
CHAPTER 5 - Gravitation 
5.1 Introduction 

By 1666, Newton had formulated and numerically checked the gravitation law he eventually published 
in his book Principia in 1687. Newton waited almost 20 years to publish his results because he could not 
justify his method of numerical calculation in which he considered Earth and the Moon as point masses. 
With mathematics formulated on calculus (which Newton later invented), we have a much easier time 
proving the problem Newton found so difficult in the  seventeenth century. 

Newton's law of universal gravitation states that each mass particle attracts every other particle in the 
universe with a force that varies directly as the product of the two masses and inversely as the square of 
the distance between them. In mathematical form, we write the law as 

(5.1)

where at a distance r from a particle of mass M a second particle of mass m experiences an attractive 
force (see Figure 5-1).

The unit vector er points from M to m, and the minus sign ensures that the force is attractive - that is, that 
m is attracted toward M.



A laboratory verification of the law and a determination of the value of G was made in 1798 by the 
English physicist Henry Cavendish. Cavendish's experiment, described in many elementary physics 
texts, used a torsion balance with two small spheres fixed at the ends of a light rod. The two spheres  
were attracted to two other large spheres that could be placed on either side of the smaller spheres.      
The official value for G is 6.673 ± 0.010 x 10-11 N m2/kg2. Interestingly, although G is perhaps the oldest 
known of the fundamental constants, we know it with less precision than we know most of the modern 
fundamental constants such as e, c, and        . Considerable research is ongoing today to improve  the 
precision of G.
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In the form of Equation 5.1, the law strictly applies only to point particles. If  one or both of the particles 
is replaced by a body with a certain extension, we must make an additional hypothesis before we can 
calculate the force. We must assume that the gravitational force field is a linear field. In other words, we  
assume that it is possible to calculate the net gravitational force on a particle due to many other particles 
by simply taking the vector sum of all the individual forces. For a body consisting of a continuous 
distribution of matter, the sum  becomes an integral (Figure 5-2):



(5.2)

where   (r’) is the mass density and dv' is the element of volume at the position defined by the vector r' 
from the (arbitrary) origin to the point within the mass distribution.
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If both the body of mass M and the body of mass m have finite extension, a second integration over the 
volume of m will be necessary to compute the total gravitational force.

The gravitational field vector g is the vector representing the force per unit mass exerted on a particle  
in the field of a body of mass M. Thus

or
(5.3)

(5.4)

Note that the direction of er varies with r' (in Figure 5-2).

The quantity g has the dimensions of force per unit mass, also equal to acceleration. In fact, near the 
surface of the earth, the magnitude of g is just the quantity that we call the gravitational acceleration 
constant. Measurement with a simple pendulum (or some more sophisticated variation) is sufficient to 
show that |g| is approximately 9.80 m/s2 (or 9.80 N/kg) at the surface of the earth.



5.2 Gravitational Potential
The gravitational field vector g varies as 1/r2 and therefore satisfies the requirement (                      ) that 
permits g to be represented as the gradient of a scalar function. Hence, we can write
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(5.5)

where      is called the gravitational potential and has dimensions of (force per unit mass) x (distance), or 
energy per unit mass.
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Because g has only a radial variation, the potential      can have at most a variation with r. Therefore, 
using Equation 5.3 for g, we have
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Integrating, we obtain

(5.6)

The possible constant of integration has been suppressed, because the potential is undetermined to within 
an additive constant; that is, only differences in potential are meaningful, not particular values. We 
usually remove the ambiguity in the value of the potential by arbitrarily requiring that                                 
as                ; then Equation 5.6 correctly gives the potential for this condition.
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r ! 1
The potential due to a continuous distribution of matter is

(5.7)



(5.8)

Similarly, if the mass is distributed only over a thin shell (i.e., a surface distribution), then

where       is the surface density of mass (or areal mass density).
Finally, if there is a line source with linear mass density       , then

The physical significance of the gravitational potential function becomes clear if we consider the work 
per unit mass dW  that must be done by an outside agent on a body in a gravitational field to displace the 
body a distance dr. In this case, work is equal to the scalar product of the force and the displacement. 
Thus, for the work done on the body per unit mass, we have
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(5.10)

because       is a function only of the coordinates of the point at which it is measured:  

Therefore the amount of work per unit mass that must be done on a body to move it from one position to 
another in a  gravitational field is equal to the difference in potential at the two points.
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If the final position is farther from the source of mass M than the initial position, work has been done on 
the unit mass. The positions of the two points are arbitrary, and we may take one of them to be at infinity.



If we define the potential to be zero at infinity, we may interpret        at any point to be the work per unit 
mass required to bring the body from infinity to that point. The potential energy is equal to the mass of 
the body multiplied by the potential        . If U is the potential energy, then
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and the force on a body is given by the negative of the gradient of the potential energy of that body,

(5.12)

which is just the expression we have previously used (Equation 2.88).

We note that both the potential and the potential energy increase when work is done on the body. (The 
potential, according to our definition, is always negative and only approaches its maximum value, that is, 
zero, as r tends to infinity.)

A certain potential energy exists whenever a body is placed in the gravitational field of a source mass. 
This potential energy resides in the field  but it is customary under these circumstances to speak of the 
potential energy "of the body". We shall continue this practice here. We may also consider the source 
mass itself to have an intrinsic potential energy. This potential energy is equal to the gravitational energy 
released when the body was formed or, conversely, is equal to the energy that must be supplied (i.e., the 
work that must be done) to disperse the mass over the sphere at infinity. For example, when interstellar 
gas condenses to form a star, the gravitational energy released goes largely into the initial heating of the 
star As the temperature increases, energy is radiated away as electromagnetic radiation. In all the 
problems we treat, the structure of the bodies is considered to remain unchanged during the process we 
are studying. Thus, there is no change in the intrinsic potential energy, and it may be  neglected for the 
purposes of whatever calculation we are making.



EXAMPLE 5.1
What is the gravitational potential both inside and outside a spherical shell of inner radius b and outer 
radius a?
Solution. One of the important problems of gravitational theory concerns the calculation of the 
gravitational force due to a homogeneous sphere. This problem is a special case of the more general 
calculation for a homogeneous spherical shell. A solution to the problem of the shell can be obtained by 
directly computing the force on an arbitrary object of unit mass brought into the field, but it is easier to 
use the potential method.
We consider the shell shown in Figure 5-3 and calculate the potential at point P a distance R from the 
center of the shell.

Because the problem has symmetry about the line connecting the center of the sphere and the field point 
P, the azimuthal angle         is not shown in Figure 5-3 and we can immediately integrate over        in the 
expression for the potential. Thus,
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(5.13)

(5.14)

(5.15)

(5.16)

where we have assumed a homogeneous mass distribution for the shell,                      . According to the 
law of cosines,
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Because R is a constant, for a given r' we may differentiate this equation and obtain 

or

Substituting this expression into Equation 5.13, we have

(5.17)

The limits on the integral over dr depend on the location of point P. If P is  outside the shell, then



(5.18)
But the mass M of the shell is

so the potential is

(5.19)

If the field point lies inside the shell, then

(5.20)

(5.21)

The potential is therefore constant and independent of position inside the shell.
Finally, if we wish to calculate the potential for points within the shell, we need only replace the lower 
limit of integration in the expression for      (R < b) by the variable R replace the upper limit of 
integration in the expression for      (R > a) by R and add the results. We find<latexit sha1_base64="2yCZ1jtvVJ/0p6vj9mlW/1ozAb4=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBq1ADKs1u27PQdaJU5AaFGgNqz+DUcSSkCtkkhrTd+wY3ZRqFEzyWWWQGB5TNqFj3s+ooiE3bjq/dUYuMmVE/EhnpZDM1b8TKQ2NmYZe1hlSDMyql4v/ef0E/YabChUnyBVbLPITSTAi+eNkJDRnKKcZoUyL7FbCAqopwyyepS2ephOOs0oWjLMawzrpXNWdm7rzcF1rNoqIynAG53AJDtxCE+6hBW1gEMALvMKb9Wy9Wx/W56K1ZBUzp7AE6+sXDSuWgw==</latexit>

�

<latexit sha1_base64="2yCZ1jtvVJ/0p6vj9mlW/1ozAb4=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBq1ADKs1u27PQdaJU5AaFGgNqz+DUcSSkCtkkhrTd+wY3ZRqFEzyWWWQGB5TNqFj3s+ooiE3bjq/dUYuMmVE/EhnpZDM1b8TKQ2NmYZe1hlSDMyql4v/ef0E/YabChUnyBVbLPITSTAi+eNkJDRnKKcZoUyL7FbCAqopwyyepS2ephOOs0oWjLMawzrpXNWdm7rzcF1rNoqIynAG53AJDtxCE+6hBW1gEMALvMKb9Wy9Wx/W56K1ZBUzp7AE6+sXDSuWgw==</latexit>

�

We see that if                  , then Equation 5.21 yields the same result as Equation 5.19 for the same limit. 
Similarly, Equations 5.21 and 5.20 produce the same result for the limit                  . The potential is 
therefore continuous.
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If the potential were not continuous at some point, the gradient of the potential - and hence, the force -  
would be infinite at that point. Because infinite forces do not represent physical reality, we conclude that 
realistic potential functions must always be continuous. 

Note that we treated the mass shell as homogeneous. In order to perform calculations for a solid, massive 
body like a planet that has a spherically symmetric mass distribution, we could add up a number of shells 
or, if we choose, we could allow the density to change as a function of radius.

The results of Example 5.1 are very important. Equation 5.19 states that the potential at any point outside 
of a spherically symmetric distribution of matter (shell or solid, because solids are composed of many 
shells) is independent of the size of the distribution. Therefore, to calculate the external potential (or the 
force), we consider all the mass to be concentrated at the center. Equation 5.20 indicates that the 
potential is constant (and the force zero) anywhere inside a spherically symmetric mass shell. And 
finally, at points within the mass shell, the potential given by Equation 5.21 is consistent with both of the 
previous results.

_______________________________

The magnitude of the field vector g may be computed from                            for each of the three regions. 
The results are
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We see that not only the potential but also the field vector (and hence, the force) are continuous. The 
derivative of the field vector, however, is not continuous across the outer and inner surfaces of the shell.
All these results for the potential and the field vector can be summarized as in Figure 5-4.

EXAMPLE 5.2

Astronomical measurements indicate that the orbital speed of masses in many spiral galaxies rotating 
about their centers is approximately constant as a  function of distance from the center of the galaxy (like 
our own Milky Way and our nearest neighbor Andromeda) as shown in Figure 5-5. Show that this  
experimental result is inconsistent with the galaxy having its mass concentrated near the center of the 
galaxy and can be explained if the mass of the galaxy increases with distance R.



Solution. We can find the expected orbital speed v due to the galaxy mass M that is within the radius R. 
In this case, however, the distance R may be hundreds of light years. We only assume the mass 
distribution is spherically symmetric. The gravitational force in this case is equal to the centripetal force 
due to the mass m having orbital speed v.

We solve this equation for v.

If this were the case, we would expect the orbital speed to decrease as               as shown by the dashed 
line in Figure 5-5, whereas what is found experimentally is that v is constant as a function of R. This can 
only happen in the previous equation if the mass M of the galaxy itself is a linear function of R,            
M(R)      R.  Astrophysicists conclude from this result that for many galaxies there must be 
matter other than that observed, and that this unobserved matter, often called "dark matter," must account 
for more than 90 percent of the known mass in the universe. This area of research is at the forefront of 
astrophysics today.
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Digression — An Alternative
The spiral galaxy observations necessitate at least one of the following:

Option (1) leads to the dark matter hypothesis; option (2) leads to MOND.

The basic premise of MOND is that while Newton's laws have been extensively tested in                       
high-acceleration environments (in the Solar System and on Earth), they have not been verified for 
objects with extremely low acceleration, such as stars in the outer parts of galaxies. This led Milgrom to 
postulate a new effective gravitational force law (sometimes referred to as "Milgrom's law") that relates 
the true acceleration of an object to the acceleration that would be predicted for it on the basis of 
Newtonian mechanics. This law, the keystone of MOND, is chosen to reproduce the Newtonian result at 
high acceleration but leads to different ("deep-MOND") behavior at low acceleration:

Here FN is the Newtonian force, m is the object's (gravitational) mass, a is its acceleration, μ(x) is an    
as-yet unspecified function (called the interpolating function), and a0 is a new fundamental constant 
which marks the transition between the Newtonian and deep-MOND regimes. Agreement with 
Newtonian mechanics requires

and consistency with astronomical observations requires



Beyond these limits, the interpolating function is not specified by the hypothesis, although it is possible 
to weakly constrain it empirically. 
Two common choices are the "simple interpolating function":

and the "standard interpolating function":

Thus, in the deep-MOND regime (a ≪ a0):

Applying this to an object of mass m in circular orbit around a point mass M (a crude approximation for 
a star in the outer regions of a galaxy), we find:

that is, the star's rotation velocity is independent of r, its distance from the centre of the galaxy – the 
rotation curve is flat, as required. 
By fitting his law to rotation curve data, Milgrom found                                               to be optimal. This 
simple law is sufficient to make predictions for a broad range of galactic phenomena.
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Milgrom's law can be interpreted in two different ways:

One possibility is to treat it as a modification to Newton’s Second Law, so that the force on an object is 
not proportional to the particle's acceleration a but rather to                    

in this case, the modified dynamics would apply not only to gravitational phenomena, but also to those 
generated by other forces.
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Alternatively, Milgrom’s law can be viewed as leaving Newton’s Second Law intact and instead 
modifying the inverse-square law of gravity, so that the true gravitational force on an object of mass m 
due to another of mass M is roughly of the form 

In this interpretation, Milgrom's modification would apply exclusively to gravitational phenomena.
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Back to standard Classical Mechanics….
EXAMPLE 5.3 

Consider a thin uniform circular ring of radius a and mass M. A mass m is placed in the plane of the ring. 
Find a position of equilibrium and determine whether it is stable.

Solution. From symmetry, we might believe that the mass m placed in the center of the ring (Figure 5-6) 
should be in equilibrium because it is uniformly surrounded by mass. Put mass m at a distance r' from 
the center of the ring, and place the x-axis along this direction.  



The potential is given by Equation 5.7 where                           :
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(5.23)

where b is the distance between dM and m, and dM =              . Let r and r' be the position vectors to dM 
and m, respectively.

Integrating Equation 5.23 gives

<latexit sha1_base64="627AbZbGpvzZZ+P59pzS1rw/g1c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIR7bLgxmUF+4AmlMlk0g6dZIaZG6GEfoA/4Fb/wJ249TP8Ab/DaZuFbT1w4XDOvZzLCZXgBlz32yltbG5t75R3K3v7B4dH1eOTjpGZpqxNpZC6FxLDBE9ZGzgI1lOakSQUrBuO72Z+94lpw2X6CBPFgoQMUx5zSsBKvq9HEhMc+WrEB9WaW3fnwOvEK0gNFWgNqj9+JGmWsBSoIMb0PVdBkBMNnAo2rfiZYYrQMRmyvqUpSZgJ8vnPU3xhlQjHUttJAc/Vvxc5SYyZJKHdTAiMzKo3E//z+hnEjSDnqcqApXQRFGcCg8SzAnDENaMgJpYQqrn9FdMR0YSCrWkpJdRkzGBascV4qzWsk85V3bupew/XtWajqKiMztA5ukQeukVNdI9aqI0oUugFvaI359l5dz6cz8VqySluTtESnK9fvKyZnQ==</latexit>

⇢ad�

(5.24)

(5.25)



The integral in Equation 5.25 is difficult, so let us consider positions close to the equilibrium point,          
r' = 0. If r' << a, we can expand the denominator in Equation 5.25.

(5.26)

Equation 5.25 becomes

which is easily integrated with the result

The potential energy U(r’) is from Equation 5.11, simply

The position of equilibrium is found (from Equation 2.100) by

(5.27)
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so r' = 0 is an equilibrium point. We use Equation 2.103 to determine the stability:

so the equilibrium point is unstable.
This last result is not obvious, because we might be led to believe that a small displacement from r' = 0 
might still be returned to r' = 0 by the gravitational forces from all the mass in the ring surrounding it.

___________________________
Poisson's Equation 

It is useful to compare these properties of gravitational fields with some of the familiar results from 
electrostatics that were determined in the formulation of Maxwell's equations. Consider an arbitrary 
surface as in Figure 5-7 with a mass m placed somewhere inside. Similar to electric flux, let's find the 
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where the integral is over the surface S and the unit vector n is normal to the surface at the differential 
area da. If we substitute g from Equation 5.3 for the gravitational field vector for a body of mass m, we 
have for the scalar product n • g,

where       is the angle between n and g. We substitute this into Equation 5.32 and obtain 
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The integral is over the solid angle of the arbitrary surface and has the value        steradians, which gives 
for the mass flux
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(5.33)

Note that it is immaterial where the mass is located inside the surface S. We can generalize this result for 
many masses mi inside the surface S by summing over the masses.

If we change to a continuous mass distribution within surface S, we have

where the integral on the right-hand side is over the volume V enclosed by S,      is the mass density, and  
dv is the differential volume. We use Gauss's divergence theorem to rewrite this result. Gauss's  
divergence theorem, Equation 1.130 where da = n da, is
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(5.36)

If we set the right-hand sides of Equations 5.35 and 5.36 equal, we have

and because the surface S, and its volume V, is completely arbitrary, the two integrands must be equal.

(5.37)

This result is similar to the differential form of Gauss's law for electric field,                        , where        
in this case is the charge density.
We insert                     from Equation 5.5 into the left-hand side of Equation 5.37 and obtain 

Equation 5.37 becomes

which is known as Poisson's equation and is useful in a number of potential theory applications. When 
the right-hand side of Equation 5.38 is zero, the result                    is an even better known equation 
called Laplace's equation. Poisson's equation is useful in developing Green's functions, whereas we  
often encounter Laplace's equation when dealing with various coordinate systems.
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5.3 Lines of Force and Equipotential Surfaces
Let us consider a mass that gives rise to a gravitational field that can be described by a field vector g. 
Let us draw a line outward from the surface of the mass such that the direction of the line at every point 
is the same as the direction of g at that point. This line will extend from the surface of the mass to 
infinity. Such a line is called a line of force. 

By drawing similar lines from every small increment of surface area of the mass, we can indicate the 
direction of the force field at any arbitrary point in space. The lines of force for a single point mass are 
all straight lines extending from the mass to infinity. Defined in this way, the lines of force are related 
only to the direction of the force field at any point. We may consider, however, that the density of such 
lines - that is, the number of lines passing through a unit area  oriented perpendicular to the lines—is 
proportional to the magnitude of the force at that area. The lines-of-force picture is thus a convenient 
way to visualize both the magnitude and the direction (i.e., the vector property) of the field.

The potential function is defined at every point in space (except at the position of a point mass). 
Therefore, the equation

(5.39)

defines a surface on which the potential is constant. Such a surface is called an equipotential surface. The 
field vector g is equal to the gradient of       , so g can have no component along an equipotential surface. 
It therefore follows that every line of force must be normal to every equipotential surface. Thus, the field 
does no work on a body moving along an equipotential surface. Because the potential function is single 
valued, no two equipotential surfaces can intersect or touch. The surfaces of equal potential that surround 
a single, isolated point mass (or any spherically symmetric mass) are all spheres. 
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Consider two point masses M that are separated by a certain distance. If r1 is the distance from one mass 
to some point in space and if r2 is the distance from the other mass to the same point, then



(5.40)

defines the equipotential surfaces. Several of these surfaces are shown in Figure 5-8 for this two-particle 
system. In three dimensions, the surfaces are generated by rotating this diagram around the line 
connecting the two masses.

5.4 When Is the Potential Concept Useful? 

The use of potentials to describe the effects of "action-at-a-distance" forces is an extremely important 
and powerful technique. We should not, however, lose sight of the fact that the ultimate justification for 
using a potential is to provide a convenient means of calculating the force on a body (or the energy for 
the body in the field) - for it is the force (and energy) and not the potential that is the physically 
meaningful quantity.



Thus, in some problems, it may be easier to calculate the force directly, rather than computing a potential 
and then taking the gradient. The advantage of using the potential method is that the potential is a scalar 
quantity: We need not deal with the added complication of sorting out the components of a vector until 
the gradient operation is performed. In direct calculations of the force, the components must be carried 
through the entire computation. Some skill, then, is necessary in choosing the particular approach to use. 
For example, if a problem has a particular symmetry that, from physical considerations, allows us to 
determine that the force has a certain direction, then the choice of that direction as one of the coordinate 
directions reduces the vector calculation to a simple scalar calculation. In such a case, the direct  
calculation of the force may be sufficiently straightforward to obviate the necessity of using the potential 
method. Every problem requiring a force must be examined to discover the easiest method of 
computation.
EXAMPLE 5.4
Consider a thin uniform disk of mass M and radius a. Find the force on a mass m located along the axis 
of the disk.
Solution. We solve this problem by using both the potential and direct force approaches. Consider Figure 
5.9.



The differential potential d     at a distance z is given by

The differential mass dM is a thin ring of width dx, because we have azimuthal symmetry.

We find the force from

From symmetry, we have only a force in the z direction

<latexit sha1_base64="2yCZ1jtvVJ/0p6vj9mlW/1ozAb4=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBq1ADKs1u27PQdaJU5AaFGgNqz+DUcSSkCtkkhrTd+wY3ZRqFEzyWWWQGB5TNqFj3s+ooiE3bjq/dUYuMmVE/EhnpZDM1b8TKQ2NmYZe1hlSDMyql4v/ef0E/YabChUnyBVbLPITSTAi+eNkJDRnKKcZoUyL7FbCAqopwyyepS2ephOOs0oWjLMawzrpXNWdm7rzcF1rNoqIynAG53AJDtxCE+6hBW1gEMALvMKb9Wy9Wx/W56K1ZBUzp7AE6+sXDSuWgw==</latexit>

�

In our second method, we compute the force directly using Equation 4.2:

where dM refers to the mass of a small differential area more like a square than a thin ring. 

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)



(5.47)

The vectors complicate matters. How can symmetry help? For every small dM on one side of the thin 
ring of width dx, another dM exists on the other side that exactly cancels the horizontal component of  
dF on m. Similarly, all horizontal components cancel, and we need only consider the vertical  
component of dF along z.

and, because cos     = z/r,

Now we integrate over the mass dM =       x dx around the ring and obtain

and 

which is identical to Equation 5.45. Notice that the value of Fz is negative, indicating that the force is 
downward in Figure 5-9 and attractive.
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5.5 Ocean Tides 
The ocean tides have long been of interest to humans. Galileo tried unsuccessfully to explain ocean tides 
but could not account for the timing of the approximately two high tides each day. Newton finally gave 
an adequate explanation. The tides are caused by the gravitational attraction of the ocean to both the 
Moon and the Sun, but there are several complicating factors.

The calculation is complicated by the fact that the surface of Earth is not an inertial system. Earth and 
Moon rotate about their center of mass (and move about the Sun), so we may regard the water nearest the 
Moon as being pulled away from Earth, and Earth as being pulled away from the water farthest from 
the Moon. However, Earth rotates while the Moon rotates about Earth. Let's first consider only the effect 
of the Moon, adding the effect of the Sun later. We will assume a simple model whereby Earth's surface 
is completely covered with water, and we shall add the effect of Earth's rotation at an appropriate time. 
We set up an inertial frame of reference x'y'z' as shown in Figure 5.10a.

We let Mm be the mass of the Moon, r the radius of a circular Earth, and D the distance from the center 
of the Moon to the center of Earth. We consider the effect of both the Moon's and Earth's gravitational 
attraction on a small mass m placed on the surface of Earth. As displayed in Figure 5-10a, the position 
vector of the mass m from the Moon is R, from the center of Earth is r, and from our inertial system 
r'm. The position vector from the inertial system to the center of Earth is r'E. As measured from the 
inertial system, the force on m, due to the earth and the Moon, is

Similarly, the force on the center of mass of Earth caused by the Moon is

(5.48)

(5.49)



(5.50)

We want to find the acceleration     as measured in the noninertial system placed at the center of Earth. 
Therefore, we want
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The first part is due to Earth, and the second part is the acceleration from the  tidal force, which is 
responsible for producing the ocean tides. It is due to the difference between the Moon's gravitational 
pull at the center of Earth and on Earth's surface.

We next find the effect of the tidal force at various points on Earth as noted in Figure 5-10b. We show a 
polar view of Earth with the polar axis along the z-axis. The tidal force FT  on the mass m on Earth's 
surface is

where we have used only the second part of Equation 5.50. We look first at point a, the farthest point on 
Earth from the Moon. Both unit vectors eR and eD are pointing in the same direction away from the 
Moon along the x-axis. Because R > D, the second term in Equation 5.51 predominates, and the tidal 
force is along the +x-axis as shown in Figure 5-l0b. For point b, R < D and the tidal force has 
approximately the same magnitude as at point a because R/D << 1, but is along the -x-axis. The 
magnitude of the tidal force along the x-axis, FTx, is

We expand the first term in brackets using the (l + x)-2 expansion in Equation D.9.



(5.52)

where we have kept only the largest nonzero term in the expansion, because r/D = 0.02.

For point c, the unit vector eR (Figure 5-l0b) is not quite exactly along eD, but the x-axis components 
approximately cancel, because R    D  and the x-components of eR and eD are similar, There will be a 
small component of eR along the y-axis. We approximate the y-component of eR by (r/D))j, and the tidal 
force at point c, call it FTy, is along the y-axis and has the magnitude 
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(5.53)

Note that this force is along the -y-axis toward the center of Earth at point c. We find similarly at point 
D the same magnitude, but the component of eR will be along the -y-axis, so the force itself, with the 
sign of Equation 5.53, will be along the +y-axis toward the center of Earth. We indicate the tidal forces 
at points a, b, c, and don Figure 5-11 a.
We determine the force at an arbitrary point e by noting that the x- and y-components of the tidal force 
can be found by substituting x and y for r in FTx and FTy, respectively, in Equations 5.52 and 5.53.





Then at an arbitrary point such as e, we let x = rcos     and y = r sin     , so we have
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(5.54a)

(5.54b)
Equations 5.54a and b give the tidal force around Earth for all angles    . Note that they give the correct 
result at points a, b, c, and d.
Figure 5-11a gives a representation of the tidal forces. For our simple model,  these forces lead to the 
water along the y-axis being more shallow than along the x-axis. We show an exaggerated result in 
Figure 5-11b. As Earth makes a  revolution about its own axis every 24 hours, we will observe two high 
tides a day.
A quick calculation shows that the Sun's gravitational attraction is about 175 times stronger than the 
Moon's on Earth's surface, so we would expect tidal forces from the Sun as well. The tidal force 
calculation is similar to the one we have just performed for the Moon. The result is that the tidal 
force due to the Sun is 0.46 that of the Moon, a sizable effect. Despite the stronger attraction due to the 
Sun, the gravitational force gradient over the  surface of Earth is much smaller, because of the much 
larger distance to the Sun
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EXAMPLE 5.5 
Calculate the maximum height change in the ocean tides caused by the Moon.

Solution. We continue to use our simple model of the ocean surrounding Earth. Newton proposed a 
solution to this calculation by imagining that two wells be dug, one along the direction of high tide (our 
x-axis) and one along the direction of low tide (our y-axis). If the tidal height change we want to  
determine is h, then the difference in potential energy of mass m due to the height difference is mgh.



Let's calculate the difference in work if we move the mass m from point c in Figure 5-12 to the center of 
Earth and then to point a.

This work W done by gravity must equal the potential energy change mgh. The work W is

where we use the tidal forces FTy and FTx of Equations 5.54. The small distances          and         are to 
account for the small variations from a spherical Earth, but these values are so small they can be 
henceforth neglected. The value for W becomes
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Because this work is equal to mgh, we have

(5.55)

Note that the mass m cancels, and the value of h does not depend on m. Nor does it depend on the 
substance, so to the extent Earth is plastic, similar tidal effects should be (and are) observed for the 
surface land. If we insert the known values of the constants into Equation 5.55, we find

______________________________
The highest tides (called spring tides) occur when Earth, the Moon, and the Sun are lined up (new moon 
and full moon), and the smallest tides (called neap tides) occur for the first and third quarters of the 
Moon when the Sun and Moon are at right angles to each other, partially cancelling their effects. The 
maximum tide, which occurs every 2 weeks, should be l.46h = 0.83 m for the spring tides.

An observer who has spent much time near the ocean has noticed that typical ocean shore tides are 
greater than those calculated in Example 5.5. Several other effects come into play. Earth is not covered 
completely with water, and the continents play a significant role, especially the shelfs and narrow 
estuaries. Local effects can be dramatic, leading to tidal changes of several meters. The tides in 
midocean, however, are similar to what we have calculated. Resonances can affect the natural oscillation 
of the bodies of water and cause tidal changes.

Tidal friction between water and Earth leads to a significant amount of energy loss on Earth. Earth is not 
rigid, and it is also distorted by tidal forces.



In addition to the effects just discussed, remember that as Earth rotates, the Moon is also orbiting Earth. 
This leads to the result that there are not quite exactly two high tides per day, because they occur once 
every 12 h and 26 min. The plane of the moon's orbit about Earth is also not perpendicular to Earth's 
rotation axis. This causes one high tide each day to be slightly higher than the other. The tidal friction 
between water and land mentioned previously also results in Earth "dragging" the ocean with it as Earth 
rotates. This causes the high tides to be not quite along the Earth-Moon axis, but rather  
several degrees apart as shown in Figure 5-13.



CHAPTER 8 - Central-Force Motion
8.1 Introduction

The motion of a system consisting of two bodies affected by a force directed along the line connecting 
the centers of the two bodies (i.e., a central force) is an extremely important physical problem - one we 
can solve completely. The importance of such a problem lies in large measure in two quite different 
realms of physics: the motion of celestial bodies - planets, moons, comets, double stars, and the like - and 
certain two-body nuclear interactions, such as the scattering of a particles by nuclei. In the pre-quantum 
mechanics days, physicists also described the hydrogen atom in terms of a classical two-body central 
force. Although such a description is still useful in a qualitative sense, the quantum-theoretical approach 
must be used for a detailed description. In addition to some general considerations regarding motion in 
central-force fields, we discuss in this and the following chapter several of the problems of two bodies  
encountered in celestial mechanics and in nuclear and particle physics. 
8.2 Reduced Mass
Describing a system consisting of two particles requires the specification of six quantities; for example, 
the three components of each of the two vectors r1 and r2 for the particles.  The orientation of the 
particles is assumed to be unimportant; that is, they are spherically symmetric (or are point particles). 
Alternatively, we may choose the three components of the center-of-mass vector R and the three 
components of r = r1 - r2 (see Figure 8-la).

Here, we restrict our attention to systems without frictional losses and for which the potential energy is a 
function only of r = |r1 - r2|. The Lagrangian for such a system may be written as

(8.1)



Because translational motion of the system as a whole is uninteresting from the standpoint of the particle 
orbits with respect to one another, we may choose the origin for the coordinate system to be the particles' 
center of mass - that is, R = 0 (see Figure 8-lb). Then (see Section 9.2)

(8.2)

This equation, combined with r = r1 - r2, yields

(8.3)

Substituting Equation 8.3 into the expression for the Lagrangian gives 

(8.4)



(8.5)
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We have therefore formally reduced the problem of the motion of two bodies to an equivalent one-body 
problem in which we must determine only the motion of a "particle" of mass      , in the central field 
described by the potential function U(r). 
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Once we obtain the solution for r(t) by applying the Lagrange equations to Equation 8.4, we can find the 
individual motions of the particles, r1(t) and r2(t), by using Equation 8.3. This latter step is not necessary 
if only the orbits relative to one another are required.  
8.3 Conservation Theorems - First Integrals of the Motion 
The system we wish to discuss consists of a particle of mass     moving in a central-force field described 
by the potential function U(r). Because the potential energy depends only on the distance of the particle 
from the force center and not on the orientation, the system possesses spherical symmetry; that is, the 
system's rotation about any fixed axis through the center of force cannot affect the  equations of motion. 
We have already shown (see Section 7.9) that under such conditions the angular momentum of the 
system is conserved:
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(8.6)
From this relation, it should be clear that both the radius vector and the linear momentum vector of the 
particle lie always in a plane normal to the angular momentum vector L, which is fixed in space (see 
Figure 8-2). Therefore, we have only a two-dimensional problem, and the Lagrangian may then be 
conveniently expressed in plane polar coordinates:

(8.7)



(8.8)

Because the Lagrangian is cyclic in     , the angular momentum conjugate to the coordinate       is 
conserved:
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or
(8.9)

The system's symmetry has therefore permitted us to integrate immediately one of the equations of 
motion. The quantity      is a first integral of the motion, and we denote its constant value by the     
symbol    :
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Note that     can be negative as well as positive. That     is constant has a simple geometric interpretation. 
Referring to Figure 8-3, we see that in describing the path r(t), the radius vector sweeps out an                
area             in a time interval dt
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(8.11)



(8.12)

On dividing by the time interval, the areal velocity is shown to be

Thus, the areal velocity is constant in time. This result was obtained empirically by Kepler for planetary 
motion, and it is known as Kepler's Second Law. It is important to note that the conservation of the 
areal velocity is not limited to an inverse-square-law force (the case for planetary motion) but is a 
general result for central-force motion.

Because we have eliminated from consideration the uninteresting uniform motion of the system's center 
of mass, the conservation of linear momentum adds nothing new to the description of the motion. The 
conservation of energy is thus the only remaining first integral of the problem. The conservation of the 
total energy E is automatically ensured because we have limited the discussion to nondissipative systems. 
Thus,

(8.13)



(8.14)

and

or

8.4 Equations of Motion 

When U(r) is specified, Equation 8.14 completely describes the system, and the integration of this 
equation gives the general solution of the problem in terms of the parameters E and     . Solving 
Equation 8.14 for       , we have
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ṙ

This equation can be solved for dt and integrated to yield the solution t = t{(r). An inversion of this result 
then gives the equation of motion in the standard form r = r(t). At present, however, we are interested in 
the equation of the path in terms of r and    . We can write

Into this relation, we can substitute                    (Equation 8.10) and the expression for      from Equation 
8.15. Integrating, we have 
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ṙ

(8.15)

(8.16)

(8.17)



Furthermore, because       is constant in time,      cannot change sign and therefore    (t) must increase or 
decrease monotonically with time.
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Although we have reduced the problem to the formal evaluation of an integral, the actual solution can be 
obtained only for certain specific forms of the force law. If the force is proportional to some power of the 
radial distance, F(r)     rn, then the solution can be expressed in terms of elliptic integrals for certain 
integer and fractional values of n. Only for n = 1, -2, and -3 are the solutions expressible in terms of 
circular functions (sines and cosines). The case n = 1 is just that of the harmonic oscillator (see Chapter 
3), and the case n = — 2 is the important inverse-square-law force treated in Sections 8.6 and 8.7. These 
two cases, n = 1, —2, are of prime importance in physical situations. 
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We have therefore solved the problem in a formal way by combining the equations that express the 
conservation of energy and angular momentum into a single result, which gives the equation of the    
orbit                   . We can also attack the problem using Lagrange's equation for the coordinate r: 
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Using Equation 8.7 for L, we find

(8.18)

Equation 8.18 can be cast in a form more suitable for certain types of calculations by making a simple 
change of variable:

First, we compute



But from Equation 8.10,                       , so
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Next, we write

and with the same substitution for      , we have

Therefore, solving for       and          in terms of u, we find

Substituting Equation 8.19 into Equation 8.18, we obtain the transformed equation of motion: 
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(8.19)

(8.20)

which we may also write as

(8.21)

This form of the equation of motion is particularly useful if we wish to find the force law that gives a 
particular known orbit r = r(  ).
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EXAMPLE 8.1 
Find the force law for a central-force field that allows a particle to move in a logarithmic spiral orbit 
given by                  , where k and      are constants.

Solution. We use Equation 8.21 to determine the force law F(r). First, we determine 
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From Equation 8.21, we now determine F(r).

Thus, the force law is an attractive inverse cube._____________________

EXAMPLE 8.2 
Determine r(t) and   (t) for the problem in Example 8.1.

Solution. From Equation 8.10, we find
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Rearranging Equation 8.23 gives

where C is an integration constant. Multiplying by 2     and letting C = 2   C' gives

We solve for   (t) by taking the natural logarithm of Equation 8.24:

We can similarly solve for r(t) by examining Equations 8.23 and 8.24:

The integration constant C and angular momentum      needed for Equations 8.25 and 8.26 are 
determined from the initial conditions.

and integrating gives
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EXAMPLE 8.3
What is the total energy of the orbit of the previous two examples?
Solution. The energy is found from Equation 8.14. In particular, we need       and U(r).

<latexit sha1_base64="HwLRK5/DxbwajUfOcrp9pQ8+5qk=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllw47KCfUAbymR60w6ZTMLMjVBCdv6AW/0Dd+LWH/EH/A6nbRa29cDA4Zx7uHeOnwiu0XG+rdLG5tb2Tnm3srd/cHhUPT7p6DhVDNosFrHq+VSD4BLayFFAL1FAI19A1w/vZn73CZTmsXzEaQJeRMeSB5xRNFJ3MIoxU/mwWnPqzhz2OnELUiMFWsPqj0myNAKJTFCt+66ToJdRhZwJyCuDVENCWUjH0DdU0gi0l83Pze0Lo4zsIFbmSbTn6t9ERiOtp5FvJiOKE73qzcT/vH6KQcPLuExSBMkWi4JU2Bjbs7/bI66AoZgaQpni5labTaiiDE1DS1t8RUPAvGKKcVdrWCedq7p7U3cfrmvNRlFRmZyRc3JJXHJLmuSetEibMBKSF/JK3qxn6936sD4XoyWryJySJVhfvwBYmDE=</latexit>

ṙ

where we have let U(    ) = 0. 
We rewrite Equation 8.10 to determine        :

Substituting Equations 8.27 and 8.28 into Equation 8.14 gives

The total energy of the orbit is zero if U(r =     ) = 0.

(8.27)
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8.5 Orbits in a Central Field 
The radial velocity of a particle moving in a central field is given by Equation 8.15. This equation 
indicates that      vanishes at the roots of the radical, that is, at points for which 

The vanishing of        implies that a turning point in the motion has been reached (see Section 2.6). In 
general, Equation 8.30 possesses two roots: rmax and rmin. The motion of the particle is therefore confined 
to the annular region specified by                                   . Certain combinations of the potential function 
U(r) and the parameters E and        produce only a single root for Equation 8.30. In such a case,        = 0 
for all values of the time; hence, r = constant, and the orbit is circular.

If the motion of a particle in the potential U(r) is periodic, then the orbit is closed; that is, after a finite 
number of excursions between the radial limits rmin  and rmax the motion exactly repeats itself. But if the 
orbit does not close on itself after a finite number of oscillations, the orbit is said to be open (Figure 8-4). 

(8.30)
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From Equation 8.17, we can compute the 
change in the angle       that results from 
one complete transit of r from rmin to rmax 
and back to rmin. Because the motion is 
symmetric in time, this angular change is 
twice that which would result from the 
passage from rmin to rmax; thus 
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The path is closed only if          is a rational fraction of 2     - that is, if                          , where a and b are 
integers. Under these conditions, after b periods the radius vector of the particle will have made a 
complete revolutions and will have returned to its original position. One can show that if the  
potential varies with some integer power of the radial distance,                            then a closed noncircular 
path can result only if n = -2 or +1. The case n = -2  corresponds to an inverse-square-law force - for 
example, the gravitational or  electrostatic force. The n = +1 case corresponds to the harmonic oscillator  
potential. For the two-dimensional case discussed in Section 3.4, we found that a closed path for the 
motion resulted if the ratio of the angular frequencies for the x and y motions were rational.

<latexit sha1_base64="nBfXu95QnoLR7MkOoJCVY9242CY=">AAACCHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BPXiMYB6QLKF30kmGzD6c6RVCyA/4A171D7yJV//CH/A7nDwOJrGgoajqppoKEiUNue63k1lb39jcym7ndnb39g/yh0c1E6daYFXEKtaNAAwqGWGVJClsJBohDBTWg8HNxK8/oTYyjh5omKAfQi+SXSmArOS3blER8Bb1kaCdL7hFdwq+Srw5KbA5Ku38T6sTizTEiIQCY5qem5A/Ak1SKBznWqnBBMQAeti0NIIQjT+aPj3mZ1bp8G6s7UTEp+rfixGExgzDwG6GQH2z7E3E/7xmSt2SP5JRkhJGYhbUTRWnmE8a4B2pUZAaWgJCS/srF33QIMj2tJASaBggjXO2GG+5hlVSuyh6V0Xv/rJQLs0ryrITdsrOmceuWZndsQqrMsEe2Qt7ZW/Os/PufDifs9WMM785Zgtwvn4BzbqaOA==</latexit>

�✓
<latexit sha1_base64="nBfXu95QnoLR7MkOoJCVY9242CY=">AAACCHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BPXiMYB6QLKF30kmGzD6c6RVCyA/4A171D7yJV//CH/A7nDwOJrGgoajqppoKEiUNue63k1lb39jcym7ndnb39g/yh0c1E6daYFXEKtaNAAwqGWGVJClsJBohDBTWg8HNxK8/oTYyjh5omKAfQi+SXSmArOS3blER8Bb1kaCdL7hFdwq+Srw5KbA5Ku38T6sTizTEiIQCY5qem5A/Ak1SKBznWqnBBMQAeti0NIIQjT+aPj3mZ1bp8G6s7UTEp+rfixGExgzDwG6GQH2z7E3E/7xmSt2SP5JRkhJGYhbUTRWnmE8a4B2pUZAaWgJCS/srF33QIMj2tJASaBggjXO2GG+5hlVSuyh6V0Xv/rJQLs0ryrITdsrOmceuWZndsQqrMsEe2Qt7ZW/Os/PufDifs9WMM785Zgtwvn4BzbqaOA==</latexit>

�✓
<latexit sha1_base64="p8dsNl84+VWRNbMp1N2KBcuiYLQ=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWNE84BkCbOT2WTI7Owy0yuEJeAPeNU/8CZe/RV/wO9wkuzBJBY0FFXddHcFiRQGXffbWVvf2NzaLuwUd/f2Dw5LR8dNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hoduq3nrg2IlaPOE64H9GBEqFgFK300E1Er1R2K+4MZJV4OSlDjnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9mpE3JulT4JY21LIZmpfycyGhkzjgLbGVEcmmVvKv7ndVIMq34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbToLWwJNRxwnRRuMtxzDKmleVrzrind/Va5V84gKcApncAEe3EAN7qAODWAwgBd4hTfn2Xl3PpzPeeuak8+cwAKcr190bJYx</latexit>⇡

<latexit sha1_base64="52nuiOM9k8tkyG1KRDIgbtwjWw8=">AAACFnicbVDLSgNBEJz1bXytehIvg0GIl7gbRL0IAT14jGCikA2hd9IxQ2YfzPQKIQR/wx/wqn/gTbx69Qf8DiePg0YLmi6quumZClMlDXnepzMzOze/sLi0nFtZXVvfcDe3aibJtMCqSFSib0MwqGSMVZKk8DbVCFGo8Cbsng/9m3vURibxNfVSbERwF8u2FEBWaro7wQUqAh5QB20746UglQU4DA+abt4reiPwv8SfkDyboNJ0v4JWIrIIYxIKjKn7XkqNPmiSQuEgF2QGUxBduMO6pTFEaBr90RcGfN8qLd5OtK2Y+Ej9udGHyJheFNrJCKhjpr2h+J9Xz6h92ujLOM0IYzE+1M4Up4QP8+AtqVGQ6lkCQkv7Vi46oEGQTe3XlVBDF2mQs8H40zH8JbVS0T8u+ldH+fLpJKIltsv2WIH57ISV2SWrsCoT7IE9sWf24jw6r86b8z4enXEmO9vsF5yPb1c7ngg=</latexit>

�✓ = 2⇡(a/b)

8.6 Centrifugal Energy and the Effective Potential 

In the preceding expressions for     ,        , and so forth, a common term is the radical

The last term in the radical has the dimensions of energy and, according to Equation 8.10, can also be 
written as

If we interpret this quantity as a "potential energy”,

then the "force" that must be associated with Uc is

(8.32)

(8.33)
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This quantity is traditionally called the centrifugal force, although it is not a force in the ordinary sense 
of the word(see later). We shall, however, continue to use this unfortunate terminology, because it is 
customary and convenient.
We see that the term                     can be interpreted as the centrifugal potential energy of the particle 
and, as such, can be included with U(r) in an effective potential energy defined by 

V(r) is therefore a fictitious potential that combines the real potential function U(r) with the energy term 
associated with the angular motion about the center of force. For the case of inverse-square-law         
central-force motion, the force is given by

from which

The effective potential function for gravitational attraction is therefore

(8.34)

(8.35)

(8.36)

(8.37)
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This effective potential and its components are shown in Figure 8-5.



The value of the potential is arbitrarily taken to be zero at r =       . (This is implicit in Equation 8.36, 
where we omitted the constant of integration.)

We may now draw conclusions similar to those in Section 2.6 on the motion of a particle in an arbitrary 
potential well. If we plot the total energy E of the particle on a diagram similar to Figure 8-5, we may 
identify three regions of interest (see Figure 8-6).
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If the total energy is positive or zero (e.g.,              ), then the motion is unbounded; the particle moves 
toward the force center (located at r = 0) from infinitely far away until it "strikes" the potential barrier at 
the turning point r = r1 and is reflected back toward infinitely large r. Note that the height of the 
constant total energy line above V(r) at any r, such as r5 in Figure 8-6, is equal to                 . Thus the 
radial velocity         vanishes and changes sign at the turning point (or points).
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If the total energy is negative and lies between zero and the minimum value of V(r), as does E2, then the 
motion is bounded, with                      .
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The values r2 and r4 are the turning points, or the apsidal distances, of the orbit. If E equals the 
minimum value of the effective potential energy (see E3 in Figure 8-6), then the radius of the particle's 
path is limited to the single value r3, and then    = 0 for all values of the time; hence the motion is 
circular.

Values of E less than Vmin = -                   do not result in physically real motion; for such cases      < 0 
and the velocity is imaginary.

The methods discussed in this section are often used in present-day research in general fields, especially 
atomic, molecular, and nuclear physics. For example, Figure 8-7 shows effective total nucleus-nucleus 
potentials for the scattering of 28Si and 12C.

The total potential includes the coulomb, 
nuclear, and the centrifugal contributions. 
The potential for              indicates the 
potential with no  centrifugal term. For a 
relative angular momentum value of              , 
a "pocket"  exists where the two scattering 
nuclei may be bound together (even if only 
for a short time). For                  , the 
centrifugal "barrier" dominates, and the 
nuclei cannot form a bound state at all.
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8.7 Planetary Motion - Kepler’s Problem
The equation for the path of a particle moving under the influence of a central force whose magnitude is 
inversely proportional to the square of the distance  between the particle and the force center can be 
obtained (see Equation 8.17) from

The integral can be evaluated if the variable is changed to              . If we define the origin of          so 
that the minimum value of r is at       = 0, we find 

Let us now define the following constants:

Equation 8.39 can thus be written as

(8.38)

(8.39)

(8.40)

(8.41)
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This is the equation of a conic section with one focus at the origin. The quantity    is called the 
eccentricity, and 2      is termed the latus rectum of the orbit. Conic sections are formed by the 
intersection of a plane and a cone. A conic  section is formed by the loci of points (formed in a plane), 
where the ratio of the distance from a fixed point (the focus) to a fixed line (called the directrix) is a 
constant. The directrix for the parabola is shown in Figure 8-8 by the vertical dashed line, drawn so    
that           = 1.

The minimum value for r in Equation 8.41 occurs when      = 0, or when            is a maximum. Thus the 
choice of the integration constant in Equation 8.38 corresponds to measuring      from rmin, which 
position is called the pericenter; rmax corresponds to the apocenter. The general term for turning  points 
is apsides. The corresponding terms for motion about the Sun are perihelion and aphelion, 
and for motion about Earth, perigee and apogee.
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Various values of the eccentricity (and hence of the energy E) classify the orbits according to different 
conic sections (see Figure 8-8)

For planetary motion, the orbits are ellipses with major and minor axes (equal to 2a and 2b, respectively) 
given by

(8.42)

(8.43)

Thus, the major axis depends only on the energy of the particle, whereas the minor axis is a function of 
both first integrals of the motion, E and L The geometry of elliptic orbits in terms of the parameters   ,    , 
a, and b is shown in Figure 8-9; P and P' are the foci.
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From this diagram, we see that the apsidal distances (rmin and rmax as measured from the foci to the orbit) 
are given by

(8.44)

To find the period for elliptic motion, we rewrite Equation 8.12 for the areal velocity as
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(8.46)

We also note from Equations 8.42 and 8.43 that the semiminor axis (the quantities a and b are called 
semimajor and semiminor axes, respectively.) can be written as

(8.47)



Therefore, because                    , the period        can also be expressed as

This result, that the square of the period is proportional to the cube of the semimajor axis of the elliptic 
orbit, is known as Kepler's Third Law. Note that this result is concerned with the equivalent one-body 
problem, so account must be taken of the fact that it is the reduced mass     that occurs in Equation 8.48. 
Kepler actually concluded that the squares of the periods of the planets were proportional to the cubes of 
the major axes of their orbits - with the same  proportionality constant for all planets. In this sense, the 
statement is only  approximately correct, because the reduced mass is different for each planet. In  
particular, because the gravitational force is given by
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↵ = l2/µk

(8.48)

<latexit sha1_base64="itaUedyRTD+ZEdUryXp6+IhurNc=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWNE84BkCbOT2WTI7Owy0yuEJeAPeNU/8CZe/RV/wO9wkuzBJBY0FFXddHcFiRQGXffbWVvf2NzaLuwUd/f2Dw5LR8dNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hoduq3nrg2IlaPOE64H9GBEqFgFK300I3SXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7NTJ+TcKn0SxtqWQjJT/05kNDJmHAW2M6I4NMveVPzP66QYVv1MqCRFrth8UZhKgjGZ/k36QnOGcmwJZVrYWwkbUk0Z2nQWtgSajjhOijYYbzmGVdK8rHjXFe/+qlyr5hEV4BTO4AI8uIEa3EEdGsBgAC/wCm/Os/PufDif89Y1J585gQU4X7+CwZY6</latexit>µ

(8.49)

we identify k = Gm1m2. The expression for the square of the period therefore becomes

and Kepler's statement is correct only if the mass m1 of a planet can be neglected with respect to the 
mass m2 of the Sun. (But note, for example, that the mass of Jupiter is about 1/1000 of the mass of the 
Sun, so the departure from the  approximate law is not difficult to observe in this case.)

Kepler's laws can now be summarized:



See Table 8-1 for some properties of the principal objects in the solar system.



EXAMPLE 8.4
Halley's comet, which passed around the sun early in 1986, moves in a highly elliptical orbit with an 
eccentricity of 0.967 and a period of 76 years. Calculate its minimum and maximum distances from the 
Sun. 
Solution. Equation 8.49 relates the period of motion with the semimajor axes. Because m (Halley's 
comet)                    ,
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Using Equation 8.44, we can determine rmin and rmax.

This orbit takes the comet inside the path of Venus, almost to Mercury's orbit, and out past even the orbit 
of Neptune and sometimes even to the moderately eccentric orbit of Pluto. Edmond Halley is generally 
given the credit for bringing Newton's work on gravitational and central forces to the attention of the 
world. After observing the comet personally in 1682, Halley became interested. Partly as a result of a bet 
between Christopher Wren and Robert Hooke, Halley asked Newton in 1684 what paths the planets must 
follow if the Sun pulled them with a force inversely proportional to the square of their distances. To the  
astonishment of Halley, Newton replied, "Why, in ellipses, of course." Newton had worked it out 20 
years previously but had not published the result. With painstaking effort, Halley was able in 1705 to 
predict the next occurrence of the comet, now bearing his name, to be in 1758.



8.8 Orbital Dynamics
The use of central-force motion is nowhere more useful, important, and interesting than in space 
dynamics. Although space dynamics is actually quite  complex because of the gravitational attraction of  
a spacecraft to various bodies and the orbital motion involved, we examine two rather simple aspects: a 
proposed trip to Mars and flybys past comets and planets.

Orbits are changed by single or multiple thrusts of the rocket engines. The simplest maneuver is a single 
thrust applied in the orbital plane that does not change the direction of the angular momentum but does 
change the eccentricity and energy simultaneously. The most economical method of interplanetary 
transfer consists of moving from one circular heliocentric (Sun-oriented motion) orbit to another in the 
same plane. Earth and Mars represent such a system reasonably well, and a Hohmann transfer (Figure 
8-10) represents the path of minimum total energy expenditure.



Two engine burns are required: A) the first burn injects the spacecraft from the circular Earth orbit to an 
elliptical transfer orbit that intersects Mars' orbit; B) the second burn transfers the  
spacecraft from the elliptical orbit into Mars' orbit.
We can calculate the velocity changes needed for a Hohmann transfer by calculating the velocity of a 
spacecraft moving in the orbit of Earth around the Sun (r1 in Figure 8-10) and the velocity needed to 
"kick" it into an elliptical transfer orbit that can reach Mars' orbit. We are considering only the  
gravitational attraction of the Sun and not that of Earth and Mars.
For circles and ellipses we have, from Equation 8.42,

For a circular path around the Sun, this becomes 

(8.50)

where we have E = T+ U. We solve Equation 8.50 for v1.

We denote the semimajor axis of the transfer ellipse by at.

If we calculate the energy at the perihelion for the transfer ellipse, we have

(8.51)

(8.52)



where vt1 is the perihelion transfer speed. The direction of vt1 is along v1 in Figure 8-10. Solving 
Equation 8.52 for vt1 gives

(8.53)

The speed transfer          needed is just 

Similarly, for the transfer from the ellipse to the circular orbit of radius r2, we have

where

and

The direction of vt2 is along v2 in Figure 8-10. The total speed increment can be determined by adding 
the speed changes,                                   .
The total time required to make the transfer Tt is a half-period of the transfer orbit. From Equation 8.48, 
we have
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(8.59)

EXAMPLE 8.5
Calculate the time needed for a spacecraft to make a Hohmann transfer from Earth to Mars and the 
heliocentric transfer speed required assuming both planets are in coplanar orbits
Solution. We need to insert the appropriate constants in Equation 8.58.

Because k/m occurs so often in solar system calculations, we write it as well.

(8.60)

The heliocentric speed needed for the transfer is given in Equation 8.53. 



We can compare vt1 with the orbital speed of Earth (Equation 8.51).

_______________________

For transfers to the outer planets, the spacecraft should be launched in the direction of Earth's orbit in 
order to gain Earth's orbital velocity. To transfer to the inner planets (e.g., to Venus), the spacecraft 
should be launched opposite Earth's motion. In each case, it is the relative velocity        that is important 
to the spacecraft (i.e., relative to Earth).

Although the Hohmann transfer path represents 
the least energy expenditure, it does not 
represent the shortest time. For a round trip 
from Earth to Mars, the spacecraft would have 
to remain on Mars for 460 days until Earth and 
Mars were positioned correctly for the return 
trip (see Figure 8-1la). 
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The total trip B59 + 460 + 259 = 978 days = 2.7 
yr) would probably be too long. Other schemes 
either use more fuel to gain speed (Figure 8-1lb) 
or use the slingshot effect of flybys. Such a flyby 
mission past Venus (see Figure 8-11c) could be 
done in less than 2 years with only a few weeks 
near (or on) Mars.



Several spacecraft in recent years have escaped Earth's gravitational attraction to explore our solar 
system. Such interplanetary transfer can be divided into three segments: A) the escape from Earth, B) a 
heliocentric transfer to the area of interest, and C) an encounter with another body - so far, either a 
planet or a comet. The spacecraft fuel required for such missions can be enormous, but a clever trick has 
been designed to "steal" energy from other solar system bodies. Because the mass of a spacecraft is so 
much smaller than the planets (or their moons), the energy loss of the heavenly body is negligible.
We examine a simple version of this flyby or slingshot effect that utilizes gravity assist. A spacecraft 
coming from infinity approaches a body (labeled B), interacts with B, and recedes. The path is a 
hyperbola (Figure 8-12). The initial and final velocities, with respect to B, are denoted by       and         , 
respectively. The net effect on the spacecraft is a deflection angle of       with respect to B.

If we examine the system in some inertial frame 
in which the motion of B occurs, the velocities of 
the spacecraft can be quite different because of 
the motion of B. The initial velocity vi is shown 
in Figure 8-13a, and both vi and vf are shown in 
Figure 8-13b. Notice that the spacecraft has 
increased its speed as well as changed its 
direction. An increase in velocity occurs when 
the spacecraft passes behind B's direction of 
motion. Similarly, a decrease in velocity occurs 
when the spacecraft passes in front of B's motion.
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During the 1970s, scientists at the Jet 
Propulsion Laboratory of the National 
Aeronautics and Space Administration 
(NASA) realized that the four largest 
planets of our solar system would be in a 
fortuitous position to allow a spacecraft  
to fly past them and many of their 32 
known moons in a single, relatively short 
"Grand Tour" mission using the gravity-
assist method just discussed. This  
opportunity of the planets' alignment 
would not occur again for 175 years.

Because of budget constraints, there was not time to develop the new technology needed, and a mission 
to last only 4 years to visit just Jupiter and Saturn was approved and planned. No special equipment was 
put on board the twin Voyager spacecrafts for an encounter with Uranus and Neptune. Voyagers 1 and 2 
were launched in 1977 for visits to Jupiter in 1979 and Saturn in 1980 (Voyager 1) and 1981 (Voyager 2). 
Because of the success of these visits to Jupiter and Saturn, funding was later approved to extend 
Voyager 2's mission to include Uranus and Neptune. The Voyagers are now on their way out of our solar 
system.

The path of Voyager 2 is shown in Figure 8-14. The slingshot effect of gravity allowed the path of 
Voyager 2 to be redirected, for example, toward Uranus as it passed Saturn by the method shown in 
Figure 8-12. The gravitational attraction from Saturn was used to pull the spacecraft off its straight path 
and redirect it at a different angle. The effect of the orbital motion of Saturn allows an increase in the 
spacecraft's speed. It was only by using this gravity-assist technique that the  spectacular mission of 
Voyager 2 was made possible in only a brief 12-year period.



Voyager 2 passed Uranus in 1986 and Neptune in 1989 before proceeding into interstellar space in one 
of the most successful space missions ever undertaken. Most planetary missions now take advantage of 
gravitational assists; for example, the Galileo satellite, which photographed the spectacular collisions of 
the Shoemaker-Levy comet with Jupiter in 1994 and reached Jupiter in 1995, was launched in 1989 but 
went by Earth twice (1990 and 1992) as well as Venus (1990) to gain speed and redirection.
A spectacular display of flybys occurred in the years 1982-1985 by a spacecraft initially called the 
International Sun-Earth Explorer 3 (ISEE-J). Launched in 1978, its mission was to monitor the solar 
wind between the Sun and Earth. For 4 years, the spacecraft circled in the elliptical plane about 2 million 
miles from Earth. In 1982 - because the United States had decided not to participate 
in a joint European, Japanese, and Soviet spacecraft investigation of Halley's comet in 1986 - NASA 
decided to reprogram the ISEE-3, renamed it the International Cometary Explorer (ICE), and sent it 
through the Giacobini-Zinner comet in September 1985, some 6 months before the flybys of other 
spacecraft with Halley's comet. The subsequent three-year journey of ICE was spectacular (Figure 8-15). 
The path of ICE included two close trips to Earth and five flybys of the moon along its billion-mile trip 
to the comet. During one flyby, the satellite came within 75 miles of the lunar surface. The entire path 
could be planned precisely because the force law is very well known. The eventual interaction with 
the comet, some 44 million miles from Earth, included a 20-minute trip through the comet - about 5,000 
miles behind the comet's nucleus.



8.9 Apsidal Angles and Precession
If a particle executes bounded, noncircular motion in a central-force field, then the radial distance from 
the force center to the particle must always be in the range                              ; that is, r must be bounded 
by the apsidal distances. Figure 8-6 indicates that only two apsidal distances exist for bounded, 
noncircular motion. But in executing one complete revolution in   , the particle may not return to its  
original position (see Figure 8-4). The angular separation between two successive values of r = rmax 
depends on the exact nature of the force. The angle between any two consecutive apsides is called the 
apsidal angle, and because a closed orbit must be symmetric about any apsis, it follows that all apsidal 
angles for such motion must be equal. The apsidal angle for elliptical motion, for example, is just    . If 
the orbit is not closed, the particle reaches the apsidal distances at different points in each revolution; the 
apsidal angle is not then a rational fraction of 2  , as is required for a closed orbit. If the orbit is almost 
closed, the apsides precess, or rotate slowly in the plane of the motion. This effect is exactly analogous to 
the slow rotation of the elliptical motion of a two-dimensional harmonic oscillator whose 
natural frequencies for the x and y motions are almost equal (see Section 3.3).
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Because an inverse-square-law force requires that all elliptical orbits be exactly closed, the apsides must 
stay fixed in space for all time. If the apsides move with time, however slowly, this indicates that the 
force law under which the body moves does not vary exactly as the inverse square of the distance. This 
important fact was realized by Newton, who pointed out that any advance or regression of a planet's 
perihelion would require the radial dependence of the force law to be slightly different from 1/r2. Thus, 
Newton argued, the observation of the time dependence of the perihelia of the planets would be a 
sensitive test of the  validity of the form of the universal gravitation law.

In point of fact, for planetary motion within the solar system, one expects that, because of the 
perturbations introduced by the existence of all the other planets, the force experienced by any planet 
does not vary exactly as 1/r2, if r is measured from the Sun. This effect is small, however, and only slight 
variations of planetary perihelia have been observed. The perihelion of Mercury, for example, 
which shows the largest effect, advances only about 574" of arc per century. This precession is in 
addition to the general precession of the equinox with respect to the "fixed" stars, which amounts to 
5025.645" ± 0.050" per century  Detailed calculations of the influence of the other planets on the motion 
of Mercury predict that the rate of advance of the perihelion should be approximately 531" per century. 
The uncertainties in this calculation are considerably less than the difference of 43" between observation 
and calculation, and for a considerable time, this discrepancy was the outstanding unresolved difficulty 
in the Newtonian theory. We now know that the modification introduced into the equation of motion of a 
planet by the general theory of relativity almost exactly accounts for the difference of 43". This result is 
one of the major triumphs of relativity theory.

We next indicate the way the advance of the perihelion can be calculated from the modified equation of 
motion. To perform this calculation, it is convenient to use the equation of motion in the form of 
Equation 8.20. If we use the universal gravitational law for F(r), we can write



(8.61)

where we consider the motion of a body of mass m in the gravitational field of a body of mass M. The 
quantity u is therefore the reciprocal of the distance between m and M.
The modification of the gravitational force law required by the general theory of relativity introduces into 
the force a small component that varies as l/r4(= u4). Thus, we have

(8.62)

where c is the velocity of propagation of the gravitational interaction and is identified with the velocity 
of light. To simplify the notation, we define 

(8.63)

and we can write Equation 8.62 as

This is a nonlinear equation, and we use a successive approximation procedure to obtain a solution. We 
choose the first solution to be the solution of Equation 8.64 in the case that the term         is neglected (we 
eliminate the necessity of introducing an arbitrary phase into the argument of the cosine term by 
choosing to measure        from the position of perihelion; i.e., u1 is a maximum (and hence r1 is a 
minimum) at    = 0:

(8.64)
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(8.65)

This is the familiar result for the pure inverse-square-law force (see Equation 8.41). Note that        is here 
the same as that defined in Equation 8.40 except that      , has been replaced by m. If we substitute this 
expression into the right-hand side of Equation 8.64, we find
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where                has been expanded in terms of              . The first trial function u1, when substituted into 
the left-hand side of Equation 8.64, reproduces only the first term on the right-hand side:           . We can 
therefore construct a second trial function by adding to u1 a term that reproduces the remainder of the 
right-hand side (in Equation 8.66). We can verify that such a particular integral is
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(8.67)

The second trial function is therefore

If we stop the approximation procedure at this point, we have

(8.68)



(8.69)

where we have regrouped the terms in u1 and up.
Consider the terms in the second set of brackets in Equation 8.68: the first of these is just a constant, and 
the second is only a small and periodic disturbance of the normal Keplerian motion. Therefore, on a long 
time scale neither of these terms contributes, on the average, to any change in the positions of the 
apsides. But in the first set of brackets, the term proportional to      produces secular and therefore 
observable effects. Let us consider the first set of brackets:

Next, we can expand the quantity

where we have used the fact that      is small to approximate

Hence, we can write usecular as
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We have chosen to measure       from the position of perihelion at t = 0. Successive appearances at 
perihelion result when the argument of the cosine 
term in usecular increases to 2    , 4     ,... , and so forth. But an increase of the argument by 2      requires 
that 
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or

Therefore, the effect of the relativistic term in the force law is to displace the perihelion in each 
revolution by an amount

that is, the apsides rotate slowly in space. If we refer to the definitions of       and        (Equations 8.63), 
we find
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From Equations 8.40 and 8.42, we can write                                  : then, because k = GmM and             , 
we have

<latexit sha1_base64="l0Rb1/VNhnzGKQBsb7oyPASg674=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxBchRkRzTLgxmUE84HMEHo6b5Im3TNj9xshhBzAC7jVG7gTtx7DC3gOO8ksTGLBg6LqPepRYSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZ5tDgiUx0O2QGpIihgQIltFMNTIUSWuHwduq3nkAbkcQPOEohUKwfi0hwhlbyfZVR3wgFj1R1S2W34s5AV4mXkzLJUe+WfvxewjMFMXLJjOl4borBmGkUXMKk6GcGUsaHrA8dS2OmwATj2c8Tem6VHo0SbSdGOlP/XoyZMmakQrupGA7MsjcV//M6GUbVYCziNEOI+TwoyiTFhE4LoD2hgaMcWcK4FvZXygdMM462poWUULMh4KRoi/GWa1glzcuKd13x7q/KtWpeUYGckjNyQTxyQ2rkjtRJg3CSkhfySt6cZ+fd+XA+56trTn5zQhbgfP0C71WZvA==</latexit>µ ' m
<latexit sha1_base64="4oKpfckTho6FcEphlUi1x1R3EFU=">AAACGnicbVDLSgNBEJyN7/ha9SjCYBDiwbAbRL0IAS8eI5hESGLonXSSIbOzy8xsIISc/A1/wKv+gTfx6sUf8DucPA4msaChqOqmuyuIBdfG876d1NLyyura+kZ6c2t7Z9fd2y/rKFEMSywSkXoIQKPgEkuGG4EPsUIIA4GVoHsz8is9VJpH8t70Y6yH0Ja8xRkYKzXcI/GYv66FCe1SoFn/rNYDhbHmIpKP+dOGm/Fy3hh0kfhTkiFTFBvuT60ZsSREaZgArau+F5v6AJThTOAwXUs0xsC60MaqpRJC1PXB+I0hPbFKk7YiZUsaOlb/Tgwg1LofBrYzBNPR895I/M+rJqZ1VR9wGScGJZssaiWCmoiOMqFNrpAZ0bcEmOL2Vso6oIAZm9zMlkBBF80wbYPx52NYJOV8zr/I+XfnmcLVNKJ1ckiOSZb45JIUyC0pkhJh5Im8kFfy5jw7786H8zlpTTnTmQMyA+frF25Rn7I=</latexit>

l2 = µka(1� "2)



We see therefore that the effect is enhanced if the semimajor axis a is small and if the eccentricity is 
large. Mercury, which is the planet nearest the sun and which has the most eccentric orbit of any planet 
(except Pluto), provides the most sensitive test of the theory. Alternatively, we can say that the relativistic 
advance of the perihelion is a maximum for Mercury because the orbital velocity is greatest for Mercury 
and the relativistic parameter v/c largest. The calculated value of the precessional rate for Mercury is 
43.03" ± 0.03" of arc per century. The observed value (corrected for the influence of the other planets) is 
43.11" ± 0.45”, so the prediction of relativity theory is confirmed in striking fashion. The precessional 
rates for some of the planets are given in Table 8-2. 
8.10 Stability of Circular Orbits 
In Section 8.6, we pointed out that the orbit is circular if the total energy equals the minimum value of  
the effective potential energy, E = Vmin. More generally, however, a circular orbit is allowed for any 
attractive potential, because the attractive force can always be made to just balance the centrifugal force 
by the proper choice of radial velocity. Although circular orbits are therefore always possible in a central, 
attractive force field, such orbits are not necessarily stable. A circular orbit at r =       exists if                     
for all t; this is possible if                                 . But only if the effective potential has a true minimum 
does stability result. All other equilibrium circular orbits are unstable.
Let us consider an attractive central force with the form

(8.73)
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The potential for such a force is

and the effective potential function is 
(8.74)

(8.75)



The conditions for a minimum of V(r) and hence for a stable circular orbit with a radius     are

Applying these criteria to the effective potential of Equation 8.75, we have

or

and

so

Substituting             from Equation 8.77 into Equation 8.78, we have
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(8.78)
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The condition that a stable circular orbit exists is thus n < 3.

Next, we apply a more general procedure and inquire about the frequency of oscillation about a circular 
orbit in a general force field. We write the force as

(8.80)



(8.81)
Equation 8.18 can now be written as

Substituting for         from Equation 8.10,
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We now consider the particle to be initially in a circular orbit with radius      and apply a perturbation of 
the form                       , where x is small. Because        = constant, we also have             . Thus

But by hypothesis                    , so we can expand the quantity:

We also assume that g(r) = g(    + x) can be expanded in a Taylor series about the point r  =    :

where

If we neglect all terms in x2 and higher powers, then the substitution of Equations 8.84 and 8.85 into 
Equation 8.83 yields
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<latexit sha1_base64="Ngdwh+ju2WplnntyWUivdhBCljM=">AAAB/3icbVDLSsNAFJ3UV62vqks3g0VwVRIR7bLgxmUF+4A2lMl00gydzISZG6GELvwBt/oH7sStn+IP+B1O2ixs64ELh3Pu5d57gkRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJx6hUU9amSijdC4hhgkvWBg6C9RLNSBwI1g0md7nffWLacCUfYZowPyZjyUNOCeTSQEdqWK25dXcOvE68gtRQgdaw+jMYKZrGTAIVxJi+5ybgZ0QDp4LNKoPUsITQCRmzvqWSxMz42fzWGb6wygiHStuSgOfq34mMxMZM48B2xgQis+rl4n9eP4Ww4WdcJikwSReLwlRgUDh/HI+4ZhTE1BJCNbe3YhoRTSjYeJa2BJpMGMwqNhhvNYZ10rmqezd17+G61mwUEZXRGTpHl8hDt6iJ7lELtRFFEXpBr+jNeXbenQ/nc9FacoqZU7QE5+sXTS+Wqw==</latexit>⇢
<latexit sha1_base64="MNGkczF7+tr1Uz7YNHJnRUXpXbA=">AAACCXicbVBLSgNBEO3xG+Mv6tJNYxAEIcyIaJYBNy4jmA9kxtDT6Uma9HQP3TViGHICL+BWb+BO3HoKL+A57CSzMIkPCh7vVVFVL0wEN+C6387K6tr6xmZhq7i9s7u3Xzo4bBqVasoaVAml2yExTHDJGsBBsHaiGYlDwVrh8Gbitx6ZNlzJexglLIhJX/KIUwJWetDYB4V9PVD4HD91S2W34k6Bl4mXkzLKUe+WfvyeomnMJFBBjOl4bgJBRjRwKti46KeGJYQOSZ91LJUkZibIpleP8alVejhS2pYEPFX/TmQkNmYUh7YzJjAwi95E/M/rpBBVg4zLJAUm6WxRlApsP51EgHtcMwpiZAmhmttbMR0QTSjYoOa2hJoMGYyLNhhvMYZl0ryoeFcV7+6yXKvmERXQMTpBZ8hD16iGblEdNRBFGr2gV/TmPDvvzofzOWtdcfKZIzQH5+sXXcaZ4w==</latexit>

r ! ⇢+ x
<latexit sha1_base64="PjBX5uJCDK0UyWs7+GnweSP+iwc=">AAACFXicbVDLSsNAFJ3UV62vqBvBzWARXJVERLssuHFZwT6gCWUymbZDJ5kwcyOUEH/DH3Crf+BO3Lr2B/wOp20WtvXAwLnn3Mude4JEcA2O822V1tY3NrfK25Wd3b39A/vwqK1lqihrUSmk6gZEM8Fj1gIOgnUTxUgUCNYJxrdTv/PIlOYyfoBJwvyIDGM+4JSAkfr2iReGEjKVYw8knheeGsm8b1edmjMDXiVuQaqoQLNv/3ihpGnEYqCCaN1znQT8jCjgVLC84qWaJYSOyZD1DI1JxLSfzS7I8blRQjyQyrwY8Ez9O5GRSOtJFJjOiMBIL3tT8T+vl8Kg7mc8TlJgMZ0vGqQCm2OnceCQK0ZBTAwhVHHzV0xHRBEKJrSFLYEiYwZ5xQTjLsewStqXNfe65t5fVRv1IqIyOkVn6AK56AY10B1qohai6Am9oFf0Zj1b79aH9TlvLVnFzDFagPX1C71cn5M=</latexit>

r̈ ! ⇢̈

<latexit sha1_base64="5L/n7fSgQ6sF+q4TI7AR54hvYz8=">AAACCXicbVBLSgNBFOzxG+Mv6tJNYxDiJs6IaJYBNy4jmA8kY+jpvEma9HQP3T1iGHICL+BWb+BO3HoKL+A57CSzMIkFD4qq96hHBTFn2rjut7Oyura+sZnbym/v7O7tFw4OG1omikKdSi5VKyAaOBNQN8xwaMUKSBRwaAbDm4nffASlmRT3ZhSDH5G+YCGjxFjpofR03lEDeYY7nGOvWyi6ZXcKvEy8jBRRhlq38NPpSZpEIAzlROu258bGT4kyjHIY5zuJhpjQIelD21JBItB+Ov16jE+t0sOhVHaEwVP170VKIq1HUWA3I2IGetGbiP957cSEFT9lIk4MCDoLChOOjcSTCnCPKaCGjywhVDH7K6YDogg1tqi5lECRIZhx3hbjLdawTBoXZe+q7N1dFquVrKIcOkYnqIQ8dI2q6BbVUB1RpNALekVvzrPz7nw4n7PVFSe7OUJzcL5+AQR5maw=</latexit>

(x/⇢) ⌧ 1

<latexit sha1_base64="Ngdwh+ju2WplnntyWUivdhBCljM=">AAAB/3icbVDLSsNAFJ3UV62vqks3g0VwVRIR7bLgxmUF+4A2lMl00gydzISZG6GELvwBt/oH7sStn+IP+B1O2ixs64ELh3Pu5d57gkRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJx6hUU9amSijdC4hhgkvWBg6C9RLNSBwI1g0md7nffWLacCUfYZowPyZjyUNOCeTSQEdqWK25dXcOvE68gtRQgdaw+jMYKZrGTAIVxJi+5ybgZ0QDp4LNKoPUsITQCRmzvqWSxMz42fzWGb6wygiHStuSgOfq34mMxMZM48B2xgQis+rl4n9eP4Ww4WdcJikwSReLwlRgUDh/HI+4ZhTE1BJCNbe3YhoRTSjYeJa2BJpMGMwqNhhvNYZ10rmqezd17+G61mwUEZXRGTpHl8hDt6iJ7lELtRFFEXpBr+jNeXbenQ/nc9FacoqZU7QE5+sXTS+Wqw==</latexit>⇢ <latexit sha1_base64="Ngdwh+ju2WplnntyWUivdhBCljM=">AAAB/3icbVDLSsNAFJ3UV62vqks3g0VwVRIR7bLgxmUF+4A2lMl00gydzISZG6GELvwBt/oH7sStn+IP+B1O2ixs64ELh3Pu5d57gkRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJx6hUU9amSijdC4hhgkvWBg6C9RLNSBwI1g0md7nffWLacCUfYZowPyZjyUNOCeTSQEdqWK25dXcOvE68gtRQgdaw+jMYKZrGTAIVxJi+5ybgZ0QDp4LNKoPUsITQCRmzvqWSxMz42fzWGb6wygiHStuSgOfq34mMxMZM48B2xgQis+rl4n9eP4Ww4WdcJikwSReLwlRgUDh/HI+4ZhTE1BJCNbe3YhoRTSjYeJa2BJpMGMwqNhhvNYZ10rmqezd17+G61mwUEZXRGTpHl8hDt6iJ7lELtRFFEXpBr+jNeXbenQ/nc9FacoqZU7QE5+sXTS+Wqw==</latexit>⇢

(8.83)

(8.84)

(8.85)

(8.86)

Recall that we assumed the particle to be initially in a circular orbit with            . Under such a condition, 
no radial motion occurs - that is,                   . Then, also,                     . Therefore, evaluating Equation 
8.82 at              , we have

<latexit sha1_base64="maCKeZF3/1tMA7+z3+P2m5q3quE=">AAACEHicbVDLSsNAFJ3UV62vaJdugkVwVRIR7aZQcOOygn1AG8JkOmmHTiZh5kYIMT/hD7jVP3Anbv0Df8DvcNpmYVsPXDicc18cP+ZMgW1/G6WNza3tnfJuZW//4PDIPD7pqiiRhHZIxCPZ97GinAnaAQac9mNJcehz2vOntzO/90ilYpF4gDSmbojHggWMYNCSZ1aHowgymT95mWwO5STKm7Zn1uy6PYe1TpyC1FCBtmf+6C0kCakAwrFSA8eOwc2wBEY4zSvDRNEYkyke04GmAodUudn8+dw618rICiKpS4A1V/9OZDhUKg193RlimKhVbyb+5w0SCBpuxkScABVkcShIuAWRNUvCGjFJCfBUE0wk079aZIIlJqDzWrriSzylkFd0MM5qDOuke1l3ruvO/VWt1SgiKqNTdIYukINuUAvdoTbqIIJS9IJe0ZvxbLwbH8bnorVkFDNVtATj6xfDyp1u</latexit>

ṙ|r=⇢ = 0
<latexit sha1_base64="QX/8xP1QoEEWVmjUSxcn2IMxIWk=">AAACEXicbVDLSsNAFJ34rPUVHzs3wSK4KomIdlMouHFZwT6gDWEymbRDJ5kwcyPUmK/wB9zqH7gTt36BP+B3OG2zsK0HLhzOuZdzOX7CmQLb/jZWVtfWNzZLW+Xtnd29ffPgsK1EKgltEcGF7PpYUc5i2gIGnHYTSXHkc9rxRzcTv/NApWIivodxQt0ID2IWMoJBS5553A8CAZnMn7xM1vtyKPK67ZkVu2pPYS0TpyAVVKDpmT/9QJA0ojEQjpXqOXYCboYlMMJpXu6niiaYjPCA9jSNcUSVm02/z60zrQRWKKSeGKyp+vciw5FS48jXmxGGoVr0JuJ/Xi+FsOZmLE5SoDGZBYUpt0BYkyqsgElKgI81wUQy/atFhlhiArqwuRRf4hGFvKyLcRZrWCbti6pzVXXuLiuNWlFRCZ2gU3SOHHSNGugWNVELEfSIXtArejOejXfjw/icra4Yxc0RmoPx9QuP2J3c</latexit>

r̈|r=⇢ = 0

<latexit sha1_base64="4qjgIVraI/bE/m7mNANVMAALr44=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaC5CwIvHCOYByRJmJ73JmNnZZWZWCCEnf8Cr/oE38eqX+AN+h5NkDyaxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDv1m0+oNI/lgxkl6Ee0L3nIGTVWaqibjhrE3WLJLbszkFXiZaQEGWrd4k+nF7M0QmmYoFq3PTcx/pgqw5nASaGTakwoG9I+ti2VNELtj2fXTsiZVXokjJUtachM/TsxppHWoyiwnRE1A73sTcX/vHZqwoo/5jJJDUo2XxSmgpiYTF8nPa6QGTGyhDLF7a2EDaiizNiAFrYEig7RTAo2GG85hlXSuCh7V2Xv/rJUrWQR5eEETuEcPLiGKtxBDerA4BFe4BXenGfn3flwPuetOSebOYYFOF+/sVKXbg==</latexit>r = ⇢

<latexit sha1_base64="4qjgIVraI/bE/m7mNANVMAALr44=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaC5CwIvHCOYByRJmJ73JmNnZZWZWCCEnf8Cr/oE38eqX+AN+h5NkDyaxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDv1m0+oNI/lgxkl6Ee0L3nIGTVWaqibjhrE3WLJLbszkFXiZaQEGWrd4k+nF7M0QmmYoFq3PTcx/pgqw5nASaGTakwoG9I+ti2VNELtj2fXTsiZVXokjJUtachM/TsxppHWoyiwnRE1A73sTcX/vHZqwoo/5jJJDUo2XxSmgpiYTF8nPa6QGTGyhDLF7a2EDaiizNiAFrYEig7RTAo2GG85hlXSuCh7V2Xv/rJUrWQR5eEETuEcPLiGKtxBDerA4BFe4BXenGfn3flwPuetOSebOYYFOF+/sVKXbg==</latexit>r = ⇢



(8.87)

Substituting this relation into Equation 8.86, we have, approximately,

or

If we define

then Equation 8.88 becomes the familiar equation for the undamped harmonic oscillator:

The solution to this equation is

(8.88)

(8.89)

(8.90)

(8.91)
If                  , so that          is imaginary, then the second term becomes                       , which clearly 
increases without limit as time increases. The condition for oscillation is therefore                 , or

Because                 (see Equation 8.87), we can divide through by          and write this inequality as

or, because g(r) and F(r) are related by a constant multiplicative factor, stability results if

<latexit sha1_base64="Ke6LCCRxAuDdjwpy/vAdWlatywk=">AAACCXicbVBLSgNBFOyJvxh/UZduGoPgKswE0SxcBNy4jGA+kExCT+dN0qR7eujuEcKQE3gBt3oDd+LWU3gBz2EnmYVJLHhQVL1HPSqIOdPGdb+d3Mbm1vZOfrewt39weFQ8PmlqmSgKDSq5VO2AaOAsgoZhhkM7VkBEwKEVjO9mfusJlGYyejSTGHxBhhELGSXGSr2uFDAkfbdXwbfY7RdLbtmdA68TLyMllKHeL/50B5ImAiJDOdG647mx8VOiDKMcpoVuoiEmdEyG0LE0IgK0n86/nuILqwxwKJWdyOC5+vciJULriQjspiBmpFe9mfif10lMWPVTFsWJgYgugsKEYyPxrAI8YAqo4RNLCFXM/orpiChCjS1qKSVQZAxmWrDFeKs1rJNmpexdl72Hq1KtmlWUR2foHF0iD92gGrpHddRAFCn0gl7Rm/PsvDsfzudiNedkN6doCc7XL+tfmZo=</latexit>

!2
0 < 0

<latexit sha1_base64="WoZAIFKRCWU1eP4GJ2pX+vtAivc=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS5id9CZD5rHMzAphydEf8Kp/4E28+iH+gN/hJNmDSSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWaQpMqrnQnIgY4k9C0zHLoJBqIiDi0o/HdzG8/gTZMyUc7SSAUZChZzCixTur0lIAh6fv9csWv+nPgdRLkpIJyNPrln95A0VSAtJQTY7qBn9gwI9oyymFa6qUGEkLHZAhdRyURYMJsfu8UXzhlgGOlXUmL5+rfiYwIYyYicp2C2JFZ9Wbif143tXEtzJhMUguSLhbFKcdW4dnzeMA0UMsnjhCqmbsV0xHRhFoX0dKWSJMx2GnJBROsxrBOWlfV4KYaPFxX6rU8oiI6Q+foEgXoFtXRPWqgJqKIoxf0it68Z+/d+/A+F60FL585RUvwvn4BABGYIg==</latexit>!0
<latexit sha1_base64="XRZmJEKUVgbUERlG9284CazYKSM=">AAACEXicbVBLTgJBFOzBH+Jv/OzcTCQmuCEzxihLohuXmMgngQnpaR7QoeeT7jdGHDiFF3CrN3Bn3HoCL+A5bGAWAlbykkrVe6mX8iLBFdr2t5FZWV1b38hu5ra2d3b3zP2DmgpjyaDKQhHKhkcVCB5AFTkKaEQSqO8JqHuDm4lffwCpeBjc4zAC16e9gHc5o6iltnl03YLHKCmMWqEPPdq2R3g2bpt5u2hPYS0TJyV5kqLSNn9anZDFPgTIBFWq6dgRugmVyJmAca4VK4goG9AeNDUNqA/KTabfj61TrXSsbij1BGhN1b8XCfWVGvqe3vQp9tWiNxH/85oxdktuwoMoRgjYLKgbCwtDa1KF1eESGIqhJpRJrn+1WJ9KylAXNpfiSToAHOd0Mc5iDcukdl50LovO3UW+XEorypJjckIKxCFXpExuSYVUCSNP5IW8kjfj2Xg3PozP2WrGSG8OyRyMr1/UKp1r</latexit>

B exp (|!0|t)
<latexit sha1_base64="HFfF+9GsiA2o7mnVpM7ZAq2R4vE=">AAACB3icbVBLSgNBFOyJvxh/UZduGoPgKswE0awk4MZlBJMImTH0dN4kTbqnh+4eIQw5gBdwqzdwJ249hhfwHHaSWZjEggdF1XvUo8KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWqaLQopJL9RASDZzF0DLMcHhIFBARcuiEo5up33kCpZmM7804gUCQQcwiRomxku9LAQPScx9r126vXHGr7gx4lXg5qaAczV75x+9LmgqIDeVE667nJibIiDKMcpiU/FRDQuiIDKBraUwE6CCb/TzBZ1bp40gqO7HBM/XvRUaE1mMR2k1BzFAve1PxP6+bmqgeZCxOUgMxnQdFKcdG4mkBuM8UUMPHlhCqmP0V0yFRhBpb00JKqMgIzKRki/GWa1gl7VrVu6x6dxeVRj2vqIhO0Ck6Rx66Qg10i5qohShK0At6RW/Os/PufDif89WCk98cowU4X782r5lI</latexit>

!2
0 > 0

(8.92a)
<latexit sha1_base64="6A+Ptf5KdwI4jpja59ZuvznwTUI=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRHMMePEYwTwgWcLsZDYZdnZmmekVwpKbP+BV/8CbePVH/AG/w0myB5NY0FBUddPdFSSCG3Ddb6ewsbm1vVPcLe3tHxwelY9P2kalmrIWVULpbkAME1yyFnAQrJtoRuJAsE4Q3c38zhPThiv5CJOE+TEZSR5ySsBKnVG1r8fqclCuuDV3DrxOvJxUUI7moPzTHyqaxkwCFcSYnucm4GdEA6eCTUv91LCE0IiMWM9SSWJm/Gx+7hRfWGWIQ6VtScBz9e9ERmJjJnFgO2MCY7PqzcT/vF4KYd3PuExSYJIuFoWpwKDw7Hc85JpREBNLCNXc3orpmGhCwSa0tCXQJGIwLdlgvNUY1kn7qubd1LyH60qjnkdURGfoHFWRh25RA92jJmohiiL0gl7Rm/PsvDsfzueiteDkM6doCc7XL+ZVl4E=</latexit>

g(⇢)
<latexit sha1_base64="95uM85TE/cHGjv2kbSt7HwAC3oc=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRHOSgBePEcxDkiXMTmaTIbMzy0yvEJZc/QGv+gfexKv/4Q/4HU6SPZjEgoaiqpvuriAW3IDrfju5tfWNza38dmFnd2//oHh41DQq0ZQ1qBJKtwNimOCSNYCDYO1YMxIFgrWC0e3Ubz0xbbiSDzCOmR+RgeQhpwSs9Dgod/VQnd+4vWLJrbgz4FXiZaSEMtR7xZ9uX9EkYhKoIMZ0PDcGPyUaOBVsUugmhsWEjsiAdSyVJGLGT2cHT/CZVfo4VNqWBDxT/06kJDJmHAW2MyIwNMveVPzP6yQQVv2UyzgBJul8UZgIDApPv8d9rhkFMbaEUM3trZgOiSYUbEYLWwJNRgwmBRuMtxzDKmleVLyrind/WapVs4jy6ASdojLy0DWqoTtURw1EUYRe0Ct6c56dd+fD+Zy35pxs5hgtwPn6BeS2mAM=</latexit>

g(⇢) > 0

(8.92b)



(8.93)

We now compare the condition on the force law imposed by Equation 8.93 with that previously obtained 
for a power-law force:

Equation 8.93 becomes

or

and we are led to the same condition as before - that is, n < 3. (We must note, however, that the case n = 
3 needs further examination.)

(8.94)

EXAMPLE 8.6
Investigate the stability of circular orbits in a force field described by the potential function

where k > 0 and a > 0.
Solution. This potential is called the screened Coulomb potential (when                          , where Z is  
the atomic number and e is the electron charge) because it falls off with distance more rapidly than 1/r 
and hence approximates the electrostatic potential of the atomic nucleus in the vicinity of the nucleus by 
taking into account the partial "cancellation" or "screening" of the nuclear by the atomic electrons. The 
force is found from

(8.95)

(8.96)

<latexit sha1_base64="rbc7bHX4WC5U+HqKSPhIqNj6lcE=">AAACFnicbVDLSgNBEJz1GeNr1ZN4GQyCp7gbguYiBLx4jGAemF3D7KQ3GTL7YGY2EJbgb/gDXvUPvIlXr/6A3+Ek2YNJLGgoqrrp7vJizqSyrG9jZXVtfWMzt5Xf3tnd2zcPDhsySgSFOo14JFoekcBZCHXFFIdWLIAEHoemN7iZ+M0hCMmi8F6NYnAD0guZzyhRWuqYx4PrB3gsXZSdmGFnSATEknHtWB2zYBWtKfAysTNSQBlqHfPH6UY0CSBUlBMp27YVKzclQjHKYZx3EgkxoQPSg7amIQlAuun0hTE+00oX+5HQFSo8Vf9OpCSQchR4ujMgqi8XvYn4n9dOlF9xUxbGiYKQzhb5CccqwpM8cJcJoIqPNCFUMH0rpn0iCFU6tbktniADUOO8DsZejGGZNEpF+7Jo35UL1UoWUQ6doFN0jmx0haroFtVQHVH0hF7QK3ozno1348P4nLWuGNnMEZqD8fULuCSe5g==</latexit>

k = Ze2/4⇡"0



and 

The condition for stability (see Equation 8.93) is

Therefore

which simplifies to

We may write this as

Stability thus results for all                that exceed the value satisfying the equation

The positive (and therefore the only physically meaningful) solution is

<latexit sha1_base64="C1GpZ6VIqUMAAt9mbCkHBnWlY+M=">AAACDHicbVBLTgJBFOzBH+KHUZduOhITVzhjjLIkceMSEwETZkJ6mjfQoedDf0jIhCt4Abd6A3fGrXfwAp7DBmYhYCUvqVS9l3qpIOVMKsf5tgobm1vbO8Xd0t7+wWHZPjpuyUQLCk2a8EQ8BUQCZzE0FVMcnlIBJAo4tIPh3cxvj0FIlsSPapKCH5F+zEJGiTJS1y6PsAcjzcaYXHpikHTtilN15sDrxM1JBeVodO0fr5dQHUGsKCdSdlwnVX5GhGKUw7TkaQkpoUPSh46hMYlA+tn88Sk+N0oPh4kwEys8V/9eZCSSchIFZjMiaiBXvZn4n9fRKqz5GYtTrSCmi6BQc6wSPGsB95gAqvjEEEIFM79iOiCCUGW6WkoJBBmCmpZMMe5qDeukdVV1b6ruw3WlXssrKqJTdIYukItuUR3dowZqIoo0ekGv6M16tt6tD+tzsVqw8psTtATr6xeHJ5sR</latexit>

q ⌘ a/⇢



If, then, the angular momentum and energy allow a circular orbit at             , the motion is stable if

or

<latexit sha1_base64="4qjgIVraI/bE/m7mNANVMAALr44=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaC5CwIvHCOYByRJmJ73JmNnZZWZWCCEnf8Cr/oE38eqX+AN+h5NkDyaxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDv1m0+oNI/lgxkl6Ee0L3nIGTVWaqibjhrE3WLJLbszkFXiZaQEGWrd4k+nF7M0QmmYoFq3PTcx/pgqw5nASaGTakwoG9I+ti2VNELtj2fXTsiZVXokjJUtachM/TsxppHWoyiwnRE1A73sTcX/vHZqwoo/5jJJDUo2XxSmgpiYTF8nPa6QGTGyhDLF7a2EDaiizNiAFrYEig7RTAo2GG85hlXSuCh7V2Xv/rJUrWQR5eEETuEcPLiGKtxBDerA4BFe4BXenGfn3flwPuetOSebOYYFOF+/sVKXbg==</latexit>r = ⇢

(8.97)

The stability condition for orbits in a screened potential is illustrated graphically in Figure 8-16, which 
shows the potential V(r) for various values of         . The force constant k is the same for all the curves,    
but                 has been adjusted to maintain the minimum of the potential at the same value of the radius 
as  a  is changed. 
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For                       , a true minimum exists for the potential, indicating that the circular orbit is stable with 
respect to small oscillations. For                       , there is no minimum, so circular orbits cannot exist.               
For                      , the  potential has zero slope at the position that a circular orbit would occupy. The 
orbit is unstable at this position, because (       is zero in Equation 8.90 and the displacement x increases 
linearly with time.

An interesting feature of this potential function is that under certain conditions there can exist bound 
orbits for which the total energy is positive (see, for example, curve 4 in Figure 8-16).
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EXAMPLE 8.7
Determine whether a particle moving on the inside surface of a cone under the influence of gravity (see 
Example 7.4) can have a stable circular orbit.
Solution. In Example 7.4, we found that the angular momentum about the z-axis was a constant of the 
motion:

(8.98)

We also found the equation of motion for the coordinate r:

If the initial conditions are appropriately selected, the particle can move in a circular orbit about the 
vertical axis with the plane of the orbit at a constant height z0 above the horizontal plane passing through 
the apex of the cone. Although this problem does not involve a central force, certain aspects of the 
motion are the same as for the central-force case. Thus we may discuss, for  example, the stability of 
circular orbits for the particle. To do this, we perform a perturbation calculation.

First, we assume that a circular orbit exists for             . Then, we apply the perturbation                     . 
The quantity               in Equation 8.98 can be expressed as
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where we have retained only the first term in the expansion, because          is by hypothesis a small 
quantity.
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Then, because               , Equation 8.98 becomes, approximately,
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or
(8.99)

If we evaluate Equation 8.98 at             , then                 , and we have

In view of this result, the last two terms in Equation 8.99 cancel, and there remains

The solution to this equation is just a harmonic oscillation with a frequency         where

Thus, the circular orbit is stable.
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CHAPTER 14 - Special Theory of Relativity
14.1 Introduction

In Section 2.7, it was pointed out that the Newtonian idea of the complete separability of space and time 
and the concept of the absoluteness of time break down when they are subjected to critical analysis. The 
final overthrow of the Newtonian system as the ultimate description of dynamics was the result of  
several crucial experiments, culminating with the work of Michelson and Morley in 1881-1887. The 
results of these experiments indicated that the speed of light is independent of any relative uniform 
motion between source and observer. This fact, coupled with the finite speed of light, required a 
fundamental reorganization of the structure of dynamics. This was provided during the period 1904- 
1905 by H. Poincare, H. A. Lorentz, and A. Einstein, who formulated the theory of relativity in order to 
provide a consistent description of the experimental facts. The basis of relativity theory is contained in 
two postulates:

Using these postulates as a foundation, Einstein was able to construct a beautiful, logically precise 
theory. A wide variety of phenomena that take place at high velocity and cannot be interpreted in the 
Newtonian scheme are accurately described by relativity theory.

Postulate I, which Einstein called the principle of relativity, is the fundamental basis for the theory of 
relativity. Postulate II, the law of propagation of light, follows from Postulate I if we accept, as Einstein 
did, that Maxwell's equations are fundamental laws of physics. Maxwell's equations predict the speed of 
light in vacuum to be c, and Einstein believed this to be the case in all inertial reference frames.



We do not attempt here to give the experimental background for the theory of relativity; such information 
can be found in essentially every textbook on modem physics and in many others concerned with 
electrodynamics. Rather, we simply accept as correct the above two postulates and work out some of their 
consequences for the area of mechanics. The discussion here is limited to the case of special relativity,  
in which we consider only inertial reference frames, that is, frames that are in uniform motion with 
respect to one another. The more general treatment of accelerated reference frames is the subject of the 
general theory of relativity.
14.2 Galilean Invariance
In Newtonian mechanics, the concepts of space and time are completely separable; furthermore, time is 
assumed to be an absolute quantity susceptible of precise definition independent of the reference frame. 
These assumptions lead to the invariance of the laws of mechanics under coordinate transformations of 
the following type. Consider two inertial reference frames K and K', which move along their x1 and    x'1-
axes with a uniform relative velocity v (Figure 14-1).

The transformation of the coordinates of a point from one system to the other is clearly of the form

(14.1a)



Also, we have
(14.1b)

Equations 14.1 define a Galilean transformation. Furthermore, the element of length in the two systems 
is the same and is given by

The fact that Newton's laws are invariant with respect to Galilean transformations is termed the 
principle of Newtonian relativity or Galilean invariance. Newton's equations of motion in the two 
systems are 

The form of the law of motion is then invariant to a Galilean transformation. The individual terms are 
not invariant, however, but they transform according to the same scheme and are said to be covariant.
We can easily show that the Galilean transformation is inconsistent with Postulate II. Consider a light 
pulse emanating from a flashbulb positioned in frame K'. The velocity transformation is found from 
Equation 14.1a, where we consider the light pulse only along x1:

In system K', the velocity is measured        = c; Equation 14.4 therefore indicates the speed of the light 
pulse to be       = c + v, clearly in violation of Postulate II.

(14.2)

(14.3)

(14.4)
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14.3 Lorentz Transformation
The principle of Galilean invariance predicts that the velocity of light is different in two inertial reference 
frames that are in relative motion. This result is in contradiction to the second postulate of relativity. 
Therefore, a new transformation law that renders physical laws relativistically covariant must be found. 
Such a transformation law is the Lorentz transformation. The original use of the Lorentz  
transformation preceded the development of Einsteinian relativity theory, but it also follows from the 
basic postulates of relativity; we derive it on this basis in the following discussion.
If a light pulse from a flashbulb is emitted from the common origin of the systems K and K' (see Figure 
14-1) when they are coincident, then according to Postulate II, the wavefronts observed in the two 
systems must be described''' by

(14.5)

We can already see that Equations 14.5, which are consistent with the two  postulates of the theory of 
relativity, cannot be reconciled with the Galilean  transformations of Equations 14.1. The Galilean 
transformation allows a spherical light wavefront in one system but requires the center of the spherical 
wavefront in the second system to move at velocity v with respect to the first system. The interpretation 
of Equations 14.5, according to Postulate II, is that each observer believes that his spherical wavefront 
has its center fixed at his own coordinate origin as the wavefront expands.

We are faced with a quandary. We must abandon either the two relativity postulates or the Galilean 
transformation. Much experimental evidence, including the Michelson-Morley experiment and the 
aberration of starlight, requires the two postulates. However, the belief in the Galilean transformation is  
entrenched in our minds by our everyday experience.



The Galilean transformation had produced satisfactory results, including those of the preceding chapters 
of this book, for centuries. Einstein's great contribution was to realize that the Galilean transformation 
was approximately correct, but that we needed to  reexamine our concepts of space and time.

Notice that we do not assume t = t' in Equations 14.5. Each system, K and K’, has its own clocks, and  
we assume that a clock may be located at any point in space. These clocks are all identical, run the same 
way, and are synchronized. Because the flashbulb goes off when the origins are coincident and the 
systems move only in the x1-direction with respect to each other, by direct observation we have

At time t = t' = 0, when the flashbulb goes off, the motion of the origin O' of K' is measured in K to be

(14.6)

(14.7)
and in system K', the motion of O' is

At time t = t' = 0 we have x'1 = x1 - vt, but we know that Equation 14.1a is incorrect. Let us assume the 
next simplest transformation, namely,

where        is some constant that may depend on v and some constants, but not on the coordinates x1, x'1, 
t, or t'.

(14.8)

(14.9)

Equation 14.9 is a linear equation and assures us that each event in K corresponds to one and only one 
event in K'. This additional assumption in our derivation will be vindicated if we can produce a 
transformation that is consistent with all the experimental results.
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Notice that        must normally be very close to 1 to be consistent with the classical results discussed in 
earlier chapters.

We can use the preceding arguments to describe the motion of the origin O of system K in both K and   
K' to also determine

where we only have to change the relative velocities of the two systems.

Postulate I demands that the laws of physics be the same in both reference systems such that                 . 
By substituting x'1 from Equation 14.9 into Equation 14.10, we can solve the remaining equation for t':

Postulate II demands that the speed of light be measured to be the same in both systems. Therefore, in 
both systems we have similar equations for the position of the flashbulb light pulse:
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(14.11)

(14.12)

Algebraic manipulation of Equations 14.9-14.12 gives

The complete 
transformation equations 
can now be written as

(14.13)

(14.14)



(14.15)

These equations are known as the Lorentz (or Lorentz-Einstein) transformation in honor of the Dutch 
physicist H. A. Lorentz, who first showed that the equations are necessary so that the laws of 
electromagnetism have the same form in all inertial reference frames. Einstein showed that these 
equations are required for all the laws of physics.

The inverse transformation can easily be obtained by replacing v by -v and exchanging primed and 
unprimed quantities in Equations 14.14.

As required, these equations reduce to the Galilean equations (Equations 14.1) when              (or          
when                ).

In electrodynamics, the fields propagate with the speed of light, so Galilean transformations are never 
allowed. Indeed, the fact that the electrodynamic field equations (Maxwell's equations) are not 
covariant to Galilean transformations was a main factor in the realization of the need for a new theory. It 
seems rather extraordinary that Maxwell's equations, which are a complete set of equations for the 
electromagnetic field and are covariant to Lorentz transformations, were deduced from experiment long 
before the advent of relativity theory.
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c ! 1

The velocities measured in each of the systems are denoted by u



Using Equations 14.14, we determine

Similarly, we determine

Now we can determine whether Postulate II is satisfied directly. An observer in system K measures the 
speed of the light pulse from the flashbulb to be u1 = c in the x1-direction. From Equation 14.17a, an 
observer in K' measures

as required by Postulate II, independent of the relative system speed v.

(14.16)

(14.17a)

(14.17b)

(14.17c)



EXAMPLE 14.1
Determine the relativistic length contraction using the Lorentz transformation.
Solution. Consider a rod of length    lying along the x1-axis of an inertial frame K. An observer in  
system K' moving with uniform speed v along the x1-axis (as in Figure 14-1) measures the length of the 
rod in the observer's own coordinate system by determining at a given instant of time t' the difference in 
the  coordinates of the ends of the rod, x'1(2) - x'1(l). According to the transformation equations 
(Equations 14.14),

where x1(2) — x1(l) =     . Note that times t(2) and t(l) are the times in the K system at which the 
observations are made; they do not correspond to the instants in K' at which the observer measures the 
rod. In fact, because t’(2) = t’(l), Equations 14.14 give 

The length        as measured in the K' system is therefore

Equation 14.18 now becomes 

and, to a stationary observer in K, objects in K' also appear contracted. Thus, to an observer in motion 
relative to an object, the dimensions of objects are contracted by a factor                        in the direction  
of motion, in which        = v/c.

(14.18)
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An interesting consequence of the FitzGerald-Lorentz contraction of length was reported in 1959 by 
James Terrell. Consider a cube of side A moving with uniform velocity v with respect to an observer 
some distance away. Figure 14-2a shows the projection of the cube on the plane containing the velocity 
vector v and the observer.

The cube moves with its side AB perpendicular to the observer's line of sight. We wish to determine what 
the observer "sees"; that is, at a given instant of time in the observer's rest frame, we wish to determine 
the relative orientation of the corners A, B, C, and D. The traditional view (which went unquestioned for 
more than 50 years!) was that the only effect is a foreshortening of the sides AB and CD such that the 
observer sees a distorted tube of height     but of length                      . Terrell pointed out that this 
interpretation overlooks certain facts: For light from corners A and D to reach the observer at the same 
instant, the light from D, which must travel a distance     farther than that from A, must have been emitted 
when comer D was at position E. The length DE is equal to                                 .
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Therefore, the observer sees not only face AB, which is perpendicular to the line of sight, but also face 
AD, which is parallel to the line of sight. Also, the length of the side AB is foreshortened in the normal 
way to                     . The net result (Figure 14-2b) corresponds exactly to the view the observer would 
have if the cube were rotated through an angle              . Therefore, the cube is not distorted; it undergoes 
an apparent rotation. Similarly, the customary statement that a moving sphere appears as an ellipsoid is 
incorrect; it appears still as a sphere. Computers can be used to show extremely interesting results of the 
type we have been discussing (Figure 14-3). 
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EXAMPLE 14.2
Use the Lorentz transformation to determine the time dilation effect.
Solution. Consider a clock fixed at a certain position (x1) in the K system that produces signal 
indications with the interval

According to the Lorentz transformation (Equations 14.14), an observer in the moving system K' 
measures a time interval     t' (on the same clock) of
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Because x1(2) = x1(l) and because the clock is fixed in the K system, we have

Thus, to an observer in motion relative to the clock, the time intervals appear to be lengthened. This is the 
origin of the phrase "moving clocks run more slowly." Because the measured time interval on the moving 
clock is lengthened, the clock actually ticks slower. Notice that the clock is fixed in the K system, 
x1(1) = x1(2), but not in the K' system, x'1(1) ≠ x'1(2).

The argument in the previous example can be reversed and the clock fixed in the K' system. The same 
result occurs; moving clocks run slower. The effect is called time dilation. It is important to note that the 
physical system is unimportant. The same effect occurs for a tuning fork, an hourglass, a quartz crystal, 
and a heartbeat. The problem is one of simultaneity. Events simultaneous in one system may not be 
simultaneous in another one moving with respect to the first. The same clock may be viewed from n 
different reference frames and found to be running at n different rates, simultaneously. Space and time 
are intricately  interwoven. We shall return to this point later.

(14.20)



The time measured on a clock fixed in a system present at two events is called the proper time and 
given the symbol        . For example,                 when a clock fixed in system K is present for both events,  
x1(1) and  x1(2). Equation 14.20 becomes 

Notice that the proper time is always the minimum measurable time difference between two events. 
Moving observers always measure a longer time period
14.4 Experimental Verification of the Special Theory
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The special theory of relativity explains the difficulties existing before 1900 with optics and 
electromagnetism. For example, the problems with stellar aberration and the Michelson-Morley 
experiment are solved by assuming no ether but  requiring the Lorentz transformation.

But what about the new startling predictions of the special theory - length contraction and time dilation? 
These topics are addressed every day in the accelerator laboratories of nuclear and particle physics, 
where particles are accelerated to speeds close to that of light, and relativity must be considered. Other  
experiments can be performed with natural phenomena. We examine two of these.
Muon Decay
When cosmic rays enter the earth's outer atmosphere, they interact with particles and create cosmic 
showers. Many of the particles in these showers are     -mesons, which decay to other particles called 
muons. Muons are also unstable and decay according to the decay law,                                        , where   
N0 and N are the number of muons at time t = 0 and t, respectively, and         is the half-life. However, 
enough muons reach the earth's surface that we can detect them easily.

Let us assume that we mount a detector on top of a 2,000-m mountain and count the number of muons 
traveling at a speed near v = 0.98c. Over a given  period of time, we count 103 muons.
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The half-life of muons is known to be 1.52 X 10~® s in their own rest frame (system K'). We move our 
detector to sea level and measure the number of muons (having v = 0.98c) detected during an equal 
period of time. What do we expect?

Determined classicjilly, muons traveling at a speed of 0.98c cover the 2,000 m in 6.8 X 10"® s, and 45 
muons should survive the flight from 2,000 m to sea level according to the radioactive decay law. But 
experimental measurement indicates that 542 muons survive, a factor of 12 more.

This phenomenon must be treated relativistically. The decaying muons are moving at a high speed 
relative to the experimenters fixed on the earth. We therefore observe the muons' clock to be running 
slower. In the muons' rest frame, the time period of the muons' flight is not At = 6.8 X 10"® s but rather 
At/y. For v = 0.98c, y = 5, so we measure the flight time on a clock at rest in the muons' system to be 
1.36 X 10"® s. The radioactive decay law predicts that 538 muons survive, much closer to our 
measurement and within the experimental uncertainties. An experiment similar to this has verified the 
time dilation prediction.
EXAMPLE 14.3
Examine the muon decay just discussed from the perspective of an observer moving with the muon.
Solution. The hjilf-life of the muon according to its own clock is 1.52 X 10-6 s But an observer moving 
with the muon would not measure the distance from the top of the mountain to sea level to be 2,000 m. 
According to that observer, the distance would be only 400 m. At a speed of 0.98c, it takes the muon 
only 1.36 X 10-6 s to travel the 400 m. An observer in the muon system would  predict 538 muons to 
survive, in agreement with an observer on the earth.

Muon decay is an excellent example of a natural phenomenon that can be described in two systems 
moving with respect to each other. One observer sees time dilated and the other observer sees length 
contracted. Each, however, predicts a result in agreement with experiment.



Atomic Clock Time Measurements
An even more direct confirmation of special relativity was reported by two American physicists, J. C. 
Hafele and Richard E. Keating, in 1972. They used four extremely accurate cesium atomic clocks. Two 
clocks were flown on regularly scheduled commercial jet airplanes around the world, one eastward and 
one westward; the other two reference clocks stayed fixed on the earth at the U.S. Naval Observatory. A 
well-defined, hyperfine transition in the ground state of the 135Cs atom has a frequency of 9,192,631,770 
Hz and can be used as an  accurate measurement of a time period.
The time measured on the two moving clocks was compared with that of the two reference clocks. The 
eastward trip lasted 65.4 hours with 41.2 flight hours. The westward trip, a week later, took 80.3 hours 
with 48.6 flight hours. The predictions are complicated by the rapid rotation of the earth and by a 
gravitational effect from the general theory of relativity.

We can gain some insight to the expected effect by neglecting the corrections and calculating the time 
difference as if the earth were not rotating. The circumference of the earth is about 4 X 107 m, and a 
typical jet airplane speed is almost 300 m/s. A clock fixed on the ground measures a flight time T0 of

Because the moving clock runs more slowly, the observer on the earth would say that the moving clock 
measures only T = T0                  . The time difference is

where only the first and second terms of the power series expansion for                         are kept          
because             is so small.
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This time difference is greater than the uncertainty of the measurement. Notice that in this case, the clock 
left on the earth actually measures more time in seconds than the moving clock. This seems at variance 
with our earlier comments (see Equation 14.21 and discussion). But the time period referred to in 
Equation 14.21 is the time between two ticks, in this case, a transition in 133Cs, which we measure in 
seconds. It is easy to remember that moving clocks run more slowly, so that in seconds the measured 
time difference involves fewer ticks and, according to the definition of a second, fewer seconds.

The actual predictions and observations for the time difference are

(14.24)

Again, the special theory of relativity is verified within the experimental uncertainties. A negative sign 
indicates that the time on the moving clock is less than the earth reference clock. The moving clocks lost 
time (ran slower) during the eastward trip and gained time (ran faster) during the westward trip. This 
difference is caused by the rotation of the earth, indicating that the flying clocks actually ticked faster or 
slower than the reference clocks on the earth. The overall positive time difference is a result of the 
gravitational potential effect (which we do not discuss here). 

We have only briefly described two of the many experiments that have verified the special theory of 
relativity. There are no known experimental measurements that are inconsistent with the special theory  
of relativity. Einstein's work in this regard has so far withstood the test of time.



14.5 Relativistic Doppler Effect
The Doppler effect in sound is represented by an increased pitch of sound as a source approaches a 
receiver and a decrease of pitch as the source recedes. The change in frequency of the sound depends on 
whether the source or receiver is moving. This effect seems to violate Postulate I of the theory of 
relativity until we realize that there is a special frame for sound waves because there is a medium 
(e.g., air or water) in which the waves travel. In the case of light, however, there is no such medium. 
Only relative motion of source and receiver is meaningful in this context, and we should therefore expect 
some differences in the relativistic Doppler effect for light from the normal Doppler effect of sound.
Consider a source of light (e.g., a star) and a receiver approaching one another with relative speed v 
(Figure 14-4a).



First, consider the receiver fixed in system K and the light source in system K' moving toward the 
receiver with speed v. During time        as measured by the receiver, the source emits n waves. During 
that time          , the total distance between the front and rear of the waves is

The wavelength is then

and the frequency is

According to the source, it emits n waves of frequency        during the proper time        :

This proper time         measured on a clock in the source system is related to the time          measured on a 
clock fixed in system K of the receiver by

The clock moving with the source measures the proper time, because it is  present at both the beginning 
and end of the waves.
Substituting Equation 14.29 into Equation 14.28, which in turn is substituted for n in Equation 14.27, 
gives
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which can be written as

Equation 14.31 is also valid when the source is fixed and the receiver approaches it with speed v. Next, 
we consider the case in which the source and receiver recede from each other with velocity v (Figure 
14-4b). The derivation is similar to the one just presented—with one small exception. In Equation 14.25, 
the distance  between the beginning and end of the waves becomes

This change in sign is propagated through Equations 14.30 and 14.31, giving

Equations 14.31 and 14.33 can be combined into one equation.

if we agree to use a + sign for      (+v/ c) when the source and receiver are approaching each other and  a 
- sign for        when they are receding.

The relativistic Doppler effect is important in astronomy. Equation 14.34 indicates that, if the source is 
receding at high speed from an observer, then a lower frequency (or longer wavelength) is observed for 
certain spectral lines or characteristic frequencies. This is the origin of the term red shift, the 
wavelengths of visible light are shifted toward longer wavelengths (red) if the source is  
receding from us.
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Astronomical observations indicate that the universe is expanding. The farther away a star is, the faster it 
appears to be moving away (or the greater its red shift). These data are consistent with the "big bang" 
origin of the universe, which is estimated to have occurred some 13 billion years ago.
EXAMPLE 14.4 
During a spaceflight to a distant star, an astronaut and her twin brother on the earth send radio signals to 
each other at annual intervals. What is the frequency of the radio signals each twin receives from the 
other during the flight to the star if the astronaut is moving at v = 0.8 c? What is the frequency during the  
return flight at the same speed?
Solution. We use Equation 14.34 to determine the frequency of radio signals that each receives from the 
other. The frequency         =1 signal/year. On the leg of the trip away from the earth,       = -0.8 and 
Equation 14.34 gives

The radio signals are received once every 3 years.

On the return trip, however,       = +0.8 and Equation 14.34 gives                , so the radio signals are 
received every 4 months. In this way, the twin on the earth can monitor the progress of his astronaut 
twin.

14.6 Twin Paradox
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Consider twins who choose different career paths. Mary becomes an astronaut, and Frank decides to be a 
stockbroker At age 30, Mary leaves on a mission to a planet in a nearby star's system. Mary will have to 
travel at a high speed to reach the planet and return.



According to Frank, Mary's biological clock will tick more slowly during her trip, so she will age more 
slowly. He expects Mary to look and appear younger than he does when she returns. According to Mary, 
however, Frank will appear to be moving rapidly with respect to her system, and she thinks Frank will be 
younger when she returns. This is the paradox. Which twin, if either, is younger when Mary (the moving 
twin) returns to the earth where Frank (the fixed twin) has remained? Because the two expectations are so  
contradictory, doesn't Nature have a way to prove they will be the same age?
This paradox has existed almost since Einstein first published his special theory of relativity. Variations 
of the argument have been presented many times. The correct answer is that Mary, the astronaut, will 
return younger than her twin brother, Frank, who remains busy on Wall Street. The correct analysis is as 
follows. According to Frank, Mary's spaceship blasts off and quickly reaches a coasting speed of v = 
0.8c, travels a distance of 8 ly (ly = a light year, the distance light travels in 1 year) to the planet, and 
quickly decelerates for a short visit to the planet. The acceleration and deceleration times are negligible 
compared with the total travel time of 10 years to the planet. The return trip also takes 10 years, so on 
Mary's return to Earth, Frank will be 30 + 10 + 10 = 50 years old. Frank calculates that Mary's clock is 
ticking slower and that each leg of the trip takes only 10                   = 6 years. Mary therefore is only 30 
+ 6 + 6 = 42 years old when she returns. Frank's clock is (almost) in an inertial system.
When Mary performs the time measurements on her clock, they may be invalid according to the special 
theory because her system is not in an inertial frame of reference moving at a constant speed with respect 
to the earth. She accelerates and decelerates at both the earth and the planet, and to make valid time 
measurements to compare with Frank's clock, she must account for this  acceleration and deceleration. 
The instantaneous rate of Mary's clock is still given by Equation 14.20, because the instantaneous rate is 
determined by the instantaneous speed v. Thus, there is no paradox if we obey the two postulates of the 
special theory. It is also clear which twin is in the inertial frame of reference. Mary will actually feel the 
forces of acceleration and deceleration. Frank feels no such forces. When Mary returns home, her twin 
brother has invested her 20 years of salary, making her a rich woman at the young age of 42. She was 
paid a 20-year salary for a job that took her only 12 years!
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EXAMPLE 14.5

Mary and Frank send radio signals to each other at 1-year intervals after she leaves Earth. Analyze the 
times of receipt of the radio messages. Solution. In Example 14.4, we calculated that such radio signals 
are received every 3 years on the trip out and every     year on the trip back. First, we examine the 
signals Mary receives from Frank. During the 6-year trip to the planet, Mary receives only two radio 
messages, but on the 6-year return trip, she receives eighteen signals, so she correctly concludes that her 
twin brother Frank has aged 20 years and is now 50 years old.

In Frank's system, Mary's trip to the planet takes 10 years. By the time Mary reaches the planet, Frank 
receives 10/3 signals (i.e., three signals plus one-third of the time to the next one). However, Frank 
continues to receive a signal every 3 years for the 8 years it takes the last signal Mary sends when she 
reaches the planet to travel to Frank. Thus, Frank receives signals every 3 years for 8 more years (total 
of 18 years) for a total of six radio signals from the period of travel to the planet. Frank has no way of 
knowing that Mary has stopped and turned around until the radio message, which takes 8 years, is 
received. Of the remaining 2 years of Mary's journey according to Frank (20 - 18 = 2), Frank receives 
signals every       year, or six more signals. Frank correctly determines that Mary has aged 6 + 6 = 12 
years during her journey because he receives a total of 12 signals.

Thus, both twins agree about their own ages and about each other's. Mary is 42 and Frank is 50 years 
old.
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14.7 Relativistic Momentum
Newton's Second Law, F = dp/dt, is covariant under a Galilean transformation. Therefore, we do not 
expect it to keep its form under a Lorentz transformation. We can foresee difficulties with Newton's 
laws and the conservation laws unless we make some necessary changes. According to Newton's 
Second Law, for example, an acceleration at high speeds might cause a particle's velocity to exceed c, 
an impossible condition according to the special theory of relativity.



We begin by examining the conservation of linear momentum in a force-free (no external forces) 
collision. There are no accelerations. Observer A at rest in system K holds a ball of mass m, as does 
observer B in system K' moving  to the right with relative speed v with respect to system K, as in Figure 
14-1. The two observers throw their (identical) balls along their respective x2-axes, which results in a 
perfectly elastic collision. The collision, according to observers in the two systems, is shown in Figure 
14-5. Each observer measures the speed of his or her ball to be u0.

We first examine the conservation of momentum according to system K. The velocity of the ball thrown 
by observer A has components

The momentum of ball A is in the x2-direction:

(14.35)



(14.36)

The collision is perfectly elastic, so the ball returns down with speed u0. The change in momentum 
observed in system K is

Does Equation 14.37 also represent the change in momentum of the ball thrown by observer B in the 
moving system K'? We use the inverse velocity transformation of Equations 14.17 (i.e., we interchange 
primes and unprimes and let                ) to determine

(14.37)
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(14.38)

where u'B1 = 0 and u'B2 = u0. The momentum of ball B and its change in momentum during the collision 
become

(14.39)

(14.40)
Equations 14.37 and 14.40 do not add to zero: Linear momentum is not conserved according to the 
special theory if we use the conventions for momentum of classical physics. Rather than abandoning the 
law of conservation of momentum, we look for a solution that allows us to retain both it and Newton's 
Second Law.
As we did for the Lorentz transformation, we assume the simplest possible change. We assume that the 
classical form of momentum mu is multiplied by a constant that may depend on speed k(u):

(14.41)



(14.42)

In Example 14.6, we show that the value

allows us to retain the conservation of linear momentum. Notice that the form of Equation 14.42 is the 
same as that found for the Lorentz transformation. In fact, the constant k(u) is given the same label:      . 
However, this         contains the speed of the particle u, whereas the Lorentz transformation contains the 
relative speed v between the two inertial reference frames. This distinction must be kept in mind; it often 
causes confusion.
We can make a plausible calculation for the relativistic momentum if we use the proper time       (see 
Equation 14.21) rather than the normal time t. In this case
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(14.43)

(14.44)

(14.45)

where we retain u = dx/dt as used classically. 
Although all observers do not agree as to dx/dt, they do agree as to dx/d    , where the proper time d      
is measured by the moving object itself. The relation dt/d    is obtained from Equation 14.21, where the 
speed u has been used in        to represent the speed of a reference frame fixed in the object that is 
moving with respect to a fixed frame.
Equation 14.45 is our new definition of momentum, called relativistic momentum. Notice that it reduces 
to the classical result for small values of u/c. It was fashionable in past years to call the mass in Equation 
14.45 the rest mass m0 and to call the term 
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the relativistic mass. The term rest mass resulted from Equation 14.46 when u = 0, and the classical 
form of momentum was thus retained: p = mu. Scientists spoke of the mass increasing at high speeds. 
We prefer to keep the concept of mass as an invariant, intrinsic property of an object. The use of the two 
terms relativistic and rest mass is now considered old-fashioned, although the terms are still sometimes 
used. We always refer to the mass m, which is the same as the rest mass. The use of relativistic mass 
often leads to mistakes when using classical expressions.
EXAMPLE 14.6
Show that linear momentum is conserved in the x2-direction for the collision shown in Figure 14-5 if 
relativistic momentum is used.
Solution. We can modify the classical expressions for momentum already obtained for the two balls. The 
momentum for ball A becomes (from Equation 14.36)

and

Before modifying Equation 14.39 for the momentum of ball B, we must first find the speed of ball B as 
measured in system K We use Equation 14.38 to determine

The momentum pB2 is found by modifying Equation 14.39:

(14.46)

(14.47)

(14.48)

(14.49)



where

(14.50)

Using uB from Equation 14.49 gives

(14.51)

(14.52)

Equations 14.48 and 14.52 add to zero, as required for the conservation of  linear momentum.

14.8 Energy
____________________________________

With a new definition of linear momentum (Equation 14.45) in hand, we turn our attention to energy and 
force. We keep our former definition (Equation 2.86) of kinetic energy as being the work done on a 
particle. The work done is defined in Equation 2.84 to be

Equation 2.2 for Newton's Second Law is modified to account for the new definition of linear 
momentum:

(14.53)

(14.54)



If we start from rest, T1 = 0, and the velocity u is initially along the direction of the force.

(14.55)

(14.56)

Equation 14.56 is integrated by parts to obtain 

(14.57)

With algebraic manipulation. Equation 14.57 becomes

(14.58)

Equation 14.58 seems to resemble in no way our former result for kinetic energy, T =    mu2. However, 
Equation 14.58 must reduce to    mu2 for small values of velocity.
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EXAMPLE 14.7
Show that Equation 14.58 reduces to the classical result for small speeds, u << c. 

Solution. The first term of Equation 14.58 can be expanded in a power series:



where all terms of power (u/c)4 or greater are neglected because u << c.

which is the classical result.

(14.59)

(14.60)

It is important to note that neither    mu2 nor    mu2 gives the correct relativistic value for the kinetic 
energy. 
The term mc2 in Equation 14.58 is called the rest energy and is denoted by Eq.

Equation 14.58 is rewritten

Thus,

where

The total energy, E =      mc2, is defined as the sum of kinetic energy and the rest energy. Equations 
14.58-14.63 are the origin of Einstein's famous relativistic  result of the equivalence of mass and energy 
(energy = mc2). These equations are consistent with this interpretation. Note that when a body is not in 
motion (u = 0 = T), Equation 14.63 indicates that the total energy is equal to the rest energy

__________________________________
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(14.61)

(14.62)

(14.63)



If mass is simply another form of energy, then we must combine the classical conservation laws of mass 
and energy into one conservation law of mass-energy represented by Equation 14.63. This law is easily 
demonstrated in the atomic  nucleus, where the mass of constituent particles is converted to the energy 
that binds the individual particles together.
EXAMPLE 14.8 
Use the atomic masses of the particles involved to calculate the binding energy of a deuteron. 
Solution. A deuteron is composed of a neutron and a proton. We use atomic masses, because the electron 
masses cancel.

This difference in mass-energy is equal to the binding energy holding the neutron and proton together as 
a deuteron. The mass units are atomic mass units (u), which can be converted to kilograms if necessary. 
However, the conversion of mass to energy is facilitated by the well-known relation between mass and 
energy: 

The binding energy of the deuteron is therefore

Nuclear experiments of the form     + 2H       n + p indicate that gamma rays of energy just greater than 
2.22 MeV are required to break the deuteron apart into a neutron and a proton. Conversely, when a 
neutron and proton join at rest to form a deuteron, 2.22 MeV of energy is released in the form of kinetic 
energy 
of the deuteron and gamma ray.

(14.64)
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Because physicists believe that momentum is a more fundamental concept than kinetic energy (for 
example, there is no general law of conservation of kinetic energy), we would like a relation for          
mass-energy that includes momentum rather than kinetic energy. We begin with Equation 14.45 for 
momentum:

It is easy to show that

so Equation 14.65 becomes

Equation 14.67 is a very useful kinematic relationship. It relates the total energy of a particle to its 
momentum and rest energy.
Notice that a photon has no mass, so that Equation 14.67 gives

There is no such thing as a photon at rest

(14.65)

(14.66)

(14.67)

(14.68)



14.9 Spacetime and Four-Vectors
In Section 14.3 (Equation 14.5), we noticed that the quantities

are invariant because the speed of light is the same in all inertial systems in relative motion. Consider 
two events separated by space and time. In system K,

The interval     s2 is invariant in all inertial systems in relative motion 

Equation 14.69 can be written as a differential equation:

Consider the system K', where the particle is instantaneously at rest. Because dx'1 = dx'2 = dx'3 = 0 in this 
case, dt' = d   , the proper time interval discussed above (Equation 14.21). Equation 14.70 becomes
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Using the Lorentz transformation, Equation 14.72 gives a similar result to Equation 14.21:

(14.73)
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A useful concept in special relativity is that of the light cone. The invariant length    s2 suggests adding 
ct as a fourth dimension to the three space dimensions x1, x2, and x3. In Figure 14-6, we plot ct versus 
one of the Euclidean space coordinates. The origin of (x, ct) is the present (0, 0). The solid lines 
represent the paths taken in the past and in the future by light. A particle traveling the path from A to B is 
said to be moving along its worldline. For time t < 0, the particle has been in the lower cone, the past. 
Similarly, for t > 0 the particle will move in the upper cone, the future. It is not possible for us to know 
about events outside the light cone; this region, called "elsewhere," requires v > c.
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The rest of this section could just as well be carried out without the use of i(e.g., x4 = ct), but the 
mathematics would be more cumbersome. The useful results are in terms of real, physical quantities. 

There are two possibilities concerning the value of     s2. If      s2 > 0, the two events have a spacelike 
interval. One can always find an inertial frame traveling with v<csuch that the two events occur at 
different space coordinates but at the same time. When      s2 < 0, the two events are said to have a 
timelike interval. One can always find a suitable inertial frame in which the events occur at the same 
point in space but at different times. In the case      s2 = 0, the two events are separated by a light ray.

Only events separated by a timelike interval can be causally connected. The present event in the light 
cone can be causally related only to events in the past region of the light cone. Events with a spacelike 
interval cannot be causally connected. Space and time, although distinct, are nonetheless  intricately 
related. 
The previous discussion of space and time suggests using ct as a fourth dimensional parameter We 
continue this line of thought by defining x4 = ict and x'4 = ict'. The use of the imaginary number i does 
not indicate that this component is imaginary. The imaginary number simply allows us to represent the 
relations in concise, mathematical form.
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Using x4 = ict and x'4 = ict', we can write Equations 14.5 as

In accordance with standard convention, we use Greek indices (usually     or    ) to indicate summations 
that run from 1 to 4; in relativity theory, Latin indices are usually reserved for summations that 
run from 1 to 3.
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(14.74)



(14.75)

From these equations, it is clear that the two sums must be proportional(proof is given in Appendix G), 
and because the motion is symmetrical between the systems, the proportionality constant is unity. Thus,

This relation is analogous to the three-dimensional, distance-preserving, orthogonal rotations we have 
studied previously (see Section 1.4) and indicates that the Lorentz transformation corresponds to a 
rotation in a four-dimensional space (called world space or Minkowski space). The Lorentz 
transformations are then orthogonal transformations in Minkowski space:

(14.76)

where the           are the elements of the Lorentz transformation matrix. From Equations 14.14, the 
transformation       is 

A quantity is called a four-vector if it consists of four components, each of which transforms according 
to the relation

where the         define a Lorentz transformation. Such a four-vector(openface capital letters) is

or
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(14.77)

(14.78)

(14.79a)

(14.79b)



where the notation of the last line means that the first three (space) components of      define the ordinary 
three-dimensional position vector x and that the fourth component is ict. Similarly, the differential of       
is a four-vector:

In Minkowski space, the four-dimensional element of length is invariant. Its magnitude is unaffected by 
a Lorentz transformation, and such a quantity is called a four-scalar or world scalar. Equation 14.71 can 
be written as

and Equation 14.72 as

The proper time dr is invariant because it is simply i/ c times the element of  The proper time d     is 
invariant because it is simply i/ c times the element of length ds. The ratio of the four-vector         to the 
invariant d     is therefore also a four-vector, called the four-vector velocity        :

The components of the ordinary velocity u are
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or (14.84)

as we found in Equation 14.73. The four-vector velocity can therefore be written as

(14.85)

where u represents the three space components of ordinary velocity, u1, u2, u3. (Remember that the 
particle's velocity is now denoted by u to distinguish it from the moving frame velocity v.) The four-
vector momentum is now simply the mass times four-vector velocity, because mass is invariant;

where

The first three components of the four-vector momentum        are the components of the relativistic 
momentum (Equation 14.45):

Using Equation 14.63, the fourth component of the momentum is related to the total energy E:

The four-vector momentum can therefore be written as
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where p stands for the three space components of momentum. Thus, in relativity theory, momentum and 
energy are linked in a manner similar to that which joins the concepts of space and time. If we apply the 
Lorentz transformation matrix (Equation 14.77) to the momentum       , we find 
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(14.92)

EXAMPLE 14.9
Using the methods of this section, derive Equation 14.67.
Solution. If we place the origin of the moving system K' fixed on the particle, we have u = v. The square 
of the four-vector velocity (Equation 14.85) is invariant:
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p · p = p2 = p21 + p22 + p23

Hence, the square of the four-vector momentum is also invariant:

From Equation 14.91, we also have, using                                                                      

Combining the last two equations gives Equation 14.67.

(14.93)

(14.94)

(14.95)



If we define an angle        such that                  , the relativistic relations between velocity, momentum, 
and energy can be obtained by trigonometric relations  involving the so-called "relativistic 
triangle" (Figure 14-7).
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EXAMPLE 14.10
Derive the velocity addition rule. 

Solution. Suppose that there are three inertial reference frames, K, K', and K", which are in collinear 
motion along their respective x1-axes. Let the velocity of K' relative to K be v1 and let the velocity of 
K" relative to K' be v2. The speed of K" relative to K cannot be v1 + v2, because it must be possible to 
propagate a  signal between any two inertial frames, and if both v1 and v2 are greater than c/2 (but less 
than c), then v1 + v2 > c. Therefore, the rule for the addition of velocities in relativity must be different 
from that in Galilean theory. The relativistic velocity addition rule can be obtained by considering the 
Lorentz transformation matrix connecting K and K". The individual transformation matrices are



The transformation from K" to K is just the product of these two transformations:

So that the elements of this matrix correspond to those of the normal Lorentz matrix (Equation 14.77), we 
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from which we obtain

If we multiply this last expression by c, we have the usual form of the velocity (speed) addition rule:

It follows that if v1 < c and v2 < c, then v < c also.

(14.96)

(14.97)

(14.98)



Even though signal velocities can never exceed c, there are other types of velocity that can be greater 
than c. For example, the phase velocity of a light wave in a medium for which the index of refraction is 
less than unity is greater than c, but the phase velocity does not correspond to the signal velocity in such 
a medium; the signal velocity is indeed less than c. Or consider an electron gun that emits a beam of 
electrons. If the gun is rotated, then the electron beam describes a certain path on a screen placed at some 
appropriate distance. If the angular velocity of the gun and the distance to the screen are sufficiently 
large, then the velocity of the spot traveling across the screen can be any velocity, arbitrarily large. Thus, 
the writing speed of an oscilloscope can exceed c, but again the writing speed does not correspond to the 
signal velocity; that is, information cannot be transmitted from one point on the screen to another by 
means of the electron beam. In such a device, a signal can be transmitted only from the gun to the screen, 
and this transmission takes place at the velocity of the electrons in the beam (i.e., < c).
EXAMPLE  14.11
Derive the relativistic Doppler effect if the angle between the light source and direction of relative 
motion of the observer is      (Figure 14-8).
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Solution. This example can easily be solved using the momentum-energy four-vector by treating the 
light as a photon with total energy E =          . The light source is at rest in system K and emits a single 
frequency        .

The observer moving to the right in system K' measures the energy E' for a photon of frequency     . 
From Equation 14.92, we have

where                        . Equation 14.102 reduces to

which is equivalent to Equation 14.34, depending on the value of      . For an early time, the observer is 
far to the left of the source, and as the observer approaches the source (           ),

as in Equation 14.31. At a much later time, the observer is receding  (          ) and

as in Equation 14.33. When the observer just passes the source (               ),
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We can also treat the case where the observer is at rest and the source is moving. We still obtain 
Equations 14.104 -14.106 because, according to the principle of relativity, it is not possible to distinguish 
between the motion of the observer and the motion of the source.

(14.106)

14.10 Lagrangian Function in Special Relativity 
_____________________________________

Lagrangian and Hamiltonian dynamics (discussed in Chapter 7) must be adjusted in light of the new 
concepts presented here. We can extend the Lagrangian formalism into the realm of special relativity in 
the following way. For a single (non-relativistic) particle moving in a velocity-independent potential, the 
rectangular momentum components (see Equation 7.150) may be written as

According to Equation 14.87, the relativistic expression for the ordinary (i.e., space) momentum 
component is

We now require that the relativistic Lagrangian, when differentiated with respect to ui as in Equation 
14.107, yield the momentum components given by Equation 14.108:

This requirement involves only the velocity of the particle, so we expect that the velocity-independent 
part of the relativistic Lagrangian is unchanged from the nonrelativistic case. The velocity-dependent 
part, however, may no longer be equal to the kinetic energy. We therefore write

(14.107)

(14.108)

(14.109)



(14.110)
where U = U(xi) and T* = T*(ui). The function T* must satisfy the relation

It can be easily verified that a suitable expression for T* (apart from a possible constant of integration 
that can be suppressed) is

Hence, the relativistic Lagrangian can be written as

and the equations of motion are obtained in the standard way from Lagrange's equations.
Notice that the Lagrangian is not given by T - U, because the relativistic expression for the kinetic 
energy (Equation 14.58) is

The Hamiltonian (see Equation 7.153) can be calculated from

where we have used Equations 14.108 and 14.113 and changed                  to           . Thus,
<latexit sha1_base64="koC5bHow8dowRpfZZ6tPpKqDpfo=">AAACDXicbVDLSsNAFJ34rPUVdekmWAQ3lqSIdllw47KCfUAby2R60w6dPJy5KZSQb/AH3OofuBO3foM/4Hc4bbOwrQcuHM65l3M5Xiy4Qtv+NtbWNza3tgs7xd29/YND8+i4qaJEMmiwSESy7VEFgofQQI4C2rEEGngCWt7oduq3xiAVj8IHnMTgBnQQcp8zilrqmWZXPUlMncuuB0gfK1nPLNllewZrlTg5KZEc9Z750+1HLAkgRCaoUh3HjtFNqUTOBGTFbqIgpmxEB9DRNKQBKDedfZ5Z51rpW34k9YRozdS/FykNlJoEnt4MKA7VsjcV//M6CfpVN+VhnCCEbB7kJ8LCyJrWYPW5BIZiogllkutfLTakkjLUZS2keJKOALOiLsZZrmGVNCtl57rs3F+VatW8ogI5JWfkgjjkhtTIHamTBmFkTF7IK3kzno1348P4nK+uGfnNCVmA8fULp8Kbsw==</latexit>p
1� �2

<latexit sha1_base64="KdgSRuC9JPdSmmje/Zn1v8v0omk=">AAACBnicbVDLSgNBEJyNrxhfUY9eBoPgxbArojkGvHiMYB6wWUPvZJIMmdlZZmaFsOzdH/Cqf+BNvPob/oDf4STZg0ksaCiquunuCmPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqTgiachbRpmGG006sKIiQ03Y4vp367SeqNJPRg5nENBAwjNiAETBW8rtDEAIe0wsv65UrbtWdAa8SLycVlKPRK/90+5IkgkaGcNDa99zYBCkowwinWambaBoDGcOQ+pZGIKgO0tnJGT6zSh8PpLIVGTxT/06kILSeiNB2CjAjvexNxf88PzGDWpCyKE4Mjch80SDh2Eg8/R/3maLE8IklQBSzt2IyAgXE2JQWtoQKxtRkJRuMtxzDKmldVr3rqnd/VanX8oiK6ASdonPkoRtUR3eogZqIIIle0Ct6c56dd+fD+Zy3Fpx85hgtwPn6BUKnmV8=</latexit>

��1

(14.111)

(14.112)

(14.113)

(14.114)



(14.115)

The relativistic Hamiltonian is equal to the total energy defined in Section 14.8 plus the potential energy. 
It differs from the total energy used previously in Chapter 7 by now including the rest energy.
14.11 Relativistic Kinematics 
In the event that the velocities in a collision process are not negligible with respect to the velocity of 
light, it becomes necessary to use relativistic kinematics. In the discussion in Chapter 9, we took 
advantage of the properties of the center-of-mass coordinate system in deriving many of the kinematic 
relations. Because mass and energy are interrelated in relativity theory, it no longer is meaningful to 
speak of a "center-of-mass" system; in relativistic kinematics, one uses a "center-of-momentum" 
coordinate system instead. Such a system possesses the same essential property as the previously used 
center-of-mass system—the total linear momentum in the system is zero. Therefore, if a particle of mass 
m1 collides elastically with a particle of mass m^, then in the center-of-momentum system we have

(14.116)
Using Equation 14.87, the space components of the momentum four-vector can be written as

(14.117)

where, as before,                              and        = u/c.
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In a collision problem, it is convenient to associate the laboratory coordinate system with the inertial 
system K and the center-of-momentum system with K' (see Figure 14-9).



A simple Lorentz transformation then connects the two systems. To derive the relativistic kinematic 
expressions, the procedure is to obtain the center-of-momentum relations and then perform a Lorentz 
transformation back to the laboratory system. We choose the coordinate axes so that m1 moves along the 
x-axis in K with speed u1. Because m2 is initially at rest in K, u2 = 0. In K', m2 moves with speed u'2 and 
so K' moves with respect to K also with speed u'2 and in the same direction as the initial motion of m1.

Using the fact that                             , we have
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�2 � 1

(14.118)



which expresses the equality of the momenta in the center-of-momentum system.
According to Equation 14.92, the transformation of the momentum pi (from K to K') is

We also have

so Equation 14.118 can be used to obtain

These equations can be solved for         and          in terms of          :
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Next, we write the equations of the transformation of the momentum components from K' back to K after 
the scattering. We now have both x- and y-components:

(14.119)

(14.120)

(14.121)

(14.122a)

(14.122b)



(14.123a)

(14.123b)

(Note that, because the transformation is from K' to K, a plus sign occurs before the second term, in 
contrast to Equation 14.119.) Also,

The tangent of the laboratory scattering angle      is given by pi,y/pi,x, therefore, dividing Equation 
14.123b by Equation 14.123a, we obtain

Using Equation 14.117 to express            , the result is

For the recoil particle, we have

where a minus sign occurs in the first term because p'2,x is directed opposite to p1,x. Also,
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(14.124)

(14.125a)



As before, the tangent of the laboratory recoil angle      is given by               :  p2,y/p2,x

(14.125b)

(14.126)

The overall minus sign indicates that if m1 is scattered toward positive values of     , then m2 recoils in 
the negative   -direction.

A case of special interest is that in which m1 = m2. From Equations 14.122, we find 

The tangents of the scattering angles become

The product is therefore

(The minus sign is of no essential importance; it only indicates that         and         are measured in 
opposite directions.)

<latexit sha1_base64="csgy152yTy357uEhcivoIx03vSI=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hV0RzTHgxWMENwkkS5id9CZDZmeXmV4hhlz8Aa/6B97Eq3/iD/gdTpI9mMSChqKqm+6uMJXCoOt+O2vrG5tb24Wd4u7e/sFh6ei4YZJMc/B5IhPdCpkBKRT4KFBCK9XA4lBCMxzeTv3mI2gjEvWAoxSCmPWViARnaCW/8wTIuqWyW3FnoKvEy0mZ5Kh3Sz+dXsKzGBRyyYxpe26KwZhpFFzCpNjJDKSMD1kf2pYqFoMJxrNjJ/TcKj0aJdqWQjpT/06MWWzMKA5tZ8xwYJa9qfif184wqgZjodIMQfH5oiiTFBM6/Zz2hAaOcmQJ41rYWykfMM042nwWtoSaDQEnRRuMtxzDKmlcVrzrind/Va5V84gK5JSckQvikRtSI3ekTnzCiSAv5JW8Oc/Ou/PhfM5b15x85oQswPn6BR6AlyA=</latexit>

⇣

<latexit sha1_base64="csgy152yTy357uEhcivoIx03vSI=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hV0RzTHgxWMENwkkS5id9CZDZmeXmV4hhlz8Aa/6B97Eq3/iD/gdTpI9mMSChqKqm+6uMJXCoOt+O2vrG5tb24Wd4u7e/sFh6ei4YZJMc/B5IhPdCpkBKRT4KFBCK9XA4lBCMxzeTv3mI2gjEvWAoxSCmPWViARnaCW/8wTIuqWyW3FnoKvEy0mZ5Kh3Sz+dXsKzGBRyyYxpe26KwZhpFFzCpNjJDKSMD1kf2pYqFoMJxrNjJ/TcKj0aJdqWQjpT/06MWWzMKA5tZ8xwYJa9qfif184wqgZjodIMQfH5oiiTFBM6/Zz2hAaOcmQJ41rYWykfMM042nwWtoSaDQEnRRuMtxzDKmlcVrzrind/Va5V84gK5JSckQvikRtSI3ekTnzCiSAv5JW8Oc/Ou/PhfM5b15x85oQswPn6BR6AlyA=</latexit>

⇣

<latexit sha1_base64="hBSFrcbtL8QupEhALa9ZNXmFILo=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS5idTJIhs7PLTK8Qlhz8Aa/6B97Eq5/iD/gdziZ7MIkFDUVVN91dQSyFQdf9dgobm1vbO8Xd0t7+weFR+fikZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY3GV++4lrIyL1iNOY+yEdKTEUjGIm9WIj+uWKW3XnIOvEy0kFcjT65Z/eIGJJyBUySY3pem6Mfko1Cib5rNRLDI8pm9AR71qqaMiNn85vnZELqwzIMNK2FJK5+ncipaEx0zCwnSHFsVn1MvE/r5vgsOanQsUJcsUWi4aJJBiR7HEyEJozlFNLKNPC3krYmGrK0MaztCXQdMJxVrLBeKsxrJPWVdW7qXoP15V6LY+oCGdwDpfgwS3U4R4a0AQGY3iBV3hznp1358P5XLQWnHzmFJbgfP0CUf6Wrg==</latexit>

 

<latexit sha1_base64="hBSFrcbtL8QupEhALa9ZNXmFILo=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS5idTJIhs7PLTK8Qlhz8Aa/6B97Eq5/iD/gdziZ7MIkFDUVVN91dQSyFQdf9dgobm1vbO8Xd0t7+weFR+fikZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY3GV++4lrIyL1iNOY+yEdKTEUjGIm9WIj+uWKW3XnIOvEy0kFcjT65Z/eIGJJyBUySY3pem6Mfko1Cib5rNRLDI8pm9AR71qqaMiNn85vnZELqwzIMNK2FJK5+ncipaEx0zCwnSHFsVn1MvE/r5vgsOanQsUJcsUWi4aJJBiR7HEyEJozlFNLKNPC3krYmGrK0MaztCXQdMJxVrLBeKsxrJPWVdW7qXoP15V6LY+oCGdwDpfgwS3U4R4a0AQGY3iBV3hznp1358P5XLQWnHzmFJbgfP0CUf6Wrg==</latexit>

 
<latexit sha1_base64="csgy152yTy357uEhcivoIx03vSI=">AAACAHicbVDLSgNBEJz1GeMr6tHLYBA8hV0RzTHgxWMENwkkS5id9CZDZmeXmV4hhlz8Aa/6B97Eq3/iD/gdTpI9mMSChqKqm+6uMJXCoOt+O2vrG5tb24Wd4u7e/sFh6ei4YZJMc/B5IhPdCpkBKRT4KFBCK9XA4lBCMxzeTv3mI2gjEvWAoxSCmPWViARnaCW/8wTIuqWyW3FnoKvEy0mZ5Kh3Sz+dXsKzGBRyyYxpe26KwZhpFFzCpNjJDKSMD1kf2pYqFoMJxrNjJ/TcKj0aJdqWQjpT/06MWWzMKA5tZ8xwYJa9qfif184wqgZjodIMQfH5oiiTFBM6/Zz2hAaOcmQJ41rYWykfMM042nwWtoSaDQEnRRuMtxzDKmlcVrzrind/Va5V84gK5JSckQvikRtSI3ekTnzCiSAv5JW8Oc/Ou/PhfM5b15x85oQswPn6BR6AlyA=</latexit>

⇣

(14.127)

(14.128)

(14.129)

(14.130)



We previously found that in the nonrelativistic limit there was always a right angle between the final 
velocity vectors in the scattering of particles of equal mass. Indeed, in the limit              , Equations 
14.128 and 14.129 become equal to Equations 9.69 and 9.73, respectively, and so                        . 
Equation 14.130, however, shows that in the relativistic case                            ; thus, the included angle 
in the scattering is always smaller than in the nonrelativistic limit. For equal scattering and recoil angles 
(                ), Equation 14.130 becomes

and the included angle between the directions of the scattered and recoil particles is

(14.131)

<latexit sha1_base64="dnypbL6BKqAPcsl1LExU1HlCDQg=">AAACCXicbVBLSgNBEO3xG+Mv6tJNYxBchWkRzTLgxmUE84FkDDWdnqRJd8/Q3SOEISfwAm71Bu7ErafwAp7DTjILk/ig4PFeFVX1wkRwY33/21tb39jc2i7sFHf39g8OS0fHTROnmrIGjUWs2yEYJrhiDcutYO1EM5ChYK1wdDv1W09MGx6rBztOWCBhoHjEKVgnPXYHICX0CO7aGJNeqexX/BnwKiE5KaMc9V7pp9uPaSqZslSAMR3iJzbIQFtOBZsUu6lhCdARDFjHUQWSmSCbXT3B507p4yjWrpTFM/XvRAbSmLEMXacEOzTL3lT8z+ukNqoGGVdJapmi80VRKrB7cRoB7nPNqBVjR4Bq7m7FdAgaqHVBLWwJNYyYnRRdMGQ5hlXSvKyQ6wq5vyrXqnlEBXSKztAFIugG1dAdqqMGokijF/SK3rxn79378D7nrWtePnOCFuB9/QKc0poJ</latexit>

�1 ! 1
<latexit sha1_base64="rdxXVTa6y9uBjv7JHAi5ff48PAg=">AAACDXicbVBLSgNBFOyJvxh/oy7dDAZBEOJMEM1GCLhxGcF8IDOEns5L0qTnQ/ebQBxyBi/gVm/gTtx6Bi/gOewkszCJBQ+KqveoR/mx4Apt+9vIra1vbG7ltws7u3v7B+bhUUNFiWRQZ5GIZMunCgQPoY4cBbRiCTTwBTT94d3Ub45AKh6FjziOwQtoP+Q9zihqqWOabqz4hfsESG/dmF+WO2bRLtkzWKvEyUiRZKh1zB+3G7EkgBCZoEq1HTtGL6USORMwKbiJgpiyIe1DW9OQBqC8dPb5xDrTStfqRVJPiNZM/XuR0kCpceDrzYDiQC17U/E/r51gr+KlPIwThJDNg3qJsDCypjVYXS6BoRhrQpnk+leLDaikDHVZCym+pEPASUEX4yzXsEoa5ZJzXXIerorVSlZRnpyQU3JOHHJDquSe1EidMDIiL+SVvBnPxrvxYXzOV3NGdnNMFmB8/QIqqJtl</latexit>

 + ⇣ = ⇡/2
<latexit sha1_base64="TU7UKJc/wdjb7v3Ln8dMLHlndxY=">AAACD3icbVBLSgNBFOzxG+MvxqWbxiAIQpwJolm4CLhxGcF8IDOEns5L0qTnQ/cbMQ45hBdwqzdwJ249ghfwHHY+C5NY8KCoeo96lB9LodG2v62V1bX1jc3MVnZ7Z3dvP3eQr+soURxqPJKRavpMgxQh1FCghGasgAW+hIY/uBn7jQdQWkThPQ5j8ALWC0VXcIZGaufybqzFmfsEyOg1dWNxXmrnCnbRnoAuE2dGCmSGajv343YingQQIpdM65Zjx+ilTKHgEkZZN9EQMz5gPWgZGrIAtJdOfh/RE6N0aDdSZkKkE/XvRcoCrYeBbzYDhn296I3F/7xWgt2yl4owThBCPg3qJpJiRMdF0I5QwFEODWFcCfMr5X2mGEdT11yKr9gAcJQ1xTiLNSyTeqnoXBadu4tCpTyrKEOOyDE5JQ65IhVyS6qkRjh5JC/klbxZz9a79WF9TldXrNnNIZmD9fUL4vmbuA==</latexit>

 + ⇣ < ⇡/2

<latexit sha1_base64="t8Q5FDWZYAHVNGt/Pmrbm4FD4PQ=">AAACBnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKaC5CwIvHCOYB2SXMTnqTIbMPZnqFuOTuD3jVP/AmXv0Nf8DvcJLswSQWNBRV3XR3+YkUGm372yqsrW9sbhW3Szu7e/sH5cOjlo5TxaHJYxmrjs80SBFBEwVK6CQKWOhLaPuj26nffgSlRRw94DgBL2SDSASCMzRS1020uHGfABntlSt21Z6BrhInJxWSo9Er/7j9mKchRMgl07rr2Al6GVMouIRJyU01JIyP2AC6hkYsBO1ls5Mn9MwofRrEylSEdKb+nchYqPU49E1nyHCol72p+J/XTTGoeZmIkhQh4vNFQSopxnT6P+0LBRzl2BDGlTC3Uj5kinE0KS1s8RUbAU5KJhhnOYZV0rqoOldV5/6yUq/lERXJCTkl58Qh16RO7kiDNAknMXkhr+TNerberQ/rc95asPKZY7IA6+sXRk+ZYQ==</latexit>

 = ⇣



Figure 14-10 shows        as a function of         up to         = 20. At          = 10, the included angle is 
approximately 46°. This value of         corresponds to an initial velocity that is 99.5% of the velocity of 
light. According to Equation 14.58, the kinetic energy is given by T1 = m1c2(      - 1); therefore, a proton 
with         = 10 would have a kinetic energy of approximately 8.4 GeV, whereas an electron with the 
same velocity would have T1= 4.6 MeV. 
By using the transformation properties of the fourth component of the momentum four-vector (i.e., the 
total energy), it is possible to obtain the relativistic analogs of all the energy equations we have 
previously derived in the nonrelativistic limit.
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