1 — 22)~Y/2 d = Sy /(2 — 6no)
Shifted Chebyshev, first kind | [y T2 (2)T% (2)[z(1 — 2)] /2 dz = Spmn7/(2 — o)
Chebyshev, second kind [, Un(@) U (2)(1 — 222 da = ppn7/2
Leguerre fooo Ly (z) Ly (z)e ™ dz = Omn

Associated Laguerre I LE(z)LE (2)e " dx = 6pn(n + k)!/n!

Hermite I Hp(2)Hm(2)e™®" dz = 2"6,n /70!

As can be seen in the following example, Gram-Schmidt orthogonalization can be applied to
vectors in any inner product space, such as vectors in R™.

Example Given the vectors in R3,

1 1 0
lagy=1 1 |, Jag)=| 2 |, |ag)=| 1 |,
) -3 1

we will use Gram-Schmidt orthogonalization to obtain an orthonormal set of vectors, {|b1), |b2), |bs)}.
We have

|a1)

b)) = — 2 __



[by) = |ag) — (bi]ag)|by)

b2) = _Ibh)

[b3) = [as)

|b3) =

We conclude that our orthonormal set of vectors is

1 1 1 -1
|b1) = 76 12 , |b2) = 5 (1) , |b3) =

Sl



