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1. Getting Started

We now begin your journey along the path to becoming a physicist, astro-
physicist or astronomer. I am a theoretical physicist and that will be reflected
in my approach to teaching this course and to helping you understand the
physics of classical particle mechanics.

So that we can talk to each other about this subject, we must first spend
some time discussing the language of particle mechanics and of physics in
general. It is important to realize that the language of physics is math-
ematics.

It might be possible to have some understanding of early topics in your
study of physics using models and everyday experience along with using a
non-mathematical language (words). But this approach will fail miserably
as soon as you start to investigate modern areas of physics involving quan-
tum mechanics, statistical mechanics and non-linear behavior. As we delve
deeper into physical phenomena we will find that making models of any kind
will fail to bring any understanding at all. So we need to get into the habit
of using mathematics from the beginning.

In my view, the only way to understand the universe that physicists are
presently studying is using mathematics.

In this course we will use differential and integral calculus, simple differen-
tial equations, vector analysis, Cartesian and plane-polar coordinate systems,
difference equations, computational numerical methods and simulation tech-
niques. In later courses, you will use techniques from linear algebra, matrix
theory, multivariable calculus, Fourier theory, partial differential equations,
modern algebra, group theory, complex analysis, tensor analysis, geometry
and topology. The physicist, especially, the theoretical physicist, must be
equally adept at mathematics and physics. There is no way to separate the
two subjects if we want to understand the universe at a fundamental level. I
will expect that you know how to do derivative, and integrals. For any other
mathematics that I intend to use in my lectures, I will discuss it in class first.

I will start the physics from square zero. I do this so that we are sure that the
basic material is understood by everyone in the same way. At the beginning,



we will often be discussing or defining what seems to be obvious quantities.
This is very important, however, since if we do not understand and properly
define the fundamental quantities in the theory we have no hope of using
them properly to understand physical systems. As I said, I am a theoretical
physicist and my bias about the importance of understanding the basis of
the theory at every stage will be reflected in the way we pursue the physics
involved in this course.

1.1. Units and Dimensions

Theoretical physics cannot be done in a room without windows, that is,
theoretical physics is based on the observations carried out by experimental
physicists. For example, without any observations of the universe I might,
by accident, think up a theory like special relativity, but there is no way
that I could set the scale associated with the theory in this universe without
actually measuring the speed of light ¢. In the same manner we could not
understand the details of gravity without measuring the gravitational con-
stant G, of quantum mechanics without measuring Planck’s constant h, or
of electrodynamics without measuring the charge of the electron e.

The standard set of units used in physics is the M(eter) K(ilogram) S(econd)
system or as it is now called the S(ysteme)l(nternational) d?Unites. It is
based on three quantities

meter = unit of the dimension length

unit of the dimension mass

kilogram

second = unit of the dimension time
In addition, we need to define an unit of charge
coulomb = unit of the dimension charge

All other units for physical quantities are derived from this basic set of four
definitions.



1.2. Some History of Units

Time

7777 1 second = of the mean solar day

86400

1
1956 1 second = ———— of the year 1900
31566926

1967 1 second = 9192631770 oscillations or periods of the radiation

corresponding to atomic transition between

133

two hyperfine levels of C's™° atom.

These first two entries are accurate standards only if the rotation of the earth
around its axis or about the sun is constant and uniformly circular. It is nei-
ther!!

The last entry indicates that the second is now defined in terms of the oscil-
lations of a C's'¥3 atomic clock.

Length

1
1791 1 meter = ———— of the mean circumference of the earth
10000000

length of standard platinum-iridium bar

1999 1 meter
supported properly in vacuum at a
definite temperature and pressure

1960 1 meter = 1650763.73 wavelengths of orange-red light

emitted by a Kr® lamp

1983 speed of light defined to be ¢ = 299792458 m/sec

1
1 meter = distance traveled by light in ———— second
299792458

The standard of length now depends on the standard of time.
Mass

1 kilogram = amount of stuff in standard object in a vacuum at

definite temperature and pressure



Charge

1 coulomb = defined by force between two wires each carrying
one ampere of current

e = charge on the electron(proton) =1.602 x 10™'? coulomb

Standard Units

Quantity MKS (SI) cgs English

time second second second

length meter centimeter:100 cm = m foot:3.281 £ = m
mass kilogram gram:1000 gm = kg pound:2.205 1lb = kg
charge coulomb statcoulomb -

Metric Prefixes

Metric Prefix Table

Prefix Symbol Multiplier Exponential
yotta Y 1,000,000,000,000,000,000,000,000 1024
zetta Z 1,000,000,000,000,000,000,000 1021
exa E 1,000,000,000,000,000,000 1018
peta P 1,000,000,000,000,000 1015
tera T 1,000,000,000,000 1012
giga G 1,000,000,000 109
mega M 1,000,000 106
kilo k 1,000 103
hecto h 100 102
deca da 10 10t
1 100
deci d 0.1 101
centi c 0.01 102
milli m  0.001 1073
micro p  0.000001 1076
nano n 0.000000001 1079
pico p  0.000000000001 10712
femto f 0.000000000000001 10715
atto a 0.000000000000000001 10718
zepto z  0.000000000000000000001 10”21
yocto y  0.000000000000000000000001 10724



Greek Letters

a = alpha

P = beta

y,I' = gamma
0,A =delta
T = pi

€ = epsilon

p =rho

vV =nu

C =zeta

0,2 = sigma

n = eta

T = tau

0,0 = theta

L =iota

¢, P = phi

K = kappa

X = chi

A A =lambda
Y, W = psi
W= mu

w,Q =omega
EE=uxi
0 = omnicron

v = upsilon



2. Mathematical Preliminaries

2.1. Coordinate Systems or Reference Frames

The first thing we must do when attempting to study any physical system
is to define a coordinate system or reference frame, which allows us to relate
theoretical concepts to experimental measurements.

The first object we choose in a coordinate system is the origin. The location
of the origin is arbitrary and is determined, in general, by the system under
consideration. We generally choose the origin so that our equations are as
simple as possible and extraneous complications not relevant to the physics
involved are eliminated.

Experimental evidence says that no physics can depend on the
choice of the origin.

Next we choose coordinate axes. The number of coordinates needed to
describe a physical system and hence the number of coordinate axes that will
be needed is determined by the physical dimension of the space associated
with the system. During this course we will be able to do most problems
in 1 or 2 dimensions with the occasional excursion into 3 or 4 dimensions.
More exotic physical systems generally have more physical dimensions than
this(up to 26 dimensions in modern particle physics).

2.2. Cartesian Coordinate Axes

1 Dimension: 1 coordinate axis = origin + line through origin in direction
of motion + scale(arbitrary) = x-axis as shown in figure 1:

HA+

-10 -5 0 5 10 *

Figure 1:

No general rules follow from the 1 dimensional case.

2 Dimensions: Each coordinate axis is the line defined by setting all other



coordinates = 0.
xr-axis = the liney=0 , y-axis = the line x =0

In general, the axes are chosen to be orthogonal(perpendicular). This does
not affect the physics involved, but does lead to great simplification in the
algebra involving vectors, as we shall see. We choose the so-called right-
handed arrangement of the axes.

Ed

¥

Figure 2:

3 dimensions: Again, each coordinate axis is the line defined by setting all
other coordinates = 0.

xr-axis = the line y=0 and 2z =0
y-axis = thelinez=0and 2=0

z-axis = the line x =0 and y=0

Again, we choose the so-called right-handed arrangement



-w

Figure 3:

2.3. Vectors

We use the arrow notation V' to designate vectors.
A vector can be defined in several equivalent ways:
Length /Direction

Geometrically, a vector is a directed line segment. It is thus, a quantity
that has a magnitude and a direction. We often represent it as an arrow.

In order to completely specify a vector we require n pieces of information
where n = dimension of the space.

In particular, we have

1 dimensional vector = (+ length of vector) where + depends on direc-
tion = 1 number.



2 dimensional vector = (length, angle) where angle is measured from
the z-axis = 2 numbers.

3 dimensional vector = (length, 2 angles) = 3 numbers.
We now discuss the algebra of vectors.

If 2 vectors have the same length and direction they are equal (as shown in
figure 4):

Equal vectors
Figure 4:

A very important question that we will discuss in class is : How would you
actually compare the two vectors to see that they are equal? It is not as
obvious as you might think!

The inverse of a vector has the same length and opposite direction (as shown
below) and a vector multiplied by a number has its length multiplied by
the number and the same direction(as shown in figure 5).

->

A K number X K

Figure 5:



Addition of two vectors is defined by the geometric rule shown in figure
6:

Figure 6:

Difference(subtraction) of two vectors is defined by the geometric rule
shown in figure 7:

>y

Figure 7:

Alternatively, we can simply define a vector as a mathematical object rep-
resented by a set of numbers.

A 1-dimensional vector is a single number with its sign indicating the di-
rection of the vector(there are only two directions in 1 dimension) and its
magnitude designating the length of the vector as shown figure 8.
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Figure 8:

Definition: n-tuple - An n-tuple is a set of n numbers, i.e., a 4-tuple =
(2,3,6,1).

1 dimensional vector = (z length of vector) where + depends on direction = 1-tuple

A 2-dimensional vector is a set of two numbers. The first number represents
a vector in the 1-direction or the z-direction and the second number repre-
senting a vector in the 2-direction or the y-direction. These could be any two
perpendicular directions. The vector represented by the two numbers is the
vector sum of the two vectors along the axes as shown in figure 9.

11



2 dimensional vector = (length, angle) where angle is measured from the x -axis

2-tuple = (amount, amountsy) - these are equivalent

The length of the vector is defined to be the square root of the sum of the
squares of the two numbers (v/72 + 52) and the direction is specified by the
angle ¢ where tanf = % These simple results only hold for Cartesian axes

that are orthogonal(perpendicular).
Finally, a 3 dimensional vector = (length, 2 angles) = 3-tuple.

Although representing the mathematical essence of the vector, the sets of
numbers or n-tuples are not convenient for the physics of particle mechanics
(they will be more appropriate when one studies quantum theory). Instead
we will develop general vector properties and equations in terms of special
vectors called unit vectors.

Unit Vectors

Unit vectors are vectors with length = 1 (we use the notation " to desig-
nate unit vectors). An arbitrary vector A of length A in the direction of a
particular unit vector u is designated by A = Ad.

We can construct a unit vector in the direction of any given vector A by the
construction @ = 4, where we have defined A = |A] = length of the vector A.

In order to proceed deeper we must define the concept of basis vectors.
Basis vectors definition

A set of unit vectors is called a basis if any other vector in the space can
be written in terms of the basis set. In particular, we mean that any other
vector in the space can be written as the sum vectors which are multiples of
the basis vectors.

Determination of a General Vector

It is clear that we can always do this with a set of unit vectors aligned along
the Cartesian axes.

12



We define the set of 3 Cartesian basis vectors éq, 5,63 =1, 7,k = 2,9, 2, which
are oriented as shown in figure 10:

-

Figure 10:

Then any arbitrary vector 7 can be constructed from these three unit vectors
shown in figure 11

zlb
-’
Py
-’
Az
N >
A] ¥
-’
A2
X
Figure 11:
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It is clear from this direct construction that

3
A=A1 +A2+A3 :Alél +A2é2+A3é3 = ZAzéz (21)

i=1

where the quantities Ay, Ay, A3 are the lengths of the vectors fll, Ay, As and
that given this set of Cartesian basis vectors we can easily construct any
other vector in the space as shown in figure 12.

] (X,y,Z)=(X1 X2 !XS)

Figure 12:

Components - The three numbers (A;, Az, A3) are called the components
of the vector A along the respective Cartesian directions..

14



Vector Algebra

In terms of components we can easily do vector algebra:
. 3
A= Alél + Agég + A3é3 = ZAzéz = (Al, AQ, Ag)
i=1

3
B = Bé1 + Baéy + Bses = ZBiéi = (B1, B, Bs)

i=1

3
- A= —Alél - Agég - A3é3 = - ZAzéz = (_Ah _A27 _A3)
=1

e

1l
—_

cA = CAlél + CAQéQ + CA3é3 =C Azéz = (CAl, CAQ, CAg)

(2

All the forms used above are equivalent. Then we have

A + B = Alél + Agég + A3é3 + Blél + B2é2 + Bgég
= (Al + Bl)él + (AQ + Bg)ég + (A3 + Bg)ég

2
= Z(Az"'Bz)éz = (A1+B1,A2+B27A3+B3) (22)

=1
A-B=A16)+ Ayéy + Azéz — B1éy — Boéy — Bsés
= (A1 - Bl)él + (AQ — Bg)ég + (Ag — Bg)ég

2
= Z(A’L_Bz)éz = (Al—Bl,AQ—BQ,Ag—Bg) (23)
=1

Thus, vector addition and subtraction are easily done in terms of components.

We now define two distinct and very useful products of vectors. We will
define these new products in terms of their effects on the basis vectors of
the space. All properties of general vectors can then be derived from these
defining relations as we will see.

Dot or Scalar Product (-)

In terms of basis vectors we define the scalar product operation(symbol = -)
by the relations:
€1-€1=€63-€3=¢3-€3=1 (2.4)

15



and
él-égzég-élzég-él=é1-é3=é2-é3=é3-é220 (25)

These are cumbersome relations. We can compact the relations by defining
a new mathematical object.

Kronecker Delta (¢;;)

If we define a new mathematical object called the Kronecker delta by the

relationship
1 1=y
b = { Y (2:6)
0 2+
then the set of relations defining the scalar product is written concisely as
élé] :5ij for ’L.,jZ 1,2,3 (27)
This new mathematical object has some very useful properties. In particular,

Z Ajéij = Az And Z Ajtsgj = 521_/41 + 522142 + 523A3 = AQ
J J

Z AjBk(sjk = AkBk <~ Z Ang(Sjg = A133513 + A233(523 + A333533 = Ang
J J

Relations for General Vectors

Now consider two general vectors defined by

3
A= Alél + Agég + A3é3 = ZAzéz = (Al, Ag, Ag)

i=1

B 3
B = B1éy + Byéy + Bsés = Y Bié; = (By, By, B3)

i=1

Note the dummy indices, i.e.,

All of these expression are the same formula!

16



We then obtain using the defining relations

A-B=(A1é) + Agéy + Agés) - (B1éy + Boéy + Bsés)
=A1Biéy-é1+ AyBéy- €1 + A3Bés3 - €1
+ Ay Boéy - 69 + AgBoéy - 65 + A3 Boés - é9
+ Ay Bséy - 63 + Ay Bséy - 63 + A3 Bsés - é3
=A,B, + Ay By + A3 B3 (2.8)

or using the full power of the new mathematical notation(hold onto your
hats!!)

3 3 3 3 3 3 3
AB-= (Z Aiéi).(z Bjéj) = A;Bjéié;=> % A;Bjbij =Y A;B; (2.9)
i=1 =1 i=1j5=1 i=1j5=1 7=1
Note that
3
A-A=S AjA;= A2+ A3+ A2= A2 = (length of A)°  (2.10)
j=1
or
length of A=|A|=A=VA-A=/A2+ A2+ A2 (2.11)
as usual.

Using the scalar product we can give a general definition for the com-
ponent of a vector along a particular direction.

S 3 3 3
i=1 i=1 i=1

that is, the component of a vector in a given direction is the scalar product
of the vector with the unit vector in that direction.

Other Properties

Since any two vectors define a single plane, we can restrict our attention to
only that plane and write both vectors as 2-dimensional vectors in the plane
in that case. Assume that we have chosen the z- and y-axes to lie in this
plane. In this case, we have the situation as shown in figure 13:

17
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Figure 13:

We then have ,
A . B = ZAij = AlBl + A2B2
j=1

Another (geometrical) way to define the component of a vector along a par-
ticular direction is to find the projection of the vector on that direction as
shown below:

o

>4

Figure 14:
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The component of B in the direction of A is the projection of B onto A
and as can be seen this is given by |B| cos@ and the component of B in the

direction of C is the projection of B onto C' and as can be seen this is given
by |B|sin 6.

Using this result we have

2
A-B= ZAJBJ = AlBl + AQBQ = |A| COSHA|B|COS€B + |A|SiH9A|B|SineB

pas
=|A||B|(cos B4 cosfp +sinf 4 sin fp)
=|A||B| cos (04 - 05) = |A||B| cos 6 (2.13)

where we have defined (g — 64) = 0 angle between the vectors .

This is a very useful relationship since we can now state that

If A-B=0, then A is orthogonal (6 = 90° = 7/2 rad) to B
or if A is orthogonal B, then A-B =0 (2.14)
We now define the Einstein summation convention, which assumes a

summation anytime that a repeated index appears in the same term. Using
this convention the above relations look like

3

A= Alél + AQéQ + Agég = Z Alél = Aléz (215)
i=1

~ 3

B =Be; + Bgég + B3é3 = Z Bzéz = .BzéZ (216)
i=1

(2.17)

e
s

j=1
— 3 —
=S AjA; = A2+ A2+ A3 = A% = (length of A)" = A;4;  (2.18)
j=1

— 3 3 3
éJ:(EAiéi).éﬁz;Ai(éi-e] =, Aidij = (2.19)

i=1

becomes

A . éj = Alél . éj = Azéw = Aj (220)

19



which is clearly much cleaner. In very complicated vector algebra, the
Einstein summation convention dramatically educes the amount of writing
needed! Using this convention is standard at the advanced level. For this
class we will continue to use the summation symbols.

Geometry of Space

For general vectors A and B, the scalar product gives

3 3 2
A-B-= Z AZBjéz . éj = Z AZB](SZ] = ZAsz = AlBl + AQBQ + A3Bg (221)
i=1

inj=1 i1
and the length-squared of a vector is A- A = A2 = |A2 = Y3 | A2

In 2-dimensions (this is a completely general result because any two vectors
form a single 2-dimensional plane) we have (see figure 15)

e(A) = cosl,é, +sinfy, e, =coslly,é, +cosly,éy (2.22)

~ A
-
cos6A bay ~—— @&(A)
6AX
>
Ccos 0
AX
Figure 15:

These components of the unit vector é(A) are called direction cosines.

In general, é(A)-é, = cosf,,, and so on, so that
- 3 -
é(A) = cosfa,é, +cosla,é, +cosfae. =Y (6(A)-&)eé; (2.23)

i=1

20



For a general vector
A=Aé(A) > A-é;=i" component = Aé(A)-é; = Acosf, (2.24)
This leads to the general rule
A-B=ABé(A)-é(B) = ABcosfap (2.25)

where B .
04p = angle between A and B (2.26)

as we derived earlier.
Example

Given the two vectors

A=3i+2j , B=i-]
(a) Plot the vectors
Y
A
4
3
2
X
1 <
P
0 - X
=all 2 B |4
-1 B
Figure 16:
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(b) Calculate the scalar product A- B

A-B-= D AiBi = Ay By + AyBy + A B, = (3)(1) +(2)(-1) + (0)(0) = 1

(c) What is the angle between the two vectors
A-B=1=ABcos#
A?= A7 =(3)(3) +(2)(2) + (0)(0) = 13 > A= V13
B2 = Y B2 = (1)(1) + (-1)(-1) + (0)(0) =2 > B =2
A-B 1

- =020560=79°
AB /26

Cross or Vector Product (x)

cosf =

In terms of basis vectors we define the cross product of two vectors by
the relations:

élxégzégz—égxél
égxé3=é1:—é3xé2
égxélzégz—élxég
élxélzéQXé2=é3><é3=0 (227)

Permutation

In order to make sense of the next definition we must ask the question - what
are permutations?

Given a set of number, say (123), then
a permutation = a rearrangement of the numbers

We define even and odd permutations in terms of the number of moves, it
takes to return a new arrangement or permutation to the original order (123)
and where each move can exchange only two adjacent numbers. Therefore,

213 = odd permutation (requires 1 move (1 < 2))

312 = even permutation (requires 2 moves (3 < 1), (3 < 2))

22



Epsilon (¢;j;) (Levi-Civita symbol)

We now define a new mathematical object called the permutation symbol
by the relationship

1 ijk = even permutation of 123
gijk =31-1 ijk = odd permutation of 123 (2.28)
0 any two indices identical

Therefore, we have €123 = €321 = €231 = 1, €913 = €132 = €321 = -1 and all others
=0.

Using this new object we can write our defining relations for the cross product
as

3
k=1
Examples
3

€1 X €y = Z E12kCk = €121€1 + €122€2 + £123€3 = £123€3 = €3
k=1

3
€3 X €3 = Z €32kCk = €321€1 + €322€2 + €323€3 = €321€1 = —€1
k=1

The direction of the vector product vector is perpendicular to the plane of
the two vectors involved (that is, perpendicular to both vectors).

Proof:
&+ (6% &) =i Y eignen = ) Eignbi € = ) €ijndik = €iji = 0
k k k

This derivation is a clear demonstration of just how powerful the new math-
ematical objects are when doing algebra with vectors.

23



Relations for General Vectors

Now consider two general vectors defined by

. 3
A= Alél + Agég + Agég = ZA,LéZ = (Al, AQ, A3)

1=1

3
B = Blél + Bgég + Bgég = ZBzéZ = (Bl, BQ,Bg)

i=1
We then obtain using the defining relations for the cross product

Ax B=(A1éy + Ayéq + Asés) x (B1éy + Byéy + Bsés)
— Ay Boéy x 1 + AgByéy x 61+ AsByés x &,
+ AlBQél X ég + A2B2é2 X ég + AgBQég X ég
+ A1 B3éy x é3+ Ay B3ég x é3 + A3Bsés x €3
=A1Byéy x ég + AyB1éy x €1 + A3Boés x é9
+ AlBgél X é3 + A2B3é2 X é3 + A3B1é3 X él
=A1.Bgé3 — AgBlég - AgBQél - AlBgég + A2B3é1 + A3B1é2
=(AsBy - A3By)éy + (A3By — A1 B3)és + (A, By — Ay By)és

or using the full power of the new mathematical notation

AXB=ZA4éiXZB-éj ZZABere] ZZAB Zsl]kek

(2.30)

‘ZZZ%kA Byey = Zzzgjsz Bié; = ZZZéZJkA Bé;

(2.31)

where use has been made of dummy indices and the relation €;x; = ;5

As a check, we expand the last equation to get
AxB= Z EijkAjBkéi = 12342 B3é; + €130 A3B261 + 21341 B3éy
ijk
+ 931 A3 B €9 + €391 As B1€3 + €31241 Boés
ZAQBgél - Angél - AlBgég + AgBlég — A2B1é3 + A1B2é3
:(AQBg - AgBQ)él + (AgBl - AlB3)é2 + (A1B2 - A2B1)é3

24
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which agrees with the earlier result. Note that we only wrote down the
nonzero terms in the expansion.

Some useful properties of the permutation symbol are:

Zgijkgmnk = 0imOjn = Oinljm ; foijkz?mjk =20im ; Z&jk&jk =6 (2.33)
k jk ijk

Other Useful Properties

As before, since any two vectors define a plane we can restrict our attention
to that plane and write both vectors as 2-dimensional vectors in the plane.
Assume that we have chosen the z- and y-axes to lie in this plane. In this
case, we have the situation as shown in figure 17:

E

Z

w

Figure 17:

In this case, we have

—

Ax B =(A1By - AyBy)és = | A cos 04| B|sin Opés — |A| sin 04| B| cos O pés
= |A||B|(cos 04 sin A — sin 64 cos O és
= |A||B|sin (6 — 04)és = |A|| B| sin fés (2.34)
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or

|A x B| = |A||B|sin# (2.35)

This is a very useful relationship since we can now state that

If Ax B=0, then A is parallel to B or if A is parallel to B, then A x B =0
(2.36)
Right-Hand Rule

For any two vectors A and B, the vector product A x B is a vector with
magnitude |4 x B| |A||B|sm9 and direction perpendicular to the plane
determined by A and B; the direction is determined by rotating A into B in
the same sense as the defining relations:

élxégzég,égxégzél,hategxélzéz

Finally, the cross-product also illustrates a property of an element of surface
area that is not obvious, i.e., that a surface area element is not a scalar
quantity (one which has magnitude only), but is actually a vector. We will
see later on in our discussions that we need to specify the orientation of an
area in some physical systems.

Consider the area of a quadrilateral formed by two vectors as shown in figure
18:

DsinB

-w

(i

Figure 18:
We have area = base x height = C'Dsinf = |C' x D|.
If we assign a direction to an area element as shown in figure 19,
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Figure 19:

then we can represent the area element by the vector A=CxD.

The associated direction is orthogonal to the area element. We have two
possible choices for this vector (). The usual choice is determined by the
right-hand rule(as shown), i.e., rotate C' into D and A points in the direction
a right-handed screw would move!

Why should we introduce &, ?
(1) It is the easiest way to do complicated vector algebra in 3-dimensions.
(2) For higher dimensions ¢;j; it is the only way to go.

(3) It makes for a natural transition to other areas of mathematics that
are important in physics in later courses.

Example of use in complex vector identity proof (Illustration of
Einstein summation convention):

A X (B X é) = zzl X (éfkajCkél) = &TijkBjCk;l X él = EijkBjCkgmnpAn(éi)pém
= EijkBjOkEmnpAnéipém = gijkBjCkgmniAném = 5ijk5mniBjOkAném
= (5mj5nk - 5mk5n]) BjCkAném = BjC’kAkéj - B]CkA]ék
= (Bjé;) (ArCy) = (Créx) (A; Bj)
_B(A-CY-C(A-B) (2.37)
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Examples:

Given the two vectors
A=i-j+3k , B=i-5j-2k

(a) Determine the vector product A x (B

- —

AxB= (AQBS - A3B2)é1 + (ASBl - A133)é2 + (AlBQ - A2B1)é3
= ((-1)(-2) = (3)(=5))i + ((3)(1) = (1)(=2))j + ((1)(=5) = (-1)(1))k
=171 +5) — 4k

(b) Find the angle between the two vectors

|Ax (B|= ABsinf = /330
A=V11,b=30

sin@zﬂ:1—>9=90°

V11v/30

The vectors are orthogonal! We can check this by calculating the scalar
product, which should be zero.

A-B=3 ABi=AB,+ A,B,+ A.B. = (1)(1) + (-1)(-5) + (3)(-2) = 0

Some physical quantities that we will encounter in this course:

Scalars:
m = mass , F = energy

Vectors:
7 = position vector ,dr = displacement vector ,v = velocity vector

a = acceleration vector , F' = Force vector ,p = momentum vector

w = angular velocity vector , L = angular momentum vector ,7 = torque vector
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Quantities involving scalar or cross products:
work =dW =F-dr, 9=0x7, L=rxp, T=7"xF

ix B ) = Lorentz force law for charged particle in electromagnetic field

3. Kinematics

Vectors and vector relations are very useful for the description of motion in
physical systems. The main task of the subject of mechanics is to determine
the position of an object as a function of time.

We will derive all of our equations in 2 dimensions. This is sufficient to
illustrate all of the vector nature of motion in a physical system. The resulting
equations are generalized to 3 dimensions in a straightforward manner and
1 dimensional motion is an easy special case.

3.1. Position Vector

The position vector is a vector from the origin of the coordinate system to
the object. It is represented by

7 = position vector = (x1,22,23) = T161 + Toly + T3é3 = Zxkék
%

=(z,y,2) =xZ+yy + 22 (3.1)

where these quantities are shown in figure 20 (in 2 dimensions) for one par-
ticular location of the object:
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X1 x
Figure 20:

The position vector is dependent on choice of origin (it is actually the
relative position).

In 3 dimensions, we have the picture shown in figure 21:

s A

X3 — \\\

Figure 21:
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Path of Motion
As the particle moves, its position vector changes as shown in figure 22.

YAL

-

Figure 22:

The curve formed by the tip of the successive position vectors as a function
of time is called the path of motion.

In 3 dimensions we have as shown in figure 23

s A

——
i
——
r7
-~
r ——
N s
- T — > 2
4 TS
3
]
Figure 23:
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Displacement Vector

The change in the position vector during a time interval is called the dis-
placement vector as shown in figure 24.

Y“

=2

-

Figure 24:

i.e., D = f's—7" Note that the displacement vector is independent of choice
of origin.

Now suppose that for general motion between time ¢ and time ¢ + At we have
the path shown in figure 25

AT=T(t+at) - F(t)

F(t+at)

rety /

actual path
of motion

Figure 25:
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where
) =ax(t)i+y(t)] , FE+At) =z(t+At)i+y(t+At)) (3.2)

Note that the Cartesian unit basis vectors do not change with time.
The most important reason for choosing Cartesian coordinates is the fact
the basis vectors are independent of time. We will see the difficulty later on
when this is not true for a different set of basis vectors when using plane-
polar coordinates.

Continuing, we have the displacement vector
D = AT = 7(t + At) — 7(t)
= (z(t+ At) —z(t))i+ (y(t + At) —y(t))] = Azi+ Ayj (3.3)

Equating components, this says that the original vector equation is equiv-
alent to two (= number of dimensions) algebraic equations

Ax=z(t+At)-x(t) , Ay=y(t+At)-y(t) (3.4)

3.2. Velocity Vector

The average velocity 9,, of the particle as it moves along the path during
the time interval ¢ to t + At is defined to be

A7 F(t+ At) - 7(t)

At At

Using the average velocity vector we can define the velocity vector(the in-
stantaneous velocity) at time ¢ as the limits of ¥, as At — 0.

AF _dF L F(E+ A = F(1)

—

Vav

0t) = fm, o = B, 3 = = A T Ay
o x(tr A —x(t). L y(t+ At) —y(t) .
- Ahtrilo At v Ahtrilo At Y
o Axe Ay dxs dy.
A A A AT T !
= vy (1)i+ vy (1)g = () +y(t)1 (3.5)
This implies that
. dx ) dy
B =0 =T ==Y (30
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Remember that this result is simple because the Cartesian unit vectors do
not change with time (their directions and magnitudes are constant). Again,
this will not be the case later for other types of basis vectors (different coor-
dinate systems).

Before we figure out the direction of the velocity vector, consider the follow-
ing.

Digression on Properties of the Derivative of a Vector

It is important to realize that the derivative of a vector function is very dif-
ferent than the derivative of a scalar function. This is so because the vector
function can change its direction as well as change its magnitude.

Consider some vector function of ¢, namely, A(t). Then

AA = AA(due to changing magnitude) + AA(due to changing direction)
(3.7)
We can always write

AA = AA(parallel to A) + AA(orthogonal to A) (3.8)

as shown figure 26:

ﬁAort[wgonal
A

A
'|

LA parallel

Figure 26:

We now consider two special cases when only one of these two components
is non-zero.

(1) The orthogonal component = 0 or the change in the vector is
always parallel to the vector.
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Figure 27:

In this case, only the magnitude (or length) of the vector changes and the
direction remains constant as shown figure 27. The vector can only get longer
or shorter.

(2) The parallel component = 0 or the change in the vector is
always orthogonal to the vector.

In this case, only the direction of the vector changes and the magnitude (or
length) remains constant as shown figure 28.

Figure 28:

This can be proved in general using the scalar product. We have
A-dA=0=(dA)-A
d(A?) =d(A-A)=A-dA+ (dA)-A=0 (3.9)
which says that the magnitude is constant. The path of the arrowhead is

a circle of radius A.
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Relative to Path of Motion

The direction of the velocity vector is the limiting direction of A7 as At — 0,
since, in this limit we have

AF = %At = BAL (3.10)

Using this result, it can be seen from the figure 29

A" > A" > AY

Figure 29:

that the direction of the velocity vector is tangent to the path of motion
at any time. The formal proof involves tricky geometry and is done at the
next level.
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Acceleration Vector

In a similar manner we can define the corresponding acceleration vectors.

5(t) = v, (t) +v,(t)]
B(t+ At) = v, (t + At)i + v, (t + At)j
AD =0t + At) = 5(t) = (va(t + At) — v (£))i + (v_(t+ AL) — v, (1))
= Av,i + Avyj (3.11)

This vector equation is equivalent to two (= number of dimensions) algebraic
equations

Av, = v, (t+ At) —v,(1)
Avy = vy (t + At) - v,(t) (3.12)

The average acceleration d,, of the particle as it moves along the path during
the time interval At is defined to be

L AT+ AD - 6(1)
VN At
v (t+ AL) — v, (t) 2 vy (t+ At) — vy (t)
B At v At
~ A%% %/\,

NN

j

= axm,% + ayv,w}' (3.13)

In terms of the average acceleration we can define the instantaneous acceler-
ation at a particular instant of time, namely, time ¢ by

Av  do lim o(t+ At) - 9(t)

a(t) = lim dgp = lim — = —

At—0 A0 At dt  Ai—0 At
At) — A t+ At) - t) -
- lim v (t + At) Ua:(t)z-_'_ lim vy (t + ) Uy( )j
At50 At At—~0 At
A x " . A ~ d x " d ~ - ~ W ey
= lim 2225 4 lim —¥j = D5, T = a,(t)i+ay(t)) = Zi+ 47

At-0 At At-0 At dt dt
(3.14)

Relative to Path of Motion

As can be seen from figure 30

37



v(t+3a) y(t+2a)

v(t+4a) y /

acceleration vectors

Figure 30:

if the acceleration is not constant in direction, then the acceleration vector
always has a component orthogonal to the path of motion directed towards
the center of curvature at any time. If the acceleration is constant in direc-
tion, then the motion is along a straight line.

Formal Solution of the Equations of Motion

The kinematic equations of motion are:

qu d ~ dZA o ~ 7
G = ;H%ﬁ ;k=a$z+ayj+azk (3.15)
dr. dy. dz- ~ . -
T}:d—fl’+d—ij+d_ik:'l}xi+vyj+vzk (316>

These correspond to the 6 algebraic equations

d'Ui dx i
= V; =
dt ' dt

Ci=1,2,3 (3.17)

Qa;

Given a(t) we can formally solve(using integration) these equations for 7(t)
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as follows:

du(t) = ()it > [ vy (d1') = Ji L (t)dt! (3.18)
w(B) =ulto)+ [ Lo (t)dt! (3.19)

0

dri(t) = w0yt > [ " das(dt') - Ji Lo ()t (3.20)
ri(t) = ai(t) + [ Lo ()t (3.21)

0

Clearly, we need to know the “initial conditions” x;(ty) and v;(ty) to com-
plete the solution.

Special Case - Constant Acceleration

a= Zaiéi , a; = constant (3.22)
5

We then obtain the results

vi(t) = vs(to) + [tt 0 ()t = vi(to) + as(t — to) (3.23)

0

2i(t) = 2ilte) + fttw(t')dt' _2ilt) + ftot (0i(to) + as(t' — to)) dt’

0

¢
= x;(to) +vi(to)(t —to) +a; f (t' —to)dt’
to
1
= I’Z(t()) +’U7;(t())(t—t0) + §ai(t—t0)2 (324)
Another very useful result can be derived as follows:
vidvi = vl(aldt) = al(vldt) = aidxi
vfi 1, 9 Tfi Tfi
f . v;dv; = 3 (Uf,i - Uo,i) = f . a;dx; = a; f | de; =a;(xp; — To,)
0,5 Z0,i Z0,i
UJ%,’L' = ’Ug,i + 2ai($f,i - 33'072') (325)
These are the key equations of constant acceleration kinematics.

An Example

We consider a particle falling vertically (y-axis) in the earth’s gravitational
field as in figure 31.
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Figure 31:

This is a very easy experiment to do.

If we use a CCD camera and a stroboscope to record the particle positions
as a function of time, then we obtain the computer image in figure 32.
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Figure 32:

We can then measure the position(distance from the origin) as a function of
time y(t) and use the data to discuss the kinematics of the motion of the
falling body.

Suppose we have the data shown in the table below:
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t y

0 10.000
0.1 9.951
0.2 9.804
0.3 9.559
0.4 9.216
0.5 8.775
6 8.236
0.7 7.599
0.8 6.864
0.9 6.031
1.0 5.100

A plot of this data looks like (the square symbols):

Figure 33:
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If we fit a polynomial(curve) to the data, we get a good fit with the parabola
formula

y(t) = 10.0 — 4.90¢* (3.26)
Therefore, for the data set above we have
d d

vy = d—i =-980t , a,= % =-9.80 = constant (3.27)

So, in one dimensional motion, a constant acceleration produces quadratic
dependence on t.

This is easy to see by working out the result using the equations we derived.

If, instead of being given the function y(t), which allows us to calculate v, (t)
and a,(t) by differentiation, we are given a,(t), we can then calculate v, (t)
and y(t) by integration.

For the experimental data where a,(t) = —9.8 = constant (as in the example
above) we have

o= [ Cay(B)dt = 0.8 [ “dt - —9.8t (3.28)

t t
y(t) = 10.0 + f v, (t)dt = 10.0 - 9.8 f tdt = 10.0 — 4.90¢2 (3.29)
0 0

The acceleration of a freely falling body is defined to be g and exact mea-
surements give the value g = 9.8064 m/sec?.

More examples

(1) A water rocket is launched upwards with a velocity of 98 m/s from the

top of a building that is 100 m high. Assume that the acceleration due to

gravity is 9.8 m/s? downwards. See figure 34.

(a) What is the maximum height it reaches above the ground?

(b) What is the time required to reach the maximum height?

(c) What is its velocity when it hits the ground?
)

(d) What is the total time to reach the ground?
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98 m/s
100 m
Figure 34:

We choose

positive direction upwards as shown
origin of the y-axis at the ground
to=0

y(0) = +100 m

ay=-g=-9.8 m/s’
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At time ¢ the kinematic equations of motion are then

dv
d_ty =a,(t)=-g=-9.8
Vy t
> [ o =98 [0 dt - v,(t) = v, (0) - 9.8t
v, () = 98 - 9.8t (3.30)
dy
E = Uy(t) = 98 - 98t
Yy t
S [T ay- f dt — y(t) = y(0) + 98i — 4.9¢2
y(0) 0
y(t) =100 + 98¢ — 4.9¢* (3.31)
v %:a =-g=-9.8
) dy Yy
Vy Yy ]_
> d=—9.8f dy > = (v2(1) - v2(0)) = ~9.8(y(t) - (0
oy 0y VO oY 2(vy() v,(0)) (y(t) - y(0))
vy (1) = v5(0) = 19.6(y(t) - y(0))
vp(t) = (98)% - 19.6(y(t) — 100) (3.32)

At the maximum height v, = 0. Therefore

(a) vp (tmaz) = 0= (98)* = 19.6(Ymaz — 100) = Ypaz = 590 m
(b) vy (tmaz) =0=98 = 9.8t 42 = timar = 10 s

The water rocket hits the ground when y,, = 0. Therefore

(¢) v2(tgr) = 0= (98)% =~ 19.6(0 — 100) = v, (f4r) = Uy ground = ~107.41 m/s
(d) vy(tg) = —107.41 = 98 — 9.8t,, — t4 = 20.96 s

(2) A flower pot falls from a window ledge 36 ft above the pavement.

(a) What is the velocity of the flower pot just before it strikes the ground?

U]%,y = Ug,y +2a, (Y — yo)
'Ui2mpact = (0)2 -29(0- yledge)
Vpnpact = 29Y1edge = (2)(32)(36) = (48)
Vimpact = 48 ft /s
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(b) The flower pot falls past a window partway down with a speed of 24
ft/s. How far above this window was the ledge?

v%y = vgvy +2a,(yr -y +0)
2

Uwindow = (0)2 - zg(ywindow - yledge)

v? _(24)2

window

- =9 ft
29 2(32)

(Yiedge = Ywindow) = height above window =

Two-Dimensional Motion

Case #1 - No air resistance Suppose that we have a projectile that
is launched with a velocity vy in a direction making an angle ¢ with the
horizontal as shown below.

¥

Figure 35:

The acceleration in the case of motion near the surface of the earth is given
by

d=-gj (constant acceleration) (3.33)

later when we consider motion farther from the earth we will need to use the
full version of Newton’s law of gravitation.

We start off with the initial conditions

2o=2(0)=yo=y(0) =19 =0 ; vy =vpcosb, vy =vpsinf — components
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The kinematic equations of motion are

V(1) = g0 = vgcosf = constant (a, =0)
vy (t) = vyo — gt = vpsinb — gt (3.34)
x(t) = veot = (vgcos )t

1 1
y(t) = vyt - §gt2 = (vpsin )t - ith (3.35)
These are easily solved for all relevant physical quantities as follows.

At maximum height or altitude

y(tmax) = Ymaz > Uy(tmax) =0

or g
0=vpsin6 - Itmaz = tmaz = Do
g
We then have
1 v2sin? 0
Ymaz = y(tmax) = (UO Sine)tmax - —gtfmm =
2 2g
The equation of the path of motion is given by
(vosinf)t L t2 (vocosO)t -t
= (vpsinf)t — = , x=(v —-t=
4 0 29 0 Vg cos
g 2
=xrtanf - ————x~ - a parabola 3.36
Y 203 sin” 0 P (3:36)
Finally, the range R or maximum z-distance is given by
. 9 2
R = 2(2tma) = (vo cos@)2w = D gin2g
g g

since the time (¢,,4,) to fall from the maximum height is the same as the
time (%,,42) to reach maximum height. This can be seen as follows: starting
from Ypmae with v, =0 at ¢t = 0 we have the equation for the y-motion

v2sin0 1 Vo sin
0 - __gt?”all =0 tfall = 0 = Umaz
2g 2 g

1
y(t) = Ymax — §gt2 - y(tfall) =
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The parabola is symmetric around x = R/2 and the angle that the velocity
vector makes with the horizontal at impact is the same as that at launch.

As we shall show later in the course, the path of motion(when we do not
assume that the acceleration due to gravity is a constant) is actually a part
of an ellipse which is well approximated by a parabola near the surface of
the earth.

Example - A Monkey and a Gun

A monkey hunter sits on the ground armed with a tranquilizer dart gun. She
aims at a monkey hanging from a tree. Startled by the noise of the gun, the
monkey lets go of the branch at the same instant that the dart leaves the
gun.

Explain why the dart will strike the monkey as he falls to the ground. As
shown in the figure 36

monkey

y

Figure 36:
the monkey position is given by
Fpo = Li+ (h - %th)j
and the dart position is given by

. 1
Tq = (vgcosO)ti + ((’UO sin )t — §gt2)j

48



Let us calculate the time when the dart reaches x4 = L. Since the speed in
the z7direction is constant we have
L

Vg cos b

(vocosO)ty =1ty =

We now calculate y4(t1), ym(tr) using tané = h/L.

1 L 1 ( L Y LY
t = inf)t; — — t2 = —sinf - — ( ) :h_( )
ya(tr) = (vosin®)ty 29t =00 s O T 29\ g cos b vg cos 0

1, 1 L \°
Ym(t1) _h_égtL_h_§g(vocos9) =ya(tr)

We get a tranquilized monkey!

For Class Discussion

Figure 37:

Two identical balls are aimed at each other as in figure 37. The balls are
thrown simultaneously with the same speed.

Discuss which of the following statements about the subsequent motion is
correct.
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(a) Ball thrown from top hits the ground first.
(b) The two balls collide in midair.
(c) They reach the ground at the same time.

Case #2 - Air resistance proportional to velocity

In this case, we have the acceleration d = —kv,i — (g + k:vy)j', which now
includes an air resistance term. We start off with the same initial conditions
xo = 2(0) =yo = y(0) =to =0 ; vy = vocosh, vy = vosind. The kinematic
equations of motion are

dv,, dv,

o =a, = —-kv, Ezayz—g—kvy

These are more complicated to solve. Formally these equations are called
differential equations (during the semester we will learn techniques that
enable us to solve several types of differential equations). In this case, they
can be solved using standard integration methods as follows

() t
Wo > Pt v _ ), f dt
to

dt Uy v2(0) Uy
n (v;) —In (v (0)) = —k(t - to)
Uy v
1 =-kt - L — M
. Vo cos b Vg cos 0 c
v, = Vg cos e rt (3.37)

which says that the velocity in the z-direction exponentially decreases to
zero. Then we have

dv
d
V¢ Uy
fvy dv, _ —k:[ dt > Uy +Uy(t) -kt
vy (0) Uy + 0, Ut+UOSIIl¢9
+ v, (2t
Vg Uy(. ) — ekt vy (t) = —v; + (v + vg sin G)e’kt (3.38)
vy + Vg sin 0
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which says that the velocity in the y-direction exponentially decreases to a
constant velocity v, = ¥ (downwards) called the terminal velocity.

We can now use the integral [ e7*dt = —%e*’“%C to integrate these equations
once more and determine x(t) and y(¢). We have

v, (t) = (vo cos e = d dx = (v cos feMdt

dt
T t
/ dx = vy cos O f eFdt -z - 2(0) = ~ %0 cos (e Ft — e7hto)
z(0) to k
z(t) = % cosf(1—e™) (3.39)

which says that the maximum range in the z-direction is 52 cos 0.

dy
dt
dy = —vedt + (v, + vosin @) e dt

y t t
f dy = —vy / dt + (v + vosin 0) f e Mt
y(0) to to

y(1) = y(0) = vy (t — o) - %(vt + g sin ) (ekt — ¢~io)

v, (1) = —v; + (v; + vpsinf) e =

y(t) = —unt + %(vt + v sin0)(1 - eH) (3.40)

which says that y(t) decreases linearly with time after a long time.

Physical properties of the solutions

The maximum possible value of x (t - o) is W. In addition as t —
oo, v, — 0 so that the velocity as it returns to the ground is approaching
the vertical(no z-component). A plot of these results helps us visualize what
is happening. The plot in figure 38 is a set of curves representing the path
of motion for projectiles with different air-resistance values(k), where k = 0
corresponds to the zero air-resistance case (parabolic motion).
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Paths of Motion
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Figure 38:

The paths shown are for k£ =0.0,0.05,0.10,0.15,0.20,0.25.

So using our kinematic relations and our ability to use calculus we can now
solve some non-trivial problems.

Plane Polar Coordinates (“Toto, we are not in Kansas anymore!”

An alternate set of coordinates in 2 dimensions that is more appropriate for
some problems (such as our later discussion of central forces and planetary
motion) is plane polar coordinates defined in the diagram in figure 39.
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Figure 39:

where
r=vz2+y? , tanf=2 or z=rcosf and y =rsinf (3.41)
x
Uniform Circular Motion in 2 Dimensions

We begin our discussion with a simple two dimensional motion, namely,
uniform circular motion. In uniform circular motion we have the following
restrictions:

r = constant (the direction of 7 is not constant) (3.42)
and
g
= 0 = constant =w — 0 = wt (3.43)

The time T that it takes the particle to complete one complete revolution or

rotate around the origin through an angle of Af = 27 is called the period.

We have 5
Af=2r=wAt =T »T =" (3.44)
w

Therefore, we can write for the rotating position vector

2nt | )

2mt
7 =r(coswté, +sinwté,) =r (cos %ém + sin 6 (3.45)
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This corresponds to constant length r and the position vector rotating with
constant angular speed w.

The velocity vector is then given by

dr
U= i sinwté, + rw coswté, (3.46)
We note that
7-7=7r?= constant (3.47)
7.9 = (rw)?=v*= constant — v =rw (3.48)

and
F=0 (3.49)

which says that the velocity vector is always perpendicular to the position
vector. It looks like figure 40:

Figure 40:

In fact, for any circular motion (r = constant), whether uniform or not, and
the position vector is orthogonal to the velocity vector since

o dF 1d, . d,
FoU=7 il e 7 r)—dt('r)—O (3.50)
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We calculate the acceleration vector in the same manner. How do we know
that the acceleration is nonzero? We have

L dv_d L .
i=— = E(—rw sinwté, + rw coswté,)
= —rw?(coswté, + sinwté,)
02
= —rw?# - magnitude =a=rw? = . (3.51)

Thus, in uniform circular motion, the acceleration vector always points radi-
ally inward as shown in figure 41. It is called centripetal acceleration.

<y

S5

Figure 41:

One again we get a constant magnitude velocity vector because the velocity
vector and the acceleration vector are always orthogonal.

General Motion
Let us now consider polar coordinates for general motion.
This is difficult stuff and we will regard this as a first pass only.

We will return to the subject several times, hopefully increasing your under-
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standing each time.

We will need to use polar coordinates extensively outside of the circular mo-
tion case near the end of the class when we discuss motion in a gravitational
field, the solar system and interplanetary rockets.

Position, Velocity and Acceleration in General

Let us define two new unit vectors 7 (= é,) and 0 (= &) as shown in the figure
42.

@>

>

path of motion

e

lad 2

+

[

Figure 42:

This pair of unit vectors will form the basis set for plane-polar coordinates.

We have X
F=ri, r=cosbi+sinfj , §=-sinfdi+cosly (3.52)

Can you draw the diagrams showing these components?

Note that the three unit vectors 7, é,l% form a basis for 3-dimensional space

56



since:

P 0=0-7=r-k=k-i=k-0=0-k=0
Fer=0-0=k-k=1

Pxf=0x0=kxk=0

f’xéz—éxf:l%, —Fxk=—k é, —kx0=-0xk=r

This pair will form the basis(set of vectors that we can use to construct
all other vectors) for plane-polar coordinates. We know we can write any
arbitrary vector in terms of the Cartesian unit vectors

A= Agé, + Ay, (3.53)
where B B
Ay=é,-A |, Ay=¢,-A (3.54)
A similar construction works for the pair 7 and f. Since
Ff=1=0-0and #-6=0 (3.55)
we have B
A= Arér + Agég (356)
where B B
A, =¢.-A , Ag=¢é4-A (3.57)

Generalizing these notions we can say that the three unit vectors é,, éy and
ér form a basis for 3-dimensional space since:

ézéj :5ij Z,j ZT,Q,Z (358)
i X ej Z&?wkek (359)
These are called cylindrical polar coordinates.

Mathematically, all of these sets of vectors are equivalent and all present the
same difficulties when used in proofs. In physics they are still mathematically
equivalent, but there is a big operational difference between these new unit
vectors and Cartesian unit vectors in that the new unit vectors are not
necessarily constant in time (their directions change as the particle
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moves around).

You can easily see this by drawing a picture of a particle moving along a
curve and attaching unit vectors at several points.

In some problems however, they greatly simplify the derivations and lead to
an enhanced understanding of the physical system under investigation and
that is why we study them.

We can now work out the velocity and acceleration vectors by differentiation.
Follow this closely.... it is straightforward but very tedious.

F=rf | F=cosbi+sindj , 6=—sinfi+cosb) (3.60)
Differentiating and using the chain rule, we get

dr d(rr) dr. dr .. dr
) = — — = — _— = —_— . 1
v p o dtr+rdt rr+rdt (3.61)

i _ d(cos 0i + sin67) _ dcos@;_’_ dsin@l}
dt dt dt dt
df dcosf. dfdsing .
Sdt ' dt do
= f(-sinbi + cos b)) = 66 (3.62)

so that ‘
v =77 +1r00 (3.63)
Does it make sense? A theoretical physicist always checks new relations

using special cases to make sure they make sense. Consider the case of
uniform circular motion. We then have

#=0 and 6=w= constant

r . N ~
>0=—=7rr+71r00=rwd
dt

as we found before.
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Continuing with the supernova of all calculations

dv _d(ii+r00) di . di o dr. o df,  .df
%——dt —ET-I-T’E-F%QQ-FT%@-FTQE

a=
Ty T P S
=77 +7(00) + 700 + rof + 7"9%

= 7 + 2700 + 100 + réd—g
dt

Now
d_é ~ d(~sin 0i + cos 07) ~ _dsin9%+ dcosf -
dt dt S dt it ?
df dsinf. dfdcost
=it ——
dt dof dt do
= 0(~cos i - sinfy) = -0 (3.64)
SO that oA e A . . . .. ~
a = it + 2700 + 100 — r0*7 = (i — r6*)7 + (270 + r0)0 (3.65)

Does it make sense? Again consider the case of uniform circular motion.
We then have . )
r=0=7 and f=w , =0
- d’lj . A2\ A W N\ A 2 A /02 N
>ad=—=(F=r0")r+(2r0 +10)0 = —rwr = ——7
dt r
as we found before.

Let us return to circular motion and review our earlier discussion and see if
we can learn anything new using these general relations and maybe generalize
the earlier results. Theoretical physicists often do this.

Circular Motion - using plane-polar coordinates

From our earlier derivation we have

F=ri, F=cosli+sinfj , 6=—sinbi+cosbj (3.66)

G=7F+100 | a=(F-r0%)i+ (20 +r6)0 (3.67)
di .. do

% =60 y E =-0r (368)
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For uniform circular motion we have
7=0-7r=R= constant , §=0-0=w= constant (3.69)
which says that
% = Rwl (tangent to the circular path of motion) (3.70)

d = —Rw?? (directed towards the center of the circle) (3.71)

Let us assume that this circular path is in the x —y plane and define a new
vector

& = 0k = wk = angular velocity vector (constant direction) (3.72)

The picture of this motion with associated vectors is shown in figure 43.

P
< 5 .
—— 3 I
3
X
Figure 43:
We can then write )
v=v0 >v=Rw (3.73)

The three vectors (7,9,&) and their relationships suggest the existence of a
single equation relating these quantities given by

This is the kind of thing a theoretical physicist does .......

Clearly, it works in this special case since all three vectors are mutually
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orthogonal. Try it!

We will see later that this equation is, in fact, generally true. We will return
to this equation later in the course as we try to understand a quantity called

angular momentum.

The acceleration is then given by

i=-Rw*F=0x0=w0x(0x7)

Again, this vector relationship clearly works in this special case. Try it!
We will find out later in the course that it is also a general result.

A picture with a more general choice of origin, which illustrates all the rela-

tionships, is shown in figure 44.

lad d

Figure 44:
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As we have seen, in the special case where r = constant(circular motion), the
angular velocity vector @ has a constant direction.

If the circle lies in the x -y plane, then @ = 0k = wk. If we define the angular
acceleration vector by

I
a = d_c; ,  magnitude =« (3.76)
then since the direction of & is constant we can write
dw df . d%0
- -2 _fp=_"" 3.77
P TR WTE (3.77)

Now, suppose that « is a constant. We can then integrate the equation above
to determine w(t) and 6(t) as functions of time.

dw = adt - w(t) = wty + a(t - ty) (3.78)

df = w(t)dt — 0t = O(to) +w(te)(t —to) + %a(t —tg)? (3.79)
Another very useful result can be derived as follows:

wdw = awdt = adf) - w?(t) = w?(to) +2a(0 - 0(0)) (3.80)
If @ =0, then we have uniform circular motion as described above.

Example

The angular velocity of a wheel increases uniformly from 20 sec™ to 30 sec™!
in 5 sec. Calculate the angular acceleration and the total angle through
which it has rotated.

Aw _ w(At) —w(0) _30 sec™! =20 sec™! )

« = constant = =2 sec”
At At 5 sec

t
a=2sec2=cfi—o;—>w(t)—w(0)=/ adt = at
0

do t t 1
w(t) =w(0) +at = — > 6(t) - 6(0) = f w(0)dt + / adt = w(0)t + 50052
0 0
Now choosing t = At = 5 sec we get

w(At) = w(0) + At = 20 sec! +2 sec™- 5 sec = 30 sec™!
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1 1
Af=0(At) =0(0) = w(O)At+§a(At)2 =20 sec™!'5 sec+§2 sec™2-(5 sec)? = 125 rad
Finally, we look at an example which shows that non-Cartesian coordinates
can be very tricky and non-intuitive.

Example - Radial Motion without Acceleration

Suppose that a particle moves with 6 = w = constant and r(t) = roeft We
then have for the acceleration in plane-polar coordinates

i = (7 =107 + (270 + 76)0 = (B2roe® — roe'w?)7 + (2Broe’6)d

i = (8% - wroe®r + (280)roe’0

It is clear that in the special case(s) where = +w the radial component of
the acceleration a, = 0.

Is this surprising? Our assumption is that 7(t) = roe® | 7 # 0, ¥ # 0, but this
does not imply a non-zero radial component of the acceleration a,..

We must avoid thinking of all coordinate system as Cartesian where a, =
0 - Z = 0. This correspondence is not true in this case because the basis
vectors are also changing with time and contributing extra terms to the
radial acceleration.

An important thing to remember is

Everything is not Cartesian coordinates. Be careful how
you interpret some system behaviors in non-Cartesian
coordinates.

Example

A particle is moving in a plane according such that r = 9t2+6t and 6 = 3t?+2t,
where r is measured in meters, 6 is measured in radians and ¢ is in seconds.
Determine the velocity and acceleration vectors as functions of time. We
have

O=7f+7100 and a= (i - r6?)F + (270 + rh)0
F=18t+6 , =18
0=6t+2, 0=6
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= (18t + 6)7 + (92 + 6t) (6t + 2)0 = (18t + 6)7 + (54¢> + 541 + 12t)0

G = (18 — (9t + 6t) (6t + 2)6)7 + (2(18t + 6) (6t + 2) + 6(9¢t> + 61) )0
—(324¢* + 53263 + 144t + 12t — 18)7 + (270¢% + 180t = 24)0

Plots of the radial acceleration versus time and the x-position versus the
y-position are shown in figures 45 and 46.

Time Series

&
9
5
=]
a
a

Path of Motion

Figure 46:
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The graphs clearly indicate that the radial acceleration is zero at some time
even though the radius is always increasing! The curve is a spiral.

Some Extra Mathematics - For later use.
Taylor Series
Functions can be expanded in power series.

Let f(x) =Y yan,x™ Then we get by differentiation f(0) = ag, f(0) = ay,
5/"(0) = as and so on.... or in general & f(M(0) = a,,. Therefore

F@)= 3 0 (381)

which is called a Maclaurin series for f(z) or a Taylor series for f(z)
about the origin.

A Taylor series, in general, means a power series in powers of (x — a) where
a = some constant. The derivation of the coefficients is identical to the last
derivation except that we use x = a instead of z = 0. Let

f(x) - ian(x ~a) (3.82)

Then, we get by differentiation f(a) = ag, f'(a) = a1, % f"(a) = as and so
on.... or in general % f()(a) = a,. Therefore

f@)= 3~ fO @) (o - a)" (383)

n=0 "%

which is a Taylor series for f(z) about the point z = a.
Binomial Series

Now consider the following function f(x) = (1+x)". If we expand this as a
Taylor series we get

f@)= 3 0 (354

where

f)y=1, f(0)=n, %f”(O) =n(n-1) and so on (3.85)
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so that

2!

f(x):(1+x)”:1+nx+wx2+---: in—' m:m_o(

— m!(n—m)!x

n
m

(3.86)

which is the Binomial series. For n = integer, the series terminates and we

have an n** order polynomial.
Examples:

Taylor Series
R T

81nx=x—§+a—ﬁ+---
2 xt b
cosr=1-—+——-—+
2141 6!

oo 1, 0, (ax)?  (az)®
1! 21 3!

Binomial Series

mn-1) » 1

— =~ 17F «<1
2l Qea)yn -7

(1+z)"=1+nz+

Complex Exponential

: CNa N3 4
o (i) .\ (i) . (i)

elor = 1 4+
1! 21 3! 4]
. 2 3 4
_q, tox (ax) _Z,(a:c) . (ax) e
1! 21 3! 4]
2 4 3
:(1_ (&x) + (O{.CE) _...)+7;(%_ (Oéx) +)
21 41 1! 3!
= cosax +isinax
e+iar + e—iaz ) €+iax _ e—iam
cosqr = ———— , sinax = -
2 21

4. Newton’s Laws

(3.87)
(3.88)

(3.89)

(3.90)

(3.91)

(3.92)

In our earlier discussions, we learned how to determine the position vector
as a function of time 7(¢) if we know initial conditions and the acceleration
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function. .
F(E) = (ko) + 5(to) (¢ - to) + f a(t)dt (4.1)
to
We now turn to the task of determining the acceleration function.

All new theories are a blend of definitions and experimental results.

Let us first look at experiments for some help in understanding what is going
on.

We have this very low friction track to carry out some experiments. We will
define the statement that “an interaction is present” to mean that we
observe the velocity of the cart changing in any manner or that the cart is
accelerating.

We make sure that the cart on the track is not “interacting” with anything
by adjusting it until the cart remains at rest when we let it go... then
“nothing” is “affecting” the motion of the cart on the track or “interacting
with” the cart on the track - by definition.

Now place a cart on the level track - at rest(velocity = 0):

e the cart remains at rest(because that is how we set things up)
Give the cart a small push

e the cart moves along the track with essentially constant velocity

e the cart will actually slow down and stop after some time has passed,
but we will come back to that problem later in our discussion

This is not a surprising result. Motion only has meaning with respect to the
particular coordinate system we are using. For example, we are implicitly
assuming a coordinate system attached to the track (at rest with respect to
the track). Remember, however, we are free to choose any coordinate system
we please. Suppose as I pushed the cart, you chose to run along side of it ...
that is, you decided to choose a coordinate system that is moving uniformly
with respect to the track. In particular, if we choose a coordinate system
moving with exactly the same velocity as the cart, then it seems to be at
rest, and we already decided that if we set the cart at rest, then it would
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remain that way (as long as nothing is interacting with it and we already
said that was the case) ... so we are not surprised if it continues to move
with constant velocity in the other frame attached to the track.

We define any coordinate system which is moving uniformly with respect to
the track as an inertial frame. We therefore must have defined the track
as an inertial frame (the original one)Note that we have not as yet defined
an"inertial frame".

In any such frame the cart that was at rest in the original inertial
frame (the track), moves uniformly.

However, not all coordinate systems are inertial. In a coordinate system
accelerating with respect to the track, the cart that was at rest does not
have constant velocity.

If we define an “isolated” body as one that is experiencing no interaction,
hence is not accelerating, then it always possible to find a coordinate system
such that the isolated body is moving uniformly or is even at rest.

This seemingly circular set of statements is basically Newton’s 1st law.

Newton’s 1st law:
e inertial frames exist for isolated bodies (must be defined carefully)

e a body at rest or moving uniformly remains at rest or moving uni-
formly unless something interacts with it (must be defined carefully)

If we do not seem to be getting anywhere, that is the nature of the first law.
It is true, but its meaning is not clear until we have the 2nd law.

Alternatively, I might say that the set of all frames where a body is observed
to be at rest or moving uniformly are all equivalent. If one of those frames
is inertial, then all the equivalent frames are also inertial.

I still have not defined how to find one inertial frame.
Newton’s 2nd Law

What happens when the cart is not isolated ..... when it interacts with its
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surroundings ..... when it accelerates.

Let us make the cart accelerate in a controlled manner .... that is, let us do
a physics experiment, well, sort of (remember, I am a theoretical physicist).

Experiment: reporting results

e string attached to the cart + objects attached to the string (hanging
over edge of table)

e 1 object attached — a; (constant)
e 2 identical objects attached — 2a; (constant)
So, more attached objects — more interaction — larger accelerations.
e if add objects to cart — acceleration decreases
So, more stuff — less effect from interaction — smaller accelerations
e define amount of stuff = mass

We now use such an experiment to define the quantity mass in an opera-
tional manner.

e we arbitrarily pick some body and define its mass to be 1 unit = 1 kg
(Old standard is kept in Paris - a platinum-iridium bar)

e let some object interact with another object on a string and measure
its acceleration a;; call its mass m;

e let a different object interact with the same object on the string and
measure it acceleration as, then we define its mass to be
Mo = TTL1ﬂ (42)
Q2
This is called an operational definition of the mass ratio. If one of the
objects is the unit mass, then this is a determination of the absolute value
of the mass (ratio with 1).

We can use this procedure to define the mass of all bodies.

This “operational” definition would not have any significance unless it is
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independent of the experiment that we used, i.e., that the ratio of the masses
is independent of how we produce the accelerations.

It is!

The mass ratio is independent of the source of the acceleration and appears
to be an intrinsic property of a body.

An operational definition of this sort is useful if it has wide applicability.
The concept of mass defined in this way is an example. It holds for everyday
objects, atoms, nuclei, elementary particles, planets, stars, galaxies and so
on.

Now we define a quantity called force.

We define the “interaction” or the operation of the object acting through
the string on the cart as the object (or the string) applying a force to the
cart. This is a description of how to produce a force it is NOT an answer
to the question - what is a force?. That will come later.

Experimental results:

e apply force — acceleration in a given direction (given by the string!)

e double the force (add 2nd identical object and assume their effect is
cumulative) - 2x acceleration in same direction (if added mass small
compared to cart)

e apply force in different direction — same acceleration but direction
changes to new direction

e apply identical forces in opposite direction — acceleration = 0 or effect
of forces cancel somehow

All of these results can be “explained or accounted for” if we make the
following assumptions:

e force is a directional quantity .... it has magnitude and direction —
it should be a vector quantity

e remember that acceleration is already known to be a vector quan-
tity
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e define a unit amount of force as that force that produces a unit of
acceleration (a = 1) when applied to a unit of mass (m = 1)

e the experiments then say (or can be interpreted as saying) that

e F units of force accelerate the unit mass by F’ units of acceleration

e F' units of force accelerate m units of mass by F/m units of ac-
celeration

Thus, from experiment (and various definitions) we have
F =ma in any single direction (4.3)

If we do experiments in more than one dimension we find
Fy,=ma, , F,=ma, , F.=ma, , all using the same mass (4.4)

and B R ) X R ) R
F =Fua+Fyj+ F.k =mayi +mayj +mak (4.5)

Units of force:
e mass = kilograms — kg
e acceleration = m/s?
e force =kg m/s? = Newton

Experiment also shows that if two different forces act on the same body,
that is, if
F1 = m&l and F2 = m&z (46)

then the total force acting on the body is given by
F = Fy + Fy =m(dy +dy) = ma (4.7)

or the acceleration produced by several forces acting on a body is equal
to the vector sum of the accelerations produced by each of the forces
acting separately, which confirms that the force is a vector. Clearly, then,
the total force is equal to the vector sum of all the forces.

This fact will be crucial to our ability to solve problems involving
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many forces.

The result is called the Principle of Superposition. It will be found to
hold in many different areas of physics, namely, electromagnetism, quantum
physics, and so on.

We summarize all of these experimental results by writing
total(net) or resultant force on a body = F = ¥, F,
i = total(net) or resultant acceleration due to F

If d; = acceleration due to F; alone, then
FzZﬁ}:Zm&i:mZdi:m& (4.8)
which is Newton’s 2nd law.
All of mechanics is derived from this single law.

The existence of a “force” is the same as saying two bodies have “inter-
acted”. The “interaction” is responsible for the “force”.

An “isolated” body is one subjected to no interactions or no forces and
thus experiences no acceleration and hence has constant velocity (which
is just Newton’s 1st law).

All known forces or interactions decrease with distance and hence it should
be possible to actually create an isolated object by getting it far away from
everything else.

Later, we will return to these ideas and try to define what is “really” happen-
ing during an interaction and hence what is “really” meant by the concept
of a force and whether or not it is “really” necessary.

Newton’s 3rd Law

We have seen that a force is necessarily the result of an interaction between
two systems. This is made explicit by the 3rd law.

The 3rd law states that forces ALWAYS appears in pairs, that is
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If a system B exerts a force Fap on a system A, there must be a
force Fp4 acting on a system B, due to system A, such that

Fap=-Fga (4.9)

Summary of Newton’s Laws

Newton’s 1st law
Inertial frames exist for isolated bodies.
A body at rest remains at rest unless it interacts with another body.

The velocity of a body remains constant unless it interacts with another
body.

MODERN VIEW : In the absence of interactions, an object
moves with constant velocity.

Newton’s 2nd law

Resultant or Net Force = mass x resultant acceleration (a vector equa-
tion) (mass must be defined for each body)

F=ma

Newton’s 3rd law

MODERN VIEW : When systems A and B interact, the force
that the interaction exerts on A is equal in magnitude and
opposite in direction to the force it exerts on B.

So, If you push a book across a table, the force that you feel is NOT the
force that makes the book move. It is the force that the book exerts
on you. According to Newton’s 3rd law these two forces are equal and
opposite.

We will return to these laws (definitions) after we define linear momentum
and find that after introducing conservation laws, the 3rd law is the most
fundamental of the three Newton’s laws.
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Applications of Newton’s Laws

There are a number of distinct steps that we must be careful to carry out
when we try to apply Newton’s laws to any physical system.

We will now outline this procedure and then apply it to a range of problems
in order to learn the method.

This procedure is not the only way to approach these problems. It is just the
most straightforward and easiest to apply at the level of this course. Later,
I will show you another procedure that is used at a more advanced level.

In many of our examples it will not be clear how to extract the proper
information that will allow us to apply our well-defined procedure.

This is simply an example of the well-known fact that no procedure, no
matter how well it is stated, can substitute for intelligent analytical thinking
on your part.

You will have to think about and understand the physical systems under
investigation well enough so that you can extract the information you will
need to apply the procedure.

The procedure just organizes your thinking processes and gives you a step-by-
step process for determining the information you need to solve the problem
at hand.

Procedure:

(1) Divide the physical system (collection of physical objects) into
smaller systems, each of which can be treated as a point mass.

This is the standard reductionist approach to solving problems.

It has been a successful approach in science for centuries. It relies on
the assumption that the smaller a system is, the more fundamental it
must be, and therefore, the easier to understand (it is assumed).

In addition, it assumes that once we understand the small fundamental
systems, we can reconstruct the behavior or the larger system that they
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are part of by combining the behaviors of the smaller, fundamental
systems in some way.

As I said, this has worked very well for centuries. It DOES NOT
mean that it will always work well. It probably will fail in chaotic
systems(as we shall see later), in the study of elementary particles and
gravity, in complex biological systems and so on.

(2) Draw a force diagram for each mass as follows:

(a) represent the body by a point and label it
(b) draw a force vector on the mass for each force acting on it

e do not draw force vectors for forces exerted by the body on
other parts of the system

e according to Newton’s laws ONLY forces acting on a body
can influence its motion

Example: We consider 2 blocks at rest on a table as shown in figure 47.

B

VLI 7127700000000 77 7772777777777

Figure 47:
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Replace with points masses.....and add force vectors......see figure 48.

N
Fy

Figure 48:

For body A we have

F = the force exerted on block A by block B

W4 = the force on body A due to gravity (= weight of A)
For body B we have

Fy = the force exerted on block B by block A

Wp = the force on body B due to gravity (= weight of B)

N = the force exerted on body B by the table (called the normal
force)

Note that all “contact” forces, that is, I, F5, N act in a direction perpen-
dicular to the interface(surface) between the bodies.
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There are no other physical interactions that would produce a force
on body A or body B.

When you say there is a force acting on an object you should al-
ways be able to identify which other object external to the first
object is causing the force. These are REAL forces.

These diagrams are called FREE-BODY DIAGRAMS.

Do not confuse forces with accelerations! We only draw REAL forces on
free-body diagrams.

Repeating this important point, in inertial systems, you should be able to
answer the question for any force that might be included on the free-body
diagram:

What system(object) exerts this force on the body ?

(3) Introduce a coordinate system.- See figure 49

» Y
Fy

Figure 49:

This must be an inertial coordinate system (fixed to an inertial frame)
for Newton’s laws to be valid.

Using the force diagrams write the equations for the force (acceleration)
components for each body.
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These equations are of the form for the i** component

Fi=Fyi+ Fo + Fzi + - = Zsz
k=1

= may; + Mag; + Mas; ++-=m Z Qi = Ma; (4.10)
k=1
where ¢ = x,y, and z (or 1,2, and 3). The algebraic signs of each
terms must be consistent with the directions assumed in the
force diagrams and with the choice of coordinate axis direc-
tions.

In the example above for block A, we assume that the acceleration has
a direction as shown (this choice will be arbitrary as long as internal
consistency is maintained in the system). Then, Newton’s 2nd law
gives

F 1+ WA =m Ad A

Fij - Waj = maaagt+maaayJ

which says that

F 1— WA =MAGAy

O=m A Ax

In a similar manner for block B we get
FQ+WB+N=mBELB
—ng - WA.} + Nj = mBan% + mBaByj'

which says that
—FQ - WA + N = mpapy

0=mpap,

If two bodies in the same system interact, the forces between
them must be equal and opposite by Newton’s 3rd law.

These equations should be written down explicitly. In this systems we
have such a case:
F1=—F2—>F1=F2

Newton’s 3rd law will always relate forces on two different bodies (never
on the same body).
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(5) In many systems, some or all of the bodies involved are con-
strained to move along certain paths (like a ball bearing that is
rolled down a track with a loop).

Other examples are

a pendulum bob which moves on a circle
a block sliding on a plane must move in the plane

Each constraint is expressed by a kinematical equation - a constraint
equation. We must write down all constraint equations explicitly.

We also have implicit constraints like the statement that the blocks are
at rest on the table top. The constraint equations in this case are then

as=ap=0

(6) Keep track of which variables are known and which are un-
known.

The force equations and the constraint equations should provide the
same number of equations as there are unknowns.

This is the best way of finding out that you either overlooked an equa-
tion (too few equations) or that you are saying something that is in-
correct (too many equations).

For the blocks on the table we now have the full set of equations:

Fy—=Wa=mgyaa, from Newton’s 2nd law
0=maaas from Newton’s 2nd law

- F,-Wa+ N =mpag, from Newton’s 2nd law
0=mpap, from Newton’s 2nd law

=5 from Newton’s 3rd law

as=Ap from constraint

We can then carry out the mathematical solution of the equations to
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get

F1=F2=WA
N=WA+WB

which make physical sense!

Having just crushed a peanut with a sledgehammer in the above simple
system, let us now do some other examples. There is no other way to
learn how to carry out this procedure except by doing a lot of practice
problems. Along the way we will discuss all of the everyday forces we
see around us so that we can use them in the problems.

Newton’s 2nd Law — More Examples

#1 - Simple Block - see figure 50.

m=2Kkg

Figure 50:

If Fl = 2; and Fg = 13 calculate the resultant acceleration of the block.

Solution:
F=F +F;,=2i+1j=mad=magi+mayj

F, F-i F
m

>

ap=—L=—="=1m/s
m - m
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m m m
a=1i+0.5)

#2 - Blocks on a Plane - see figure 51.

a

-

Figure 51:

y-direction
Np=Wa=0->Nap=Wy
NB—WB=0—>NB=WB
x-direction
F+P=mgya
F
-P=mpa—-a=———7#/
maq+mpg

which makes sense since the internal force P should not contribute to the
net acceleration. Note that I purposely chose P in the wrong direction and
it does not matter. Solving for P we have

FmB
P=—mBa:——
maq+mpg
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The negative sign indicates that we have chosen the incorrect direction for

P.
#3 What is the effect of pulling on a string?
Case 1: The Massless String

M

w

Ll
P F

S

'
L4

G

Figure 52:

We have a block of mass M being pulled along a horizontal table force F
as in figure 52. The force F' actually pulls on a massless rope which in turn
then pulls on the block. If we isolate all of the bodies as shown, then the 3rd
law says that

P= —Q - P=0Q

The 2nd law says
F =P =Myopelrope =0 > F'=P=(Q

F
Ma=Q=F—-a=—
@ M
That is, because the rope is massless, the net force on it must vanish. This

means that the force(tension) anywhere inside the rope is = F' and that

-

Q=F
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A massless rope simply transfers the force to whatever object it attached.
If a massless rope changes direction (a pulley) then all that happens is
the tension changes direction without changing magnitude.

Case 2: Rope with mass

The same arguments give

and
F-P= MyopeQrope

Ma=0Q=P= F_mropearope

F

aqa=——————
M + myope

which again makes sense - we have simply increased the total mass of the
system. The tension in the string is not constant!

We will consider other cases involving massive ropes as we go along.

#4 - Simple Pulley - see figure 53.

Z

Figure 53:

T-W =mia
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Wy -T =maa
Wy —Wi = (m1+ma)a
We-W -1
T mimy
miWi + maWs
B my +ms

a

T

What happens if W; > W57

The acceleration turns out to be negative. This just means that we assumed
the wrong direction. Notice that the tension 7" is not affected.

#5 - Pulleys and Blocks Together - see figure 54.

Figure 54:

This implies the free-body diagrams in figure 55.
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Ty Ts

— —
T] M T2

|
a E
m, m,
lW] W2
Figure 55:

All the bodies must have the same acceleration (we assume that the strings
do not stretch).

We can choose an arbitrary direction for the acceleration (since in general we
do not know the direction until after we do the calculation). We just must
make all choices internally consistent.

If we make the wrong choice for the direction the answer will come out
negative, indicating the vector actually points in the opposite direction to
what we assumed.

From Newton’s 2nd law we now get
Tl—Wl =mia , TQ—leMCL

WQ—TQZWQ(Z, N-W=0->N=W

or substituting for 75
Wy —moa-T) = Ma
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then substituting for 7}
Wy =Wy =(M+mq+ms)a
Wy - W,

Q=
M+m1+m2

Return to Circular Motion - now using plane-polar coordinates
Earlier we found, in general,
F=rf , 7=cosbi+sinbj , 6 = —sinbi +cosf]
¥ =77+ 60
i = (i =6+ (270 +r6)0
di . df

=00 == br

For uniform circular motion we then have
7=0->7r=R= constant =0->6=w= constant
which says that
¥ = Rwl (tangent to the circular path of motion)

d = —Rw?# (directed towards the center of the circle)

Circular Orbits

If an object is in circular orbit around the earth(or any other body) then we
must have
v? . A
a=——7=-10* = —rw?r
,

with directions as shown in figure 56:
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N

Figure 56:

The only force acting on the mass m in orbit is the gravitational attraction

of the earth "y
F=-Gp

r2
Therefore, Newton’s second law gives

2
- mM, . . .
F=-G—=7=ma=-m—7
r r
mM, 02
I
,
GM,
v =
.

The period of the motion in orbit is given by

2rr
T=—2=2
v i GM,

— Kepler’s 3rd Law
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Suppose [ wanted to be in orbit and remain stationary over a single spot on
the earth (geosynchronous satellite). The period of the motion would have
to be 1 day.

3

3
" 24 x 60 x 60 sec = 86400 sec — =1.376 x 10*

T =2
™\ G, GM.

3

G 1.893x10% - % = 1.893x10% sec?(6.67x107'! N-m?*/kg?)(5.98x10** kg)

r=4.227x10" m =26268 mi —3959 mi = 22309 mi
distance above surface =22309 mi — 3959 mi = 22309 mi

More Uniform Circular Motion

A conical pendulum looks like figure 57.

2
a= Y-
mg r

Figure 57:

The only forces acting on the mass m are gravity and the tension. Since we
have circular motion(say in the x -y plane) we have the following solution

—

T +W =mid — Newton’ s 2nd law vector equation

T.é, - T,7 —mgé, = —mrw*7 — inserting unit vectors
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T cosfé, — T'sin 0 — mgé, = —mrw?f — inserting components

Tcosh=mg and Tsinf=mrw?> - equating components
2

= m,rw = mLw?

sin 6
cosf="9 - 9_
T Lw?

The Vertical Circle

If we are on a ferris wheel(constrained motion) that moves in a vertical circle
with constant speed we have the situations shown in figure 58:

Figure 58:

At each point the acceleration of the mass m is directed towards the center
of the circle(constrained motion) and has a magnitude a = é, where v is
the velocity at that point. The force due to the ferris wheel on the mass m
can be considered as two components. One is tangent(in the 0 direction) to
the path of motion (the circle) and the other is radial(perpendicular to the
path of motion) in the 7 direction. Let us called the radial component P.
The only other force on the mass m is it’s weight, which is always vertically

downwards. The radial and tangential components of the weight change as
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the mass goes around the circle. At a point with angle 6 (as shown) we have
W, =-mgsinf and Wjy=-mgcost

In this discussion, we are only interested in the radial equation of motion(as
we will see later, the tangential equation determines the speed changes). We
have

v? 02
—P—mgsiné’:—m——>P:m(——gsin9)
r r
Therefore
2 2
9:0—>P:m(v—) , ezgooﬁpzm(v__g)
r r
U2 UQ
€=180°—>P:m(—) , 9:270°—>P=m(—+g)
r r

What is happening?

At the sides, the weight is not helping us stay in a circular orbit, that is,
since P >0, We must rely on being strapped into the ferris wheel seat.

At the bottom, the ferris wheel always pushes upwards on us to keep us going
in a circle.

At the top, the ferris wheel force can go either way depending on the speed
as we pass the top.

If % > g, then P is downwards. What does that mean?
If ”72 < g, then P is upwards. What does that mean?

If Ur—z =g, then P =0 . What does that mean?

Contact Forces

These are forces which are transmitted between bodies by short-range atomic
or molecular interactions(electromagnetic forces). Examples are tension in
strings and ropes, sliding friction and viscosity in a fluid.

Force is transmitted through a body at a finite speed (order of 4000 m/s).
It is a direct interatomic electromagnetic force. If a string is massless, then
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the tension is constant throughout the string. If the string has mass then the
tension varies through the string in a manner that guarantees that all parts
of the string have the same acceleration.

Pulleys with no mass simply redirect a tension force in a string. If the pulley
has a mass, this is a more difficult case. We must study the rotational motion
of a solid body before we can deal with this case. We will do that later.

Normal forces are the equal and opposite forces that exist on the interface
between two objects. It is a direct interatomic electromagnetic force.

Frictional Forces

Friction cannot be described by a simple theory. It arises when one surface
slides over the surface of a second body. The details of the frictional force
are very complicated. The general things we can say are:

(1) The frictional force always opposes the motion; it is opposite to the
instantaneous velocity

(2) The frictional force is different if the body is at rest than if it is moving

(3) If a body is not moving due to a force acting on it because of friction
then the frictional force is equal in magnitude to whatever force has
been applied and opposite in direction

(a) There exists a maximum such static frictional force

f < phstatiecN . N = normal force at interface (4.16)

(4) For surfaces moving over each other

f = prinetieN , N = normal force at interface (4.17)

(5) For regular surfaces — not very smooth — the friction force does not
depend on the area in contact because actually very little of the area
is in contact.

The frictional force is due to direct atomic forces; if we can get more
atoms close to each other than the frictional force should increase with
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the contact area (proportional to number of atoms interacting).

If we brought two perfectly flat(perfectly smooth) surfaces together the
frictional force would be very large (not zero) and the surfaces would
actually stick together.

Viscosity

A body moving through a liquid or gas is retarded by a force due to a property
called viscosity. In many cases, this force has a simple velocity dependence
— it is proportional to the velocity. If the velocity gets too large this simple
relationship breaks down because of turbulence effects. So we can write

F,=-ct , C = constant dependent on fluid and geometry (4.18)
Inertial Systems and Fictitious Forces

Suppose that we have two frames of reference as shown below. Suppose that
one of the frames is an inertial frame so that Newton’s laws are valid and the
second frame (see their origins) is separated from the first by a vector R(t)
as shown in figure 59.

r
Finertial other

A

Figure 59:

We then have the relations (for any particle being observed by both frames)

—

/Fother = Finertial -R (419>

This gives .

7';other = 7zinertial -R (420)
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which implies that

— —

Fapparent = Fother = ﬂinertial - mR(t) = Ftrue - mR(t) (421>

If R(t) = 0, then Fapparem = Fjue or the second coordinate system is also
inertial.

If we carry out measurement in a non-inertial frame (earth for instance) what
can we do to get the correct equations of motion?

We will use the equation
ﬁapparent = Ftrue - mé(t) (422)

and think of the last term as an additional force — a fictitious force, because
NO REAL INTERACTION IS INVOLVED:; it is there only because

we chose to use a non-inertial frame where Newton’s law does not hold.

We can write

Fapparent = F’true + ﬁfictitious (4.23)
where ) .
Ffictitious = _mR(t) (424)

Fictitious forces are useful in solving many problems but they must be used
with great care. Centrifugal force is such a fictitious force. It only exists
in a rotating reference frame!

Equilibrium

The earlier example with the blocks on the table represents a system in
equilibrium, which is the simplest application of Newton’s laws.

Let us define equilibrium in general.

Equilibrium corresponds to the absence of any accelera-
tion

Newton’s second law then says that we must have

F=YF=0 (4.25)
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or the system can be acted upon by forces but their vector sum must add
to zero.

We will see shortly that equilibrium requires a second condition to prevent
rotational motion.

Newton’s 2nd Law — Everyday Forces and More Examples

The theoretical physicist spends a lot of time trying to understand experi-
mental results. She will then try to synthesize them into some theory. This
usually involves guessing the form the interaction between objects in the sys-
tem under investigation.

In the study of mechanics, this involves coming up with force or accelera-
tion functions to represent the forces that affect the motion of objects in the
macroscopic world.

There are only three fundamental interactions at this moment
Color charge — quark-gluon interactions — strong interactions.

Electric charge—electroweak interactions of leptons, vector bosons like
the photon, and quarks.

Mass or energy — gravitational interactions between all bodies.

The so-called Standard Model of Elementary Particles combines the first two
into a single interaction and the ultimate hope of Loop Quantum Gravity is
to combine all into one fundamental interaction governing all things.

A manifestation of the electroweak interaction are electric and magnetic
fields.

Another is the weak interaction.

Strong and weak interactions are extremely short range (less than 1 fermi
=101 m) and we can neglect them in this course.

Electromagnetic and gravitational interactions are essentially infinite range.
If both are present electromagnetic interactions will usually dominate. If
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bodies are neutral (no net electric charge) then gravity dominates as in plan-
etary motion.

What kind of force is exerted by common objects?
Force Due to Gravity

The study of mechanics really started with investigations about gravity. New-
ton figured out the force law for gravitational interactions and was able to
derive Kepler’s laws of motion for planets, which were obtained from exper-
iment.

Newton’s Law of Gravitation

F r 1
My @ —e I
a Fa F, b
Figure 60:

Figure 60 above represents two massive bodies interacting via the gravita-
tional force. We have

Fy = force on b due to a = —F, = force on a due to b

. GM, M, . . T
Fy = ——2b7“ab , =2 (4.26)
r r
o GM,M GM,M
Fa = —ngAab = _—;bfba > rAab = _fba (427>
T T

where the vectors are defined as shown in figure 61
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N>

ab ab

Figure 61:

That is, the force is proportional to the product of the masses and inversely
proportional to the distance between them. The constant of proportionality
is G =6.67 x 10711 N-m? /kg?.

The gravitational force has a special property in relation to Newton’s 2nd
law.

~ GM, M, . . . GM, .
Fb = —r—2b7’ab = Mbab —> ap — 7“2 Tab (428)

or the acceleration due to gravitational interaction is INDEPENDENT of
the MASS being accelerated !!

Gravity Near the Earth

For now we will assume that the force due to gravity on the earth can be
represented by the simple expression

W = E, =mg = ~mgéy = —mgj = —mgé, (4.29)

or that everywhere in the laboratory (not too large a volume) the force of
gravity points vertically downwards(a constant direction) and has a constant
magnitude mg where

g = acceleration due to gravity =9.80 m/s’ (4.30)
How good an approximation is this?

The exact gravitational force law is

ni mMearth a mMearth
Fg - G /r.2 "e G(Rearth + h)2
G M, 1 . 1 .
=M th ! = Mg (4.31)
carth (1 + Rcarth) (1 + Rcarth)
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where R, = radius of the earth, M.+, = mass of the earth, r = distance
from center of the earth to the object, m = mass of object and h = height of
object above the surface.

Clearly, the force is actually along a radial line 7, = 7 (we will also need a
correction for the rotating earth later on) and varies with height above the
surface.

In a laboratory let us say that

h . 108
Rogrin, ~ 6.4x107
1 N 2h

(1 + RL)Q ) Rearth

earth

h<1000 m — 1.5x107°

=1-3x10°>1

and as shown in the figure 62

Figure 62:
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R 1 1 (width of lab 2
f'j=0080=\/1—sin28w1—§sin28=1—§(ufiearth)

cosf~1-—=

1 ( 1000
2

2
1 .
#1-=(225x107°) >1>7w~j
Rearth ) 2 ( * ) R
Therefore, we have Fg = —mgJ to a very good approximation.
Weight
The “weight of a body” = the reading of a scale that it rests on.

Consider the following situation.

Imagine a turtle on a scale in an elevator and the elevator is accelerating
upwards with acceleration a. It looks like figure 63.

elevator

Figure 63:
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The force diagram is as shown in figure 64

N=force of/ W = turtle weight

scale on
I ]

turtle \l
elevator scale weight

b
force on

scale

Figure 64:

where N = force scale exerts on turtle and thus = “scale reading” = ap-
parent weight. Setting up and solving Newton’s 2nd law we notice that
the weight is equal to

N-W = N=F ity =ma - N =m(a+g) = scale reading = apparent weight

If the elevator was not accelerating, then the apparent weight is mg = force
due to gravity. We define this to be the “normal” weight of the object on
the surface of the earth.

We can now understand what ‘“weightless” means. If our acceleration is
-g (= g downwards) then the scale reading = 0 and we are weightless. So,
if the elevator cable broke, the turtle would be weightless until the elevator
crashed into the bottom! More about this when we go into orbit later.

Springs

The force exerted by a stretched spring (lying along z-direction) is given by
F,=-kx , k= constant = spring constant (4.32)

and x is measured from the equilibrium position of the spring as shown in
figure 65 below.
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—W_@ @ F=0
Yo ‘ O— F
®=0 ® >0
%<0
Figure 65:

Ropes and Rods

Non-rigid objects like ropes can only pull, while objects like rods can both
push and pull. The pull of a rope is directed along its length. Newton’s
3rd law says that the object pulls back on the rope with the same force
in the opposite direction, putting the rope under tension, which is then
transmitted throughout the rope.

What happens to the tension as it is transmitted through the rope?

We will assume for a while that ropes do not have any mass. Consider a
piece of rope with a tension of 7" on one end. Assume the rope is split in two
and the tension changes as shown in figure 66.

< 2 <[ >

T T T T

Figure 66:

Look at the piece on the right and apply Newton’s 2nd law. We get
T =T = Myoperope =0 =T =T" (4.33)

because the mass is zero. This says that the tension is transmitted un-
changed through a massless rope or T'=T"=T" =--- and so on.
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Example

Consider an object which is held up (in equilibrium) by a person using two
ropes in the configuration shown in figure 67:

Figure 67:
The vector sum of the forces must equal zero. This implies that
ZFZ =0=) Fuéy + ), Fiyéy
Z Fw =0
5 A=
We have

T cos —Tcosf =0—T" =T as expected in this symmetric configuration
mg
2sinf

What happens as the person holding the weight makes the angle smaller and
smaller?

T'sinf +Tcos@-mg=0->T=
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Wedges - Fixed and Moving
Just a fixed wedge

Let the wedge in figure 68 be fixed. All measurements are from an inertial
frame.

Figure 68:

Assume the block has acceleration a down the plane. See figure 69.

Figure 69:

The free-body diagram says that
mgsinf =ma - a = gsin

N =mgcosf

If friction was present, then

mgsinf — ulN = ma
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N =mgcosf
a=g(sinf — pcosb)
mgsinf + ulN = ma

N =mgcosf

and(if block is going up plane)

a=g(sinf + pcosh)
A rather straightforward result.
What happens if the wedge can move?
In this case, we need to see how constraints affect the solution of problems.

What is the relationship(constraint) between the accelerations of the
block and wedge?

Since the wedge is in contact with the table we have the trivial constraint
that the vertical acceleration of the wedge = 0.

The less obvious constraint has to do with the horizontal direction.
Looking at figure 69 we have

z-X=(h-y)cotd > i-X =—jcoth - i—-X =—jjcot b
which is the equation of constraint between the various accelerations.

Important things to note: we defined all coordinates in an inertial frame
... fixed to the floor. If we had attached the reference frame to the wedge(a
non-inertial frame) then it would have been a more difficult problem, es-
pecially to interpret(fictitious forces would arise). We will discuss this case
in a later chapter.

Unimportant parameters such as the height of the wedge () vanish from the
equations when we take time derivatives but they are absolutely necessary
to set up the coordinates.

Note that constraint equations are independent of applied forces, i.e., if we
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added friction, the constraint equation would not change.

An Example - A 45° wedge is pushed along a table with constant acceler-
ation A. A block of mass m slides without friction on the wedge. Find its
acceleration a.

Newton’s 2nd law gives (z — y directions) for the block of mass m:
Ncos=mi , Nsinf—-mg=mj
where we have used W = mg and the figures above. The constraint equation

gives
x-X=(h-y)cotd - i—-A=—-jcotd

Now cosf =sinf = \/5/2, so we get

N . N .
—=mI , —-mg=m
\/§ \/i g Y
T-A=7y
or
. A+yg . A-g
i = , =
2 2

Pulleys and More Constraint Problems

Two masses are connected by a string which passes over a pulley that is
accelerating upwards at A as shown in figure 70. How are the accelerations
of the two bodies related? Assume that the motion is only vertical.
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Figure 70:
We use coordinates as shown (measured from inertial frame - the floor). The
constraint is that the length of the string L is constant.
Yp is measured to the center of the pulley; R = radius of the pulley

L=nmR+ (yp—vy1)+ (y,—y2) - constraint equation

Differentiating the constraint equation and using A = ¢, we get

0=20, -1 -9 , A=§(y1+y2)
The equations of motion are
T-mig=mitr , T —mag=mals

and we get
(my —ma)g = mydy + maijs
(m1—-mso)g+2myA . 2my A —(my —ma)g _

n Y2
my + Mo ' my + Mo
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Does it agree with earlier result when A =07

Now look at the pulley system in figure 71.

A o e e s Y S

‘r |

Figure 71:

How does the acceleration of the rope in the hand compare with the accel-
eration of the block that is, being lifted? Use the coordinates(again measure
from an inertial frame - the ceiling) as shown.

In this case we have the constraint equation

L=X+7rR+(X—h)+7TR+(X—h)»X:—%&l‘
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Another example - The Double Pulley

Figure 72:

We define the positions and lengths as shown in figure 72.
We then have the equations of motion

maog — 11 = Mapaag

T1 - 2T2 = O

15 —myog = mioaio

15 = maopg = mapazo
and the constraint equation

1

Qg = —5(6110 +ay)

The constraint equation follows from this argument:

Yao + L1 +y = constant

2y = Lo + Y20 + Y10
Differentiating we get
Yo +y=0
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21 = Y20 + Y10

. 1, . ..
Ya0 = —5(910 + yzo)

Masses and Pulleys all over the place - See figure 73.

Figure 73:

Note that my choice of coordinates uses an inertial reference frame.

We assume that the coefficient of friction between 1 and 2 and the table is
L.

The force diagrams look like those in figure 74.

Ly Ny
T T
f) «— m  — -« m —» 0
Fodr o
mg T T m8
m3
mBg
Figure 74:
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and we have
Ty —x1 + 2y = length of the string = constant — constraint

iy — iy + 2= 0
T-fi=Mi, , fi=pNi=phyg
fo=T =My , fo=pNy=pMg

Myg —2T = Myjj
2(u+1)g
T =
1, 1 4

Tz T M3
The gravitational force of a sphere (like the earth)

The following result can be proven. It requires a lot of calculus and is done
at the end of this section for the two-dimensional case. We will only need
the result. Newton invented calculus to do this derivation!!

The gravitational force obeys the superposition principle ..... the force
due to a collection of particles is equal to the vector sum of all the individual
forces. So if we think of extended bodies as small particles all super-glued
together we can find the force due to an extended body by vector addition

(difficult but doable).

The first result is for a thin shell of mass as shown in figure 75:

R I
 J
M
m
Figure 75:
Newton used calculus to show that
_(YMm »
e (4.34)

0 r<R
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i.e., the force due to the shell of mass M (on a mass m outside the shell) is
the same as if all the mass M were concentrated at the center as in figure

76.

T+

Figure 76:

This result can be made plausible by a simple argument.

Consider the mass m inside the shell as shown in figure 77

Figure 77:

and consider the two regions of mass on the shell inside the lines on opposite
sides of the mass. The amount of mass is proportional to the area on the
shell which is proportional to the distance-squared from the mass. However
the gravitational force due to this mass decreases as the distance-squared.
Since the forces due to each piece are in opposite directions, it seems possible
that they could cancel (they do exactly because of the joint distance-squared
dependence) and so the force anywhere inside a shell due to the shell is = 0.
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Now a uniform(solid) sphere can be thought of as being made up of spherical
shells and it follows for particles outside of it, a sphere behaves gravitationally
as if its mass were all concentrated at the center of the sphere. The result
also holds if the density is not constant(non-uniform) as long as it only varies
with radius (spherically symmetric).

Therefore, for a body like the earth - see figure 78

Figure 78:

to a good approximation, for masses outside the earth we have

M.m .

F=-G T or>R. (4.35)

r

Inside the earth, only the mass at points inside the shell at the position of
the particle contributes to the force. The shells outside that position give
zero force. This means that inside the earth, say at a position r < R,, the
force on a particle of mass m is given by

. M, .
F(r)= —Gﬂr r< R,
r
4 dm 4 M. 713
M,(r) = volume - density = gr% = ?Wrg%ng - ;_EMQ
Therefore 5

N Ir%_gMemA Mem N
F(r) = -G -2 <Ry (4:36)

e

It is a LINEAR force inside the sphere!!!
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The Gravitational Field

We define the gravitational field at a point in space a as the force per unit
mass due to a mass at b (really the acceleration). It is given by

. F, GM,.
Ga(rab)zM::_ 2 Tab (437)

At this point , it is just a mathematical construct that associates a
vector with each point in space. At the moment it looks like a mathematical
rearrangement that is really not needed, does not introduce anything new,
and thus cannot have any new physical meaning.

Nothing could be further from the truth.

We will not do much with fields in this course, but next course one studies
is electricity and magnetism and in that subject the Electric and Magnetic
fields will dominate all physical discussions and it will become clear that
classical fields of this type are “real” physical things.

Gravitational Proof for a Ring in 2 Dimensions

Consider the ring of mass shown in figure 79.

density =p

thickness =t

Figure 79:
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The small element of mass is dM = rtpdf . The total mass of the ring is
M = 27nrtp. The gravitational force on the mass m due to the small mass

element is
mdM

dF, = -G B (4.38)

We have
R*=7?+a*-2racos (0 - ¢) (4.39)
7 =17 =rcosfé, +rsinfé, (4.40)
G =acosbé, +asinbé, (4.41)
R=RR=ad-7=(acosf—rcosf)é, + (asinf - rsinf)é, (4.42)

Therefore,

(acos@ —rcos)é, + (asinf —rsinf)é,
(r2+a?-2racos (0 - ¢))3/?

dF, = ~Gmrtpdf

and

. a 2t (a.cosf —rcosf)é, + (asinf —rsinf)é
Fy= [ aFy=~Gmrtp [ g
g g meee (r2 +a? - 2racos (6 — ¢) )3/
(4.43)

If we do the integral we get

a (4.44)
as if the entire mass was located at the center of the circle!!

Electrostatic Forces

Similar to the gravitational force between two masses, we can define the
electric force between two electric charges as

Fy= k2%, - g, (4.45)
r
E, = —kq—;fab = electric field vector (4.46)
r

113



Force on a Charged Particle in an Electromagnetic Field

An electromagnetic field is characterized by two vector fields
E = electric field vector , B = magnetic field vector

A charged particle (q) experiences a force given by the Lorentz force law
. .1 .
F-q (E + Lo x B) (4.47)
c

Spring and a Block

Consider the situation shown in figure 80.

Y

equilibrium

Zizid

Figure 80:
The equation of motion is
mi =—kr > i+wlr=0 , w?=— (4.48)

This is an example of a 2nd-order differential equation. Later in the course
we will learn how to solve such equations.

We can guess the solutions in this case because we can experimentally observe
the motion.

Since it is periodic in time, we will assume sinusoidal solutions of the form

x(t) = Asinwt + B coswt (4.49)
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Substitution into the original equation shows that it is a solution for arbitrary
A and B values, i.e.,
x(t) = Asinwt + B coswt

t(t) = Aw coswt — Bwsinwt
#(t) = —Aw? sinwt — Bw? coswt = —w?z(t)

Therefore "
mi = —mw?r = —kxr - w? = — (4.50)
m

The period of the periodic motion is the repetition time, that is, the time it
takes for x(t) to return to the same value, which corresponds to the time T’
it take for the argument of the sine or cosine to change by 27 or

2
Wwl=2r»T="2=9m /2 (4.51)
w k
The frequency of the motion is
1 1 [k
=—=—\/— 4.52
/ T 27V m ( )

This motion is called Simple Harmonic Motion (SHM).
Hole Through the Earth

The gravitational force on a body located at a distance R from the center of
a uniform spherical mass is due solely to the mass lying at distance r < R,
measured from the center of the sphere. The mass exerts a force as if it were
a point mass at the origin. Let us use this result to figure out what happens
if we drill a hole through the earth and drop a mass into it. We first consider
a hole through the center of the earth and then an off-center hole. See figure
81.
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/-

" Rearth
Figure 81:
The gravitational force on m at radius r is
M 3
F=G— with M =M (L) (4.53)
72 Rearth

or force on m is

3
M,
F:G%Mea”h( r ) :Gm earth Mg
’

= 4.54
R:esarth ' Rearth ' ( )

Rem‘th

GMearth
2

earth

where ¢ = is the acceleration due to gravity at the surface of the

earth.

This is a one-dimensional problem (along the line through the center of the
earth). The equation of motion is

r=0 (4.55)

r—>r4+
earth earth

-F=ma, =mr=-

which corresponds to simple harmonic motion with a period

2
T = _7T - o Rearth

w 9

~ 84 minutes (4.56)

Now figure 82 shows a circular orbit at the surface of the Earth.
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) Rearth

Figure 82:

For this circular motion(orbit) at the surface of the earth we have the equa-
tion of motion (r » Re.m in our earlier equations)

V2

-F =ma, =mi = ————Regrtnh = —Mg = —Mm
earth Rearth

27 v g
_>U2:gRearth_>w:_: =
T Rea'rth Rem"th

Rearth
g
The same result as going through the center! Why?

- T =27

Off-center hole....

As can be seen in figure 83
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L x=rcosB

Figure 83:

this is also a one dimensional problem along the hole. The equation of motion
in the z-direction is (using earlier results)

FIZFTCOSQI( myg r)cos@z mg (rcosf = m9_

earth earth earth

mg T — T+ g

Rearth earth
which is again simple harmonic motion with the SAME period as when the
hole was through the center! Can we use this result in any way?

=0

-mi=-F,=-

Back to the Mundane — Blocks on strings
Now let us consider the dynamics of rotational motion.
A particle undergoing circular motion must have a radial acceleration.

Suppose that mass m whirls with constant speed vv at the end of a string of
length R as in figure 84(top).
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Figure 84:

What is the force on m (assume no gravity or friction)?

The only force on m is the string force or tension 7', which acts toward the
center as shown in figure 84(bottom).

We use polar coordinates.

The radial acceleration is a, = #7162 where 0 is the angular velocity and a,
is positive if it points outward.

The tension T is directed toward the origin, 7' = —T'# and thus the radial
equation of motion is
=T =ma, =m(7# - r92)

For circular motion, we have

v
=R=0 d. =—
s , and , I
Thus ) )
v v
r___7T_ _
“ "R "R



Note that T is directed toward the origin ... there is NO outward force on
m.

The force you feel does not act on the block, it acts on you.

It is equal in magnitude and opposite in direction to the force with which
you pull the block.

Now let us do an example with both radial and tangential accelerations.

Again we whirl a mass m on a string, except that now it is in a vertical plane
in the gravitational field of the earth.

The forces are as shown in figure 85.

Figure 85:

The geometry is shown in the figure and v = the instantaneous speed. The

radial equation is _
-T - Wsin6 = ma, = m(i — r6%)

The tangential equation is
~W cos 0 = mag = m(2i0 + r0)
Since r = R = constant, we have

2
R
¢ R
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and
2

v
T=m— —-Wsinf
R
Now a string can PULL but not PUSH on a mass, so that 7' cannot be
negative (point the opposite way). This requires that
2

T20+m%2W51n9

The maximum value of W sin # occurs when the mass is vertically up. In this

case
V2

“sw
"R

If this condition is not satisfied, the mass does not follow the circular path
but starts to fall and 7 is no longer = 0.

During the circular motion, the tangential acceleration is given by

W cos @
m

a(;:Ré:—

The mass does not move with constant speed, that is, it accelerates tangen-
tially.

On the downswing its speed increases and on the upswing it decreases.
Putting It All Together Now

Now let us consider a system in which everything is happening ... rota-
tional motion, translational motion and constraints.

A horizontal frictionless table has a small hole in its center. Block A on
the table is connected to block B hanging beneath the table by a string (no
mass) which passes through the hole as shown in figure 86.
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Figure 86:

Initially B is held stationary and A rotates at constant radius rq with steady
angular velocity wy.

If B is released at t = 0, what is the acceleration immediately afterward?

The force diagrams for A and B are shown in figure 87.

PR Q)

'w

Figure 87:

The vertical forces acting on A are in balance and we can ignore them. The
only horizontal force on A is the string force T. The forces on B are the
string force T" and the weight Wp.
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We use polar coordinates(they are natural here) for A and a single linear
coordinate for B as shown in figure 87. The equations of motion are

~T = Ma(# - 16?)
0= Mu(rf +2/0)
Wp-T =MpgZz
Since the string length L = r + z is constant we have
P=-Z
as a constraint equation. What does the negative sign mean? We get

2
WB - MATOWO

= é: > =

Thus, Z2(0) can be >, =, or <0 - depending on the numerator; if wy is large
enough block B will start to rise after release!

Solving a Differential Equation

A block of mass m slides on a frictionless table. It is constrained to move
inside a ring of radius L which is fixed to the table. At t = 0 the block is
moving along inside the ring (in the tangential direction) as shown in figure
88 with velocity vy.

Yo

Figure 88:

The coefficient of friction between the block and the ring is u.

The force diagram is shown in figure 89:
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Figure 89:

where N is the reaction force due to the ring.

The general acceleration is given by:
i= (i~ r62)7 + (270 + r)f
In the special case above we have r = constant = L — 7 =7 =0 so that

. n 2 R
G = —LO% + LOO = —%f + LO6

The equations of motion in the radial and tangential directions are then:

2

N = % = normal force on the block
. dé d(%) v
-]/ = - N = Le = L— = L = _
J=oplN =mbf=ml g =mL =g~ =mg,
Combining these equations we have the differential equation
dv_ B2
d L

which we can solve by separation of variables and integration ...

v t
v _ By @:—%f dt
0

ﬁ L (%) U2
1 1 Vo do
> —--=-Ti-ovus= vt gy
vy U L 1+ 50 dt
Y 1 rt 1 t
> [ do=— o tdt—>9:80+—ln(1+ﬂ)
0o LJo 1+8%- 1 L
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The Conical Pendulum (we started this discussion earlier)

A mass M hangs by a massless rod of length L which rotates at constant
angular velocity w as shown in figure 90.

Figure 90:

The mass moves with constant speed in a circular path of constant radius.
What is the angle the rod makes with the vertical?

The force diagram is shown in figure 90. T is the rod force and W is the
weight of the mass. No other forces are present. There is no vertical
acceleration. There is no tangential acceleration. There is only a radial
acceleration a, = —w?r in the plane of the circular motion. This means that
the mass is rotating around the vertical with fixed angle. The equations of
motion are then

Tcosa-W =0

~Tsina = -Mrw?
r=Lsina
(T -MLw?)sina=0-T=MLw?
w g

MLw® ~ Lw?
This seems like the solution to the problem.

CcCos &y =
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Let us look, however, at some limits ....

At high speed we get
7T .
w—>o0 , cosa—>0, a— 5 — horizontal

but at low speed the result predicts nonsense, that is,

w—=>0, cosa>1

as in diagram figure 91.

oy a

Figure 91:

In fact the solution predicts

. g
1 if \F
cosa>11fw< T

When w = \/% , cosa =1 and sina = 0 and the mass hangs vertically.
What happened to that solution? Let us look at the equations.

For this solution, we actually divided by 0, which is not allowed.
That is why we missed this solution.

A general picture of the entire solution is shown in figure 92.
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Co% O

Figure 92:

Physically for w < \/% , the only acceptable solution is o =0, cosa = 1.

For w > \/% there are two acceptable solutions
(1) cosa=1

(2) cosa =75

Solution #1 corresponds to the mass rotating rapidly but hanging vertically.
Solution #2 corresponds to the mass flying around at an angle to the vertical.

For w > \/% solution #1 is unstable — if the system is in that state and is
even slightly perturbed, it will jump outward to solution #2.

Someday you might learn that the reason the system behaves this way is the
same reason why electromagnetic and weak elementary particle forces are
two aspects of the same thing and why quarks cannot be observed and so on.
WOW! It is called spontaneous symmetry breaking.
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The Dangling Rope

Consider the section of the rope of length x, as shown in figure 93..

b

Figure 93:

Let T(z) = the tension at z, which pulls upwards. The weight = W = 2142
pulls downwards. The equation of motion (the rope is at rest) gives

T(z) = 7

Therefore at bottom of rope the tension is Mg and it is = 0 at the top!

The Whirling Rope

Consider a small section of a whirling rope as shown in figure 94.

%
ezzA T(r Ti{r+ar)

Figure 94:
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Let the size = Ar and the mass = Am = MTAT’

Since we have circular motion, we have a radial acceleration. This means
the forces pulling the two ends of the segment of rope cannot be equal. The
tension must vary in the rope.

The equation of motion is

Mrw?

T(r+Ar)-T(t) = -(Am)rw? = - Ar

Dividing by Ar and taking the limit as Ar — 0, we get

lim T(r+Ar)-T(t) dI' = Mrw?
Ar—0 AT - dr - L

Now integrating we have

7(r) Mrw? Mw?
dT = - dr - T(r) =T, - 2
Jn Ly i TO) =T S

where Ti = tension at r = 0.

Since the tension = 0 at the free end of the rope, we have T'(L) = 0. This
gives

The final result is then

T(r) = Mw?L ~ Muw? ) M2 (1_(1)2)

> of | | 2 L
Now a rigid rod, on the other hand, can both push and pull. If we stretch the

rod then it is under tension and it will pull on another object. If we compress
a rod then it is under compression and it will push on another object.

A rigid rod can have transverse force also while a rope can only have a
tension along its length. This fact forces us to rethink the definition of
general equilibrium. Consider the rod shown in figure 95:
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Figure 95:

In this case R o
ZFi:F—F:O

and, thus, there will be no translational motion of the rod (no linear accel-
eration). However, the rod will rotate, so it cannot be in equilibrium. We
will fix up our equilibrium conditions shortly to deal with this case.

A More Complicated Example

Assume the system shown in figure 96 is in equilibrium.

C
B
0 0

ﬂ A
D

L1

mg
Figure 96:

We concentrate on the 4 pins as shown in figure 97:
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B
C
F1 T3 Y
- . > -
T, T

4 _'|'1 X

mg

Figure 97:

where we have removed the rods and the wall from the problem
and replaced them by the forces they exert on the pins.

The wall exerts the F; and F5 forces and the internal forces of the ends of
each rod are equal and opposite.

We can assume a wrong direction for the force as long as we maintain con-
sistency. It will simply come out as a negative number in the end if
the assumed direction was wrong!!

The vector sum of the forces at each pin must equal zero. We write
Fl = leéat + Flyéy
F2 = F2xéx + FQyéy
T, = =Tj cosbte, + T sinbe,
Ty =Te,
T3 =Ty costle, +Tssinbe,

—

Ty =-Tae,
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At A:
Ty +Ty - mgé, = 0 = =T; cosfé, + Ty sinbé, + Tré, —mge,

0= (T -T\cosB)é, + (Tysinf —mg)é,

mg mg cos 6

T5=T,cosf and T; = T, =

=mg cot 0
sin 6 sin 6 g

At B:
~Ty + T3+ Ty = 0 =Ty cos ¢, — Ty sin 0, + Ty cos 0¢,, + Ty sin ¢, — Tyé,

0= (Tycosf+Tscos0—Ty)é, + (Tysinf — Ty sinb)é,
T3sinf =Tsinf and T cos@ +T3cosf =T,

T3=T; = 7719 and Ty = 2mgcot 6
sin 6
At C: o
Fl—T4:0:Flzéx+F1yéy+T4éx
(F1x+T4)éx+F1yéy:O
Flm = —T4 = —ng cot 6
F1y=0
At D:

Fy =Ty =Ty =0= Fyéy + Foyé, — Toé, — Ty cos 0, — Tysin 0é,
0= (ng - T2 - T3 COS g)ém + (ng - T3 Sin@)éy
Fy, =T5 +T3co860 =2mgcotd
Fyy =Tssinf = mg

A tedious procedure, but if you are careful in applying it, it will
always work.

We now deal with the problem of rotational equilibrium. If equal and op-
posite forces are applied to a body at different point , we get translational
equilibrium(net force is zero), but we do not get rotational equilibrium.

Let us do a set of experiments. Consider the seesaw in figure 98.
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Figure 98:

If di = dy and m; = my then we get no rotational motion.

If di > dy and m; = my then we get counterclockwise rotational motion.
If di = dy and m; > my then we get counterclockwise rotational motion.
If di < dy and m; = my then we get clockwise rotational motion.

If di = dy and m; < my then we get clockwise rotational motion.

So the tendency to rotate has something to do with amount of mass(force
due to gravity in this case) and distance from the axis of rotation.

Now consider the experiments shown in figure 99:
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F
------------- ,:+
0 d

Figure 99:

We find that the effect of the force is not dependent only on its magnitude
but also its direction (we should not be surprised since it is a vector). The
tendency to rotate decreases with the angle  between the force direction and
the direction of the position vector from the axis of rotation to the point of
application of the force.

It decreases from 1 to 0 as ¢ changes from 7 to 0.

That suggest a functional dependence containing sin 6.

Finally, if we do the two experiments shown in figure 100
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Figure 100:

The tendency to rotate is identical.

To account for the results of all of these experiments, we define
torque = 7 = tendency of a force to produce rotation

7 = (magnitude of the force)x(perpendicular distance from axis to force line) =
Fd=Frsin6

In this simple case(rotation in a plane), we must associate a sign with the
torque according to which way the system tends to rotate, say, by convention,

if system tends to rotate clockwise, then sign = -
if system tends to rotate counterclockwise, then sign = +
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Finally, in this simple case, we assume that the torques calculated in this
way add algebraically to give a total torque.

If the net torque is > 0, then the system rotates clockwise and if the net
torque is < 0, then the system rotates counterclockwise.

If the net torque is = 0, then the system is in equilibrium
(no tendency to rotate)

Can we find a single formula that concisely expresses all of these features and
can represent the torque in general?

The answer is yes.

If we write

T=rxF
T = torque vector
r = radius vector from axis of rotation to point of application of force
F = force vector

Certainly, this formula gives the correct magnitudes since
7| = |7 x F| = rFsinf
0 = angle between 7 and F as we rotate 7 into F

The sign convention chosen above corresponds to the direction of the torque
vector. We are able to use only + signs above because the 7 and F' vectors
are all in one plane and hence 7, which must be orthogonal to that plane(see
figure 101), can only point in two directions.
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>y

Figure 101:

Example using both methods - the beam balance - see figure 102

TTTTTTTT]
5 0 5

Figure 102:
Digression to center of gravity:

In order to find the line of action of the weight of an extended body we need
to determine its point of application. Later we will derive a formula for this
result, but for now we just do it experimentally. See figure 103.
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vertical when
hung from P

vertical when
hung from P"

center of
gravity

v weight

Figure 103:

The intersection point as shown above is the center of gravity. We assume
that the point C is the center of gravity of the pointer-crossbar combination.

Without vectors we have:

+Wpant cos o — (Wpan + M g)r cos a + Wyg,bsina = 0
WoanT
Wbarb

tana =
With vectors we have:

Define(with reference to directions in figure 104)
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(z up) X
Figure 104:
Wpan = —Wp(mﬁ' Tleft = T COS ol +rsinag
Wiar = ~WiarJ o = —bsinai - beosaj

(Woan + Wear) = =(Wpan + M g)J Tright = T COS Qi — T sin avj

T= Fleft X Wpan + 7_:C' X Wbar + F’right X (Wpan + Wball)
= Wpant cos ok + Wigrbsin ok — (Wpan + Mg)rcosa =0
In this simple case the vector method is more complicated but as the problems
get more complicated and we get into motion in three dimensions rather than

a plane, the vector method will be much easier to use and understand the
results.

Example

A uniform ladder AB with a weight W and a length L rests against a wall,
making an angle of 60° with the floor. Find the forces on the ladder at A
and B. Assume no friction (no vertical force)at the wall. See figure 105.
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A
C
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60° «
B
Figure 105:

Solution: .
Y F=0-3F=0=)F,
S 7=0-Y75=0 (about any axis)

Therefore, we have
Fyp+Fp, =0

Fgy-W =0

L
W sin30° - i, Lsin30° = 0

or
FAIZ_FBx
FByZW
W
2W—\/§FAx—FAy:O:W—\/§FAm—>FAw:ﬁ:_FBQE
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5. Momentum
Introduction

The Newton’s 2nd law we have been using is of the form:

- dv
F=mad=m— 5.1
7 (5.1)
This might lead us to believe that the most important dynamical quantity
is velocity and that mass is just some constant parameter for any system

that indicates its resistance to a force (its inertia).

This is not the case however. We were led to write down the above form
of the 2nd law only because we were dealing with systems that all had a
common property, namely, that their mass remained constant during the
experiment.

In fact, the above form of the 2nd law is a special case when the mass m =
constant of the form of the law shown below:

d(mv) _dp _ @_’_#dm

F= — 5.2
at dt arUde (5:2)

where we have introduced a new dynamical quantity
P =mv = linear momentum (5.3)

It is, in fact, the important dynamical quantity here and actually, in gen-
eral, in all of physics. We cannot generalize the old form of the 2nd law to
more complex systems but the new form will have no such limitations. The
lesson learned here is that it is important to home in on the correct variables
when developing a new theory.

Dynamics of a System of Particles

We now consider a system of interacting particles. What can we say about
the properties of such a system in general?

First, we are free to choose the boundaries of the system, that is, which par-
ticles to include in our defined system, but once we choose the set of particles
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in the system we must be consistent about following the time development
or motion of only those particles so that the definition of the system involved
remains the same throughout our investigation.

Now consider figure 106:

Figure 106:

We define the system — particles inside dotted line at one instant of
time and the outside = rest of universe.

We assume that the particles of our system not only interact with the other
particles inside the system, but also with those particles outside the system.
We assume that our system has NV interacting particles with masses

m; j=1,2,3,...,N
The position of the j** particle is 7; the force on it is ]3’] and its momentum
is _
= = o dTJ
=Mt = myT; = mj—
Dj 3 Vj 37 it

as shown in figure 107:

’
P
+ m;
r]' 1
Figure 107:
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The equation of motion for the j* particle is (from Newton’s 2nd law)

P =i

=2 (5.4)

The force on the particle j can be split (a superposition) into two terms
Fj _ F’vj@'nternal n F]@:cternal (55>

where ]3]?”'5””“[, the internal force on the particle 7, is the force due to all the

other particles in the system, and F jextem“l, the external force on particle
7, is the force due to all “outside” particles and whatever else may be around
outside the system like electric, magnetic and gravitational fields. The
equation of motion then becomes

dp;
dt

-ﬁj — F]@'nternal + Fﬁje:r:ternal _ (56)
Let us add all these equations together (there are N of them) vectorially.
We get

Z Fﬂ;’nternal + Z F;gaa:ternal _ Z % _ Z Fﬂj@'nternal + Fvexternal (57)
J

J J

J
where

ﬁexternal _ Z Fﬂgmternal
J
J

is the total external force acting on the internal system. The other term on
the LHS of the equation, ¥; F;"t”"“l, is the sum of all internal forces acting
on the system (due to all of the particles within the system).

Newton’s 3rd law states that the forces between any two particles are equal
and opposite and thus their sum is = 0. This means that

Z Fﬂ]@nternal =0
J

since all the internal forces cancel in pairs. The equation of motion then
simplifies to

- dﬁ .
Femternal — Z ) (58)
~di
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We can now rewrite the RHS of the equation as

) dp; d dpP
Fexternal — 4y 5=
; TN
where
Z pj = P = total linear momentum of the system
J

So, finally we have .
dP
dt

or the total external force acting on a system — the time rate of
change of the total linear momentum of the system.

Fezternal _

(5.9)

This is valid independent of the details of the interactions, i.e., how
the total external force is made up.

Bola example

Suppose we have 3 masses all tied together into a “bola” as shown below.

What happens in the two experiments below:
(1) tape them all together into one particle and throw it

(2) whirl them about(holding one mass) and throw it
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In case (1) we have a single particle of M = 3m with external force F..o= Mg
and hence we have an equation of motion

, . dP
Fext:Mg:E

In case (2) we have a 3 particles each of mass m each with external force
F..; = mg and hence we have an equation of motion

. dP
Femt:m§+m§+m§:M§:%

This is the same equation of motion for the “entire” system as before.

Anyone throwing a bola knows that they must forget the whirling masses
and throw it as if it were a single particle.

What does that single particle do?
Digression: The Concept of the Center of Mass
We have (dropping the label “external”)

. dP
F=— 5.10
p (5.10)

As we have seen, a system of particles and a single particle of mass = total
mass of the system have the same equation of motion.

Let us push on this further to see what it really implies. Suppose we define
a new vector R (see figure 108)
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Figure 108:

such that
. @R dP d d dr;  d?
F=M—=—=—)pi=— —L = — i 5.11
a2 " dt dt;pj dt;mjdt dt2;mﬂj (5:11)
This then implies that
? (- 1 .
@(R_M;mjrj):o (512)

This is true if we define (we are free to define R in any way we wish at this
point) R by

| B
R = M %:mjrj (513)

R is then a vector from the origin to some point (within the system of par-
ticles). It is called the center of mass (CM) of the system.

Our equations then state that the system behaves as if all the mass
M was concentrated at a single point and all the external forces
act at that point.

That is why everything worked in our earlier discussions, where we were able
to treat all of the bodies involved as point particles of mass = total mass of
all the particles in the body.

Without knowing it, we were implicitly putting the point particle
at the CM and saying that the total external force acted there!
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This works for “rigid” bodies where all the particles involved have fixed sep-
arations. It does not work in quite so simple a manner for a general system
of particles, although the CM in both cases satisfies the same equation, as
we shall see later.

We can now understand why the bola behaved as it did in the two experi-
ments. It is also clear that this simple equation only tells us about a part of
the motion, namely, the translation of the entire body or the translational
motion of its CM.

It does not describe the body’s orientation in space or the rotational motion
about the center of mass .... or what the three masses in the bola are
actually doing in detail.

The CM will follow a parabola as any mass M would do when thrown in a
uniform gravitational field!

In other words, as far as the translational motion of the CM is concerned,
however, the equation

. AR

F=M—

dt?
is the whole story. It is valid for any system of particles no matter how the
individual particles are moving with respect to(wrt) each other or how they

are interacting.

Example - We now consider a massless stick with 2 masses on the ends as
shown in the figure 109.

M /\
L
; \mQ
B
Figure 109:
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The position vector of the CM is given by

m17_"'1 + mgfg

.1 R
Rzﬂgmﬂ“j—

as shown in the figure 110.

my+my

Figure 110:
Clearly, the CM lies on the line joining the two masse since

L= Tt mafy  my (T~ T)
Ty =T — R =79 — =

my+my my +meo
s T+ maty  mao(T - To)
Tl =71 — R =71 — =

mi +me mi +Mmeo

where the primed vectors use the CM as an origin. These equations imply
that 7] and 7 lie along the line joining m; and my. We also note that

= = i = T
The total external force on the system is
F =(my+my)§ (5.14)
Therefore the equation of motion is
F:M%:(ml+mg)%=(ml+m2)§—>%zﬁ (5.15)

or the CM follows the same parabolic trajectory as that of a single mass
in a uniform gravitational field as shown in figure 111.
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Figure 111:

Finding the CM of a system of point masses is easy(just the sum above), but
finding the CM of a real extended body is not always so straightforward.

With the help of simple calculus, however, it is not hard to accomplish. The
process goes as follows:

We divide the body into N mass elements (think of particles glued together)
with 7; the position vector of the j™* element and m; its mass. Then we have
the approximate result

. 1 XN
R=—)#; (5.16)
LT

This is an approximate result because any real body cannot be represented
by particles of finite size glued together (lots of holes that are not really
there).

If we take the limit of NV — oo and the size of each particle approaching 0,
then this formula becomes exact. The limiting process, as you learned in
elementary calculus, turns the sum into an integral, that is,

. 1 X 1 .
Rz}\lfl_r};Mijrj:Mfrdm (5.17)

where dm is an infinitesimal amount of mass. We can visualize this in
3-dimensions as shown in figure 112
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4+

Figure 112:

we have ] ]
R= M/de - pr(f)?dv (5.18)

where p(7) = the mass density function, dV' = an infinitesimal volume element
(see figure 112) and dm = p(7)dV is the element of mass.

This is a “volume” integral. We will only look a very special bodies (with
lots of symmetry) so that the integrals are always 1-dimensional and you can
use ordinary calculus to evaluate them.

Examples:
1-Dimensional Object — CM of a Rod

A very thin rod of length L has a density A(x) (mass per unit length). Using
the geometry in figure 113
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Figure 113:

the element of mass is chosen as dm = A(x)dz. The position of the CM
(clearly along the z-axis) is then given by

X L Ld ! L)\ d
_M[o xm—Mfox(x)x

M:/(;Ldm:fOL/\(x)dx

Case #1: Uniform Rod where A(z) = constant = \.

where

We then have

1 L 1 L X [E Ao
X:—f :—[ :—/ :—L2
A o xdm A o xA(x)dx o xdx i
L L L
M:f dmz/ /\(x)dxz)\of dr = ML

0 0 0

Ao Ao L
ALy AR R A
2M 2M\0L 2

and

so that
X =

as we expected!
Case #2: Non-Uniform Rod where A\(z) = Ao 7.

We then have

_ _ )‘0 L2 _)‘0 2
X = M/ xdm = M[ xA(x)d = UL J:dx—gML
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and

L L A L \
M:/ dmz/ )\(:r)d$:—0f vdr = 221
0 0 L Jo 2
so that 5

L

Ao Ao
X=rr?=""_1%?=Z2
3M 3A2_0L 3

2-Dimensional Object — CM of a Triangular Sheet

Consider the geometry shown in figure 114.

¥ "\

A

Figure 114:

which is a 2-dimensional uniform (constant density) triangular sheet of mass
M and dimensions as shown. If we divide the sheet into small rectangular
areas of sides Az and Ay as shown, then the volume of each element is
AV =tAxAy, where t is the thickness of the plate, and

N N 1 N 1 N
R = M ijrj = M Z(p]AV)T'j = M;pthl'AyT]

J=1

where j is the label for one of the volume elements and p; is the density at
that point. Since the sheet is uniform we have

M M M

Pi= v - (area)t - At

where A is the area of the sheet.

152



We can formally write down this result as follows.

We do the sum by first summing over the Ax’s and then over the Ay’s instead
of over a single index j. This gives a double sum which can be converted
into a “double” or 2-dimensional integral by taking the limit

. ' 1
ft= Aa:l,lAnyLO M

N 1
Zl pidTAYT = - ﬂ Fdady
]:

Now let 7 = xé, +yé, be the position vector of an element dxdy. then writing
R=Xe, +Yé,, we have

R=Xeé,+Ye, = % jj(xégc +yé,)dudy = %ém ﬂ wdrdy + %éy ﬂ ydzdy

Hence, the coordinates of the CM are given by

X = %fj xdxdy , Y = %jj ydxdy

What does the z-integral say?

It tells us to take each element, multiply its area by its z-coordinate and sum
the results.

Let us do this in stages.

First consider the elements in a vertical strip parallel to the y-axis as shown
in figure 115.
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dx

— x —
+ b

Figure 115:

The strip runs from y =0 to y = %
x-coordinate and the contribution of each strip to the double integral is

1 zh/b h )
Za:dx ](; dy = b—Ax dx

Finally, we sum the contributions from all such strips =0 to x = b to find

horb o, B
= dr = ——
bAfox T34

zh - Fach element in the strip has the same

Since A = bh/2 we have

2
X=<b
3
Writing out the steps we just carried out in one formula we have

ho?* 20

1 o xh/bd p hoorb 2
-3, (fo y)”ﬂfow "S3473

Similarly
L e
T A 202A 3
so that 9 "
R= Eé’” + géy
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How could we operationally find the CM of such a plate?
Demonstration of plate and plumb bob method
Another Interesting Example

CM Motion

Suppose that a rectangular box is held with one corner resting on a friction-
less table and it is gently released. It falls in a complex tumbling motion,
which we do not know how to figure out yet.

However, we can answer the question: What is the trajectory of the CM?

The external forces acting on the box are gravity and the normal force from
the table.

Neither has a horizontal component.

This means that
F,=0=ma; »>a,=0

which means that the CM does not move horizontally.

It falls vertically as shown in figure 116!

Figure 116:

We now discover our first conservation law.
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Conservation of Momentum

We have in general for any system of particles

. dP
F=—
dt
Suppose the system is isolated, which means that the total external force is

Zero.

We then have ~
- dP
F = — =
dt
or the total momentum is a constant vector (constant in magnitude
and direction).

0

Thus no matter how strong the internal interactions, the total momentum
of an isolated system is a constant.

This is called the
Law of Conservation of Momentum

As we shall see, this law will give us very powerful insights into the behavior
of complicated systems.

Remember Newton’s 1st law..... We can now restate it as follows:
For an isolated body the linear momentum is constant.

Let us now look back at Newton’s three laws.

The 3rd law now reads.

Considering only internal forces, the total momentum of
any pair of particles is a constant.

This means that

P1+ P2 = constant — Apy + Apy =0 - Apy = -Ap, (5.19)
Ap Ap
% = _ﬁ in any time interval At (5.20)
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Defining A A
pP1 oz P2z
1_ R 5.21
At P Ar 2 (5.21)

Note that this last equation is Newton’s 2nd law!

Then we have B .
F12 = —F21 3rd law (522)

For a single isolated particle, the momentum is a constant.
Ap=0 This is the 1st law (5.23)

So, all three laws are really included in the statement that momentum is
conserved for an isolated system plus the definition of a force!

Example - Spring Gun Recoil

We have a loaded spring gun. Everything is initially at rest on a horizontal
frictionless surface. See figure 117.

Figure 117:

What happens?

The physical system is the gun + the ball. Everything else is external.
The external forces acting on the system are gravity and the normal force
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from the table. Both of these forces are in the y-direction, hence the external
force in the z-direction = 0. This implies that

dP,
dt

=0- Px = constant — Px,initial = Px,final

The initial time is before we fire the gun, so Py jnitiw = 0 (system is at rest).
After the ball leaves the gun, the gun recoils with speed V} to the left relative
to the ground (an inertial frame). Therefore,

Pball =0 7 Pgun =0 : Pgun va

z,initial x,initial x f’mal

Now at the instant the ball leaves the gun it has a speed v, relative to the
gun at an angle # with the horizontal. Therefore relative to the ground it
has the velocity in the z-direction

Uy = vgcost —Vy

and a momentum

Pfaﬂnal mu, =m(vycosf - Vy)

Total momentum conservation then gives

Px,imti(zl = Px,final

0=m(vgcos®—Vy) - MV

or o
Moy cos
Vi= bl Ui
m+ M
What if we tried to do this using Newton’s laws instead ...... ?

Let 9(t) be the velocity of the ball and V (¢) be the velocity of the gun. While
the ball is in the gun it is acted on by gravity, the spring and friction forces
inside the barrel. Let the net force on the ball be f(¢). The z-equation of

motion of the ball is
dvg
m— = f(1)

Integrating we get

(1) - me(0) = [ "t
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The external forces are all vertical and thus the horizontal force f, on the
ball is due entirely to the gun. Newton’s 3rd law say the ball exerts an equal
and opposite force —f, on the gun. The horizontal equation of motion of the
gun is then

ava = _.f:(:(t)

M -
dt

Integrating we get

t
MV,(8) = MVa(0) == [ fu(t)dt
0
Eliminating the integral to get
MV, (t) + mv,(t) = MV,(0) + mv,(0)

What happens to the CM during all of this?

The horizontal velocity of the CM is given by

ngun + MTpaur . ngun + mj:ball
Tem = > Tem =
M+m M+m
v (t) a ngun + mi’ba” B Px B
e M+m M+m

since the system was initially at rest and momentum is conserved.
Therefore z.,, 1s a constant.

There is no external force in the z-direction and so the CM is not accelerated
during the interactions. It was at rest to start with and remains at rest!

The law of conservation of momentum is universal ... it holds everywhere in
physics ... not just in mechanics.

It is more fundamental than Newton’s 3rd law which relies on the concept of
force.

Center of Mass Coordinates

The correct choice of coordinate system can often greatly simplify the solution
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of a problem.

One possible choice in many problems is the CM coordinate system ... where
the origin is attached to the CM, where the position vector of the CM (see
figure 118)

M2
F.’
2 m,
':’
1
Figure 118:
is given by

— mlfl + mgfg ~
R=——"—==RcmraB (5.24)

my+ mo

or the CM position in the LAB frame.

Now attaching an x'y’z’ coordinate system to the CM, the CM position
vectors of the particles in that frame are then given by

— —

Fl=r-R o, Th=T-R (5.25)

as shown in figure 119.
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Figure 119:

We note a few important properties of these new coordinates.

For an isolated 2-body system, the total momentum is a constant and hence

i 2dt _ = constant (5.26)
dt my + Moy mi+meo

or the CM moves with a constant(uniform) velocity. In the CM system

mlﬂ + mgfé

Renpap =0 = - MT] +mary = 0 (5.27)

mi +mso

so that if the motion of one particle is known, then the motion of the other
follows directly(the motions are correlated).

The Push Me - Pull You

Two identical blocks(mass = m) slide with no friction on a horizontal surface
are connected by a spring (spring constant k& and unstretched length L).

Initially they are at rest.
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At t = 0 the block is hit sharply giving it an instantaneous velocity vy to the
right (see figure 120).

— y —

"a .

VD(O) =0 Va(O) = '9'0 —

b RARLYIA 5

Figure 120:
What happens?

Since there is no friction there are no external forces in the horizontal direc-
tion and hence total momentum is conserved in the horizontal direction.

This means that the CM mass moves uniformly and thus defines an
inertial frame.

We transform, therefore, to CM frame of reference as shown in figure 121.

—— Iy ——5- T, — Laboratory

coordinates
a ’{

R —
b '!mﬂ/ a
I
0
He— g —

CM coordinates

Figure 121:
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The CM is at
MaTa +mpry 1

R= (Ta+?"b)

Mg + My 2

i.e., R is ALWAYS half way between the masses (as we expect for equal
masses). The CM coordinates are

1 1
r;:ra—R=§(ra—Tb) , r,’)=7‘b—R=—§(TQ—rb):—r(’l

The instantaneous length of the spring is
ro—1p—L=r,—r,—L
and the magnitude of the spring force is
k(rl —r, - L)

Note that the equilibrium length is the same in both frames (it is a displace-
ment).

The equations of motion in the CM frame are
mil = —-k(rl, —ry— L) , miy=+k(r,—r,— L)

Subtracting the equations we get the equation for the relative (as if we were
sitting on b) motion of the masses

m(i = iy) = =2k(rg -y — L)
Letting u = r/, — r_ position of a wrt b. We get
mi + 2ku = 2k L

Letting v = y + L we have

2k
..+ 2 :0 _ “h
yrwy , W T

This is the equation of SHM and we know its solution

y(t) = Asinwt + Beoswt ,  wu(t) =L+ Asinwt + B coswt
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The initial condition w(0) = L (spring is unstretched) says that we must
choose B =0. Also we have (initially)

w(0) =7.(0) =7;(0) = 74,(0) = 7(0) = v,(0) = bp(0) = v,(0) = vy = Aw
so that he solution is finally
Uy .
u(t) = L+ —sinwt
w

Now
W=7, -1, =0, -

and in the CM frame (where ms/, + mr; = 0)
! ' —_ (N — l / I _ r_
mul +muy, =0=m(v), +v,) or v, =-u=
The laboratory velocities are
vo=R+v, , by=R+v

since
To=R+7, and 7,=R+7,

Since R = constant (it equals its initial value), we have

R:%@4m+%m»:%%

So
Vg = %(1 +coswt) , wy= %(1 — coswt)

The masses move to the right on average, but they alternately come to rest
in a push-me pull-you fashion!!!

Example

A circus acrobat of mass M leaps straight up with initial velocity vy from a
trampoline. As she rises up, she take a trained monkey of mass m off a perch
at a height h above the trampoline. See figure 122.
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AL

Figure 122:

What is the maximum height attained by the pair?

Before she grabs the monkey we must calculate what happens in getting to

height h:
dv o dv@ B dv

W 0= _ Y vdv=ady = -gd
at Tayar T Vay T T
vf 1 vs
f vdv = 5(11}% Vi) =-g dy = -9(yr - o)
k) Yo

v*(h) —vg = -2g(h - 0) = =2gh > v(h) = \/v¢ - 2gh
Grabbing monkey — at h momentum is conserved:
Pinitial = Mv = Ppingi = (M +m)v’

Mo
“M+m
is the new initial velocity of the pair. Let h’ = extra height, then

/

2

YUrnaw height — szterpickup =0- v"? = _2g(ymam - h) = —2gh,
v? 1 M \?
h=—=—|=——] (v§-2gh
2g 29(M+m) (vg - 29h)

Impulse

We have the differential form of Newton’s law
dP

F=— 5.2
o (5.28)
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We can turn this into an integral form as

~ t t oL -
I(t) = impulse = f Fdt = f dP = P(t) - P(0) (5.29)
0 0
that is, the change in the momentum of the system = the impulse.

This implies that small forces acting for long times can produce the same
effect as large forces acting for short times.

Example - Rubber Ball Rebound

A rubber ball of mass 0.2 kg falls to the floor. The ball hits with a speed of
8 m/s and rebounds with approximately the same speed.See figure 123.

M

Figure 123:

Experiment find that the ball is in contact with the floor for 1073 s.
What is force exerted by floor on the ball?

We have

At - - At
fo Fdt = P(At) - P(0) = /O (Fioor —mg)dt = (mupis — (~muvn))

At

Frioordt = mgAt = 2mup,
0

At
Fav,floordt = Fav,floorAt = mgAt + 2Mmup

2mup
At
A plot of F' versus time is shown in figure 124.

Fav,floor =mg+
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Fpeak-
Fav
t
ta 1t
AT
Figure 124:

Finally, we can calculate some numbers.

2Mmupe

At

2(0.2)(8)
10-3

Fow, floor =mg + =(0.2)(9.8) + = (1.96 + 3200) Newtons

This shows that a very quick collision such as a hammer on a nail can, in this
way, produce a much larger force on the nail than any person could exert
directly.

Momentum and Flow of Mass

Systems where mass flows into and out of the system are very difficult to
deal with.

The main difficulty arises when one loses sight of how the system was origi-

nally defined.

It is very important to keep track of all parts of the system no matter where
they might be at any instant of time.

This means that the mass of the system as a whole cannot change during the
process under investigation.

The mass can redistribute itself within the system however.
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No new equations are involved in this discussion so we will proceed by doing
examples that illustrate the inherent difficulties and how to deal with them.

Example - Spacecraft and Dust Cloud
A spacecraft moves through space with constant velocity .

The spacecraft encounters a stream of dust particles which embed themselves
into the spacecraft at a rate dm/dt.

The dust has a velocity @ just before its hits the spacecraft.
At time ¢ the total mass of the spacecraft is M(t).

What external force F' is necessary to keep the spacecraft moving uniformly
(normally F' comes from the spacecraft’s own engines ...we will simplify mat-
ters by thinking of it as a true external force)? See figure 125.

"\\[_.

N

e

Figure 125:

We focus our attention on a short time interval between ¢ and ¢t + At.

Figure 126 show the system at the beginning and the end of the interval.
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Am to be added
intime At

S T2

A System boundary

mass of system -
M{t)+Aam

M{t)+4am

yz |
F System boundary;

mass of system =

M{t)+am
time t+ At

Figure 126:

Am = amount of mass added during next At. The system consists of M (t) +
Am

The initial momentum is P(t) = M (t)v + (Am)ii.

The final momentum is P(t + At) = M ()0 + (Am)5.
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The change in momentum is
AP = P(t+At) - P(t) = (5 - @) Am
Therefore the time rate of change of momentum is approximately

AP P(t+At)-P() ,. .. Am
At At gAva

Taking the limit as At - 0 we get

—

dp dm -
T T N
o - -0y,

Note that F' can be either positive or negative depending on the direction of
the stream of dust. If ¥ = @ the momentum of the system is constant and
F=0.

This procedure seems overly formal. If the mass of the system is changing
why don’t we just use

dP _d(mv) _ dv _dm __dm

F= m V— =V—
dt dt dt dt dt
since ¥ = constant, which, of course, is incorrect.

The difficulty is there are more than one contribution to the momentum and
the only way in many problems to keep track correctly is this overly formal
method.

Example - Freight Car and Hopper

Sand falls from a stationary hopper onto a freight car which is moving with
velocity v. See figure 127
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)7 7 A4

Figure 127:

The sand falls at the rate dm/dt.

How much force is needed to keep the freight car moving at speed v? The
initial horizontal speed of the sand = 0.

Thus we have in the horizontal direction
dP dm dm 2
— =Uv-U— =V—— =
dt dt dt
Does this make sense?
What happens to each grain of sand as it transfers to the car?
Example - Leaky Freight Car
The same freight car is leaking sand at a rate dm/dt.
What force is needed to keep it moving with constant speed?

The mass of the car is decreasing.

The velocity of the sand leaving the car is the same as that of the car and
hence when it leaves there is no momentum change for the SYSTEM.

Thus, the force = 0.

What happens when the sand hits the ground?
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Example
An empty freight car of mass M starts from rest under an applied force F'.

At the same time, sand begins to run into the car at a steady rate b from a
hopper at rest along the track. See figure 128.

(@] @)

Figure 128:
Find the speed when a mass m of sand has been transferred.

System = car + sand to enter in next At.

dM
b=———> M= M,+bt
dt o

We only consider the horizontal direction.

P(t)=M(t)o , P(t+At)=(M(t) +bAt) (v + Av)

AP = P(t+At) - P(t) = bvAt + M (t)Av — ar bu + M(t)%

At
F=£:bU+M(t)%:bv+(MO+bt)@

dt dt

dt _ dv —>lnMO+bt:lnF_bv
My+bt F-bv M, F
My+0bt F-bv Ft

—> U =
My F My + bt
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What does that look like?

Now for two-line solution ...
t
I- f Fdt = Ft = AP = P(t) - P(0) = m(t)o(t) - 0
0

o(t) = Ft
My + bt
The impulse from the sand is perpendicular to the direction of motion and
does not contribute!

Example
Material is blown into cart A from cart B at a rate b kg/s.

The material leaves the chute vertically downward, so that it has the same
horizontal velocity as cart B, u .

At the moment of interest cart A has mass M and velocity v, as in figure
129.

Figure 129:

What is the acceleration of A?

Assume Am = mass that will arrive at cart A in next At. Then system
= M + Am. Consider only the horizontal motion

P+i=Mv+(Am)u , Pr=(M+Am)(v+Av)
No external forces means momentum is constant (horizontal direction).

0:Pf—Pi=MAv+Am(v—u)—>M%=Z—T(u—v)
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But

A _dm
dt  dt
S0,
dv b
ar Y
or
dv b, dM
u-v M M
Therefore

u—v

v du Mo+bt q M u—v(t) My + bt
[ = f — > —In In
v Mo M U — Vg My

u-vy  My+bt My(u - vy) dv  bMy(u —vp)
= -v(t)=u-———F-oa=—=—~—-=
U—’U(t) MO MO + bt dt (M() +bt)2
Example N men, each with mass m, stand on a railway flatcar of mass M.
They jump off one end of the flatcar with velocity u relative to the flatcar.

The car rolls in the opposite direction without friction.

(a) What is the final velocity of the flatcar if all the men jump off at the
same time?

In each case the flatcar is at its final velocity as the jumper parts
company; no acceleration after the jumper leaves.

See figure 130.

(Va -u)
’ V
a

NmOMQ »

Figure 130:

Remember velocity of jumper is relative to flatcar.
pi=0
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pr=MV,+ Nm(V, - u)

Nm
%_(Nm+M)u

Therefore,

(b) What is the final velocity of the flatcar if they jump off one at at time?

See figure 131.

Vis

> A

-u

J+1

- O O

(N-j-1)m+M

Figure 131:

Assume j men have already jumped so that the speed of the flatcar is V.

pi=((N=j)m+M)V;
pr=((N=j=1)my)Vi + m(Vier —u)

m
= V.
Vi = (N jyme gtV
Therefore,
V= mo_, m sy
""|Nm+M T (N-1)m+M m+ M

(c) Which case gives the larger velocity? Why?

Now,

O R T

+ +...+—
Nm+M Nm+M Nm+M
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The Motion of a Rocket
Let us use the concept of momentum to understand how a rocket behaves.

A rocket accelerates by expelling gas at a very high velocity; the reaction
force of the gas on the rocket accelerates the rocket in the opposite direction.

To analyze the motion of the rocket we consider the system of the rocket and
fuel during the time interval ¢ to t + At.

Between t and t + At a mass of fuel Am is burned and expelled as gas with
a velocity u relative to the rocket.

The exhaust velocity @ is independent of the velocity of the rocket (i.e., it
depends on the type of chemical reaction, etc).

See figure 132.

time t time t +At
Figure 132:

All velocities here are with respect to an inertial frame (not attached to the
rocket).

The initial momentum is
P(t) = (M + Am)o
The final momentum is

P(t+ At) = M (0 + AB) + Am(T + AD + @)
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Here we have chosen the velocity of Am to be vecv + Av + 4. We could have
chosen it to be ¢ + 4. The end result in the limit of At —» 0 is the same.

The change in momentum is
AP = P(t+At) - P(t) = MAD + (Am)i

which gives B

dP dv  _dm

- = — +u—

dt dt dt
Here we have assumed that M (t)+m(t) = constant where M (t) is the amount
of mass remaining in the rocket at time ¢ and m(t) is the amount of mass
expelled by time t.

In most normal rockets 4 is opposite to v.

Since M (t) + m(t) = constant, we have

dm __dM
dt —dt
or .
dP dv  _dM :
= M — — 11— — rocket equation

dat - dt dt
Note that it is NOT

d(M(t)v(t))
dt
Rocket in Free Space
In this case, F =0 and
. dP dv  _dM dv  _dM
F="—=M——g=——=0>M—=g—
r At e at "t
By M
T VRV
Integrating we get
. M o1 Mo
Vr—Tp=0ln—= =-t4ln—
f 0 ) Mf
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If ¥y = 0, then

The final velocity is independent of how the mass is released ... fast or slow
... The only important quantity is the exhaust velocity.

Rocket in a Gravitational Field

. dP dv _dM
F="=Mji=M— —ii—
a9 T T

where 4 and ¢ are both directed downwards. We have
dM
ﬁﬁ + gdt =dv
M;y
Ur—Up=tuln—+g(t—t
Ur—7p=1ln o g(t—to)
IfﬁD:O , tOZO, then
vr =1l My + gt
Ur=1ln—=
f M, g

or choosing upwards as positive

Mo,
vf=uln— -
! M; g

Now there is a premium attached to burning the fuel rapidly.
The shorter the burn time, the greater the velocity.
That is why takeoffs are so spectacular!

Example - A rocket ascends from rest in a uniform gravitational filed by
ejecting exhaust with constant speed u. Assume that the rate at which mass

is expelled is given by
dm

dt
where m is the instantaneous mass of the rocket and v is a constant, and
that the rocket is retarded by air resistance with a force mbv, where b is a

= —")/m

178



constant.
Find v(t).

The rocket equation gives:

m@+ud— = —-mgqg —mbv
at - di I
dv _ u=-g->bv
dt fY - g
dv

The most general solution to this equation is the sum of two solutions

V=Up + Uy
where

. dvh
vp, = homogeneous solution - —— + bvy, =0

dv,
= particular solution - — +bv, =yu-g

Since the particular solution is unique we only need to guess it
We have

b, U9
b b
We solve for the homogeneous solution by separating the variables
dUh
— +bu, =0
di + 0vy, =
dvh on(t) dvh h(t)
= ~bdt — —bf dt - = bt > vy (t) = va(0)e
Up va(0)  Up h( ) (1) = on(0)

Therefore, the solution is

v(t) = VUb— I 4 Ae™

We determine the constant A by using the initial condition v(0) =0 to get
0= %{g A A= _Lb‘g
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so that

u(t) = ’Yub‘g(l — et

After a long time the velocity becomes a constant

V(tiarge) = 7“6— J = terminal velocity

Momentum Transport
If you get blasted by a stream of water from a hose you feel a push.

The push comes from the momentum transfer as the water bounces off of
you.

Let us see exactly how this occurs.

Picture the water stream as a series of drops, each of mass m, a distance L
apart and traveling with velocity vy.

See figure 133.

v

O O

o O
- L

a oS o T

Figure 133:

Assume the drops collide with your hand and then just drop straight down.
As each drop hits there is a large force for a short time.

We must have
Idroplet = f o Fdt=Ap= m(vf — UO) = —Mmuy
1 collision

_]droplet = Ihand = muvg
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peak force area = impulse
/f'

™

average | '
\ force |

Figure 134:

in the same direction as the velocity of the drops.

The impulse = the area under one of the peaks as in figure 134.

If there are many drops per second you do not feel the individual shocks but
instead feel the average force as shown.

The area under the average force during one period 7' (T = time between
drops) = area under a single peak.

Fo,T = Fdt

1 collision

Now T = L/vy and [} ,1ssi0n F'dt = mug so the average force is

mug  m
Fo = =5
T L

Another way:

Consider length D of the stream just about to hit the surface. See figure
135.
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Y
o |y O O
L

Figure 135:

The number of drops in D is D/L. Each has momentum muy, so the total
momentum is Ap = (Dmuwy)/L.

All of these drops strike the wall in time At = D/vg. Thus, the average force

is
_Ap_m ,

Fav - -

At L'
To apply this model to a fluid, consider a stream moving with speed v. See
figure 136.

—
—
v
—p
_
_ V'
—
Figure 136:

If the mass per unit length is A = m/L, the momentum per unit length is \v
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and the rate at which the stream transports momentum to the surface is

dp
dt

= (momentum / length)(length / sec) = \v?

If the stream comes to rest at the surface, the force is F' = \v2.
If the stream rebounds then we have a different situation (see figure 136).

Now %—T = \v = rate mass arriving at surface and the rate of mass leaving is

N,

Since mass does not accumulate at the surface or get lost anywhere we must
have Av = \"v'.

The total force on the surface due to both contributions is

dP d(p+p') dp dp ,dm’ dm
=== =y —— tyv—

dt dt dt dt dt dt
= Nv'v" + dv = Av(v +0") (5.30)

F

Special Cases:

no rebound

>v'=0- F =\? > same result as before

perfect rebound

>v' =v—>F=2\?

Example

Water shoots out of a fire hydrant having nozzle diameter D with nozzle
speed Vj. See figure 137.
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Figure 137:

What is the reaction force on the hydrant?

wD? wD?
1 Pl= p

A = mass/unit-length =

p = density of the water
Apzn = Apout = )\‘/(]zAt
As the figure 138 shows

Figure 138:

Ap transferred to the hydrant is at 45° and has magnitude \/5)\1/02At.

Therefore, the force on the hydrant is

V2

% = \/E)\‘/E)z = TWD2IOVE)2

At
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6. Work and Energy
Part 1

Let us look back at some systems that we have already investigated to see if
we can learn more about the physics that is taking place.

The theorist often does this to get a better understanding and many times
this second look leads to new insights and occasionally brings about a paradigm
shift in how we think about the physics involved.

Earlier we carried out the following alternative mathematical way of deal-
ing with the kinematics equations.....(we consider 1-dimension only to start
with).

If we know the force as a function of time F(t) then we can directly integrate
Newton’s 2nd law to yield the velocity as follows
dv

1
m—y = F(t) > dv= EF(t)dt (6.1)

v(t) 1 rt 1 rt
/ dv = — f F(t)dt - v(t) = vy + — / F(t)dt (6.2)
V0 m Jtg m Jtg

which yields v(t).

If we know the force as a function of position F'(x), this is a more complicated
problem(formal diffEQ theory can handle it, but we do not know all of that
stuff yet). In this case we handle things as follows:

dv dv dx dv
_ = F - —— = —_— = F .
ma = F@ = g Ty T F@) (6.3)
m f vdv = / F(x)dz —» §mv2(x) - Emvg = [ F(x)dz (6.4)
0 o 0

which yields v(z).

We have used the chain rule of calculus above
dv dx ~ dv
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This is an important trick that we will use many time during this course.

Let us see what happens in some special cases (that is how we really learn
what is going on).

Mass Thrown Upward in a Uniform Gravitational Field
Mass m is thrown upward with initial velocity vy.

How high does it rise?

Assume z positive is upward.

We then have
F=F,=-mg.

We get

1 1 z z
§m112(z) - 5mv§ = f F(2)dz=-mg f dz=-mg(z - 2p)
20 20

At the maximum height, v(z,4:) = 0, which yields the result

v
Zmaz = 20 T %

Note that this solution method makes NO reference to time at all.

To get the same result by integrating with respect to t, we would have had to
eliminate ¢ from our equations, which is generally much more complicated.

We note for later discussion the intriguing result

1 1
EmUQ(z) +mgz = §mv§ +mgzg = constant during the motion

during the motion.
We get this result by rearranging the equation derived above.
Solving the Equations of SHM

First let us solve this problem using the force as a function of position F'(x)
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method.

We consider a mass M attached to a spring(k). Let x be measured from
equilibrium so that F'= —kx. We then have

1 1 z z 1 1
§MU2(£B) - §Mv§ = f F(z)dz = -k / xdr = —ék‘xQ + 51{:%3 (6.6)

Suppose vy = 0 (release at rest) and zo # 0 (displaced from equilibrium), then

1 1 1 k k
§Mv2(x) = —§kx2 + 5/%3 —v*(z) = —Mx2 + —ng (6.7)

dz ko r5—75
v(z) = i \/%\/xo -z (6.8)

Separating variables and integrating we obtain

dx k z dx k t
—:\/—dt»f —:\/—f dt 6.9
\/:1;3—1'2 IM o ,/xg—xQ M 0 ( )

.1 v t 9 k
sin” — =w/ dt=wt |, w’=— (6.10)
Lo Iz 0 M
sin™! = —sin~! = sin”! & - T =t (6.11)
o ZTo 2
sin! = = wt 4~ = xosin (wt + g) = ¢ cos (wt) (6.12)
Lo

We just need to use integration in a clever manner and no diffEQ!!

We note again the intriguing relation (for later discussion).

1 1 1 1
§Mv2(a:) + §k:c2 = §MU(2) + §kx3 = constant during the motion  (6.13)

The Work-Energy Theorem in One Dimension

We now define two new quantities

. . 1
(1) kinetic energy = K = 5mu?
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(2) work done by force F'(x) on particle as it moves from point a to point
b is
Wi = f " F(2)dx (6.14)

a

As we have seen in all of the above special case examples, we then have
the relationship (called the Work-Energy Theorem) between these two
quantities

Wi = f " F(o)da = Ky - Ko = (AK ) (6.15)
which we assume to be generally true(a theorem).

Example - Vertical Motion in an Inverse Square Field

A mass m is shot vertically upward from the surface of the Earth with an
initial speed vy.

What is maximum height (altitude) reached? What initial speed will allow
the mass to escape(called escape velocity) Earth completely, that is, get to
r = 0o? The situation is represented by figure 139:

Figure 139:

The motion is 1-dimensional (radial direction) in this case. The radial force
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on m is

We then have
AK = K(r) - K(R.) = f F.(r)dr = Wy,
R.

1 1 1 1 1
§mv2(r) - §mv§ =-GM.m . ﬁdr =GM.m (; - E)

The maximum height corresponds to v(r) = 0, which gives

—%mv%zGMem( ! —i)=gRg( ! —i)

rmaz Re /rmaa: Re
where
GM, : : L :
g= s acceleration due to earth’s gravitational field at the Earth’s surface.
e
Finally we get
R,
Tmaz = 2
v,
1 - Qg%e

The escape velocity is found by setting 7,4, = 00 to get

UO(Tma:L" - OO) = Vescape = 29Re

Now let us put in some numbers:

Veseape = /29 Re = \/2(9.8 m/s) (6.4 x 106 m) = 1.1 x 10% m/s

and the kinetic energy (3mv?) needed to eject a 50 kg spacecraft is

1
Kescape = §Mv2 = (0.5)(50 kg)(1.1 x 10* m/s)? = 3.025 x 10° J(oules)

escape

Again we note the intriguing relationship (for later discussion).

1 GMsm 1 o, GM.m
—mv*(r) - = —mug - = constant
2 r 2 R,
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Integrating the Equation of Motion in Several Dimensions

In general 3-dimensional motion we have the vector equation

dv

F(r) mdt

(6.16)
Let us generalize our 1-dimensional procedure to this deal with this case.

We consider what happens when the particle moves through a displacement
AT (i.e., during the actual motion).

The displacement is infinitesimal so we can assume that the force is constant
during the displacement.

Let us consider figure 140.

2
+
F
8
+
/ AP
Figure 140:
so that
. dv dv
F(7#)-Ar=F(A =m— - A7 = — U] A
(1) A7 = F(Ar) cosd m— - AT m(dt v) t
1dv 1. dv 1 d d (1
P N B L B L o A W) 2)
(Zdt oraY dt) yg (00 =m tdt( !
dv?
mAt—
dt

Now divide the entire trajectory (see figure 141) from the initial position 7,
to the final position 7% into /N short segments of length A#;
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Figure 141:

where j is an index numbering the segments.

For each segment we have according to the derivation above
L 1 dv?
F(Tj) : Arj —mAtg
where 7; is the position of segment j, ¥, is the velocity the particle has there,
and At; is the time it spends traversing it. Adding all of the these terms for
the N segments we get

N N 1 2
Y F(7) - Af; =) —mAt
j=1 =12

Now we take the limit where the length of each segment approaches zero
and the number of segments approaches infinity so that the sums become
integrals and we get

t d2 1 v-b
total work 2/: F(7)- dr——m/b Y zém/

1 1
= Emvg - §m1}2 = AK (6.17)

Example - A Path-Dependent Line Integral
Now let us do a path-dependent (work) integral. Let
F= 593y§ + 5y25

and consider the integral from (0,0) to (0,1) along paths labelled 1(covers 3
sides) and 2(covers 1 side) as shown in figure 142.
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Y
C
(0,1) = - (1,1)
2 1 b
(0,0) a {1,0) X
Figure 142:

This is an example of a so-called nonconservative force. We can write
these integrals as follows:

Path 1: B ) ) )
/F-dF:[F-dF+[F-dF+[F-dF
1 a b c
N 1,0 1,1 0,1
f Podi= [ Fdev [ Fdy+s [ Fude
0,0 (1,0 1,1
1,0 11 0,1
fF dr—5f xydxr +5 yzdy+f xydx
(1,0 1,1
/F dr—5f x(O)d:v+5f dey+[ ! r(1)dz
0,0 1,0 11
5
Frdi=0+3-2=-3
f > 6
Path 2:

- 0,1 0,1 5
v/F‘dF:[ Fydy:5f yidy = =
2 0,0 0,0 3

Clearly, the work done by this applied nonconservative force is DIFFER-
ENT along the two paths.
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Potential Energy

Several times we noted in various examples that the quantity

1 .

S+ U(7) = constant (6.18)
where U(7) = some function of position only.

It turns out that all of these examples involved so-called conservative forces
and the above relationship is a special case of a more general result for
conservative forces - work integral independent of path of integration.

For conservative forces we find that
[ P di = function(7,) — function(7,) = -U(7) + U(7,) (6.19)

where U(7) is a function defined as above, known as the potential energy
function.

Clearly, in this definition, the integral depends only on the endpoints and
not on the path.

The work-energy theorem then gives

—

Wba:[bF'dF:Kb_Ka:—Ub+Ua (6.20)

or

Ky+Uy,=K,+U, (6.21)

Since the LHS depends only on what is happening at b and the RHS depends
only on what is happening at a, the quantity

K +U = constant = E = total mechanical energy of the system  (6.22)
or in general, the total energy is constant for conservative forces.

Thus, for conservative forces the total energy is independent of the position
of the particle .... it remains constant .... it is conserved.

This is a “derived” law.
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It has no more physical content than Newton’s 2nd law from which it
was derived.

A peculiar property of energy is that the value of F is to a certain extent
arbitrary. Only changes in £ have physical significance(not the actual value).

This comes about because the relation
—[bF-dF:Ub—Ua (6.23)

defines only the difference in potential energy between a and b and not
the potential energy itself.

So if T change the definition of U by adding a constant, the work equation
does not change and hence the energy is still constant (although a different
constant).

We will take advantage of this feature in many ways.
It is called setting the potential reference level or potential zero level.

The zero level can be chosen arbitrarily so as to make the calculations as
easy as possible.

We will see this in examples.

This is an example of a general property of physical systems called “gauge
invariance” which is a powerful principle in electromagnetism, quantum
physics, particle physics, and general relativity.

Potential Energy of a Uniform Force Field

For F = —mg? (z positive upwards) we found earlier that

%va(z)—%mUQ(zo) = [; F(z)dz =-mg ]: dz =-mg(z—z) = -U(2)+U(z0)

so the gravitation potential energy is
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Where is the zero level in this case?
Example using energy conservation

Project a mass m vertically upward with v(0) = vg, then

1 1
Smv(h) = Smui = —mg(h = 0) = =mgh > v(h) = \/v§ - 29h

as we found earlier.

For F = Fyn (this is a constant force), we found earlier that

b ~ b .
%mvg(b)—%mvz(a)zf F-dF:F-/ dit= F- (7~ 74) = ~U(b) + U(a)

so that the potential energy of a constant force is
U(F)=-F-7 (6.25)
Does that agree with the last example?
Potential Energy of an Inverse Square Force
For the force

GM.m . mgR? .
F=- P

F=-
r2 r2

we found earlier that

fr F.(r)dr = lmvz(r) - 1mv2(Re) =-GM.m fr ldr
Re 2 2 Re 72
_ L DR L
=GM.m (7’ Re) =mgR_ (r Re) =-U(r)+U(R.) (6.26)

so the general gravitational potential energy is

GM.m _ mgR?
ro 7

U(r)=- (6.27)

Where is the zero level?
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Potential Energy of a Spring

For the force F' = —kx, we found earlier that

%MU2(ZE) - %MUQ(ZL“O) = fx F(x)dr = —%ka + %lm% =-U(x) +U(xo)
Zo

so the spring potential energy is
L, o
U(zx) = 51{::1: (6.28)
Where is the zero level?

Relationship between the Potential Energy and the Force

For conservative forces we have defined the potential energy by the relation
Ty
m-m:-[ Fdi
where the integral is over any path between a and b.

In many systems it is easier to figure out the potential energy than the force
and hence it would be useful to have a relation that goes the other way

if we are given the potential energy, then we calculate the
force .....

We can see what happens by looking at a 1-dimensional system, such as a
mass on a spring.

Let the force be F(z).

We then have o
m—m:—f F(x)dx

a

Now consider the case where z, = x and x; = x + Ax.

We then get

z+Ax

U(:c+Ax)—U(:1:)=AU=[ F(x)dx
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If Az is very small, then we can assume that F'(x) is constant over the range
of integration and we get

+Ax
AU=-F(z) [ dw=-F(@)As > F(z) - _%
Z’ T

If we take the limit Az — 0, then we have

dU(x)
dx

This result holds whenever the potential is a function of only one variable.

F(z)=- (6.29)
Examples

Uniform gravitational field

dU

U(z)=mgz , F(z)= —, =M (6.30)
Constant force

U(x)=-Foxr , F(zx)= —% =F, (6.31)
Spring force

U(x) = %zm«? . F()- fl—g " (6.32)

Inverse square force

2 2
U(T):_GMem:_nge P - dU__GMem:_nge

r r dr 72 r2

(6.33)
A rather amazing result!!

Earlier we found that whenever the potential is a function of only one
variable, we have
dU (x)

dz
Let us expand a bit on our earlier discussion of generalizing this result to
more dimensions.

F(x)=-

Now consider the conservative force given by

F = 23:y% + :B2j'
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We can show that this is a conservative force by direct integration.

In this case, we evaluate the path-dependent work integral over a closed path,
that is, consider the integral from (0,0) to (1,1) along the path labelled 1 and
back from (1,1) to (0,0) along the path labelled 2 (we are going along the
path opposite to the arrow in this case) as shown in figure 143. This is a
closed loop integration - start point = end point (indicated by a circle on the
integration symbol.

1.1

0.0)
1.0)

Figure 143:

For the nonconservative force F' = zyi + y2 discussed earlier we find this

integral is
j{F dr—/F dr+/F dr

. 1,1 1,0 1,1
fF-dF: Fdx+/ F,dy = [ rydx + y3dy
1 0,0 0,0 1,

0
1,0 1 1
F dr:f x(O)dx+f yidy=0+= ==
1 3 3
0,1 0,0
Feodi= [ Fudo+ [ Fdy
2 1,1 1
. 0,1 0,0
fF dfzf rydx + y2dy
2 11
) 01 1 1 5
Fdi= 1)d f 2y = 2L _ 2
/; T x(1)dx + ydy=-5-3=-¢



55F i ——¢o

This is characteristic of path-dependent or nonconservative forces.

It is not zero!

For the conservative force I’ = 2xyi + 2 above, however, we find

751? dr-/F dr+fF dF
. 1,1 1,0 1,1
fF dr = Fdx+f F,dy = f 23:ydx+[ 2dy
0,0 0 1,0

1,0 1,1
fF dr—[ 23:(0)d;1:+f ()dy=0+1=1
1,0

N 0,1 0,0
fF-dF: dex+f F,dy
2 1,1 0,1
N 0,1 0,0
fF-df = 2zydr + f xQdy
2 1,1 0,1
. 0,1 0,0
fF-dF=[ 2x(1)dx+[ (0)dy=-1+0=-1
2 1,1 0,1
§ Fdi-o0

i.e., the integral is path-independent (equal and opposite in sign along the
two paths) and thus the integral around the closed path is zero.

These are general results for conservative forces.

When you study Advanced Calculus or Electricity and Magnetism you will
derive this general result and, in addition, derive the following more general
results.

We start from the result

—

F(7)-dr =-dU(7)
which implies that

- ou, oU_ 00U,
G )=_VU(7")-_% _8_yy_§
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Digression on Partial Derivative
Suppose we have a function f(x,y,z).

Then the partial derivative of f with respect to x is defined by
Of(x,y,2) _ df(x,y,2)

ox dx y,2= constant
where of. 0f. Of:
Vf:% +a—y]+%k'
Example
f(z,y,2) = 23yz +sin (2)y + y*2* - W = 32%yz + cos (2)y
T
Now
i (0A. 0Ay\. (0A, O0A\. (0A, O0A;\; -
(BB (B0 (-2 ot
v (ay 5 ) T\ "o ) gy ) emte

For a conservative force F', V x F'=0 (everywhere).
For our examples above we have
V x F=Vx(2zyi+227) =0 — conservative

VxF=vx(zyi+y?)) = —zk #0 (everywhere) — nonconservative

Thus the rule

_dU(x
F() = -0
generalizes to
ou. oU. 0oU.
F=-vVU=-—i-—j-—k 6.34
v ox ! 8y 0z ( )
For the conservative force above, this gives
ou ou
U(xay)=—$2y—>—%:2xy=f7z : —a—y=$2:Fy
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This gives us the condition for a force to be conservative
V x F(f) = -V x VU(7) =0 (6.35)
Non-conservative Forces

Nonconservative forces like friction play important parts in the motion of
many physical systems and cannot be neglected when we talk about energy.

Let see how we must modify the work-energy relation in this case.
If both conservative and nonconservative forces are present then we have
The work-energy theorem is true for all types of forces, so we have
b b b
wizel = [TFdi= [T [Freear
b
- —Ub+Ua+f e di (6.36)

This finally gives
b
Ey— By = Wpe = f e di (6.37)

Example - Block sliding down a rough inclined plane

A block of mass m slides down the plane as shown in figure 144.
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Figure 144:

How fast is it moving after falling a vertical distance h?
It starts from rest.

Define the zero level of gravitational potential energy at its final position.
Thus,
Ua = mgh s Ub =0

K,=0 , K= %mv
E,=mgh , E,= %mv2
The nonconservative force is f = uN = pmgcosf (a constant).
Thus, the nonconservative work is
We = ing Bre . df = —ffabds _ _fs

since the frictional force is opposite to the displacement.

We then have .
E,-F, = émUQ—mghz Wi =~fs

202



v? = 2gh — 2ugscosf = 2gh — 2u1g

v =1/2gh(1 - cot )

The General Law of Energy Conservation

—— cosf
sin @

The basic forces in nature, gravity and electromagnetism are all conservative.
Where do nonconservative forces come from?

To understand this seeming paradox, we must broaden the concept of energy
beyond just the kinetic and potential energies.

When the block slides down the inclined plane, mechanical energy K + U is
lost... the final mechanical energy is less than the initial mechanical energy
by an amount = to the nonconservative work.

We observe, however, that during this motion the plane(and block) get hotter,
their temperature rises.

The net mechanical energy lost = the amount of energy (called heat) that is
necessary to raise the temperature(s).

Heat energy is actually the mechanical energy of the atoms in the bodies.

As the block slides down the plane it causes(electromagnetic forces) the atoms
in the surface of the plane to vibrate around their equilibrium positions such
that their average speed increases ... this increase in average speed is what
we call a temperature rise and the increase in mechanical energy needed to
cause it is called heat.

If we redefine total energy to include mechanical energy and heat (lost or
gained) then once again the total energy is conserved.

In fact, if one takes into account all the forms of energy, then the conservation
law for total energy is exact.

Stability
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The result
dU(x)

dx
is also useful for understanding the stability of a system.

F(x)=-

If the net force on a body is = 0, the body is in translational equilibrium,
that is, if the body is at rest, it will remain at rest.

There are two kinds of equilibrium, however, namely stable and unstable.

In stable equilibrium, if a body is displaced slightly from the equilibrium
configuration, then it will always return to the equilibrium configuration,
whereas, in unstable equilibrium it will not.

To see what is happening we consider a system that we know has an equilib-
rium configuration, namely, a mass on a spring.

In this case the potential energy is
L
U(x) =<kx
2
If we plot this potential energy function it looks like figure 145.

U

Figure 145:

At point ¢ (z =0), F(z) = -% =0 or the force = 0. This is an equilibrium
point.

Is it stable or unstable?
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Writing a vector equation we have

- dU
F=Fi=Fx)i=-—24
T =F(x)z s

Therefore, in region a (z > 0) where F(z) = =% < 0, the force points back
(in negative z-direction) towards z = 0.

In region b (z < 0), F(z) = =% > 0 or the force points back (in positive

a-direction) towards z = 0.

Thus, if we displace the mass from the equilibrium position, it will always
return to the equilibrium position and hence this is a stable equilibrium
position.

Can we generalize this result?

If we are at equilibrium then

dU
F(x):—%zO

That means that the U(z) curve can look like one of the following cases
shown in figure 146:

(c)

{a) (b)
— |

0 0 *0
Figure 146:

where
(a) 327[{ >0 — stable equilibrium
(b) Cng < 0 — unstable equilibrium
(c) ‘;27[2] =0 — neutral equilibrium

Now consider a pendulum as shown in figure 147
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_________________

L{1-cos8)
T

Figure 147:

In this case the potential energy is given (where is the reference level) by
U(6) =mgL(1-cosf)
which looks like figure 148

| Il
1 T
0 bt 2n v

Figure 148:

It is clear that # = 0, 7 are equilibrium points since

au(o
A =mgLsinf when 6§ =0, 7
de
but they are very different in nature. 6 = 0 is a stable equilibrium point since
d*U (6
u) =mgLcosf =mgL >0 near 6 =0
do?
while 0 = 7 is an unstable equilibrium point since
d?U (0
d9(2 ) =mglLcost =-mgL <0 near 0 =7
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So we can summarize our equilibrium /stability criteria as
d*U(q)

dU(q)
d—quandd—q2>0

A Complicated Example - The Teeter Toy

The teeter toy is shown in figure 149.

Figure 149:

It is an extremely stable device!
Let us look at its stability during rocking motion.

Suppose the teeter toy is tipped at angle 6 as shown in figure 150.
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Lcosfe+g] / L cos [a-8
L /
m P h #;/'X'B
h cos@ LN
m
Figure 150:

Let the gravitational potential energy be = 0 at the pivot (remember it is
arbitrary). The potential energy(massless center piece) is then

U(#) =mg(hcos — Lcos(a+80)+mg(hcosf — Lcos(a—0)

which becomes
U(0) =2mgcosO(h— Lcosa)

Equilibrium occurs when

d(il—go) =-2mgsinf(h - Lcosa) =0

The solution, of course, is # = 0. What about stability?

2
d 6[12(29) =-2mgcos@(h - Lcosa)

This must be greater than zero at equilibrium (6 = 0) for stability, which
requires that
h—Lcosa<0—h< Lcosa

This means that in order for the toy to be stable the weights must be below
the pivot point.
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Energy Diagrams

Potential energy diagrams enable us to understand, qualitatively, the possible
motions of a system.

Consider the potential energy diagram in figure 151(for a mass attached to
a spring):

Uix)

ﬁg unphysical *:
. region

unphysical
region

K=E-U

Figure 151:

The way we use these diagrams is as follows:

(1) draw a horizontal line representing the energy, which is constant during
the motion

(2) the vertical distance between the energy line and the potential energy
curve = the kinetic energy

(3) any region where we would have K < 0 is unphysical, which means the
particle cannot be in that region

(4) any point where F = U is called a turning point of the motion; K =0
at these points

Class discussion of motion for £ >0 and E = 0.
(1) £ >0 : bounded motion between two turning points - SHM
(2) E =0 : stable equilibrium - SHM for small oscillations

Now consider this potential energy diagram in figure 152:
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Uix)

" unphysical
region

Figure 152:

Class discussion of motion for 5 indicated E-values:
(1) bounded motion between two turning points - not SHM
(2) unstable equilibrium

(3) bounded motion between two turning points - not SHM - 2 distinct
regions

(4) stable equilibrium - SHM for small oscillations
(5) stable equilibrium - SHM for small oscillations

Now consider the potential energy diagram in figure 153:
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Ulx) g

unphysical
region

Figure 153:

Class discussion of motion for 5 indicated E-values:
(1) unbounded motion with one turning point
(2) unstable equilibrium

(3) bounded motion with two turning points - not SHM; unbounded motion
with one turning point

(4) stable equilibrium - SHM for small oscillations; unbounded motion with
one turning point

(5) unbounded motion with one turning point

Small Oscillations in a Bound System

A very interesting feature exists for all potential energy curves that have a
minimum point (equilibrium point).

First, any well-behaved function f(x) can be expanded in a series (called a
Taylor series) about an arbitrary point zy in the form

df (x) 1 d* f ()

+ —
dx 2 dx?
T=x0 T=x0

f(x) = f(xo) + (z = o) (2 = 0)” (6.38)
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In particular if we are close to the equilibrium point = = xy potential energy

function U(x) we can write

dU (x)
dz

1

+_
r=x0 2

(z - x0)* dU(x) +-- (6.39)

da?  |p—s,

U(z) =U(xo) + (2 - o)

But since dlil—ff)

by the definition of an equilibrium point and since the

T=x0

reference level is arbitrary allowing us to choose U(xg) = 0, we always can
write near equilibrium

1 d*U(x) 1
U(z) = 5(515 ~10)? A §k(x - 20)? (6.40)
where 2U(2)
x
k= 6.41
el (6.41)

This means that near an equilibrium point any potential energy function
looks like the potential energy function of a simple harmonic oscillator (spring)
and hence for small displacements from equilibrium any body will undergo
SHM with frequency given by

ok _ 1 £PU()
m m  dz?

w (6.42)

T=x0

Example - Back to the teeter totter toy .....

When we displace the toy from equilibrium by angle 6 we found earlier that
the potential energy was given by

U@)=-Acosf , A=2mg(Lcosa-h)

Let us expand U(#) about the equilibrium position 6y = 0 We get

C;—g T 0 (as we should)
U
de? |y
which gives
1
U() = §A92
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and thus the equation of motion is

0t = Cy coswt + Cysinwt

where
[ A
w=\/—
m
Example
Choose
U(r)=2-22%+2°
Then 7 .
%=1—4x+3x2=0—>x=1,§
U _ -
av A6y 2<0 - unstable (x=1/3)
dx? +2>0 — stable (z=1)

This looks like figure 154:

Figure 154:
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Near x = 1 we can write

U(x) - %(m 2 £U@)

1 e o 2
dx? =§(ac—1) (2)=(x-1) —§k(x—1)

z=1

so k =2 and we would have simple harmonic motion with frequency
[k
w=\/—
m

Mass m whirls on a frictionless table, held to circular motion by a string
which passes through a hole in the table. See figure 155

Example

Figure 155:

The string is slowly pulled through the hole so that the radius of the circle
changes from /1 to /.

Show that the work done in pulling the string equals the increase in kinetic
energy of the mass.

We have B . ‘ o
F=m(¥ - r0?)7 +m(270 + rf)0 = - F7

—F = m(# - r6?)
0=m(2r0 + 10
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which gives
_O ol e
w row r

logw =-2logr +logc

.|

constant (3w,
2 T2

w=0-=
-

where r(t;) = 01, 0(t;) = w — 1. We then have

to 4
W = /F dr—m[ ( ﬁwl) r

1 1 1 1
= §ml]2(t2) — §mv (tl) + mflwl (2—@ - 2—@)

where we have used

t2 t2 2y t2 d (dr t2dr d (dr t2
R [ 48 [ 8o [
JRCEN L 1 b L A b L A
We then have
4,2 4,2
W = (lmvf(tg) + miy; ) - (lmvf(tl) + mﬁlwl)

r

2 202 2 202
Now
mlw? _ mljwi
202 202
so that
1, 1 1 1
W = 3™MY; “(to) + 2m€2w2 3™ 2(ty) + 2m€1w1 = K(ty) - K(t1)

Conservation Laws and Particle Collisions

Particle scattering experiments of one sort or another have produced much of
the knowledge we have about atoms, molecules, nuclei, solids and elementary
particles. Determining the detailed dynamics of a scattering experiment
depends on knowing the potential energy function (or force law) between
the particle involved in the scattering.

It turns out, however, that we can learn a great deal about the kinematics of
a scattering experiment just by using conservation of energy and momentum.

Suppose we consider the collision or scattering experiment shown in figure
156:
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Figure 156:

Experimentally we will usually know the initial velocity vectors v; and vs.
Often one of the initial particles is at rest and then we usually choose 6 = 0.

External forces are usually = 0 (the dynamics comes from internal forces),
This means that linear momentum is always conserved and we can write

Pinitial = Pfin(zl (643)
MU + Mols = mlﬁ{ + mgﬁé (644)

for a two-particle collision.

This represents 2 equations for a 2-dimensional collision (all particles remain
in a single plane).

There are 4 unknowns, however, the x- and y-components of the final veloc-
ities.

Energy considerations usually provide another equation, so we are short one
equation necessary for the solution of the problem.

In general, however, we will also know something about the final state, i.e.,
in which direction one of the final particles emerges.

This reduces the number of unknowns to 3 and allows us to solve the problem.
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Elastic and Inelastic Collisions

We define two types of collisions:
elastic - total kinetic energy is conserved in the collision

inelastic - total kinetic energy is not conserved (heat generated by
deformations, etc)

Both types of collisions can be covered by writing the kinetic energy conser-
vation relation as

Kinitial = Kfinal + Q (645)

where () = amount of kinetic energy converted into another form of energy.

Inelastic collisions are the result of nonconservative forces such as friction,
deformation, etc and are signaled by a heat transfer occurring.

The conservation of kinetic energy relation is then

1 1 1
imlvf + §m2v§ = §m1v{2 + émgvf +Q (6.46)

We have
@ > 0 = kinetic energy is lost in collision(as heat)
@ < 0 = internal energy converted to kinetic energy
@ = 0 = elastic collision

Collisions in 1-Dimension

In 1 dimensional collisions, particles are constrained to move along a line
(say the z-axis).

Our equations in the laboratory frame become:

M1V1 + Moy = MyV] + Mot (6.47)
1 1 1 1
577111]% + 57712'1)% = 577111]12 + 577121152 + Q (648)

and the configuration of particles before and after the collision is shown figure

157:
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Before
m ma
Vll Vl2
—O————————————O——————
m, ms After
Figure 157:

We have 2 equations in 2 unknowns and they can be solved with no extra
information about the final state.

Example

Suppose ms = 3m; and vy = v = —vs (they approaching each other before the
collision).

Also suppose the collision is elastic.

We have the configurations shown in figure 158.

y Y
——O=——=")
m1 3ml Before
vy %)
— O (O—>————————
After
my 3m1
Figure 158:

We then have the equations

miv — 3myv = myv] + 3myvs

1 3 3
577’11?]2 + 57711112 = 577111)12 + 577’1,21)52
We then obtain:
vy = =20 - 3v) - 4v? = (=20 - 3vh)? + 3vF = 4v% + 1200} + 1205
0 = 12005 + 120 = 1205 (v + v})

We have 2 solutions
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#1 (nothing happens ... this solution will always be there)
v'li=v , vh=-v
which is unphysical and we ignore it.

49
v'l==-2v , v'2=0

After the collision, the smaller mass is moving to the left with twice its
original speed and the larger mass is at rest.

Collisions as seen in the CM Frame
Let us redo the above problem in the CM frame.

In this 1 dimensional situation we have

miv1 + Moty MU — 3Mu v
VCM = = = ——
my + Mo 4dm 2
v 3v
-V =v— -2 =2
U1,cMm = U1 cMmM =Y ( 2) 5
v v
0= Virg = v === = ==
Vo,cMm = V2 CM v ( 2) 5
as shown in figure 159.
o—» . <« 0
Figure 159:

Now the total momentum = 0 in the CM frame, hence

_Ui

3

mivy ,+movy, =0 vy, = -

,C
That corresponds to momentum conservation.

Conservation of energy says

1 3v\? 1 21 1 1 2 4
—ma (_v) + —my (_E) = _mlvizc 5 (__IU{ c) - 3v? = _,0/217 c
2 2 2 2 2 ) 3°h 3
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V)=V Vy o=V
1,c 2 ) 2,c
which gives
3
vion+Vou =y = —77} - g =20
v
Ué’CM+VCM:Ué=§—§=O
as shown in figure 160.
m M 3m
4—0 . o—>
3v/2 v/2

Figure 160:

Same result as earlier, but no complicated equations to solve!!!!

Note the very important result that we find ..... the particles only reverse
direction in the CM and do not change their speed (magnitude of the ve-
locities) in an elastic collision.

With that new piece of knowledge the solution is almost trivial ..... we do
not need to use energy conservation at all in the CM frame.

mivy + Moty MU — 3Mu v

Virrys = - _Z
oM my + My 4m 2
vy 3v
viem =01 - Vo =v - (—5) = o
v v
Va,om = V2 = Vou = -0 - (—5) =3
, v
VoM = "Ve = T

v

vé,C’M = U2c = 5
(the last step is equivalent to kinetic energy conservation)

v w
/ Y A —
vl,CM+VCM_U1__7_§__2U

220



vé,CM + VCM = Ué =
That is a very powerful result!!!!
Does this result generalize to more than 1 dimension. Yes!! Let us see how
M1V1,c + Moz = M U] + Moy, =0 total momentum = 0 in CM

- - =7 =/
MV =—M2V2,. , MMV = ~M2Vs
myv3 .+ mav . = myup, + mevy, K conserved in elastic collision

Combining these results we get
2 2 2 2 /
(mq + ml/mg)vlyc =(mq + ml/mg)vLc = U= U,

(ma + m%/ml)?);c = (ma + mg/ml)vfc = Uge =~V

and the result clearly is general. This does not determine the direction
in the CM. All we know is that they are opposite to each other.

A final example

A particle of mass m and initial velocity vy collides with a particle of un-
known mass M coming from the opposite direction as shown in figure 161.

e
. M
e
e
<
O > 20 4
» : 4
i

m Y
2 g=45"

Figure 161:

After the collision, m has velocity vy/2 at right angles to the incident( origi-
nal) direction and M moves off in the direction shown in figure 161.
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Find the ratio M /m.

Using the Laboratory Frame

MV
x-momentum: muvy - MV = MV’ cosf =
V2
MV!
y-momentum: 0= MV'sinf - m@ -
2 ﬂ—m%‘)
1 1 1 2 1
Energy: §m1}8+§MV2: §m(%) +§MV’2
Vo 1m
-MV=m—->V==-—
= B

9 M(lm )2 (v0)2 M(l m )2 M 1
vg+—|=z—w| == +—|—=—=w] > —==
m \2 m

7. An Alternative Path - The Lagrangian Method

Let us restrict our attention to one-dimensional systems. We then have

E=K+V (7.1)
where . 1
K = =mv? = —=md? = kinetic energy
2 2 (7.2)
V =V(x) = potential energy
Now Newton’s second law takes the form
F, = _01/8'55) =ma, = MI (7.3)
Some algebra gives
. d d(o0\(1 ., d (0K
= — ! = — | — — { =\ —— 4
mi = gy (m#) dt(a:'c)(zm) dt(@j:) 74
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Combining everything we then have

ov d (0K
5 al) (75)
Assuming that
K=K - 2K g
aaxf (7.6)
V = V(l’) g % = 0
we have HE-V) d (9(K-V)
ox T dt ( 0% ) (7.7)
o d (0L\ OL
il55) o (7.8)
where we define
L= K-V = Lagrangian (7.9)

and equation (7.8) is called Lagrange’s equation. It is important to realize
that I have not introduced any new physical content into the theory at this
point.

I have only found an alternative way to write Newton’s second law.
Examples

(1) For an object falling in a gravitational field, we have

1
K = —mi?
"y

V =mgy (7.10)

1
L:K—Vzim;f—mgy

We then have

oL _ . i(a_L)_m--
ay Y T a\ay) T 711)
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so that the equation of motion is

doLy oL,
dt \ 0y oy

my =-mg—>ij=-g
which agrees with our earlier result.

(2) For an object attached to a spring, we have

We then have

0% dt \ Oyx
oL
—=-k
Ox *
so that the equation of motion is
@ (o) oL,
dt \ 0z or

. .k 2
mi=-kr -2 =—-——x=-wix
m

which agrees with our earlier result.

(7.12)

(7.13)

(7.14)

(7.15)

(3) For an object attached to a string (simple pendulum) (see figure 162)
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' m

Figure 162:

we have

1 .
K= §mL2¢92

V =mgy =mgL(1-cos®)
1 :
L=K-V-= EmL292 -mgL(1-cos®)

We then have oL i (oL
— = mL29 - — (—) = mL29
dt \ 96

00
L
(2_0 = -mgLsin 6
so that the equation of motion is
a4 (3_L) _9L _
dt\og) 00

mL?*0 = -mgLsinf — 6 + %sin@ =0

For small angles we have sinf » 6, so that (7.17) reduces to

é’+%9=é+wge=o
which agrees with our earlier result.

(4) Now consider the sliding blocks shown in figure 163:
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! M

Figure 163:

We have the following constraint:
= length of string = (D -x)+y
>l(=0=-d+y—>d=y
If we ignore the string mass (first approximation) we have
1 . 2 1 . 2 . 2
K:§Mx +§My =My

V=-Mgy
L=K-V=Mj*+ Mgy

We then have 5L 4 (oL
—:2My—>—(—_):2My

Yy dt \ 0y
oL
—=M
dy g
so that the equation of motion is
AN
dt \ 0y oy

2My=Mg—>y=g

which has the solution p
y(t) = ZtQ

(7.20)

(7.23)

(7.24)

(7.25)

which agrees with an earlier result if we remember that y is increasing down-

wards.
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Now what happens if the string has a mass m. We then have

1 1 1 1
K= §Mj32+§]\/[y2+§my2 = (M+§m)y2

)
V ==-Mgy + Ustring == Mgy — g f ydm

mg
=-Mgy - f Yy = Mgy - =22

20
L=K-V-= (M+1m)y +M'gy+—gy2
2 20
We then have
oL d (OL
=(2M - — oM
G =@My~ 5 (52) = @M+ m)i
oL mg
Mo+
p) g+ Y

so that the equation of motion now becomes

_i(QE)_QE_O
dt \ 0y dy

(2M +m)y =

mg . M mg
M —Y —> =
Iy 2M+mg+(2M+m)€y

which has the solution

Yt = (1= coh (1) 7=

_mg
(2M +m)¢

Is this the same result as earlier?

Consider the limit

y(t) = hm

as m — 0. We have
—E hy/————¢
(1= con [ )
1- ( vV (2M+m)e e V (2M+m)é ))

o
%6(1—1( mg 1 mg
m

I A e B
(2M + m)£ 2 (2M +m)l

\/ (2M+m)€ 2 (2M +m)€ 2))
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(7.26)

(7.27)

(7.28)

(7.29)



or

. M mg
t)=lim —(————
y() = i e anr ye

which is the same as earlier in (7.25).

9,0
t? =2t 7.30
y (7.30)

(5) Now let us modify this pendulum problem and turn the string into a
spring of spring constantk and unstretched length b. See figure 164.

)

. ‘
. .
NP A A — m
Se -

Figure 164:

Now L is the variable length of the spring.

We have
K = 1mv2 = lm(f’2 +7260%) = 1m(D2 + D%0?)
2 2 2
Vzmgy:ng(l—CosQ)+%k(D—b)2 (7.31)

1 : : 1
L=K-V-= §m(D2 + D?0%*) —mgD(1 - cosf) - §k(D -b)?

We then have one equation for each variable(the two-dimensional problem
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generates two equations).

oL _ 12,4 (aL):mLZé

06 AT

oL :

20 - -mgLsinf

oL b i(a_L.) _

oD dt \oD

oL

3D - -mg(1 -cosf) - k(D -0)

so that the equations of motion are
o (3_L) _oL_
Cdt\pg) 00
=mL?0 = —mgLsinf — 6 + %sin@ =0
N EANC
dt\op) 0D
=mD = -mg(1 - cos0) — k(D - b) + mDG?

:—>D+£(D—b)—D92+g(1—COSG)=O
m

Clearly this is a much more complicated problem (further study left for more

advanced courses).

In both of the last examples, you could have solved the problems using force

diagrams without the new methods.

What happens, however, in the case shown in figure 1657
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Figure 165:

where we have a cylinder with an attached springy pendulum rolling down
an inclined plane that can slide along the table with all the motions shown
allowed! You will do this one in more advanced courses.

Doing an old problem: See figure 166.

h
y
- :
Figure 166:

Contraint equation
z-X=(h-y)cotd - i-X =—jcotd - i— X = —jjcot

Energies and Lagrangian

1o .. 1
K = 5MX2 + 5m(j;2 +4°)

V =mgy

1 . 1
L=K—V=§MX2+§m(i:2+y'2)—mgy
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X =i +qgcotd

Lagrangian rewritten
1 .9 c . 1 .2
L= §(m+M)x + M cot 0y + §(m+Mcot0)y - mgy

Equations of motion

d (OL\ OL
E(%)_%:OZ(WM)MMCOMQ
d ( OL oL
a(a—w)—a—y:0:(m+Mcot9)y+Mcot9ji+mg
so that o
(m+Mcot9)(—er tan@jv')+Mcot€ji*:—mg
Letting
=45 , M=>5m
we get
5 6 .. 1
r=—qg—>1Yy=—— _)X:__
SRR TE A AT 117

8. Oscillations
Part 1

Simple Harmonic Motion

If any system characterized by a physical variable () can be described by an

equation of motion

Q+w?Q=0

then the system is said to exhibit SHM and the solution is found using com-

plex exponential substitution.
Complex Exponential Substitution

Digression: Second-Order diffEQs

Although in various special cases we will be able to convert many of the 2nd
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order diffEQs that arise from the application of Newton’s 2nd law to 1st
order diffEQs and thus use simpler solution methods, in many cases we will
need to solve the 2nd order equation directly.

The solution technique we will use in most cases is called exponential sub-
stitution.

Exponential Substitution

This method is applicable to all 2nd-order differential equations of the form

d*y  dy
A—+B—=+Cy=0 8.2
a2 Va Y (8.2)
where A, B, and C' are constants. The SHM equation has this form
dv d (dx d?x
M—=- M——]=- M— = :
p” kx — pn ( o ) kx — o kx =0 (8.3)

so that A=M, C =k and B =0.

The Method: Consider a typical equation of the form

Py L, dy
— +3—+2y=0 8.4
a a7 (8.4)
We make the exponential substitution

y=e™ (8.5)

into the diffEQ. This will convert the diffEQ into an algebraic equation
for a.

We have ) - .
d*y _dfett - de® 9

= = = at 8.6
az ~ az “at CF (8.6)

dy de* .
29 _ = e 8.7
it~ dat  °° (8.7)
y=e™ (8.8)

which, upon substitution, gives the result

(®?+3a+2)e=0—-a*+3a+2=0 (8.9)
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since e £ (.

The solutions of this algebraic equation tell us the allowed values of o that
give valid solutions to the diffEQ.

In particular, in this case we get

a=-1,-2 (8.10)
as solutions to the quadratic equation.
This result means that y = e=* and y = e?* satisfy the original diffEQ.

If there is more than one allowed value of o (as in this case), then the
most general solution will be a linear combination of all possible solutions
(because this is a linear diffEQ, that is, all derivative and functions enter in
the equation to the first-power).

Thus, the most general solution of the diffEQ is
y(t) = ae™ + be (8.11)
where a and b are constants to be determined by the initial conditions.

The number of arbitrary constants that need to be determined by the initial
conditions is equal to the order (highest derivative — 2 in this case) of the

diffEQ.
Suppose the initial conditions are y = 0 and dy/dt =1 at t = 0. Then we have
-2t

y(t) = ae™ + be

y(0)=0=a+b

dy _
dt

—ae”t — 2be?

dy

—(0)=-a-2b0-1

5 (0)=-a
which gives a = -b =1 and

y(t)y=et-e? (8.12)
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Substitute this solution into the original equation and see that it works and
has the correct initial conditions!!

Although this method is very powerful as described, we can make it even
more powerful by defining a new mathematical quantity called the complex
exponential.

This will allow us to use the method for the SHM case.
Complex Exponentials - Alternative Very Powerful Method

Remember our discussion earlier in course about power series expansions of
a function around some point

Z f(”)(O)

(8.13)
the point being expanded about in this case is x = 0 in this case.
If we apply this to the exponential function we get
fz) = e
FO(0) = f(0) =1
d
fM(0) = a = ae™| =«
d z=0
d f axr
F®(0) = p=1 a’e| =0
and so on .........
Therefore, we get
o o o 044 4 o o n
1+am+§x +§x TR r;)mx (8.14)

If we apply this to the sine and cosine functions in the same mannerwe get
(you should do this for at least one of these functions)

n a2n+1 2n+1 aS 3 OZ5 5
smaaz-Z( 1) 2n+1)' =0T = T T (8.15)
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2n OZQ 5 044 4
cosar = Z( 1) (2 )' =1—§m AT (8.16)
We can then show the neat result that
e* = cos ot £ isin ot (8.17)

which will be very useful throughout the course. It is called Euler’s formula.

Proof:
ot)2 (o) (iad)A
ot 1 4 iad o (iat) . (iat) . (iat) .
2! 3! 4l
2 4 3 5
_ (1_@+@_...)”(at_@+@_0d0t5)
2! 4l 3! 5!

=cosat +isinat

and similarly
e~ = cosat — i sin at
From these results we can also derive the relations

et — g~ial  cogat + 4 sin at — cosat + 4 sin ot

, = ; =sinat
21 21
elet y et cosat +isinat + cosat — i sin at
= =cosat
2 2
Finally, we use these results to solve the SHM equation.
d?y d2y k
M—+ky=0- +wly=0 , wl=—
a2 a0l m
using the exponential substitution method.
d2y
+w?y =0
az YT

Substituting y = e we get the algebraic equation
a?+w?=0
which has solutions (allowed values of «) of

o = +iw
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so that the most general solution takes the form
Y= Aeiwt + Be—iwt
Suppose now that the initial conditions are y =y and dy/dt = 0 at ¢ = 0.

Then we have
y(t) = Ae™' + Be™™

y(0)=yo=A+B
@ =JwAe

dt

wt Z'wBe—zwt

%(O):iwA—inz()eA—B:O

or
A=B=%
2
and A .
ezwt + e—zwt
y(t) = yo 5 = 1o COS Wt

as we found earlier.

Alternatively, if the initial conditions are y = 0 and dy/dt = vy at t = 0 then
we have
y(t) = Ae™' + Be

y(0)=0=A+B
% = jwAe™! — jwBe ™!
dy(o)'A'B ABUO
—~(0)=iwA—-iwB=v9g—> A-B=—
dt 0 W
or
A=-B=—0
21w
and

vy eiwt _ ef'iwt vy .
y(t) =——— = —sinwt
w

21 w
and in general we have for the initial conditions y = yo and dy/dt = vg at t = 0,

y(t) = Ae™' + Be™™t
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y(0)=yo=A+B
dy

2 = jwAe™t —jwBe ™t
dt
dy . . Vg
—(0) =iwA-iwB=v9>A-B=—
dt W
or . .
Vo Vo
2\ i 2\ 7
and
1 Uo) elwt 4 % (Z/o _ f_ﬁ) eiwt
t) == + —
u(t) =3 (yo iw 2i
eiwt + e—iwt Vo ez‘wt _ e—iwt
=% —

+ -
2 w 2

Vo .
=9 coswt + — sinwt
w

As stated above, the most general solution is

Q(t) = Ge™ + He "

where G and H are constants determined by the initial conditions.

Now we have:

e*" = cos (at) + isin (at)
and ‘ , ) A
ezat _ e—zat 1at + e—zoct

t) =
5; , cos(at) 5

With some algebra (see above) we can show that

sin (at) =

Q(t) = Ge™ + He ' = G(coswt + isinwt) + H(coswt — i sinwt)

= (C'coswt + Dsinwt
where C' =G +1H and D =G -iH.
Alternatively we can write this as

C=Acos¢p , D=-Asing
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or
D
A*=C?+D? | tang= - (8.22)
which gives
Q(t) = Acoswtcosp — ADsinwtsin ¢ = A cos (wt + ¢) (8.23)

All these forms of the solution are equivalent.

Meaning of the Constants

A = amplitude measured from equilibrium (@ =0)

&
I

angular frequency of the motion

=27 , where v = frequency = oscillations / second
27

T where T = period = time between identical () values

¢ = phase angle

The initial conditions Q(0), Q(0) determine the unknown constants
(G, H) or (C,D) or (A, ¢)
Special Case of Undamped, Unforced Spring

For a spring we have

md2:c i d?x s k 0
—=—kr—> —+ —x =
dt? dt2  m
[k 2
— z(t) = Bsinwgt + C coswot , wo=1\/— =27y = il
m T()

or

x(t) = Acos (wot + @)

Suppose at time ¢ =0, we have

z(0)=x¢9 , 2(0)=1
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We then have
z(0)=20=C , #(0)=vo=wB

or
Vo .
x(t) = xgcoswt + — sinwt
w

Alternatively, we have

x(0)=x9=Acos¢p , x(0)=wvg=-woAsing

2
v v
A= x%+(—0) , tang=-——

w Tow
Vo 2 Vo
z(t) =/ x3 + (—) cos (wt +tan™! (z ——))
w Tow
The different solution forms are appropriate for particular problems.
Energy Considerations

If we choose the potential energy U(x) =0 at x =0, we have

1 1
U= Ekxz = §kA2 cos? (wt + @) (8.24)
The kinetic energy is
Lo 1 90 2 Lo .9
K = Sm” = gmw A% sin” (wt + ¢) = 5/@4 sin” (wt + ¢) (8.25)

Thus, the total energy is
Loy o Lo L4
E=K+U-= §krA cos” (wt + @) + §I<:A sin® (wt + ¢) = §krA (8.26)
Note that the energy = constant since this is a conservative force.

Time Averages

The time average value (f) of a function f(t) over a given time interval is

defined as

(= [ sy (8.27)

T -1
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In particular, over one period

27w 2mfw
(sinwt) = ud f sinwtdt =0 = (coswt) = ul f coswtdt (8.28)
2m Jo 2m Jo
and
2 fw 1 27 fw
(sin® wt) = ul f sin?wtdt = = = (cos® wt) = l [ cos?wtdt  (8.29)
2m Jo 2 2m Jo

This allows us to calculate the time average values of various physical quan-
tities associated with SHM.

() = 4111@42 - (K) (8.30)

1
(E)=(U)+(K) = 5/@42 (8.31)
The Damped Harmonic Oscillator

Suppose that we have a spring with a mass attached and that the mass is
experiencing an extra force due to frictional effects.

Let us assume that
F-mi=-kx-0bz (8.32)

where the term —b represents the frictional effects.
This is the typical form for such forces.

Our equation of motion then becomes:

b k
F+yi+wir=0 ,y=—, wi=— (8.33)
m m

We solve this equation using the complex exponential method.

We substitute
x(t) = e (8.34)

into the diffEQ.

As before, this will convert the diffEQ into an algebraic equation for «.

(o +ya+wd)e =0 (8.35)
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or
a+ya+wi=0

(8.36)

The solutions of this equation tell us the allowed values of o that give solu-

tions to the diffEQ.

If there is more than one allowed value of o , then the most general solution

will be a linear combination of all possible solutions.

In this case, the allowed values of « are

a=ils wa - r
2 4
Therefore the most general solution is
Y ; . 72
z(t) = e 2" (B + Ce—iwit) , wy=\[/wi-—

or
z(t) = Ae 2t cos (wit + @)

where the constants are determined by the initial conditions.
The solution shown is valid when

2
w§>vz

(8.37)

(8.38)

(8.39)

(8.40)

It corresponds to UNDERDAMPED oscillatory motion. It looks like:

w, =1,y=0.1

Figure 167:
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W, = 1,y=0.05
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Figure 168:

w, =1,y=02

Figure 169:

All these are examples of underdamped harmonic motion.

It is SHM where the amplitude A is modulated by a decaying exponential
function.

w(t) = A(t) cos (wit +¢) , A(t) = Ae 2! (8.41)

We have oscillatory motion where the amplitude decreases to zero (friction
eventually removes all the energy from the system).

The damped frequency w; is smaller than the undamped frequency wy.

The zero crossings are separated by equal time intervals equal to

2

w1

(8.42)

but the peaks do not lie half way between the zero crossings(as in the case

of SHM).
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For weak damping w; ~ wy and for heavy damping w; is significantly smaller
than wy.

Energy

Using the work-energy theorem we have

E(t) = E(O) + Wfriction (843)
Lo, 1,
E(t) = gmu” + §k:$ -K(t)+U(t) (8.44)
W triction = Work done by friction between times ¢; and ¢, (8.45)
with
f =-bv = frictional force (8.46)
We then have
x(t) t ¢
W iction == fdz = f fudt = - f bu2dt < 0 (8.47)
z(0) 0 0

which says that FE(t) decreases with time because the friction force continu-
ally dissipates energy.

One can shown explicitly that
E(t) = E(0)e™ (8.48)
The energy decreases exponentially in time.

The parameter v determines the nature of the exponential behavior.

The energy decays to E£(0)/e in a time 7 = 1/ = = damping time = time
constant = characteristic time of the system.

The () of an Oscillator

The degree of damping is determined by a dimensionless number defined by

_ energy stored in the oscillator

8.49
energy dissipated per radian ( )

The energy dissipated per radian = energy lost when wt changes by 1 or
when the oscillator oscillates through 1 radian.
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This corresponds to:

2
T = period = T _ time to oscillate through 27 radians

w1

1
— = time to oscillate through 1 radian = —
2w w1

In the lightly damped case we have:

B(t) = B0)e" - ‘é—jf - Y B(0)e" = v E(t)

dFE
AFE = energy dissipated in time At = ’E‘ At =~vEAt

AE(1rad) = WEL

w1

Wi  Wo

E 1
O Ew oy "
yEwr Y v
Some typical numbers are:

Typical damped spring 7 () =1-10

Tuning fork 7 ) ~ 1000
Laser- @ ~ 10
Other Solutions

Now if we have

the solution looks like

2
x(t) = e 2(BePt+ Ce Pt | B = % - w?

It corresponds to OVERDAMPED oscillatory motion.

It looks like:
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w, =09,y=40

Figure 170:

There are no oscillations(it does not cross the equilibrium line).

There is a special case (you will learn about it in detail in an advanced
Physics class) corresponding to

2
wE = VZ (8.52)

where the solution is
z(t) = e (A + Bt) (8.53)

This corresponds CRITICALLY DAMPED motion and is the fastest decay
to equilibrium.

Phase Space

Until now we have been plotting solutions as time series, that is, x(t) vs ¢ or
v(t) vs. t.

A very powerful informational and plotting tool is called phase space where
we plot z(t) vs v(t).

This technique will be especially powerful when we study the chaotic motion
of the nonlinear oscillator later.

Let us look at some examples below.
The different curved correspond to different energy values.

As we will see later, the closed curved in phase space is a signal of periodic
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motion of some kind.

SHM - Undamped (different total energies)

Different Initial Energies

Figure 171:

Damped Oscillations (different damping constants)

Different Dampinc

Figure 172:

246



We will say more about phase space shortly when we look at chaos.
Part 2
The Forced Damped Harmonic Oscillator

Suppose that we have a spring with a mass attached and that the mass is
experiencing an extra force due to frictional effects.

Let us assume that the equation takes the form (as earlier)
F=mi=-kx-bi (8.54)

In addition, let us assume that there is an external time-dependent driving
force.

In particular, a sinusoidal function with frequency w.
This is the typical form for such forces.

Our equation of motion then becomes:
k

F+y%+wir=Fycoswt ,y=— , wi=— (8.55)
m m
The solution of this equation is the sum of two solutions
x(t) = xp(t) + (1) (8.56)
where
jv'h+7x'h+w8xh =0 (857)
and
iy + i, + Wi, = Fycoswt (8.58)

xp(t) is called the transient solution since it quickly dies out.

x,(t) is called the steady-state solution because it is the final steady motion
of the system.

We already know the solution for z,(t) from our earlier discussions of the
damped oscillator.

If one observes this type of system, then its time behavior looks like
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Figure 173:

We initially observe erratic behavior when both solutions are present.

As the transient solution decays away, the system settles into a steady-state
solution as shown with frequency w, the same as the frequency of the driving
force.. This suggests that we assume a steady-state solution of the form

x,(t) = Rcos (wt + ¢) (8.59)
for x,(1).

This is standard technique used by physicists to solve differential equations
— observe a system experimentally and then use that information to guess a
solution.

Then check to see if it is correct.

If it is, then it is the solution to the problem because the solutions of these
equations are unique.

Substitution of the assumed solution shows that it will work(is a valid solu-
tion) if we choose R and ¢ as derived below:

z,(t) = Reos (wt + @) , @,(t) = ~wRsin (wt + @) , i,(t) = —~w?Rcos (wt + ¢)
(8.60)
Substituting we get

~w?Rcos (wt + ¢) — ywRsin (wt + ¢) + wiR cos (wt + ¢) = Fycos (wt) (8.61)
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Expanding the terms coswt + ¢ and sinwt + ¢ we get

- w?R(cos (wt) cos (¢) —sin (wt) sin (¢)) — ywR(sin (wt) cos (¢) + cos (wt) sin (¢))

+wa R(cos (wt) cos (¢) - sin (wt) sin (¢)) = Fy cos (wt) (8.62)
Collecting terms and rearranging we get

coswt(~w?Rcos (¢) — ywRsin (¢) + wi Rcos (¢) - Fy)
+sinwt(w?Rsin (¢) - ywR cos (¢) — wiRsin (¢)) = 0 (8.63)

which implies that

(~w?Rcos (¢) —ywRsin (¢) + wiRcos (¢) - Fy) =0 (8.64)
(w?Rsin (¢) — ywRcos (¢) —wi Rsin (¢)) =0 (8.65)

separately since coswt and sinwt cannot both be zero at the same time.
Solving these two equations gives

W ~ Ey
tan ¢ = w?-wi ft= (w? = w?) cos (@) + ywsin (¢) (8.66)

Finishing off we get

_ 1 _ (w2 _w2)2
cos? ¢ = 1+tan?¢ - (w? - wg)z f(’yw)Z (8.67)
5 tan’¢ (yw)?
S = l+tan?¢ (w?- w2)? + (Yw)? (8.68)
- Fy
i [(W? —wd)? + (qw)?]1/? (8.69)
xp(t) = Rcos (wt + ¢) (8.70)

Let us first look at the behavior of R and ¢ as functions of w and the param-
eter ratio y/wo:

Case #1 - light damping - v=0.15, wy=1.0

Plotting R versus w we get
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Rvsw

Figure 174:

For small(light) damping R is a maximum for w = wy and the amplitude at
maximum (or resonance) is

Rlwo) = 22 (8.71)

YWo

which can get very large for small damping.

In general there is very little final amplitude for these system unless the
driving frequency is near to the natural frequency.

The size of the amplitude as a function of frequency is an indication of how
the system would absorb or emit energy at that frequency.

¢ represents the phase difference between the driving force Fjcoswt and the
response to the driving force

xy(t) = Rcos (wt + ¢) (8.72)
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A typical plot of ¢ versus w looks like:

pvsw

Figure 175:

If we plot the driving force and the response function together they look like
(the horizontal separation corresponds to the phase difference):

frequency = 1.01 dotted = driver, solid = response

Figure 176:
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frequency = 1.5 dotted = driver, solid = response

Figure 177:

frequency = 0.5 dotted = driver, solid = response

Figure 178:

For the driving frequency less than the natural frequency, the driver and the
response are in phase. For the driving frequency greater than the natural
frequency, the driver and the response are out of phase.

For highly damped systems the behavior is dramatically different as can be
seen below.

Case #2 - heavy damping - v=0.9 , wy =1.0
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Rvsw

Figure 179:

Pvsw

Figure 180:

253



Properties of Resonance in a Lightly Damped System: The Quality
factor ()

For small damping the resonance amplitude is large at resonance and sharp
(small width or small spread of frequencies where the amplitude is large).

As the damping gets larger the resonance amplitude gets smaller and the
curve spreads out.

These features are very important in determining the system response to ex-
ternal oscillatory forces.

For the steady-state motion, the amplitude is constant in time (after tran-
sients have died out).

We have
r=Rcos(wt+¢) , v=-wRsin(wt+ @) (8.73)
K(t) = %va = %maﬂRQ sin? (wt + @) (8.74)
1 1
U(t) = éka = §kR2 cos® (wt + @) (8.75)

1
E(t)=K(t)+U(t) = §R2 [mw? sin? (wt + ¢) + kcos? (wt + ¢)] (8.76)
The energy is time-dependent (k # mw?).
We are pumping energy into the system and it is continually being dissipated.

We focus our attention on time-average quantities

1 1
(K) = Z—meQRZ , (U)= ZkRQ (8.77)
Loor o Lo o 2. o
(E) = ZR [mw?® + k] = ZmR [w* + wi] (8.78)

As a function of the driving frequency we then have:

_Fp w? + w?
4 (w? —wd)? + (yw)?

(E(w)) (8.79)

Let us consider this expression in the case of small damping, where v << wy.
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If we plot E(w) as a function of w we see that for light damping F(w) is
effectively zero (solid curve) except near resonance. Other curves are larger
damping values.

a.10

a.00

Figure 181:

Hence we can replace w ~ wy except in the term involving w — wy.

We obtain
EF? Qw2
E =0 0
B = o) @ rwo)e ()2
K wh
) (w=wo)?(2wp)? + (Yw)?
_ I 1

ul(l - (8.80)
8 (w=-wp)?+ (%)

This is called a resonance curve or Lorentzian. Its properties are:

maximum height = %

. . 2
%—mammum height when (w —wy)? = (%) or when w —wg = 3 = w.
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full width at % maximum = resonance width = w, —w_ =v=Aw

As ~ decreases the curve becomes higher and narrower.

The range of frequencies over which the system responds becomes smaller
and the oscillator becomes increasingly selective in frequency.

This frequency selective property is characterized by the Q)-value.

Remember ) ]
_ energy stored in the oscillator (8.81)
~ energy dissipated per radian '
which for a lightly damped system gives (after much algebra)
Q=L (8.82)
Y

This same damped oscillator, when driven has a resonance curve with fre-
quency width Aw =~.

Thus,
wo resonance frequency

Q=0

y T Aw frequency width of resonance curve

(8.83)

A very sharp resonance curve means that a system will not respond unless
driven very near its resonance frequency.

Coupled Oscillations

Let us now consider the system of coupled oscillators shown below:
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equilibrium positions

Figure 182:

We can write down Newton’s 2nd law equations for each of the masses:

mi‘l = —kl‘l + K($2 - .Il)

m:fg = —]{31‘2 - K(.IQ - .Il)

These are coupled differential equations.
The general solution can be found using a couple of tricks.
Rearrange the equations as follows:
(ZL‘l + ZL‘Q) + —(.Tl + 5132) =0
m

kE+2K

(ii'l—.i'g)+ (1'1—1'2) =0
These are SHM equations (variable z + z3).

Therefore we have

o=

T1+ X9 = Acoswit+ Bsinwit , wy =

kE+2K

x1— X9 = Ccoswat + Dsinwst , wq =

3
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Let us choose some special cases (choice of initial conditions) so we can see
what is happening:

Case 1: Symmetric case

21(0) =d=22(0) , #1(0)=0=15(0)
-2d=A, 0=C , 0=w B, 0=wyD
= X1+ Xy = 2d coswi t
- 21 —-22=0

— 21 = L9 = dcoswyt

— the masses oscillate in same direction (in phase) with frequency w; =/ —
m

Case 2: Antisymmetric case

21(0) =d=-22(0) , 41(0)=0=15(0)
-0=A, 2d=C , 0=wiB , 0=wyD
— X1 — Xy = 2d cos wat
—>x1+29=0
— T = —T9 = dcoswst

kE+2K
m

— oscillate in opposite directions (out of phase) with frequency ws =

These first two cases represent situations where the system as a whole oscil-
lates with a single frequency.

They are called NORMAL MODES and the frequencies are called char-
acteristic or eigenfrequencies.

Case 3: General case
The initial conditions
1‘1(0) =d ) 372(0) =0 ) 1'1(0) 2021‘2(0)
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give the results

dZA,dZC, OzwlB,O:wgD
Ty + T = dcoswit
T — X9 = dCOS(,LJQt

which lead to

d 1 1
xr1 = §(cosw1t + coswyt) = dcos (5(001 +W2)) cos (5(“’1 _WQ))

d 1 1
To = §(COSW1t —COSC{)Qt) = dsin(i(wl +QJ2))S1H(§(W1 —C«JQ))

These correspond to a low frequency %(wl —wy) envelope modulating a high
frequency 3(w; +ws) wiggle.

What does this look like (choosing some numerical values):

Figure 183:
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Figure 184:

Example:

The pendulum of a grandfather’s clock activates an escapement mechanism
every time it passes through the vertical.

The escapement is under tension (provided by a hanging weight) and gives
the pendulum a small impulse a distance ¢ from the pivot.

The energy transferred by this impulse compensates for the energy dissipated
by friction, so that the pendulum swings with constant amplitude.

(a) What is the impulse needed to sustain the motion of a pendulum of
length L and mass m, with an amplitude of swing 6, and quality factor
Q7 Let the pendulum have speed vy as it starts to swing up (from
equilibrium position) and speed v; as it returns (to the equilibrium
position).

The loss in energy is then
1
AFE = 5m(v§ -v})
The motion takes half of a cycle (7 rad).

By definition, () = fraction of energy lost per radian.
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Therefore,

AEzﬂzlwmvg
QR 2 Q

Therefore,

1 mmu?

1 1
2 Q 2

2
v

Q

m(vg —vi) = (v —v1)(vo +v1) =

Since v; ~ vy, we have

e v
(Av)(2vy) = 60 - Av=1v)-v ® 2_65

The required impulse is

MmmUy

[ =mAv = 20

If the motion is given by (t) = 0y sinwt, where w = +/g/L, then

Vo = LQ = wQOL = \/g_LGO\/g_Lé’O

and
_ 7T90

=220
2g "V

L

Why is it desirable for the pendulum to engage the escapement as it
passes vertical rather than at some other point of the cycle?

The change in velocity for a given impulse is Av = I/m.

However, the change in energy is
1 s 1 1 9
AE = im(v + Av)? - gmv” = mAv + §m(Av)

The point in the cycle where the impulse occurs can vary due to me-
chanical imperfections such as play in the mechanism or wear.

To minimize changes in the energy transferred, the impulse should oc-
cur when v is constant, that is, at the bottom of the swing.
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Proof: The energy equation is

1 1 1
§mv2 +gL(1-cosf) ~ §m1)2 + §g€92

This gives
vmd + gtode =0 — 2 =940
g mwo
so that p
d_z =0 when 6=0
Example:

A small cuckoo clock has a pendulum 25 cm long with a mass of 10 g and a
period of 1 s.

The clock is powered by a 200 g weight which falls 2 m between daily wind-
ings.

The amplitude of the swing is 0.2 rad.
What is the @) of the clock?

How long would the clock run if it were powered by a battery with 1 J ca-
pacity?

The power to the clock from the descending weight equals the power dissi-
pated by friction.

If the weight descends distance L in time T, then p= MgL/T.
The energy lost per radian is AE = pjw.
The average stored energy is
1 1
E = —mv? + —mgl6?
2 2
The kinetic and potential energies are equal, on the average, and

1 —
E = §mg€93
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where 6, is the angular amplitude. We then have

E %mng@%w = %mgwng = lméﬁng
AE D MgL 2ML

We have numerical values

(=25cm, L=2m,m=10"2kg, M =0.2kg, 0 = 0.2

w=2m,rad/s, T = 8.64 x 10* s

Therefore,
Q =68
The energy to drive the clock one day is £ = M gL =4 joules.

Therefore, the clock would run only 6 hours on a 1 joule battery.

9. Non-Linear Mechanics : Approach to Chaos
Introduction
There are two major reasons for studying non-linear mechanics.

The first and most basic is that the equations of motion of almost all real
systems are non-linear.

The second reason is that even a relatively simple system which obeys a
non-linear equation of motion can exhibit unusual and surprisingly complex
behavior for certain ranges of the system parameters.

In a wide variety of dramatically different non-linear systems identical fea-
tures show up.

Much of the existing knowledge of non-linear behavior has been obtained
from numerical solutions.

The traditional methods of mechanics, which lead to analytic (explicit equa-
tions) expressions for the motion, fail for most problems in non-linear me-
chanics.
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Numerical integration of the equations of motion is usually necessary.

From the time of Newton until the 20th century, physicists and philosophers
viewed the universe as a sort of enormous clock which, once wound up, be-
haves in a predictable manner.

This idea was dramatically shaken by the discovery of quantum mechanics
and the Heisenberg uncertainty principle, but physicists still thought that
the motion of classical systems (macroscopic) that obey Newton’s equations
of motion would exhibit predictable or deterministic behavior.

It turns out, however, that even macroscopic systems obeying Newton’s equa-
tions can exhibit so-called chaotic motion or motion that seems very difficult
to predict (or is even unpredictable).

The main difference between a chaotic system and a non-chaotic system is
the degree of predictability of the motion given the initial conditions to some
level of accuracy (note the new idea being introduced that we might not be
able to specify the initial conditions exactly).

In addition, we will find an extraordinary sensitivity to initial conditions.

Let us look at a system we considered earlier, namely, the linear, damped
oscillator with sinusoidal driving force.

This system satisfies the differential equation

%+b(2—f+cx:acoswt (9.1)

with @ = 0.9, b = 1.0, ¢ = 0.5, w = 0.66666. If this system is started off
with different initial conditions (values of x, dx/dt at t = 0) we observe the
following behavior:

after a time long enough for the transient motion to die
out, the different oscillatory systems will end up with the
same motion

Thus, the final motion is independent of the initial conditions.

In the Matlab simulation below, we plot the motion of two oscillators with
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different initial conditions on the same diagram (in phase space where we
plot velocity(y-axis) versus position(z-axis) and different initial conditions
correspond to different starting points in phase space) with each oscillator
represented by a different color.

The final steady-state motion in both cases is clearly an elliptical path in
phase space.
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Figure 185:
Analytically, the final steady-state motion is given by
d
x=Asinwt d—fzvawcoswt
o 92
:F+§:l—> an ellipse

in agreement with the simulated motion.

The simulation illustrates the independence of initial conditions rather dra-
matically.
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Later we shall investigate this system when the linear approximation is not
valid, that is, the correct differential equation is

% +bz—f + csinz = acoswt (9.3)

and (9.1) is only valid when we can make the approximation
sinz ~ x (9.4)

If we simulate with the non-linear version of the equation, then the system
exhibits a dramatic sensitivity to initial conditions, i.e., the solution for dif-
ferent(even slightly different) initial conditions bear no resemblance to each
other as shown below

2 Oscillators - Phasespace Plot
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Figure 186:

One of the best know examples of poor predictability is the weather.

At one time it was believed that with a large number of atmospheric mea-
surements and powerful computers to integrate the fluid mechanics equations
it would be possible to make long term weather predictions.

It is now realized that this was a naive hope and that the weather equations
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are extremely non-linear and the solutions of the weather equations are expo-
nentially sensitive to the initial conditions; this means that an infinitesimal
difference in initial conditions will eventually produce a completely different
solution to the equations, that is, no two solutions will have any relation to
each other.

A simple weather model are the three-dimensional Lorenz equations which
generate solutions that fall on a curve in three dimensions called a strange
attractor (looks like butterfly wings). This led to the famous butterfly
effect where one could imagine that the perturbation in the weather system
due to a butterfly flapping its wings in Africa would grow exponentially into
a great weather front in North America. This is illustrated dramatically by
the simulation of the Lorenz equations (lorentz0.m and lorentz4n.m) video(in
class). Again we observe extreme sensitivity to initial conditions.

Even though the motion of a complex system cannot be precisely predicted
certain features can often still be relied upon.

For example, the exact path of a given molecule of water that come out of a
faucet is certainly not predictable.

We can say, however, with high probability that the molecule will fall verti-
cally downward within a well-defined cylindrical surface.

It is a real challenge to deduce such “robust” features of the solutions of
nonlinear equations.

Toward an Understanding of Chaos

In general, non-linear differential equations are difficult to solve either ana-
lytically or numerically.

Before investigating in detail the properties of the non-linear damped, driven
oscillator, we will look at a simple system that can be easily solved numeri-
cally but still exhibits all the important properties of a chaotic system.

There exists a class of elementary model systems that can give insight into
the mechanisms leading to chaotic behavior.
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These are stated in the form of difference equations, rather than differen-
tial equations.

A typical difference equation is of the form

g1 = [ (1, x0) (9.5)

where z,, refers to the n* value of z, which is always a real number on the
unit interval [0,1], and p is a parameter.

The way to think of this system is the following.
Think of nT" as a time, where T is a basic time interval.

Starting from some initial value of x, xy, we can generate a sequence of x
values, x1,Tg,......... using (9.5).

The function f is called a map of the interval |0,1] onto itself, since it gen-
erates z,.; from xz,.

The function f can be nonlinear in its argument x,,.

Difference equations are readily solved by iteration, and their numerical so-
lution is much less time consuming than is the case for nonlinear differential
equations.

The Quadratic or Logistic Map

The map is
Tpp1 = Az (1 - x,) (9.6)

If 0 <\ <4, then 0 <z, <1 implies that that 0 < x,,,; < 1, so that we can

always assume that x,, is in the interval [0,1].
A fixed point of a mapping is a point that maps into itself.

If there are points which, after more and more iterations of the mapping
approach closer and closer to a fixed point, then the fixed point is called an
attractor.

If A< 1, then we can see from (9.6) that x,,; <z, for all z,.
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This implies that the ultimate result of repeated iterations is inevitably x = 0.
Thus, when A < 1 the mapping has one fixed point, which is an attractor.

The fixed points are found for any A by using the fixed point condition
z=Xx(l-x) (9.7)

which has solutions ]
X = O s xr = ]_ — X (98)

Geometrically, the fixed point is the intersection of the quadratic map func-
tion with the line x,,; = x,,. Two examples are shown in the figures below:

Figure 187:

The case above corresponds to A = 0.8 and fixed point is = = 0 (cyan triangle).

As stated earlier, the fixed point will always be x =0 when A < 1.
The case above corresponds to A = 2.8 and fixed point is z = 0.643 (cyan
triangle).

Since A > 1 in this case, the fixed point satisfies
1 1
r=1- e 1- 28 - 1-0.357 = 0.643 as stated above.
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Figure 188:

The next question is whether the fixed points of (9.8) are stable, that is, they
are attractors.

To settle this question we start with a point near a fixed point and see if the
result of repeated mapping converges to the fixed point.

We write z,, as
Ty =T+ 0, (9.9)

where 7 is a fixed point and 6, is (at least initially) small in magnitude.

Substituting (9.9) into the map equation (9.6) and retaining only terms linear
in §, (since 9, is small), we find that

Tn+l = £+5n+1 = )\(f + (571)(1 - (i" + 5n))

T+ 0p1 = AT(1 =) + A0, — 20T5, — A(6,)? (9.10)
Spit = A0n — 2AT, — 5;” = \(1-27)

n

where we have used the definition of the fixed point = Az(1-z) and dropped
the small A(0,,)? term. If [0,,,1]| < |0,|, then with repeated mappings the point
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(9.9) moves closer and closer to Z with increasing n and so this fixed point
is called stable or attracting. On the other hand, if |0,.1| > |0,|, then the
point moves away from Z and the fixed point is called unstable or repelling.

For the logistic map, setting x,,,1 = Az, (1 - x,) = F(x,), we have

ar _ — _5n+1
(E)”‘A(l o) = 2 (9.11)

so that the criterion for stability becomes

dF
N 1 9.12
( d.flf )x=:€ < ( )
We note that this result is general for all maps of the form z,,1 = F(z,).

Also note that (%)Izj is the slope of the mapping function in the neighbor-
hood of the fixed point.

A simple but informative geometrical construction of the iteration process
near the fixed point is shown in the figures below for the two stable fixed
point cases previously discussed.

In the construction we plot two curves, the magenta curve is f(z) = = and
the yellow curve is g(z) = A\x(1 - z).

The cyan triangle is a fixed point where f(x) = g(z).
The axes are T,,; versus ,.

The iteration starts from a point(near the fixed point) on the horizontal axis
and proceeds as follows.

(70,0) = (0,9(x0)) = (9(20),9(0)) = (9(0),9(9(x0)))
~ (9(9(20)),9(9(x0))) = (9(9(x0)), 9(9(9(0)))) - etc

The plot is called a return map.
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Figure 189:

This figure above shows the stable fixed point (z = 0.643) for A = 2.8.

Figure 190:

This figure above shows the stable fixed point (z = 0) for A =0.8.

According to (9.11) the fixed point z = 0 is stable (it is an attractor) when
0 < A < 1, while the fixed point £ =1 - % is stable for 1 < A < 3. Now that we
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have established the stability of the fixed points when 0 < A < 3, we venture
into the region 3 < A < 4.

According to (9.11) there are no stable fixed points (simple attractors) for
A>3

We then look for points with higher periodicity points which return to their
original value after some number of mappings.

For instance, period-2 points satisfy x,,s = x,.
They are fixed points of the once iterated mapping
Tpyo = M1 (1= 2pi1) = N, (1 - 2,) = M2 (1 - 2,)? (9.13)

Before seeing how to make a plot which uses this equation to find periodic
points, we show below the return map plot for A = 3.3, which should be an
unstable fixed point.

Figure 191:
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Clearly, we do not have a period-1 fixed point.

We might have some periodic points indicated by the plot repeating the same
path (large rectangle) but it is hard to determine what is happening.

Now using (9.13), called the double map function, we plot, the double map
function, the single map function (the original map function) and the line
Tn+l = Ty

For A = 2.8 all three curves should intersect in the same point (the fixed point
at 0.643) since we already found a period-1 fixed point in this case. This is
shown below.

Figure 192:
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Now looking in the region A > 3, for A = 3.2 we get the plot below

Figure 193:

There are three fixed points in this case.

The middle one is the unstable fixed point of the period-1 or single mapping
at v =1-(3.2)"1 =0.6875.

The two remaining fixed points of the double mapping are stable in the range
3<A<3.449...

Note that these two points are a single pair of period-2 points; calling them x 4
and zp, the mapping takes one into the other: xp = F(24) and x4 = F(xp).

This transition, as the value of X is raised past a critical value (3 in this case),
from one stable fixed point to a pair of stable period-2 points, is known as a
bifurcation or period doubling.

We can see this in another way by plotting a time series as shown below.

The first plot is for A = 0.8 and we clearly see the map iterate to the stable
fixed point at x = 0.
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Figure 194:
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The second plot is for X\ = 1.8 and we clearly see the map iterate to the stable
fixed point at x = 0.44.
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Figure 195:

50

The third plot is for A = 2.8 and we clearly see the map iterate to the stable
fixed point at x = 0.64 in agreement with the earlier result.

K—valus

Time Series: 2.8

1.0F

0.6 ?\/\/\/\M
0.4F

0.2F

0.0L

0 10 20 30
Stepa

Figure 196:
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The fourth plot is for A = 3.2 and we clearly see the map iterate to two stable
fixed points at x = 0.52 and = = 0.80 in agreement with the earlier result.

These are period-2 points.
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Figure 197:

The fifth plot is for A = 3.5 and we clearly see the map iterate to four stable
fixed points. These are period-4 points.

Time Series: 3.5
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Figure 198:

The sixth plot is in a chaotic regime with no periodicity and no fixed points.
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Time Series: 3.9
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Figure 199:

As )\ is raised above 3.499 a second bifurcation occurs (see period-4 points for
A = 3.5 above), that is, the pair of stable period-2 point turns into a quartet
of period-4 points.

Such bifurcations occur faster and faster until an infinite number of bifurca-
tions occur at A =3.5699%4...........

We can see the entire structure of the logistic map in the plot of fixed points
below
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Figure 200:

Clearly, we can see the period-1, period-2, period-4, etc regions, the bifurca-
tions or period doublings, the chaotic regions and so on.

If we blowup the region from 3.545 to 3.575 we have
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Figure 201:

Finally if we blowup the region 3.5680 to 3.5710 we have
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Figure 202:

We note at this time that the plots show that the entire original plot seems
to repeat itself as we magnify the image.

There are similar structures within similar structures and so on. More about
this later.

Denoting by Ax the critical value of A at which the bifurcation from a stable
period-k set of points to a stable period-(k + 1) set occurs, it is found that

A Ak
lim ———— =4.669201.... 9.14
Foo At — Mt (9-14)
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known as the Feigenbaum number.

This ratio turns out to be universal for any map with a quadratic maximum
and is seen in a wide range of physical problems.

One of the conclusions one can draw from the existence of the Feigenbaum
number is that each bifurcation looks similar up to a magnification factor.

This scale invariance or self- similarity plays an important role in the tran-
sition to or onset of chaos and in the structure of the strange attractor
that we will discuss shortly.

We note from the pictures that above \. = 3.56994.... the attractor set for
many (but not all) values of A shows no periodicity at all.

For these values of A the quadratic map exhibits chaos and is a strange at-
tractor.

In the region A. < A < 4 there are “windows” where attractors of small pe-
riod reappear.

An important property of chaotic motion is extreme sensitivity to initial con-
ditions (as we mentioned earlier).

To express the sensitivity quantitatively we introduce the Lyapunov expo-
nent.

Consider two points in phase space separated by distance dy at time t = 0.
If the motion is regular (non-chaotic) these two points will remain relatively
close, separating at most according to a power of time.

In chaotic motion the two points separate exponentially with time according
to
d(t) = doe*r? (9.15)

Remember the Lorenz map video!
The parameter Ay, is the Lyapunov exponent.

If \;, is positive the motion is chaotic.
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A zero or negative coefficient indicates non-chaotic motion.

There are as many Lyapunov exponents for a particular system as there are
variables.

Thus, for the logistic map there is one Lyapunov exponent.

For the logistic map a semi-logplot of the separation of two initially nearby
time series trajectories in a chaotic region A\ = 3.64 gives an approximate
straight line with positive slope indicating exponential separation with a
positive Lyapunov exponent. See plot below.

Figure 203:

Let us try to be more quantitative.

Consider a system with two initial states differing by a small amount; we call
the initial states xy and xqg + €.

We want to investigate the eventual values of x,, after n iterations from the
two initial values.

The Lyapunov exponent \j represents the coefficient of the average expo-
nential growth per unit time between the two states(if it exists).

283



After n iterations, the difference d,, between the two x,, values is, as stated

above, approximately
d(t) = ee (9.16)

From this equation, we can see that if A; is negative, the two orbits will
eventually converge, but if it is positive, the nearby trajectories will diverge
and chaos results.

Let us look specifically at a one-dimensional map described by x,,1 = f(z,).

The initial difference between the states dy = €, and after one iteration, the

difference d; is J
d1=f(x0+6)—f(:c0)~e£ (9.17)

zo
where the last result on the right occurs because € is very small. After n
iterations, the difference d,, between two initially nearby states is given by

dy = f"(zo+€) = [ () = ee™* (9.18)

where we have indicated the n'* iterate of the map f(z) by the superscript
n.

If we divide by € and take the logarithm of both sides, we have

ln(f"(xo+ei—f"($o)):m(en,\L =nAL (9.19)

Now, because € is very small, we have for A\,

b L0t )

n n dx

(9.20)

Zo

The value of f*(xq) is obtained by iterating the function f(xg) n times.

(o) = fF(f(rri(f(20))---)) (9.21)
We use the derivative chain rule of the nt" iterate to obtain
G| | Ay 02
dr |y, dzly, , dvly, , dzly,
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Taking the limit as n — co we finally obtain

1l df ()
Ar = lim — In|[————= 9.23
v=tim o) n‘ 0 (9.23)

where the sum arises from the logarithm of a product.

We plot the Lyapunov exponent as a function of r (the parameter r replaces
the logistic parameter A on the graph), the logistic parameter, below.

Figure 204:
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If we put the Lyapunov exponent plot and the logistic map plot of fixed
points on the same graph we get
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Figure 205:

Clearly, the Lyapunov exponent is negative whenever the map is stable and
positive whenever the map is chaotic.

The value of A is zero when bifurcation occurs because |df /dz| = 1 and the
solution becomes unstable.

A superstable point occurs where df /dz = 0 and this implies that A\j, = —oo.

We can see clearly from the plot that when A\ goes above zero, there are
windows of stability where A goes negative for a while and period orbits
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occur amid the chaotic behavior.

The relatively wide window just above A = 3.8 is apparent. Having introduced
a wide variety of ideas and concepts related to the behavior of nonlinear
system that exhibit chaotic motion, let us now return to a discussion of the
nonlinear, damped driven oscillator, which is a real physical system.

The Nonlinear Damped Driven Oscillator
First we discuss the Simple Pendulum

The simple pendulum is shown below.

Figure 206:

Using Newton’s laws, we have these equations of motion:

ma = ma,t + maqs(ﬁ =m( — rd?) ¢ +m(2r¢ + 7“(]5)@?)

= (mgcos¢ —T)r —mgsin P (9.24)

or
mgcosd—T = m(i - r¢?) (9.25)
—mgsin¢ = m(2r¢ + ro) (9.26)
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Now 7 =7 =0, r = L so that we have
T = gcos ¢ — Lp? (9.27)
phi + %sin¢ -0 (9.28)
The first equation simply determines the tension 7.
The 2nd equation is the equation of motion of the pendulum.

If we add damping and a periodic driving force we have the equation of
motion

d?0  db
Mg v+ Bsinf = v cos (wt) (9.29)
We rewrite this as 20 50
g = acos (wt) - Co = bsin 0 (9.30)

First we investigate the motion of this physical system in phase space.

We fixed some of the parameters

b=10= ﬁ = l\/g , {= pendulum length
m mV £

o
c=0.5=— , a= damping parameter
m

w = 0.66666666 = driving frequency

We will use as a variable parameter (like A in the logistic map) the constant
a where a = L, v = driving amplitude.

In particular, we will look at
a=0.90 periodic motion
a=1.07 periodic doubling
a=1.15 chaotic motion
a=1.3b periodic motion

a=1.45 periodic doubling
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a=1.47 periodic doubling
a=1.50 chaotic motion

The plots below are then generated.

Figure 208: a=1.07 periodic doubling

289



Figure 209: a=1.15 chaotic motion

If the simulation were run longer the area shown would be solid red since the
oscillator never repeats the same point in phase space.

Figure 210: a=1.35 periodic motion
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Figure 212: a=1.47 periodic doubling
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Figure 213: a=1.50 chaotic motion

Clearly, the dependence of the system motion on the amplitude is very com-
plex and sensitive to value.

Another way to visualize the behavior of these systems is via Poincare Plots.
The Poincare plot is the same as using a stroboscope on the motion.

In this case we flash the strobe once every cycle of the driving force (fre-
quency =w).

We thus obtain one point per cycle in the plot.

We generate the plots shown below:
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Poaition

Figure 214: a=0.90 periodic motion

Since periodic only one point appears per cycle and it is the same each time.

MNonlinear Oscillator

Poaition

Figure 215: a=1.07 periodic doubling

Since period doubling occurred two points appear per cycle and they are the
same each time.
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Figure 216: a=1.15 chaotic motion

The point never repeats in phase space.
Nonlinear €

Poaition

Figure 217: 1.35 periodic motion

Since periodic only one point appears per cycle and it is the same each time

294



MNonlinear Oscillator

Figure 218: a=1.45 periodic doubling

Since period doubling occurred two points appear per cycle and they are the
same each time.

MNonlinear Oscillator

Velocity

Poaition

Figure 219: a=1.47 periodic doubling

Since another period doubling occurred four points appear per cycle and they
are the same each time.
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Nonlinear Oscillator

Figure 220: a=1.50 chaotic motion

The point never repeats in phase space.

In the two chaotic cases, the Poincare plot is an attractor with an infinite
number of points. It is a fractal curve (more about this later) with non-
integer dimension.

The steady state motion of the oscillator in these cases is not periodic at all;
the motion is chaotic.

An attractor of this sort is known as a strange attractor.
Its infinity of points are arranged in a strange self-similar (fractal) manner.

Finally we can make a bifurcation plot of fixed points for the driven oscillator,
where we plot the strobe values (from the Poincare plot) versus the driving
amplitude.
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MNonlinear Oscillator

1.2

Amplitude

Figure 221:

We see the same structures as in the logistic map bifurcation plot.
The various periodic, period-doubling and chaotic regions are clear.
The critical points are also clear.

Thus, two systems, which really do not resemble each other in any way except
that they are both nonlinear systems, exhibits very similar behaviors.

Show movie of calculation in oscpoinbif.mpg.
Zooming In
Let us zoom in on a strange attractor.

We consider the Poincare plot for the driven oscillator when a = 1.50.
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The strange attractor looks like:
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Figure 222:
We then start zooming in.....

Z0OOM +#1 below shows the detail present in the attractor.
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Figure 223:

Z0OOM +#2 below shows further detail present in the attractor.

299



Nonfinear Oscllgtor — a=1.50
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Figure 224:

These different magnifications clearly reveal the self-similar structure caused
by the folding and stretching of the phase volume.

The stretching and folding processes lead to a cascade of scales: the attractor
consists of an infinite number of layers.

The fine structure resembles the gross structure.

Z0OOM #£3 Pick another place.......
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Figure 225:
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Figure 226:

Here we are only limited by the resolution of the screen and the accuracy of
the calculation.

It is clear that there is complex structure in a strange attractor or fractal at
all levels.

The dimension(show meaning later) of this strange attractor is D = 1.4954.......

The simulations of the chaotic attractor and its Poincare sections reveal a
hierarchical structure that is uncharacteristic of ordinary compact geometri-
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cal objects.

The chaotic attractor as represented by the Poincare sections are fractals or
mathematical sets of noninteger dimension(strange attractors).

Properties of a strange attractor

1. The trajectory of a strange attractor cannot intersect with itself
2. Nearby points on the attractor diverge exponentially.
3. The attractor is bounded in the phase space.

4. Even though it has an infinite number of different points the trajectory
does not fill the phase space; it has zero area

A strange attractor is a fractal, and its fractal dimension is less than the
dimension of its phase space.

Self-Similarity

An important (defining) property of a fractal is self-similarity, which refers
to an infinite nesting of structure on all scales.

Strict self-similarity refers to a characteristic of a form exhibited when a sub-
structure resembles a superstructure in the same form.

Fractals
Fractals are mathematical point sets with fractional dimension.
Fractals are not simple curves in Euclidean space.

A FEuclidean object has integral dimension equal to the dimension of the
space the object is being drawn in.

If a Fuclidean line connects 2 points in 3-dimensions and also stays within a
finite volume, then the length of the line is finite.

A fractal is a line that can stay within a finite volume, but still have an
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infinite length.
This implies that it has a complex structure at all levels of magnification.

In comparison, a Euclidean line will eventually look like a straight line at
some magnification level.

To describe this property of a fractal, we need to generalize the usual concept
of dimension.

The dimensionality D of a space is usually defined as the number of coordi-
nates needed to determine a unique point in that space.

When defined in this way, the only allowed values for D are the non-negative
integers 0,1,2,.....

There are several ways that the concept of dimension can be redefined so
that it still takes on non-negative integer values when considering the sys-
tems described above, but can also take on non-negative real number values.

We will adopt a simplified version of the “Hausdorff dimension” called the
“box counting” or “capacity” dimension.

In the box-counting scheme, the dimension of an object is determined by
asking how many “boxes” are needed to cover the object.

Here the appropriate “boxes” for coverage are lines, squares, cubes, etc.

The size of the boxes is repeatedly decreased and the dimension of the object
is determined by how the number of covering boxes scales with the length of
the side of the box.

In one dimension, we consider a line of length /.
We need

1 box(a line) of length ¢

2 boxes of length ¢/2

4 boxes of length ¢/4
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If we define §,, = length of the m*" box, then §,, = £/2™.

Thus, the number of boxes N(d,,) scales as N(6,,) = 61

Note that in 1 dimension, the power of % is 1.
In two dimensions, we consider a square of side /.

We need
1 box(a square) of area 2

4 boxes of area (£/2)?

Thus, the number of boxes N(4,,) scales as N(6,,) = (%)2.

Note that in 2 dimensions, the power of ﬁ is 2.

Generalizing to D integer dimensions, we have

o (1)

Some algebra yields

log (N (6,,)) = log (i)D = Dlog (i) = D(log (¢) —1og (6,n))

Om Om

_ log(N(3))
log (¢) ~1og (6,.)
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We then define the dimension D by

o (N(3,)
D= L Tog (0) “log (0,,)

As m — oo, the length of the system log (¢) becomes negligible and we have

e log ()

or letting 9,, = €
D = lim log (N (¢))
=0 log(3)

where N(e) = the number of p-dimensional cubes of side € needed to com-
pletely cover the set.

This is the Hausdorff or fractal dimension D of a set of points in a p-
dimensional space.

Examples
(1) A single point: only one cube is required.
This means that N(¢) =1 or log (N(¢)) =0 or D = 0(as expected).

(2) A line of length /¢ in a plane:

The number of cubes of side € required = number of line segments of
length e.

Therefore, N(e) = £ and

log (¢ loo (1) +1
D =lim Og(e):hm Og(e)_{_og(g):hm 1+10g(€) _1
<0 log (L) 0 log (1) e~0

as expected.
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(3)

A square of area (?%:

The number of cubes of side € required = number of squares of side e.

Therefore, N(¢) = i—z and

1 2
1m210g(6)+10g(£):11m 2+10g(€) =2
=0 log(y) =0 log(3) =0\ log ()

as expected.

So this definition of dimension works for Euclidean objects and clearly
makes sense.

The Koch Snowflake: The Koch curve is constructed by recursion
as exhibited in the first two figures below.

Figure 227: L =1, #(L) = 1, total length = 1

Figure 228: L = 1/3 , #(L) = 4, total length = (4/3)

At each step the middle-third of each segment is replaced with a “V”
shaped bulge.

Continuing to iterate:
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/\

3

/\

Figure 229: L=(1/3)2, #(L)=42, total length = (4/3)?

;

Figure 230: L =(1/3)3 , #(L)= 43 , total length = (4/3)3

Figure 231: L =(1/3)* , #(L)= 4% , total length = (4/3)*

Figure 232: L =(1/3)° , #(L)= 4% , total length = (4/3)°

This curve turns out to have infinite length(see below), while enclosing
(together with its natural base: the original line segment) a finite area.

The dimension is given by

_ lim log (4™) T nlog (4) _ log (4) _
D= %—»oo ((%)") g—wo nlog (3) log(3)
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Clearly, the final length of the fractal line,

Im|{=] — o
o0 \ 3

is infinite even though it stays within a finite area of the 2-dimensional
Euclidean plane.

A strange attractor is such a fractal curve.

And now for a digression.....
Fractal Dimension Program

We now illustrate a program that carries out the box dimension calculations
on complex fractal structures.

The ideas of covering a fractal with boxes is shown below.

ity
I
s i
d :
A 7y
' mm?’
:)
B
&

Figure 233: Koch curve covered by boxes of size r
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The program simply chooses a “box” size, covers the fractal and counts the
number of boxes.

It then reduces the box size and repeats until the box is very small.

At that point it can recognize the limit of plot log N(r) versus logr and
determine the slope which corresponds to the dimension.

If we apply the program to the iterated Koch snowflake which looks like

L = (1/3)5 , #(L) = 45, total length = (4/3)%

Figure 234: Koch snowflake curve

we get the result

reality:fdc_mac boccio$ ./fdc -i snowflake.tga -bl 200 -b2 8 -n 1 -bf 1.2 -p
FDC - Fractal Dimension Calculator
Initialising GLUT
Creating windows
Creating menus (Right mouse button)
Reading file "snowflake.tga"
Image dimensions: 1188 x 695 x 24
Creating screen version
Full screen size: 2560 x 1440

Display size: 1188 x 695
Scale factor: 1
Processing starting

Box size: 200 [ 1], Total count = 15
Box size: 166 [ 2], Total count = 19
Box size: 138 [ 3], Total count = 22
Box size: 114 [ 4], Total count = 30
Box size: 95 [ 5], Total count = 31
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Box
Box
Box
Box
Box
Box
Box
Box
Box
Box
Box
Box

size:
size:
size:
size:
size:
size:
size:
size:
size:
size:
size:
size:

79
65
54
45
37
30
24
20
16
13
10

8

[ 6], Total
[ 7], Total
[ 8], Total
[ 9], Total
[ 10], Total
[ 11], Total
[ 12], Total
[ 13], Total
[ 14], Total
[ 15], Total
[ 16], Total
[ 171, Total

Processing finished
Estimated fractal dimension:

count
count
count
count
count
count
count
count
count
count
count
count

1.211

The box process is illustrated below:

= 45
= b8
=70
= 82
= 109
= 115
= 183
= 225
= 308
= 424
= b47
= 747

1

a
§Q\ Al e

N o N
2 sgea~_ v
c | LY s
v siErmmrscomasziamassannan

111

Ped

v,
y

Figure 235: Boxing illustrated
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Even more dramatic we apply the program to a fractal tree(created on the
computer) as shown below

Figure 236: fractal tree

and get the result

reality:fdc_mac boccio$ ./fdc -i tree.tga -bl 200 -b2 8 -n 1 -bf 1.2 -p
FDC - Fractal Dimension Calculator
Initialising GLUT
Creating windows
Creating menus (Right mouse button)
Reading file "tree.tga"
Image dimensions: 2048 x 1536 x 24
Creating screen version
Full screen size: 2560 x 1440
Display size: 1024 x 768
Scale factor: 2
Processing starting
Box size: 200 [ 1], Total count = 47
Box size: 166 [ 2], Total count = 63
Box size: 138 [ 3], Total count = 85
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Box
Box
Box
Box
Box
Box
Box
Box
Box
Box
Box
Box
Box
Box

size:
size:
size:
size:
size:
size:
size:
size:
size:
size:
size:
size:
size:
size:

114
95
79
65
54
45
37
30
24
20
16
13
10

8

r

4],
5],
6],
7],
8],
9],
107,
117,
12],
13],
14],
157,
16],
177,

Total
Total
Total
Total
Total
Total
Total
Total
Total
Total
Total
Total
Total
Total

Processing finished
Estimated fractal dimension:

log(N(s))

count =
count =
count =
count =
count =
count =
count =
count =
count =
count =
count =
count =
count =
count =

1.833

120
170
232
333
467
653
928
1384
2100
2947
4511
6638
10842
16332

9.5
8.5
754
6.5

5.5

454 .

-55

Slope estimate  1.833

log(1/s)

Figure 237: log(N)/log(r) plot
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What about a picture of a real trees? I found a picture of a real tree and put
it into the program

Figure 238: real tree

and the result is

reality:fdc_mac boccio$ ./fdc -i tree-569.tga -bl 200 -b2 8 -n 1 -bf 1.2 -p
FDC - Fractal Dimension Calculator
Initialising GLUT
Creating windows
Creating menus (Right mouse button)
Reading file "tree-569.tga"
Image dimensions: 450 x 326 x 24
Creating screen version
Full screen size: 2560 x 1440

Display size: 450 x 326
Scale factor: 1

Processing starting
Box size: 200 [ 1], Total count = 6
Box size: 166 [ 2], Total count = 7
Box size: 138 [ 3], Total count = 11
Box size: 114 [ 4], Total count = 17
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Box size: 95 [ 5], Total
Box size: 79 [ 6], Total
Box size: 656 [ 7], Total
Box size: 54 [ 8], Total
Box size: 45 [ 9], Total
Box size: 37 [ 10], Total
Box size: 30 [ 11], Total
Box size: 24 [ 12], Total
Box size: 20 [ 13], Total
Box size: 16 [ 14], Total
Box size: 13 [ 15], Total
Box size: 10 [ 16], Total
Box size: 8 [ 17], Total

Processing finished
Estimated fractal dimension:

The log(N)/log(r) graph looks like:

10g{N(s))
7.0

count =
count =
count =
count =
count =
count =
count =
count =
count =
count =
count =
count =
count =

1.563

19
23
34
50
57
79
105
172
227
341
486
761
1073

6.0

5.0

4.0

3.0

204—= I
55 -45

Slope estimate  1.563

T
-35

log(1/5)

T
-25

Figure 239: log(N)/log(r) plot
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10. Rotations
Part 1

We now turn to rotational motion.

Our goal is to understand the general rotational motion of a rigid body under
any combination of applied forces.

Chasle’s theorem states that

Any displacement of a rigid body can be decomposed
into two independent motions:

A single translation of the CM + a single rotation about
the CM.

We already know how to handle the translational motion.

For the rotational motion, we start by considering a particle and then move
on to systems of particles and finally to rigid bodies.

Angular Momentum of a Particle

Formal definition: for a particle of momentum p and position vector 7 (wrt
some coordinate system), its angular momentum L is defined as

L=7xp (10.1)

Since its properties are so strange and we lack any intuition about its behav-
ior, we will discuss this new quantity in excruciating detail.

Direction: 7 and p determine a plane as shown (say the x —y plane)
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Figure 240:

It 7 =rf and p = p,7 + }Zgé, then using (from earlier definitions) 7 x 7 = 0,
0 x60=0and 7 xtheta = k =-0 x 7, we have

L=7Fxp=(ri)x (p.7+pgh) = rpo? x 0 = rpgk (10.2)

So the direction of the angular momentum is perpendicular to the plane
containing the two vectors 7 and p.

What happens if the particle was moving in the opposite direction?

There is a so-called R(ight)H(and)-rule implied

* axb

b J
LTS

Figure 241:

which follows from the mathematical rules

(10.3)



Now consider the geometry below:

NI
<

D>

T+

-

Figure 242:

so that
Do :pcos(g _¢) =psin¢

and the magnitude of the angular momentum vector is L = rpsin¢ as it
should be.

Angular Momentum of a Particle Moving in a Straight Line

Considering the diagram below:

Y

Figure 243:
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we have
v=wvi , Ta=xt , Tg=xi—LJ
Thus,
Ly=7axmb=mavixi=0 (10.4)
Ly =7gxmb=m(zi—Lj)xvi=-mLvj xi=mLvk (10.5)

So we find that the angular momentum depends on the choice of origin and
that having a nonzero angular momentum does not require rotational motion!

Example - Conical Pendulum

Consider a concical pendulum as illustrated below

2
-l W

Figure 244:

For point A, we have X )
p=Muvl = Mrwd
La=7axp=(rf)x (Mrw) = MrPwk

The angular momentum wrt A is a constant vector!

For point B, we have R )
p=Muvl = Mrwd
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EB =P xp= (rrA—Lcosozl%) x (Mrwé) = Mr2wk + MrwL cos af

It points as shown in the diagram (at different times).
It is clearly not a constant vector!

[ts magnitude is constant and equal to

Lp =VM2r4w? + M2r2w?L2cos?ac , r=Lsina

Lp= \/M2r2w2L2 sin® o + M2r2w2L2 cos? o« = MrLw

It is always perpendicular to both p and 75 and this direction is changing as
the particle moves around the circle.

If we think in terms of x—, y—, and z—components, the z—component is a
constant but the z— and y—components are not.

Why do we get this result?
What is different about points A and B?
Torque

Let us now consider the time rate of change of the angular momentum.

dL dﬂxﬂ) i . . 4
—_— = —|\T = — T —_—
at —ary P T <P dt
=mixV+7rxF
=7 x F = torque =7 (10.6)

The same considerations about directions and magnitudes apply to the torque
as they did to the angular momentum.

The direction of the torque is perpendicular to the plane containing the two
vectors 7 and F .
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Examples:

Consider the figure below:

-+
Fa 31
-+
2
m
Y
"
%
Figure 245:

The RH-rule says that the torque 71 = 7y x Fy points out of the paper and
the torque 75 = 79 x F5 points into the paper(torques wrt thhe origin).

Torque and force are very different quantities.

Consider the three cases below.

(a) ) (<}
Figure 246:
Case (a): total force =0; total torque = 2RE (out of paper)
Case (b): total force = 2F (down); total torque = 0
Case (c): total force = F' (up); total torque =RF' (out of paper)
We see that the torque is always perpendicular to its associated force.

We also see that we can have a net nonzero torque when the total force is
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zero and a zero net torque when the total force is not zero.

The equation of motion for torque
dL "
E=FXF=71 (107)

shows that if the torque = 0, the angular momentum is a constant vector,
i.e., we have conservation of angular momentum ... the 3rd of the great
conservation laws of mechanics.

The real power of this statement will not be clear until we apply these new
ideas to extended bodies made up of many particles (instead of just a single
particle).

Example: Consider a particle moving under the action of a central force
() = f(r)r.
We get B

dL .

EzFXF=rf(7’)f><f=0 (10.8)

Hence the angular momentum of the particle is a constant vector if the
force is central.

Since the angular momentum starts off perpendicular to the plane containing
the position and momentum vectors and its direction must be constant, it
remains perpendicular to this same plane for all time and hence for all central
forces the motion remains in that plane!

As we will see this is a very powerful tool!!!!

If we define the direction perpendicular to the plane (the direction of the
angular momentum) as the z-direction, then L, = constant,

L. = m|F x 0| = m|(r7) x (¢ +700)| = mr0|# x mr60)| (10.9)

Now as the particle moves, in a time At the position vector sweeps out area
as shown
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AA

r+ar

Figure 247:

We have 1 1 {
AA= §r2A9 + §TATA(9 ~ §r2A9

Why? So we get ,
dA 1 ,. L,
— = —r“f = — = constant
dt 2 2m

(10.10)

(10.11)

This will later turn out to be one of Kepler’s laws for orbital motion!

Now let us return to the particle moving in a straight line and conical pen-

dulum examples and look at the torque(s) involved.

Y

Figure 248:
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We had

EAZO y EBszCl;’

Suppose that the particle is slowing down because of a friction force f = —fi.

There is no torque about origin A due to this frictional force so L4 is constant
and = 0.

The torque about B is given by
75 =ipx [ = (wi-1j) x (~fi) =~ fLk

As the block slows down, the angular momentum direction does not change,
but its magnitude decreases. We have

Lp= mLvk — ALp = mLAvk

ALp Av\. dLp dv\ . - .
AL —L(mE)kew—L(mdt)k—L( f)k— mfk—TB

Remember that we must always use the same origin for both the torque
and the angular momentum.

For the conical pendulum we have a more complicated situation
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Figure 2409:

The forces on the mass M are the tension 7T in the string and the weight.
In the vertical direction
Tcosa=Mg =0 (no acceleration)
Therefore, the total (net) force on M is
F = -Tsinaf

The torque about A is = 0 (force and position vectors in same direction) and
hence the angular momentum about A is constant (as we found earlier).

With respect to B, we have
7p =g x F = (ri — K cos k) x (=T sin ov#*)
= LT cosasinaf = MgL sin af
It is tangent to the circular path (in the plane of motion).
Now we have from earlier

Ly = Mr®wk + MrwL cos of
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and it is easy to see that

dLp d . d
d_tB = (Mrzw/f + MrwlL cos ozf) = MrwL cos a%(f)
and using
Tsina = Mrw? = Mgtan o
we get ~
dL A 5
d_tB = Mrw?Leosaf = MgL:sinaf = 75

as required.
Torque Due to Gravity
Let us figure this out for an extended body from first principles.

Consider the situation below:

origin

Figure 250:

The torque about the origin 7; due to thej element of mass is

T, =T; Xxm;g 10.12
i="j j

The total torque is the vector sum of all the individual torques.

?=Z7‘j=2fjxmj§=(2mm)x§ (10.13)
j ;

J

326



Now the definition of the CM position is

R=S1 24 2 1) 10.14
> m, i (10.14)
Therefore,
(10.15)
origin
Figure 251:
This says that the torque due to gravity about any origin is
F=RxW (10.16)

The shape or density of the body does not matter!!
Example:
A 3000 Ib car is parked on a 30° slope, facing uphill.

The center of mass of the car is halfway between the front and rear wheels
and is 2 ft above the ground. The wheels are 8 ft apart. Find the normal
force exerted by the road on the front wheels and on the rear wheels.
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Figure 252:

The system is in equilibrium.
We have from balanced forces
N1+ Ny =Mgcost
fi+ fo=Mgsinf
and from the torque about the CM
0= Nily = Noly + frly + foly = (N1 = No)lo + (f1 + fo) b

or
0= (N1 - NQ)EQ + (Mg sin 9)61
We then have
N1+ Ny =Mgcosf
12
N1 - Ny = —(]\4gsin€)€—1
2

Solving we get

Ny = %Mg (cos@— ﬁ—lsine)

2

1
Ny = EMg (cos@+ i—lsiné)

2
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Putting in numbers we get
Ny =9241b , Ny=16741b
Part 2

Fixed Axis Rotation

Our discussion of the rotational motion of rigid bodies will center mainly
around a special case .... rotation about a fixed axis.

Fixed axis here means that the direction of the axis is always in the same
direction .... that is, the axis can translate, but not change direction.

An example is a wheel rolling down the road in a straight line without wobble
or twisting.

We choose this fixed direction to be the z-axis.

We consider only rigid bodies ... this means that the spatial relationships
between all the mass elements making up the body is fixed.

When a rigid body rotates about an axis, every particle in the body remains
at a fixed distance from the axis(each moves in a circle).

Suppose we choose the coordinate system shown below,

Figure 253:
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where we have chosen the origin of the coordinate system to lie on the axis
of rotation.

For rotation about the z-axis with angular velocity w in the sense shown(CCW)
we introduce the angular velocity vector & = wk, where the direction of this
vector correlates (CCW = z-up) to the sense of rotation about the axis.

We then have for the j** particle in the body (as it rotates about the z-axis)
’ljj =W X fj (1017)
which gives a velocity vector in the correct direction as shown.

Note that because the body is rigid, all particles making it up will have the
same angular velocity vector.

We then have the result that
vj = |U;] = |0 x 7| = wr;sinf = wp, (10.18)

In this case, we have
P =as+y; (10.19)

since the z-axis is the axis of rotation.
The distance from the origin is
=Ty v (10.20)
The angular momentum of the j** particle is given by
Ej = 75 x my; = my (x50 + 1] + zJ/%) x (Vj ol +Vj 0]
= mj(—zjvmi + zjvj,x} + (20, — ijjﬁx)l;’) (10.21)

Because the axis is fixed in direction during our discussions, we need only
consider the z-component of the angular momentum (the component along
the axis of rotation).

That will change if the axis of rotation is not fixed (covered in a more advance
course).

Ljz=m;(x05y = Yj0ja) (10.22)
Now the vectors g; and ¥; are perpendicular to each other and in the x -y
plane as shown
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Figure 254:

and hence we can write

L;.=m;(x;vj,-Y;vjs) =m;jp;v;(cosfcosb —sinf(-sin b))

= m;pjv; = M;piw (10.23)

The z-component of the total angular momentum is the algebraic sum of
the z-components for all the particles

Ly=) Lj.= (Z mjpi)w = Lw=Iw (10.24)
J J

where
=Y m;p’ (10.25)
J

is a purely geometrical quantity called the moment of inertia.

I depends both on the distribution of mass and the location of the axis of
rotation.

For a continuously distributed mass(rather than particles glued together), we
replace the sum by an integral to get

I=fpgdm:f(x2+y2)dm=f(x2+y2),udv (10.26)
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where p is the density and dV' is a volume element.
This can be complicated to evaluate for non-symmetrical bodies.

For bodies with a high degree of symmetry, however, the evaluation of the
integral is straightforward.

Examples:

Uniform Thin Hoop

Since the hoop (shown below) is thin, we have

Figure 255:
We then have M
dm = \d A= ——
m 5 2R
2R M
I-= f R%dm = AR? f ds = —— R*(27R) = MR?
o 2rR

Uniform Disk

A uniform disk as shown below
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Figure 256:

is a collection of thin hoops as shown below

Figure 257:
This gives
dA 2rpdp  2M pdp
= — = M =
dm= M=M= = "

2M R 1
I:fpzdm=ﬁf0 p3dp=§MR2
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It is less then the thin hoop. Why?
Uniform Thin Rod:

Assume the axis is through center (perpendicular to rod as shown

-L/2 —* L/2
®

Figure 258:

L2 L2 1
I = f x2dm = f T —dm = —MI?
-L/2 L/2 12

Uniform Thin Rod:

Assume the axis at one end(perpendicular to rod) as shown

M

Figure 259:

L L M 1
I= f x2dm = f x?—dx==-MIL?
0 0 L 3

Sphere:

A sphere is a collection of thin disks.
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RZ-22

/ P dz
z
R
Figure 260:
Therefore we get
av m(R? - 2%)dz
dmgisp = —M = M ——(———
Mdisk =y irR?

R? - 22)%dz
dlgis = (R? = 22)dmg;s :MW(—

disk = ( 2%)dmaisk TR

z=R
1=2 [l - 433/ (R? = 2)2dz = oM -~ f (R* = 2R22% + 2Y)d>

3M 2
R - R’ + R5) ~MR?
TAR® ( 3 b} 5

Parallel Axis Theorem disk

This theorem tells us the moment of inertia I about any axis provided we
know the moment of inertia I, about a parallel axis through the CM.

Consider the moment of inertia of a body about an axis (call it the z-axis)
as shown.
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through CM

Figure 261:

The vector from the z-axis to the jt* particle is

A
— .

pj = Tt + yjj

and
I = Z mj/ﬁ
J

If the CM is at B ) X R
R=Xi1+Yj+Zk

then the perpendicular vector from the z-axis is
R, =Xi+Yj (magnitude = L)

If the vector from the axis through the CM to the j* particle is p}, then the
moment of inertia about the CM is

Iy = Z mjp;2
j

Now
p;j=p; + Ry
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so that
I= ij,o? = ij(vecpg +R,)? = ij (p? +2p;- R, + R?)
J j j
= ZIO? +2Rl . ijﬁ; +REij
J J j
=Io+2MR, - Roagons + MR? = Iy + ML? (10.27)
which is the parallel axis theorem.

Remember L is the separation between the z-axis and a parallel axis through
the CM.

Dynamics of Pure Rotation about an Axis

Earlier we showed that the motion of a system of particles is simple to de-
scribe if we distinguish between external forces and internal forces acting on
the particles.

The internal forces cancel by Newton’s 3rd law and the momentum changes
only because of external forces.

This leads to the law of conservation of momentum — the momentum of
an isolated system is a constant vector.

What about rotational motion?

Can we distinguish between internal and external torques?

There is no way to prove that the sum of the internal torques is zero.
Newton’s laws are no help.

So we must rely on experiment ... the angular momentum of an isolated
system has NEVER been observed to change spontaneously which implies
that the sum of the internal torques must always = 0.

So we will assume that only external torques change the angular momentum
of a rigid body.

What does it mean to make this assumption?
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We are considering fixed axis rotation with no translation which is pure ro-
tation.

Suppose we have a body rotating with angular velocity w about the z-axis.

From earlier we then have

L.=1Iw (10.28)
The equation of motion .
dL

T=— 10.29

7= (10.29)

implies that
dL, d(lw)  dw
= = — = I—

_ . 10.
TR aw @ (10.30)

where

_d
Cdt

«

(10.31)

is called the angular acceleration.

We will use this equation in the same manner as we used Newton’s 2nd law

dv

=— 10.32
o (10.32)

F=ma , a
which has remarkable similarity.

Don’t be deceived into thinking, however, that the motion generated by the
two different sets of equations will be similar!

We can also derive the kinetic energy associated with the rotational motion.

1 1 1 1
L= 5myvy = 2 5mipjw’ =5 (Z mjp?)WQ = I’ (10.33)
J J J

Atwood’s Machine with Massive Pullies

Consider the pulley-mass arrangement below. The pulley now has a mass.
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Figure 262:

The force diagrams are as shown below:

N
7,
W E
p
T2
19 m,g

T
Ty

m
Figure 263:
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The equations of motion are:
Wl—lemla 5 Tg—szmga
T:TlR_TQR:Ia
N - Tl - T2 = Wp

In this simple case, each tension vector is perpendicular to its radius vector
and hence
711 = Rl X T1 = (—Rli‘) X (—le) = RTlé

Fo = Ry x Ty = (RZ) x (-Th) = —RTy2
T= 7_:1 +7_:2 = (RTl —RTQ)ZA’

or we can use a sign convention related to sense of rotation.

In our equation, we have assume torques in the positive z-direction or out of
the paper are positive.

Also positive corresponds to a torque that would cause a CCW rotation.
Our definition of o above implies that a must be positive CCW.
There is a constraint relating a and o assuming the rope does not slip.

The velocity of the rope is the velocity of a point on the rim of the pulley or

v=Rw
which gives
dv dw
a = % = RE = Ra

We can now eliminate the tensions and the angular acceleration to get

W1 - WQ - (Tl - TQ) = (m1 + mg)a

Ta Ia
h-lfe=p=p
Ia
Wl—Wg—ﬁ:(m1+m2)a

340



For the disk

which gives

Simple Pendulum

The simple pendulum is shown below.

Figure 264:

Using Newton’s laws, we have these equations of motion:

ma = ma,t + ma¢ng5 =m(F — T(i)Q)f + m(27'“gz.5 + Tgé)gz@

= (mgcos¢—T)r —mgsin ¢$

or .
mgcos ¢ —T = m(i - r¢?)

-mgsin ¢ = m(27'“gz§ + rgb)

Now, =7 =0,r = L, so that we have
T:gcos<b—L¢52
(}5+%sin¢=0
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The first equation simply determines the tension T,
The 2nd equation is the equation of motion of the pendulum.

We could also derive this result much faster (because this is really a pure
rotation) using torques....

I=mL? , Oz:q'zg , T=-mgLsin¢

T=1a
—~mgLsing = mL%*}
éb#%singbzo

The equation cannot be solved exactly as written .. it is a nonlinear equation.

However, if the pendulum only has small oscillations ... it never swings very
far from the vertical or ¢ <« 1.

In this approximation we have sin ¢ » ¢ and the equation of motion becomes
. g
+=¢=0
b+ 2o

This is the equation for simple harmonic motion (SHM) and thus the solution
1s
¢(t) = Asinwt + B coswt

W \/? 2m 2y
= _—= — = i
L T

T = % = oscillation period and v = frequency.

where

So the period of the pendulum is

L
T:27r\/j
g

Some simple solutions are the same as with the spring:

Initial conditions:

(0)=¢o , #(0)=0
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gives
o(t) = ¢ coswt

Initial conditions: .
¢(0)=0 , &(0)=wp
gives
o(t) = 20 sinwt
w

Physical Pendulum

Let us now consider the physical pendulum shown below.

Figure 265:

It can have any shape.
It is rotating about some axis a.
Its mass is m and the distance from the CM to the axis of rotation a is L.

The moment of inertia about the axis of rotation is I, and the moment of
inertia about an axis through the CM is I, (these are parallel axes).

The motion is pure rotation about an axis a.
The only torque is that due to gravity and thus we have

~Lmgsing = I,¢
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Making the small angle approximation we have
Lo +mgLy=0

with solutions

L
o(t) = Asinwt + Beoswt |, w= mjg
If we write
Io=mk® , k= radius of gyration
and using

I, = Iy +mL? = m(k*+ L?)

by the parallel axis theorem, we then have

_ /9L
YTV 2

The Door Stop

The banging of a door against its stop can tear loose the hinges due to torques

about the stop.
It is possible to minimize this effect as follows.

Consider the door stop arrangement below.

— L —

Figure 266:
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The forces on the door during impact are as shown below.

— L —

Figure 267:
Fy is due to the stop, I’ and F" are due to the hinge.

F"" is the small radial force that provides the radial centripetal acceleration
of the rotating door, and F” is large and a reaction to the impact at the
stop....this is the force that damages the hinge (tears it loose).

To minimize stress on the hinge we need to make F” as small as possible.

We solve this problem by considering the angular momentum of the door
about the hinges and the linear momentum of the CM.

We have (during the impact)

ty

AL = 7dt > Lyinat = Liniia = [ 7dt
t;
Now, Lipitiar = lwo, I = moment of inertia about the hinges.
The door comes to rest at the end so that L, = 0.
The torque on the door during the collision is 7 = =L F}; so we get
ty
Two=L [ Fydt
t;

over the duration of the collision.

The CM motion obeys (during the impact)
ty
Pfinal - Pim'tial = [ Ftotaldt
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in the y-direction.

Y
- U —
- |
CM
SRS

Figure 268:

d

Before the collision Pj,izia = MV = M L'wg
We also have Ppipq = 0.

So that(using the angular momentum result above) we have

iy
M L'wy = f (Fy+ F')dt
t;

I t
LMLy — 220 - [ o
L t;

We minimize this(actually make it = 0) by choosing

I

I =
ML

If the door is uniform and of width w, then

~ Mw?

1
3

This distance L = center of percussion.

When hitting a tennis ball (or a baseball), it is important to hit it at the
“sweet spot” or at the center of percussion to avoid a large reaction on the
hand that would cause a painful sting.
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Figure 269:

Part 3
Motion Involving Both Translation and Rotation

The key to solving these systems is that the motion always breaks up into
“translation of the CM” + “rotation about the CM”.

We continue our restricted discussion so that the axis of rotation remains
constant in direction(we again choose the z-axis).

We now calculate the angular momentum about the z-axis and show that it
can be written as two terms, the angular momentum due to rotation
of the body about its CM + the angular momentum due to the
translational motion of the CM with respect to the origin of an
inertial coordinate system.

Again we treat the body as a bunch of particles glued together.

We assume N particles with mass m;, position vectors #; (wrt an inertial
frame), 7=1,2,3,....... ,N.

The angular momentum of the body is

N .
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The CM position is given by

LY myT
R==2 10.35
= (10.35)
where M =} ;m; = total mass.
The position vectors in the CM frame are
;= R+7 (10.36)
Introducing the CM coordinates we have
N di; N d(R+7)
L=y mir %—FEW(R”J) ST
N dRNadf’.N#d[gN dr"
hatak Rx—2 4 Rl x — 7 x =L (10.37
Z:: dt j;m] X pn j;m] X o +j;m]7“]x o ( )
What a mess!!!
Consider the 2nd and 3rd terms....
N, Lodrt L 4 X . d -
J 1 _
;mJR x— = R x %j;mjvecrj = R x %RCM,CM =0 (10.38)
N, dR dR
mjR: x — = Reyom X — =0 (10.39)
]Z; T dt dt
Thus, the angular momentum becomes
- XN . dR X dr; dr’
L=% mjRx—+> m;ijx =~ = MR><V+ZmJ7” k| (10.40)
j=1 dt 55 dt dt
where V = 2 = velocity of the CM with respect to the inertial system.

The 1st term represents the angular momentum due to translational motion

of the CM.
The last term is the angular momentum due to motion about the CM.

The only way for particles of a rigid body to move wrt the CM is for the
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body to rotate as a whole.

Let us look at the z-component only. We have

L N A
L.=(MRxV),+ (ijf;. x d—;) (10.41)
j=1 ;

For rotation about the x-axis the 2nd term can be simplified.

The body has angular velocity @ = wkabout the CM and since the origin of
the 7% is the CM, the 2nd term can be handled exactly as we did earlier for
pure rotation

7=1

N dr’, N N ,
(Z m;T; E) =>L.;= ijp; w = lyw (10.42)
J=1 2 J=1

where g’ is the perpendicular vector to m; from an axis in the z-direction

through the CM and I, = Zj]\il mjp;? is the moment of inertia of the body
about this axis as shown below.

Figure 270:
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Putting it all together we have
L.=Iw+(MRxV), (10.43)
which is the result we stated earlier.

The angular momentum breaks up into two parts - the angular momentum
of the CM and the angular momentum wrt to the CM.

They are often called orbital and spin angular motion in analogy with the
figure below.

spin
motion

orbital
motion

Figure 271:

The spin angular momentum is independent of choice of origin - in some
sense it is intrinsic to the body.

Orbital angular momentum is origin dependent and can be made to disap-
pear by an origin choice.

This result is valid even if the CM is accelerating since we calculated every-
thing wrt to an inertial frame.

Angular Momentum of a Rolling Wheel

A uniform wheel of mass m and radius b is rolling uniformly without slipping.
See figure below.
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Figure 272:

The moment of inertia is I, = %me and the angular momentum about the

CM is

Lo= 30, % m,@) = 3 phi < my(pl)d

J J
= - (Z mjp?) wh = —Iywk
J
Why is this negative?
It is parallel to the z-axis and into the paper(minus sign).
Now we calculate the angular momentum of the CM wrt to the origin
Loy = MRxV = —-MRV sinak = -MVbk

Therefore, the total z-component of angular momentum (actually all of it in
this case) is

1 3
L, = ——mb’w - mb*w = ——mb*w
2 2
The torque also naturally divides into two components.

The torque on the body is
?:Zijfj=Z(F§-+}?)ij=ZF}XE+EXZ]Z:ZF}XJZ+RXF
j j j J J
where F = > f; is the total external force.
The 2nd term is the torque due the total external force acting at the CM.
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The 1st term is the torque about the CM due to various external forces.

For fixed axis rotation,, & = wl%, and we have
Tzz(ZF;-ij) +(R><F)z:7'0+(éxﬁ)z
J 2
where 73 is the z-component of the torque about the CM.
Now we obtained earlier that
L.=Iw+(MR+V),

which gives

dL dv d . dw
- L L (M - [, —
T T +dt( R+ V). qr T

= Ipo+ (MR+a). = Iya+(RxF),

(MR+d).

Hence, using our earlier expression for 7, we find that
T0 = ]OO[

This states that the rotational motion about the CM depends
ONLY on the torque about the CM and is independent of the
translational motion.

This is correct even if the axis is accelerating!!
This is a rather amazing and powerful result.

Finally we look at the kinetic energy.

We get
1, w1l e ol 1 ey w1l
K = Z §m]’?}j = z Qm]’ (Uj,cm + V) = Z §mjvj,cm + Z §mJV + Z §mj2’0j,cm -V
J J J J J
1, o, 1. . ) D T DT BRPR
= j 3Prem” §MV + (;mjvj,cm)- = Elow + §MV + MPcm-V
1 2 1 2
= 5]0(,0 + §MV (1044)
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The 1st term = kinetic energy of spin about the CM and the 2nd term =
orbital kinetic energy of the CM motion and we have used P.,, = 0.

Summary of Relations for Fixed Axis Rotation

[. Pure rotation about an axis — no translation
L=Iw, 7=1a , K:%[wz (10.45)
IT. Rotation and Translation
L.=Iw+(MR+V), , 7.=La+(RxF), (10.46)
To=Iw ,, K= %[OWQ + %]\/[V2 (10.47)

Disk on Ice

A disk of mass m and radius b is pulled with a constant force F' by a thin
tape wound around its circumference.

The disk slides on the ices without friction.

What is the motion?

Figure 273:
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Figure 274:

METHOD 1:

About the CM we have
. F ) a
rotation: 75 =bF = [pjao > o« = — , translation: a = —
]0 m

METHOD 2:

We choose a coordinate system with origin along the line of action of the
force).

The torque about the origin is
7, =Ioa+ (RxF),=bF=bF =0

as we expect.
This means that angular momentum about the origin is conserved.

The angular momentum about the origin is
L.=Iw+(MRxV), = Iyjw-bMV

Now

dL. _ 0=lya=bMa=Iya-bF > a= bE (as before)
dt 1y

Drum Rolling down a Plane

A uniform drum of mass M and radius b rolls without slipping down an
inclined plane as shown.
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Figure 275:

Find acceleration down the plane. The moment of inertia of the drum about
its axis is [y = %]\4()2 )

METHOD 1:
The forces acting on the drum are shown above.
The translation of the CM is given by
Mgsinf - f=Ma
The rotation about the CM is given by
bf = Iha

For rolling without slipping we have a = ba.
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Eliminating f we get
: o . 1
Mgst—IOE:MazMgst—éMa
= Z4sinb
a=zgsin

METHOD 2:

Choose a coordinate system with origin at A (on the plane) as shown below.

Figure 276:

The torque about A is
7, =Ioa+(RxF),=-R,f+R.(f-Mgsinf)+R.(N - Mgcosf) = -bMgsin
since R, =b and N = W cosé.

More details are shown below.
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Figure 277:

The angular momentum about A is
I 1 3
L.=-Iqw+(MRxV), = —§Mb2w - Mb’w = —§Mb2w

in the same way as earlier. Then we have

dL 3 dw
2 =7,=-bMgsinf = ——Mb>—
at S T
: 3 2 gsinf
0:— — = —
gsin it 5 )

For rolling without slipping
2
= b = — 1 9
a = ba 3gsm
as before.

An even more direct evaluation of the torque would have followed by choosing
a different origin, namely, the point of contact as shown below.
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Figure 278:

The only contribution comes from W (N and f pass through the new origin).
We then directly obtain the torque give above.

Work-Energy Theorem

We now generalize the work-energy theorem.

As with our earlier discussions, the translational motion of the CM gives

b -
Woa= [ Fedi-

,path

1 1
= MV =S MV (10.48)

This result is independent of path!

Now we consider the work associated with the rotational kinetic energy.

d
70=Tya = Jod—j (10.49)
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dw dw 1
Tode = Iogde = ]O%Wdt =d (510(4}2) (1050)

Integrating we get

K b 1 2 1 2 1 2
[ T()d@ = f d 5]0&) = éjgwb - 5]0&)& (1051)

This integral obviously represents the work done by an applied torque.

We generalize the work-energy theorem to include this rotational work term
and the rotational kinetic energy terms.

The new kinetic energy is then

1 1
K= 5Mv2 + §Iow2 (10.52)

Drum Rolling down a Plane - Energy Method

Again consider the drum rolling down the plane as shown.

Figure 279:
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Figure 280:

Drum is released from rest, rolls without slipping, and descends a distance
h. What is its speed v?

The translational energy equation gives

» 1 1 1
f Fedi=(Wsin - )L =S MV2 - SMVZ = SMV? L= N

2 sin

The rotational energy equation gives

b 1 1 1
f 78 = fb(6, ~ 0a) = 00 = 5 Iow? — 5 Tow? = ST
where 0 = rotation angle.
Since we have no slipping, we have
de dL
b=L—>b— =bw=—=
a Y
Substituting all back into the equations we get
1., 1 V2
fL = 5[0&} = 5[0()—2
Wh:1(M+5)V2:E(M+%)V2:§MV2
2 b2 2 2 4
4gh
V=y\/—
3



Note that the friction force does not cause a loss of energy here (it is not
dissipative).

In fact, the torque due to f actually increases the rotational energy.
If slipping occurs this is no longer the case.
Two More Examples

(1) A Yo-Yo of mass M has an axle of radius b and a spool of radius R as
shown below.

T
. /
g
Figure 281:

The Yo-Yo is placed upright on a table and the string is pulled with a hori-
zontal force F' as shown.

The coefficient of friction between the Yo-Yo and the table is p. What is the
maximum value of F' such that the Yo-Yo will roll without slipping?

F-f=MA , fR-Fb=Ia

A = Ra — rolling /noslipping

1 A 1
_Fb=-MR*2 - ZMRA
i 2 RR 2 a
1 20 3uMg
fng(1+§)SMN:ﬂMg:>Fmax+m
R

Suppose the string makes an angle ¢ with the horizontal instead of being
horizontal as shown.
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Figure 282:

For what value of 6 does the Yo-Yo have no tendency to rotate - it only
slides?
F give

FcosO - f=MA (not needed)
Fsind+N=DMg

There is no tendency to rotate when the torque = 0.

Hence,
Fb=fR
f=uN =pu(Mg- Fsinf) yo-yo not rotating
Fb=u(Mg-Fsin0)R
g uMg-Fb
wE'R

(2) A section of steel pipe of large diameter and relatively thin wall is mounted
as shown on a flat-bed truck.

sin
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Figure 283:

The driver of the truck, not realizing that the pipe has not been lashed in
place, starts up the truck with a constant acceleration of a = 0.5¢.

As a result, the pipe rolls backward (relative to the truck bed) without slip-
ping and falls to the ground.

The length of the truck is 5 meters.
(a) With what horizontal velocity does it strike the ground?

If no movement

vV, a
v,a i 2
Truck
Figure 284:

which says that they stay together.

If movement
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Truck

Figure 285:

where

a=ra , w=-—
which corresponds to pure rolling.

If a’ < a, then it will eventually fall off the back and relative to the ground it

looks like
w

Figure 286:

off

Note the directions.
The situation is such that it looks like a force = ma is acting on the cylinder.

Therefore we have

1 1
work = / madz = §mvgff + §[w§ff

I I AN 2
m(0.5g)(5bm) = M ops + 57\ =7 ~ Moy

g Voff o9
Voff = — 7:—5m/s—>woff:— , =+ 2—762

Note that v,s is in the direction of the truck motion and the sense of wos¢
is as shown in the diagram!
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(b) How far does it skid before beginning to roll without slipping if the
coefficient of friction between the pipe and the ground is 0.37

The angular momentum with respect to the contact point (on the ground)
is conserved (no torques about this point since all forces pass through this
point).

When the cylinder is rolling we have
W
\"

Figure 287:

and therefore (be careful about directions)

-

Li = —mrvoffl% + Iwoffl;: =0

Ly=-mrvk-Iwk=0 , v=rw (pure rolling)

where I = Iontact = Lo + mr? + 2mr? using the parallel-axis theorem.

Thus,
3mrv=0-v=w=0

when pure rolling occurs.

We then have
2
v =0=05p—2—5
f I m

5_g = 2umgs — s = distance it skids = i =4.16m
2 m 4

An alternative method.......
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Voff ) ® off

Figure 288:

In this situation we have

trf 5¢ 1 t
w(t) =wops = [ L= [2%-— [ pa

1 t 5) 1 ¢
U(t)zvoff_EIO fdt=—\/?g—af0 fat

We have pure rolling when
v(t) =rw(t)

t t
_\/5—g+lf fdt=+\/5—g-if fdt
2 mJo 2 mJo

t /
i[ fdt = 5_9
m Jo 2

Therefore, we get rolling when

/ 59 [ 59
w =+ ﬁ_ ﬁz()
59 59
= — _— —:0
TV 2 TV 2

or

as before.
More examples:

(1) A wheel is attached to a fixed shaft, and the system is free to rotate
without friction.
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To measure the moment of inertia of the wheel-shaft system, a tape of neg-
ligible mass wrapped around the shaft is pulled with a known force F'.

When a length L of the tape has unwound, the system is rotating with an-
gular speed wy.

Find the moment of inertia of the system, I.

F
»
@
Figure 2809:
We have
Idw dw 1T FR (FR)t
T = —_ — — = — = — = = _—
Yat a1, I I
and

eszdtzl(@)ﬁ
2\ Iy

At t =1y, a length L has been unwound.

1(FR 2L1,
L: 6:— _— t2—)t:
. 2(10)0 "=V Fr2

Now, w = wy at t =ty so that

Therefore

_FR, [2LF
=T =\
Therefore,
Iy = 2£2F = 400 kg-m?
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(2) A drum of mass M and radius R is suspended from another drum also
of mass M and radius R, which is free to rotate about its axis (attached to

the ceiling).

The suspension is in the form of a massless metal tape wound around the
outside of each drum and free to unwind, as shown.

M
T
X
T
M
A\
Mg
Figure 290:

Gravity is directed downward.
Both drums are initially at rest.

Find the initial acceleration of the falling drum, assuming that it moves
straight downward.

Both drums turn through the same angle and therefore have the same angular
acceleration (the torques about the centers are identical).

We then have
r=0y+2RO - i=A=2R«

368



Lower drum:

Mg-T=MA
TR = %MRza
Upper drum:
1
TR = §MR2OZ
Solving, we get
5 4

Mg=-MA—-A=—
g 4 - 59
(3) A plank of length 2¢ and mass M lies on a frictionless plane.

A ball of mass m and speed vy strikes its end as shown.

Vo Ve

>4 €

v

Figure 291:

Find the final velocity of the ball, vy, assuming that the mechanical energy
is conserved and that v is along the original line of motion.

Momentum and energy conservation:

muvy = Mv = muy

1 1
mvg = mvj% + §M1)2 + §Iow2

DO | —
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About the CM - angular momentum conservation
mul = —mu sl + Ipw

where 1 1
Iy = —M(%)2 = —M/?
12 3

(1+4ﬁm)v;+(8ﬁmvo)vf—(l—4ﬁm)vg:0

_ 4m

M
Vf = U
f (1+4m)0

Find vy assuming that the stick is pivoted at the lower end.

We find

which gives

V¢

~—0

a

Figure 292:
Momentum need not be conserved because forces act at the pivot.

Energy is conserved.
1 1 1
§mv§ = émv]% + §Ipz-wtw2

Take angular momentum about the pivot.
mug(20) = —mug(20) + Lyiyorw

Therefore,
_2ml(vy + vy )

I pivot

370



I

p

1 4
ot = 2 M(20)? = Z M2
0= gMQ20)7 =2

We then have

which gives

1-3m
M
Vy = (1 N 3m ) Vo
Part 4
Rigid Body Motion

It is clear that we will not need to change any of our analysis of fixed axis
rotational motion if we assume that the angular velocity is a vector along
the axis of rotation with magnitude = the angular velocity.

With this assumption we can clearly write
V=WxT (10.53)

as shown in the figure.

Figure 293:
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We have

F=Ri+rcosdk , ©=uwk (10.54)
U =& x7 = Rwl (10.55)

as it should.
Example : Rotating Skew Rod
Angular Momentum

Consider the system shown below: a simple rigid body consisting of two
particles of mass m separated by a massless rod of length 2/¢.

Figure 294:

The midpoint of the rod is attached to a vertical axis which rotates with
angular speed w.

The rod is skewed at angle a.

What is the angular momentum of the system?
L=FjxPj=TaxPo+Tp %Py
J

This has the direction(s) shown below.
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N
/ L=TakPg
. - —
a > + My %Py
rn - -
b rbpr

Figure 295:

The magnitude is

|L| = |Fa X P + T X Po| = [T x m(@ x 7)) + 7 x m(@ x 7p)| = 2m|ifq x m(@ x 7))
=2m |(€ COS Qg + £ sin ozl;‘) x (wl;‘ X (E COS Ty, + £sin al%)‘)
= 2muwl? ‘(cos QF gy, + SIn al;;) X (/;} X (cos QF g, + SID al%)‘)
= 2mwl? ‘(COS gy + Sin ozl%) X COS aé‘ = 2mwl? cos av ‘(COS gy + Sin ozl%) x é‘

= 2mwl? cos o ‘(COS af,n — Sin Oéif)| = 2mwl? cos a
L is perpendicular to the skew rod and in the plane of the rod and the z-axis.
The tip of the L vector turns with the rod and describes a horizontal circle.
Note that L and @& are not parallel. T
his is generally true for nonsymmetric bodies.
Torque

The angular momentum above is constant in magnitude but changes in di-
rection.

L is fixed wrt the rod and rotates in space with the rod.
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The torque can be calculated using

di
dt

7=

We can do it in terms of components (see diagram below).

2
L,
-
o L
Ly = Lsine
Figure 296:
2
4
Lsine.
v X
e
Figure 297:
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The component L, is parallel to the z-axis and is = L cos .
It is constant.
The horizontal component, L = Lsina swings with the rod.
We choose the x — y axes such that L, coincides with the x-axis at ¢ = 0.
Then at time ¢ we have:
Ly=Lpcoswt=Lsinacoswt , L,=Lysinwt=Lsinasinwt

and R
L = Lsina(icoswt + jsinwt) + L cos ak

The torque is

-

dL - -
7= e = Lsina(-isinwt + j coswt)

So we get
T, = —Lwsin acsin wt = —2ml?w sin o cos «v sin wt

Ty = Lwsinacoswt = —2ml%w sin o cos o cos wt

T=\/T2+ 7} =wlsina

Note that 7 =0 for =0 or a = 7/2. Why?
The Gyroscope

We now attempt to understand the motion of a gyroscope using the basic
concepts of angular momentum, torque and the time derivative of a vector.

We concentrate on only one motion of the gyroscope, namely, uniform pre-
cession.

A gyroscope consists of a spinning flywheel and a suspension mechanism that
allows the axis of rotation of the flywheel (its axle) to take on various orien-
tations without constraint.

Schematically it looks like
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Figure 298:

The triangle is the pivot.
The direction of spin rotation is as shown.

If the gyroscope is released horizontally with one end support by the pivot,
it wobbles off horizontally and then settles down to “uniform precession” ...
where the axle slowly rotates about the vertical with angular velocity €2 as
shown.

\-'-"Q “s
i Lg
x R
Figure 299:

Question #1
Why doesn’t the gyroscope just fall down vertically?

A possible answer....look at the force diagram below.
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D

Figure 300:

The total vertical force is N =W |, where N = vertical force from the pivot
and W = weight. If N =W, the CM cannot fall.

While this is correct, it is not a satisfactory explanation. We have asked the
wrong question.

Instead we should ask why it doesn’t rotate about the pivot?

As a matter of fact, if it is not spinning or spinning slowly, it does this
exactly...it just rotates about the pivot.

It only precesses if the flywheel is spinning very rapidly.

In this case, the large angular momentum of the wheel somehow dominates
the motion.

Nearly all of the gyroscope’s angular momentum lies in Ly, the spin angular
momentum. L, is directed along the axle and has a magnitude L, = [yw,
where [ is the moment of inertia of the flywheel about the axle.
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Figure 301:

When the gyroscope precesses about the z-axis, it has a small orbital angular
momentum in the z-direction.

For uniform precession, this is constant in magnitude and direction and plays
no dynamical role in the motion of the gyroscope.

L, always points along the axle.
As the gyroscope precesses, Ly rotates with it as in the figure below.

L(t3)

LS(lQ)

— Lty

Figure 302:

The torque about the pivot point is given by

F=dxW =-Wdfxk=Wdf =

SIS
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Figure 303:

or 7 is perpendicular to L, as shown below.

Figure 304:

Therefore X .
7dt = Wdldt = dL,

is perpendicular to L.

This says that o L
dLy-Ly=0=d(L,- L) =d(L?)

or L, = magnitude of L. = constant.

This means that the f/S vector moves in a circle about the z-axis as shown
above. The direction of the rotation is counter-clockwise.

What is the precessional angular velocity?

Assume that the vector turns through an angle d¢ during the time interval
dt as shown below:
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dL

dd

Figure 305:

then we have
dL, ~ Tdt ~ Mdgdt

do = -
(b Ls Ls [Ows

or §2 = precessional angular velocity

_@_Mgd
- dt - [()CUS

This equation indicates that 2 increases as the flywheel slows down (w;
decreases).

This does not continue forever.
Eventually, uniform precession gives way to violent and erratic motion.

This occurs when the precessional angular momentum becomes comparable
to the spin angular momentum and we can no longer neglect it.

Note the general rule:
T=0QL,

This derivation assumed that the axle was horizontal.

It turns out that the precessional angular velocity is independent of the angle
of the axle.

We can see this as follows.

380



Figure 306:

In this case
~ AL poriz _7dt  Mgdsingdt

d = =
¢ Ls,hom'z Ls sin ¢ [Ows sin ¢
dt I[)(.US

The dependence on the angle of the axle drops out!
Examples:
(1) Consider the diagram below:

*
,4_»1://

Figure 307:
What is the angle 37

The equations of motions are

T cos 3 —W =0 there is no acceleration vertically
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T'sin 8 = M2z circular motion
The angular equation (wrt the pivot point) is

_dL,
ot

=wlLs=W{=(Tcospl) Lg = Iyw,

Tz

For sin § » § we have

MQ2x  Q2x
T = W = = —
BT e
0~ T_€ ~ Wi ~ Wi
Ly L, Iyws
Therefore,
W22y
B=——=
gl5w;
but
x=0+Lp

This implies that

g WPCUrLy) WOULEH) (1+55) m=2r0
S g(w)? U " (Lows)?
so that I 5
1_Lg) . _ 0
B(1- )= o 5=
(2) Consider the diagram below:
Hlbed coin Jt
o g
g i - Catu e 41431
&y Lo i ™~ C"‘WIM F
/ RN\ l
\ & SJE
Figure 308:
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The coin is accelerating.
We use the CM as origin(required) for the torque.

The equations are:
N = normal force = Mg

MV?

f = frictional force =

1 V 1
L, = spin angular momentum = [w = §M62€ = éMbv
where the factor % follows because of pure rolling.

All directions are in the diagram above.

v
2 = angular speed of coin rotation about the vertical axis aa’ = = (pure rotation)

QLgcos¢ = rate of change of angular momentum in horizontal plane

The torque equation along the a-b axis is
Nbsin¢ — fbcos¢ =L, cos ¢

so that
2

3V
t -
an ¢ 2R

11. Central Forces
Definition: A central force is defined by the equation

F=f(r)r (11.1)
CM —+ Relative One-Body Motion

Consider an isolated, interacting (via a central force) 2-particle system as
shown:
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p
rt2 F=F1+F2
™
+
"
Figure 309:
where
szl—fg s ’I“=|’I_“>1—7_:2|
The equations of motion are:
ml#l = f(r)f' s mgﬁg = —f(T’)T’A
f(r) <0 - attractive-force , f(r) >0 — repusive-force

(11.2)

(11.3)

(11.4)

These equations are coupled differential equations and are difficult to

solve.
We can, however, uncouple the motions.

my +meo

From the equations of motion we have:

m17§1 +m247§ _ f(r)r = f(r)r _

R- 0
my + Mo my +Mme
R=Vt+R,
e = 1 1 A~
T =Ty = (— - —)f(r)r
myp M2
Or ..
pr = f(r)r
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mym
= —1 2 - reduced-mass (11.10)

mi +meo
The motion of the two-particle system breaks up into a constant velocity
translational motion of the CM plus a relative motion equation (an effective

one-body problem) with a reduced mass.

If we can solve these two equations for R and 7 then we have a solution for
the motion of the original masses.

ﬁ1=é+(&)f+é+ﬁm (11.11)

mq +MmMso

f2=R+(L)f+R+f2,CM (11.12)
my +mo

General Properties

Before looking at some specific forcing functions f(r), we derive some general
properties valid for all central forces.

Since

%:Fxﬁ:rf(r)fo:O:E (11.13)

angular momentum is conserved (= constant vector) for central force motion.

This means that direction of L is fixed and since 7 and ¥ are perpendicular
to L, the motion must always be in the same plane as it starts in (defined
by 7 and 9).

We choose this plane to be the x —y plane and hence the angular momentum
is in the z-direction.

In this case our equations of motion become

it = p(i = 0?7 + u(2i0 +1r0)0 = f(r)7 (11.14)
w(i =16 = f(r) (11.15)
(270 +1r6) = 0 (11.16)
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The constant magnitude of the angular momentum is given by ¢ where
0= |7 x | = |r x pd| = |ri x p(v,# +vg0)| = |17 x p(i7 + rthetad)]  (11.17)

(= prvg = pr? (11.18)

This result could also have been obtained by using the 6 component of New-
ton’s 2nd law:

L 1d .
(270 +10) =0 = ——(ur’0) (11.19)
rdt
d . .
E(,urz@) =0 — ur*d ={ = constant (11.20)
This is a conservative force so the total energy is also conserved.

The total energy is

1 1 1 .
E = §/w2 +U(r) = 5’“;2 + §/M292 +U(r) (11.21)
U(r)-Ulr) == [ f(r)dr (11.22)

To

If we use the value of ¢ to eliminate 6 we get

1, 1 1,
Ezﬁmﬂ +§W+U(T):§MT +Ucps(r) (11.23)
12 . :
Uess(r) = gt U(r) = effective potential energy (11.24)
ur

The formal solution of these equations is

fz%z\/%(E—Ueff(r))=\/Z(E—%j—;—(](r)) (11.25)

or

fT dr . (11.26)
" \J2(E = Uess(r))
and 50 ’
AL 11.2
0 dt  pr? ( 7
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or

‘o
0—00=ft0 o (11.28)

These formal solutions for r(¢) and 6(t) are often very difficult to carry out.

In general we are not interested in the coordinates as functions of time, but
instead are interested in the equation of the path of motion, which is given
by the function r(0).

This function is the solution of the equations

dr\? 2 1 ¢2
— ] ==F-=-—— - 11.2
(dt) #( 2 pur? U(T)) (11.29)
dt = pr*df (11.30)
dr\? 1 ¢
— | =2 4(E———— ) 11.31
() =2 (2= e v (1131
If we define a new variable )
=— 11.32
u=- (11.32)
we get the equations
dr d* dEqu 1 du
— =t v - 11.33
df df dudb u? df ( )
1 (du\* 2u 12 1
—— | —) =——E-=-—— - = — 11.34
ut (d@) u? ( 2 pur? Utr u)) (11.34)
du \? 1 2 1
— | =2u|E-=——-U(r=— 11.35
(d@) ,u( 2 pr? (r u)) ( )

At the level we are studying these equations we will assume from now on
that

mo=M , mi=m , M>m->pu~m (11.36)
Tocm 0, Trom ®T (11.37)

and our equations are just equations for a small mass m orbiting about a
very large mass M which exerts a force f(r) on it.

Can we qualitatively figure out the motion of the system?
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Consider the equations

1 . 1 02
E = §mr2+§W+U(r) = Kradial + Uep (1) (11.38)
. 14
0=—— 11.3
mr? ( 9)

As we did with the one-dimensional case, suppose we plot the effective po-
tential, choose an E value and define the effective radial force by

dUess(r)

feff(T) = - dr (11.40)

then we can discuss the radial motion qualitatively.

Once we understand the radial motion we can also determine the angular
motion using equation (11.39) above.

Procedure:

1. Given f(r), determine U.zf(7).

Let us consider the case of motion in a gravitational field where

_RMm GMm

flr)= 3 - U(r)= S— (11.41)
We then have e o
Mm
U, - - 11.42
1(r) 2mr? T ( )

2. Plot the effective potential as a function of r in range [0, oo].

The various terms in U.sf(r) will look like the figure below:
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Figure 310:

where the different curves represent:

(2

T term

e top curve =
e bottom curve = —G]V# term

e middle curve = U.ss(r) = sum of other two curves

What would this this look like for a repulsive inverse square potential?

As before the difference between the energy value and the effective potential
energy curve is the radial kinetic energy (> 0).

For a given energy, there are unphysical regions where the radial kinetic en-
ergy would become < 0.

If the slope of the effective potential energy curve is > 0 the effective radial
force is towards r = 0 (attractive).

If the slope of the effective potential energy curve is < 0 the effective radial
force is towards r = oo (repulsive).
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If the slope of the effective potential energy curve is = 0 the effective radial
force is = 0.

Cases 1 and 2: E > 0; always repulsive — r will decrease to minimum
called the turning point(where energy = effective potential energy)and then
increase; discuss simultaneous angular motion to show unbounded motion —
hyperbolic orbit.

What is the difference between the attractive and repulsive case?

Cases 4 and 5: F < 0; alternates between repulsive and attractive; r oscil-
lates between two turning points where energy = effective potential energy
— elliptical orbit.

Case 3: F =0 limit of 1 and 2 and 4 and 5 — a parabola; unbounded but
not unbounded.

Case 6: F = minimum; r = single value — circular motion when angular
motion considered.

Planetary Motion
Let us now derive the exact motion for planets in a gravitational field.

We have

du\? 1 ¢ 1
N (- _yr=-= 11.4
where now oM
U(r) = ———2 = ~GMmu (11.44)
r
so that ) ,
du 17
— | =2ul|E-=—u? M ) 114
(dﬁ) u( QNU + GMmu (11.45)

Our qualitative discussion and experimental observation indicates that we
should look for a solution that is a conic section.

The general equation for conic sections
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r
B
b
Figure 311:
in plane-polar coordinates is
r= ﬁ (11.46)

where

ro = radius of circular orbit(minimum)
€ = eccentricity

e >1 — hyperbola

e =1 — parabola

1>e>0— ellipse

e =0 — circle

Another way to see this is to replace

r=yax2+y? cosf = = (11.47)
r

to get
(1-€e*)a? - 2rpex +y* =1} (11.48)
2
To€ 1
(Vl—EQfU— 0 2) +y2:7"§(ﬁ) (1149)
1-¢€ €
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We now check that a conic section represents a solution of the equation of

motion:

0 1-ecosf
= — = 11.50
"t ccoss ! o ( )

2 2 _ 2 —
C@):ggﬁezhbE—lé(LJ£§E)+GMNﬁ—EB£ (11.51)
do 2 o 7o

Special cases:

2
0:0+O:E—1£(
2 p

1-¢
To

1-¢

To

2
)+GMM’ (11.52)

) 102 (1) 1
O=m[2 >€ =2p E———(—) +GMM— (11.53)
2 1\ 70
or
02 2E 02

“GarE 0 N G (11.54)

To
Again we see that

e>1—- FE>0—- hyperbola
e=1- F=0—- parabola

2M2 3
1>e>0—>0>E>—G—m—> ellipse

202
G2M?2m3
o

e=0->F — circle
Does the circle case make sense?

Consider regular circular motion from earlier:

r 72 r

2
E=mm“—>€:m\/GMr—>r=%

1 o, GMm 1GMm GMm GMm
E=-mv* - == - = -

2 T 2 r r 2r
GZM2m?3

202

E:
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Note that there is an inverse relationship between velocity and radius when

in circular orbit.
Elliptical Orbits

Properties of an Ellipse

~
-

"min —— Mmax ———|
2a »

"

T

Figure 312:
we have
1-ecosf
To
T"maz = 77—
1-¢
To
Tmin =
1+e
279 GMm
2a = g + Tmin = ==
a=r T & I
- _GMm
2a

Tmaz 1+E€

Tmin 1 —€

4.‘

2b

(11.55)
(11.56)

(11.57)
(11.58)
(11.59)

(11.60)

These imply that the length of the semi-major axis a is independent of the

angular momentum ¢ and depends only on the energy F.
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The angular momentum ¢ does affect the semi-minor axis b, however.

Z2
To GMM? ¢
b= = = (11.61)
V1-¢€ \/G%\%Zi” V2mFE

Note how the ellipse changes shape as functions of E and /.
Satellite Orbits
A satellite of mass 2000 kg is in an elliptical orbit about the earth.

At perigee (point of closest approach) it has an altitude of 1100 km and at
apogee(point of farthest distance) its altitude is 4100 km.

Earth - radius = R

e

perigee=1100 km

\

apogee=4100 km

Figure 313:

What are the satellite’s energy and angular momentum and how fast is it
traveling at apogee and perigee?

We have
R, = 6400 km
20 = Tag + Tmin = (4100 + 6400 + 1100) km + (1100 + 6400) km = 1.8 x 10" m
(11.62)
M 2
E:_G em __mghe =-4.5x101°J (11.63)

2a 2a
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GM.m

E; = initial energy before launch from earth surface = - = -12.5x101°J
’ (11.64)
AE = E - E; = energy need to put into orbit =8 x 10'%.J (11.65)
o To Tmaz 1+E€
max = 7 _ v I'min = d = 11.
" 1-e€ " l+e  Tmin 1-€ (11.66)
Tmaz — T'mi 1
— max min [ 11'67
‘ Tmaz T Tmin 6 ( )
2E0? e2-1 1 kg-m
+C¥2T627’n3 —>€:\/G2M€2m3 2E :12><10 W (1168)
1 M, 2 M,
E:—mv2—G m»v:\/—(E+G m) (11.69)
2 GM.m m
Up = Uperigee = \/E (E + S ) =7900 E (1170)
2 M,
Vo = Vapogee = \/_ (E + G m) = 5600 ﬁ (1171)
m Tmaa sec

Alternatively, by conservation of angular momentum

T'p

(11.72)

MULT, = MUGTq = Ug = U
pep Pr—a
since the velocity and radius vectors are perpendicular at those points.

What maneuvers would actually be required to launch from the
surface of the Earth and insert a satellite into orbit?

Satellite Maneuver

Suppose that we are in a circular orbit around the earth of radius r; and we
want to transfer to different circular orbit with radius ry.

What is the sequence of necessary steps?
This is call a Hohman transfer (illustrated below).

It is the least energy required transfer method.
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This is the way we went to the moon in 1969.

Final orbit

\ transfer orbit

Original orbit

Figure 314:
Initial orbit properties
A circle
GM,
r=ry , v=
1
GM,
{=mrv=mr;
1
- lmv2 ~ GM.m _ _GMem
2 r 2rq

396



Transfer orbit properties

An ellipse
Tp=T1, Tq=T2 , 204=Tq+Tp=T1+T2

~ GM.m _GMem

FE =
2a T +Tp
E, - lmvg ~ GM.m _ ~GMem
2 Ta Ta+Tp

" - 3 GM.m B GM.mY) | 2GM, T
““\'m T Tq +Tp - p Tq +Tp

\} QGMG( Tp )
b, =mr,u, = mr,
Ta Ta +1Tp

GM.m _GMem

Tp Ta-l—’f‘p

2 (GM.m GM.m 2G' M, Tq
v, = _ —_ =
P m T Ta+Tp rp \Ta+T,

2G M, Ty
ly = mryu, =mr,
Tp To+Tp

Final orbit properties

A circle
GM,
r=re=r, , U=
T2
GM,
{=mrv=mry
L)
- lmvg ~ GM.m _ _GMem

2 r 27"2

Initial orbit to transfer orbit
We must fire our rockets to change
Einitial - Etransfer
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or

Vinitial = Utransfer at perigee - ginitial - gtransfer
So we have
AE - _GMem ~ _GMem _ GM.m 1, —1p 50
Ta+Tp 2ry, 2rp TatTy
So we have to speed up.
Transfer orbit to final orbit
We must fire our rockets to change
Etransfer - Efinal
or
Vtransfer at apogee — Ufinal
or
gtransfer - gf’inal
So we have
AE = _GMem ~ _GMem _ GM.mr,—1, <0
2r, Ta+Tp 2rq Tq*Ty

So we have to slow down.

In order to rendezvous with an object in the final orbit, we must launch at
the correct time from the initial orbit.

The transfer orbit is one-half of an ellipse.

Therefore the transfer orbit time is one-half the elliptical orbit period (see
Kepler’s laws later)

1 1 27 4 s

- /2 . 3/2

=—T= a’® = ri+T

2° 2/GM, Ve AL

This means that the object in the final circular orbit must be behind the
object in the initial circular orbit by an angle given by

(% ™ e ™ T 3/2
A=wT=-L ri+rp)3?= X rivrp)=m14 2
A TR o et v



Discuss moon shot — figure below.

Lunar orbit

Splashdown insertion

Free return
orbit /

Figure 315:

Kepler’s laws

#1: All planets move in elliptical orbits with the sun at one focus. (PROVED
already)

#2: The radius vector from the sun to a planet sweeps out equal areas in
equal times.

This follows from angular momentum conservation.

. Lr(rdo
%7’29 = — = constant = g7(rdh) _dA

2m dt dt (1L.73)

#3: The period of revolution 7" of a planet about the sun is related to the
major axis 2a of the ellipse by

T? = ka® (11.74)
where k is the same constant for all the planets. #2 says that

1
dA="1r2a9 - Ly
2 2m
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r df

Figure 316:

14
A = area swept out in 1 period T = 2—T = area of the ellipse = mab
m

2mmab _ 2mma ( \/—QEW)

T =
( (
4 201242 2
T = % = dn*ma? Gz\j - 4£Ma3 (11.75)
—2z2m m

Perturbed Circular Orbits

Suppose we have a satellite of mass m that is orbiting the earth in a circular
orbit of radius rg.

The orbit is given a slight perturbation by firing the rocket engine briefly in
such a way that the energy changes but not the angular momentum.

This can be done by firing the rocket (exerting a force) only in the radial
direction.

This kind of perturbation does not change the effective potential curve (which
depends on the angular momentum).

So we simply move from the minimum to a higher energy level which corre-
sponds to elliptical motion.

If the final energy is not much different than the initial (or circular orbit
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energy) energy than the value of r never differs much from ry.

We can treat this problem as an additional small motion in the radial direc-
tion.

We look at U.¢s and expand it in a power series about ry.

For small deviations we will have a parabolic potential and provided that the
effective spring constant is positive we will have SHM about ry.

GMm Iz
+
r 2mr?

Uepp(r) ==
The minimum occurs when r = rgr or

_GMm

2 3
r=ro rH mr;

AU,y
dr

GM
0 =mr\/ MGrg = mugrg = vy =

To

as earlier for circular motion.

The effective spring constant is given by

dUZs|  2GMm 3> GMm
dr? o - s mry - e

which gives an angular frequency of oscillations

[k (
w=y\[L - —
m mrg

The radial motion is given by
r=r9+ Asinwt + B coswt
Since r(0) = ry we must have B =0, so we have

r=ry+ Asinwt
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We can now derive the orbit equation:

14 14

9‘:—2—>9:—2t:wt
mrg mry

to the same level of approximation as the radial motion.

Surprise - the frequency of radial perturbation oscillations is the same as
the circular orbit frequency.

Thus we have

A A
7’=7’0+Asin@:r0(1+—Sim@):+7 «1
7o —%smG o

which is an ellipse as we predicted.

Orbit Equation: Force Law from Orbit Information

m(i = r6%) = £(r)
m (270 +70) =0 - £ = mr?) = constant
Change variable X
u=g

Algebra gives
du _dudr _ 1dr Ldrdt 17

do " drdo " r2d6 r2dtdd 1%
Using the equation for ¢ we get

du _ _m,
o ¢
Then
dQ_u_i(_@f)_ﬂi(_@-)__mf__@ﬁ.-
a2 do\ ¢ ) aodat\ ¢ ) g 2
Thus,
__& 2
 om? de?
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Then the radial equation of motion becomes

m( - r6%) = £(r)

d?

@)

d2 (L

dé;) + % = ——r2f(r) (11.76)

This form of the equation of motion is particularly useful if we wish to find
the force law that causes a particular motion or orbit equation.

Examples:

(1) Suppose we have an elliptical orbit...(we know the answer to this onel!)

ro 1-e€cosf
r=--——->1yUy=
1-ecosf To
1
d2(;)+1:——7“2f( )_ecos@ 11
db? r To r T
21
)=
mror

So we get the inverse square field back again!!!

(2) Suppose that we have an exponential orbit.....

1
r=ke* >y = Ee’o‘e
2(L) 1 1
r _ 2
7 +;———rf(r)——+—

Fr)= (s oﬂ)i

1
=kb? > u=—072
r u=7
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232 1 m 6 , 1 6k 1

7R L R Uik
21 6k
fm_‘%(ﬁ+ﬁ)

It takes that weird looking potential to produce this type of spiral orbit!!
Mission to Uranus
Grand Tours of the Outer Planets

Several direct spacecraft missions have been made to the two nearest plane-
tary neighbors of Earth - Venus and Mars.

12pt| A great difficulty in outer-planet exploration is the long time duration
of direct flights.

Fortunately, the flight times for outer-planet missions can be considerably
shortened by means of gravitational assists as the spacecraft swings by the
planets en route.

In the late 1970s the outer planets lined up in a favorable configuration that
permitted a single spacecraft to make a Grand Tour of the planets Jupiter,
Saturn, Uranus, and Neptune.

The possibility of this four planet mission occurs only at 175 year intervals.

By utilizing the gravitational energy boost obtained from a Jupiter swing-by,
the Grand Tour of these four planets was made in 12 years.

In comparison, the flight time for a direct mission to Neptune with equivalent
launch energy would take 30 years.

The essential aspects of the gravity-assistance trajectory for the Grand Tour
can be developed from the planetary-orbit equations we have derived.

By a similar mechanism a planetary swing-by can act as a brake.

The Mercury Mariner voyage of 1974 used the planet Venus to reduce energy
allowing a subsequent close approach to the planet Mercury.
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The earth’s orbital velocity represents a substantial fraction of the minimum
launch velocity needed to send a spacecraft to the outer parts of our solar
system.

Thus in sending a spacecraft to the outer planets, the launch should be made
in the direction of the earth’s orbital velocity about the sun, as illustrated in
the 2nd diagram below.

This velocity of the earth, in a nearly circular orbit of radius r. and period
T, about the sun, is

27 6.16(1.5 x 108 km) km
Ve = Wel'e = —Te = =30 —
Te (365 x 24 x 3600 s) s

For a spacecraft of mass m at an initial distance r. from the sun to com-
pletely escape the gravitational pull of the sun, the minimum initial velocity
necessary (orbit=parabola - E = 0) is determined by

GmMsun

1
E=0==-mv?
2 Te

esc,sun

From these two equations we find

%:\/ﬁvezglgk_m

Vese,sun =
Te S

This relation between the escape velocity at a distance r from a gravitational
source and the velocity in a circular orbit at radius r is always true; that is.,

Vese(T) = \/ﬁve(r)

By making the launch from the moving earth, the initial velocity required
for escape from the gravitational pull of the sun can be reduced to

(V3-1)u, =125
S

The spacecraft must have additional initial velocity to escape from the grav-
itational attraction of the earth.
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Direct Uranus Mission

To send a direct mission to the planet Uranus with a minimum amount of
propulsion energy, the spacecraft should be launched in the direction of the
earth’s orbital motion into an elliptical orbit about the sun with perihelion at
the earth’s orbit and aphelion(the point in the orbit of a planet, asteroid, or
comet at which it is furthest from the sun) at the orbit of Uranus, as shown
in the figure below.

Uranus
——— i — |/
e 2 ~ ‘-‘_l_'nﬂu\ at launch

Figure 317:

The launch must be made at the proper time in order that Uranus and the
spacecraft arrive together at the aphelion of the spacecraft’s orbit.

The minimum and maximum values of the distance r from the sun on this
spacecraft orbit are
Tmin = 1 AU (at Earth)

Tmae = 19.2AU (at Uranus)

where AU stands for the astronomical unit of length, namely, the sun to
earth distance of r = 1.5 x 108 km.
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The parameters ry and € of our orbit equation can be determined from the
minimum and maximum values of 7,
To To Tmaz 1+E€
_ N _

Tmaz = Tmin =
l1-€¢’ 1+€  rpn 1-€

2T minTmaz _ 38. 4

= =1.9
T
To 1.9
=1- =1-——=0.9
e 192
Thus the spacecraft orbit from Earth to Uranus is
To 1.9

1-ecosf 1-09cosd
The semi-major axis of the orbit is

1
= §(Tm7/n + T’max) = 101 AU

The velocity of the spacecraft at any point on the orbit can be found by
GMsunm 1 2 _ GMsunm

EF=———-—""—=—mv*=
2a 2 r
1 1 1 1
2:2GMSW( ——)— : ( ——)
v 2a Vese 2a
(-~ 34)
U = Vese Tel = —=—
r  2a

The perigee velocity necessary for insertion of the spacecraft at r = r, into
the elliptical orbit to Uranus is (using r =)

/19.2
Uesc sun - Uesc sun T Uesc sun 41
20. 2 20.2

The time after earth launch at which the spacecraft reaches Uranus is just
the half period 7/2 of the elliptical orbit.

We can use Kepler’s third law to calculate the time duration of this mission
from the radius r, and period 7, of the earth’s orbit about the sun.

3/2
% = % (%) = 16years
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Gravity Boost Mission to Uranus

For the same launch energy as needed for the elliptical orbit, the duration
of flight to Uranus can be cut from 16 years to about 5 years on a gravity-
assistance orbit which swings by Jupiter, as we will now demonstrate.

The spacecraft is initially launched from Earth into an elliptical orbit about
the sun.

For our Grand Tour comparison the first portion of the gravity boost orbit
is taken to be the same as the direct mission to Uranus.

The launch time is chosen such that the spacecraft will make a close encounter
with Jupiter, as illustrated in the figure below.

~ :' H \

Uranas at : ' N\
| | \
flyby ) \
' | “.‘
/ : ' \

Jupiter at swingby \

N Jupiter at launch |

N

Figure 318:

408



As a result of the encounter the heliocentric velocity of the spacecraft is
changed. In our discussion, we can neglect the slight change in the direction
of Jupiter’s velocity during the encounter, since the time duration of the
encounter is short compared with Jupiter’s period of revolution around the
sun.

Until the spacecraft reaches the immediate vicinity of Jupiter, the space-
craft’s orbit is governed by the strong gravitational field of the sun.

In the vicinity of Jupiter the sun’s gravitational force on the spacecraft
changes slowly compared to Jupiter’s gravitational force so the spacecraft’s
orbit relative to Jupiter is essentially determined by Jupiter’s gravitational
field.

If we let mv; and m#y denote the spacecraft momenta in the heliocentric if
(sun-centered) inertial frame just before and just after the Jovian encounter,
we can write

Fi = ’ELZ + VJ

T f= U f + VJ
where V; is the velocity of Jupiter about the sun and ; and iy are the

spacecraft velocities relative to Jupiter (i.e., in the reference frame in which
Jupiter is at rest).

The change in velocity during the encounter is then given by
Av=7;-7;
and is the same in both frames
AY = Al
For an elastic collision in the CM (Jupiter fixed) frame
Up =u;

The change in squared heliocentric velocity measures the gravity boost in
kinetic energy

1
AK = §m(vj2¢ - )
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By squaring the two above equations
v} =ud + 2ty Vy+ V7
v} =l + 20, - Vy + V2
and then subtracting we obtain
vi-v} =200 Vy =200V

The magnitude of the heliocentric velocity increases (or decreases) depending
on whether the projection of A4 (or Av) on Vj is positive (or negative).

It is easiest to appreciate the implications of this in the planet rest frame.

If the spacecraft crosses the planet’s orbit behind the planet, then -V will
be positive and a gravitational boost will result.

If, on the other hand, the spacecraft crosses the planet’s path in front, @-V;
will be negative and the effect will be to brake the spacecraft.

The two situations are illustrated in the figure below by the actual cases of
the Voyager mission with a gravitational boost from Jupiter, and the Mercury
Mariner mission, which used Venus as a brake.
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Jupiter gravity boost Venus gravity brake

heliocentric frame

u, planet rest frame ‘ .
o

Figure 319:

For a given ¥; the maximum gravity boost is achieved with #; parallel to v,
as can be seen from the velocity diagram in the figure above.
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Since Uy = Uy + VJ, Uy is also parallel to VJ and vy =uyp+ Vj.

From 1y = vy + ‘7] the value of u is

u:\/VJ2+vi2—2T)i'VJ
The magnitude of Jupiter’s nearly circular orbital velocity is

27
VJ =—Ty
TJ
where 7; = 11.9 years is Jupiter’s period. The velocity v; of the spacecraft as
it nears Jupiter is

1 1

V; = Vese,sun
ry  2a

The value of ;- V; = v;9 can be found from the conserved angular momentum
of the spacecraft orbit, equating ¢ at the Jupiter encounter with its perigee
value at earth launch .

— = Vigl'] = UpTe
m

with v, given by

1 1 1 1 19.2 km
1( __):Uescsun (___):Uescsun — =41 —
e 2 : 17202 sun\[ 509 s

With r. = 1AU, r; = 5.2 AU, the numerical values of the above quantities
are

Vp = Vese,sun

2
v, =130
S
v =167
S
Lk
vipg =TV, =821
S
w =147 Fm
S
07713 M

The spacecraft leaves the region of Jupiter’s influence with its exit velocity
Uy parallel to Jupiter’s velocity.
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The outgoing orbit of the space-craft around the sun is another conic section
with a turning point at the location of the encounter with Jupiter (that is,
7 =0 at r =1, since ¥ is parallel to the circular orbit of Jupiter).

The type of new heliocentric conic section of the spacecraft orbit depends on
the amount of velocity boost in the encounter.

Since the escape velocity vesc sun from the solar system at Jupiter’s orbit is
Vesc,sun = \/§VJ
the new orbit of the spacecraft is related to the velocity vy as follows:
vp <V2V) - ellipse

vp = V2V, > parabola
v > V2V, - hyperbola

For the encounter considered above,

Uy
=1.5
V2V

and the new orbit is hyperbolic, as illustrated in the earlier figure.

The preceding analysis shows how gravity assisted dynamics works.

It remains to be shown that the distance of closest approach to Jupiter ex-
ceeds its radius.

In fact 7,,;, — 1.85R; for this slingshot orbit.

Once we have worked out the orbit parameters, the time of flight in any
portion of the orbit can be computed.

In our example these times are
t (Earth to Jupiter) ~ 1.3 years

t (Jupiter to Uranus) ~ 3.7 years
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yielding a total trip time to Uranus of about 5 years compared with the 16
years required for a direct mission.

Of course, these numbers are approximate, since the gravitational influence
of Jupiter and the sun on the spacecraft were treated independently.

Numerical methods can be used to make precise calculations of the orbit
without such an approximation.

In the late 1970s two Grand Tour missions by NASA were launched, Voyagers
1 and 2 in 1979, which have provided vast amounts of new information on
Jupiter, Saturn, Uranus, Neptune and their associated moons and rings.

Voyager 1 left the earth September 5, 1977; visited Jupiter March 5, 1979;
Saturn November 12, 1980; then left the solar system.

Voyager 2 left the earth August 20, 1977; visited Jupiter July 9, 1979; Saturn
August 2,5 1981; Uranus January 24, 1986; then Neptune on August 24, 1989,
before leaving the solar system.

Other spacecraft to use gravitational boosts from Jupiter were the Pioneer
10 and 11, launched in 1973 and 1974, which flew by Jupiter and Saturn.

The trajectories for these Grand Tour missions are illustrated in the figure
below.
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Figure 320:

After the last planetary encounter, the spacecraft on these missions continued
to travel away from the sun, escaping the solar gravitational field and entering
interstellar space.

Problem 1: A long-range rocket fired from the surface of the Earth (radius
R) with velocity © = (v,,vg) See figure below.
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Figure 321:

Neglecting air friction and the rotation of the earth (but assuming the exact
gravitational field), obtain an equation to determine the maximum height H
achieved by the trajectory.

Solve it to lowest order in % and verify that it gives a familiar result for the
case that ¥ is vertical.

Solution:

Both the angular momentum and the energy of the rocket are conserved
under the action of gravity, a central force.

Considering the initial and final state when the rocket achieves maximum
height, we have
muvg =m(R+ H)vy
1 M 1 M
§m(v§ +v?) - GTm = §mv52 - ngZ
where the primes refer to the final state at which the radial component of its
velocity vanishes.

m and M are the masses of the rocket and the Earth, respectively.
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Combining the above two equations we obtain

o v R "2 \R+H) ? R+H

which gives the maximum height H.

Considering only the lowest order terms in %, we have
1 GMm 1 2H GMm H
o o) - = “am(l‘?)“g‘T(l‘TR)
and hence 2p
v
H~ L
2(G" - v})

For vertical launching, vy =0, v, = v, and if % is small, we can consider g as
a constant with g = GR—]‘QJ.
We then obtain the familiar formula

He UV
2(%)
Problem 2: A comet in an orbit about the Sun has a velocity of 10 km /sec
at aphelion(the point in the orbit of a planet, asteroid, or comet at which it
is furthest from the sun) and 80 km/sec at perihelion(the point in the orbit
of a planet, asteroid, or comet at which it is closest from the sun). See figure

below.

Figure 322:

417



If the earth’s velocity in a circular orbit is 30 km/sec and the radius of its
orbit is 1.5 x 10® km, find the aphelion distance R, for the comet.

Solution:

Let v be the velocity of the Earth, R the radius of the Earth’s orbit, m and
m, the masses of the earth and the Sun, respectively.

Then
mv?  Gmm,
R  R?
or
Gmg = Rv?

By the conservation of energy and of angular momentum of the comet, we
have

Gmems  mev? Gmem, M3
- + =— +
R, 2 R, 2
mcRav, = mcRyvy,

where m, is the mass of the comet, and v, and v, are the velocities of the
comet at aphelion and at perihelion, respectively.

The above equation then gives

2 2Rv?
Ro=—26ms 2RV g gk
V(U +0p) Vo (Vg +0p)

Problem3: The orbit of a particle moving under the influence of a central
force is rf = constant.

Determine the potential energy function as a function of r
Solution:
Consider a central force F' = F(r)# acting on a particle of mass m.
Newton’s second law gives
F = m(i - r6?) (11.77)
0 = m(r6 +2i6) (11.78)
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in polar coordinates.
Equation(11.78) gives

. o1d . ..
20+ 276 = == (r*0) =
P02l = T r0) =0

or ‘
r?0 = constant = h
or '
0 = hu?
by putting
r=—
U
Then as p p p y
r .dr r U
= — =f0— = hu’— = —-h—
R T R AT
dr d du d?u
A AT RTE
. 1
r0? = —h?ut = h?u?
U

Equation(11.77) becomes
d?u
_ 2 92
F=-mh-u (W + u)
which is often known a Binet’s formula.

In this problem, let r = % and write the equation of the trajectory as
u=C0

where C' is a constant.

Binet’s formula then gives
2
_ 2 3 __Mh
The potential energy is by definition

r r 2 297 2
V:_f F(r)dr - mh _[ mh] :_mh

o2 2r2
taking r = co as the zero potential level.

) 7"3
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12. Motion in a Noninertial Reference Frame

If a particle of mass m is accelerating at rate d;, with respect to an inertial
reference frame and at rate d,,; with respect to a rotating reference frame,
then we always have the equation of motion in the inertial frame

Ey = F = mi = miy, (12.1)
We would like to write the equation of motion in the rotating frame as

Frot = marot (122)

If we let d = dypor + fl, where A = the relative acceleration between the two
frames, then we have

-

Frot = mc—irat = m(a - A) = ﬁ + Ff’ict (123)

where F Fict = —mA = the "fictitious" force, which only appears in the rotating
or noninertial reference frame.

Rotating Coordinate Systems
Let us consider two sets of coordinate axes.

Let one set be the “fixed” or inertial axes and let the other be another set
that is rotating with respect to the inertial system.

We designate these axes as the “fixed” and “rotating” axes, respectively.

We use z; as coordinates in the fixed system and x; as coordinates in the
rotating system.

If we choose some point P as in the figure below, we have
P =R+T (12.4)

where 7/ is the radius vector of P in the fixed system and 7 is the radius
vector of P in the rotating system.

The vector R locates the origin of the rotating system in the fixed system.
See figure below.
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Figure 323:

If we assume that the point P is at rest in the rotating system, the rotating
system has angular velocity & with respect to the fixed system and that

f:$1é1 +Z132é2 +Q?3é3 (125)
then
(df) —d(xé+xé+1:é)
dt fixed_ dt 1€1 2€2 3€3
= j?lél + l"gég + i‘gég + ZL’lél + l’gég + l‘gég
= (—) +.T1é1 +I2é2+l’3é3 (126)
dt rot
Now .
7
éichXéi———thinkﬁ:%:@xF (127)
so that . .
T T
(_) :(_) rOXF (12.8)
dt fized dt rot

—

In fact, this relation is true for any vector @) (not just the position vector 7),

(5),..(%).
—_ = — +w X
dt fized dt rot
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Note that the angular acceleration @ is the same in both the fixed and rotating

dw

dd dd :
_ = — OxXw=|— = 12.10
( dt )fixed ( dt )rot T ( dt )rot “ ( )

We now can determine the velocity of P as measured in the fixed system.

systems:

We have
dr’ dR dr dR dr
(_7”) _ (_) . (l) _ (_) ; (l) roxi o (12.11)
dt fized dt fized dt fized dt fized dt rot
Let us define
L dr’ . .
Up=rp=|— = velocity relative to the fixed axes (12.12)
dt fized
. dR . . . .-
V=rRs= = = linear velocity of moving origin (12.13)
fized
Lo dr . . :
U, =7, = (E) = velocity relative to the rotating axes (12.14)
rot
and
w = angular velocity of the rotating axes
@ x 7 = velocity due to the rotation of the moving axes
so that
(12.15)

Ty =V +0 +Dx T
Centrifugal and Coriolis Forces

Newton’s 2nd law is valid in the inertial or fixed frame so that we can write

B} di
F=maf=m(ﬁ) (12.16)
dt fized

where the differentiation is carried out with respect to the fixed system.

We then have (take derivative of Equation(12.15) in fixed frame)

dv % 7 . 3
(ﬁ) (Y +(dm) mxﬂwx(@) (12.17)
dt fized dt fized dt fized dt fized
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We define the first term as

dv 5
(%) = R; = acceleration of origin in fixed system (12.18)
fized

The second term becomes

dr, dr, Y.L

where d, = acceleration in the rotating coordinate system. The last term
becomes

dr, dr, - R = ¢ 75 2 DXT
dt fized dt rot

We then obtain

—

F'=mi; =mR; +md, +md x 7 + 2md x T, + md x (& x 7) (12.21)

To an observer in the rotating coordinate system, however, the effective force
on the particle is given by

Fupp=mi, = F—mRy—mi x 7 —mi x (& x ) — 2mé x 3, (12.22)

The first term F is the external force acting on the particle as measured in
the fixed inertial system.

The second term —mﬁif and the third term —m@ x 7 result because of the
translational and angular acceleration, respectively, of the moving coordinate
system relative to the fixed system.

The fourth term —m@ x (& x 7) is the centrifugal force term and reduces to
mrw? for the case in which @ is normal to the radius vector.

The minus sign indicates that the centrifugal force is directed outward from
the center of rotation as shown in the figure below.
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Figure 324:

In the fixed frame, as we saw in our work earlier in the course, this term
corresponds to the inward radial (centripetal) acceleration a = rw? = v2/r
that exists during circular motion.

The fifth and last term is a totally new quantity that arises from the motion
of the particle in the rotating coordinate system.

It is called the Coriolis force.

Note that the Coriolis force does indeed arise from the motion of the particle
because the force is proportional to v, and hence vanishes if there is no
motion.

What is the physical meaning of these quantities?

It is important to realize that the centrifugal and Coriolis forces are not forces
in the usual sense of the word; they have been introduced in an artificial
manner as a result of our arbitrary requirement that we be able to write
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equation(12.2)
Feff = m&mt

i.e., that we be able to write an equation resembling Newton’s 2nd law that
is valid in the rotating (noninertial) reference frame.

In order to do this we must have
F.;r = F + noninertial terms (12.23)

where the “noninertial terms” are identified as the centrifugal and Coriolis
“forces”.

Thus, for example, if a body rotates about a fixed force center, the only real
force on the body is the force of attraction toward the force center (and gives
rise to centripetal acceleration).

An observer moving with the rotating body, however, measures the central
force and also notes that the body does not fall toward the force center.

To reconcile this result with the requirement that the net force on the body
vanish, the observer must postulate an additional force - the centrifugal force.

But the “requirement” is artificial; it arises solely from an attempt to extend
the form of Newton’s 2nd law to a noninertial system, and this can be done
only by introducing a fictitious “correction forces”.

The same can be said for the Coriolis force; this “force” arises when an
attempt is made to describe motion relative to the rotating body.

Motion Relative to the Earth

The motion of the Earth with respect to an inertial frame (the fixed stars)
is dominated by the Earth’s rotation about its own axis.

If we place a fixed inertial frame z'y’z’ at the center of the earth and the
moving reference frame xyz on the surface of the Earth, then we can describe
the motion of a moving object close to the surface of the Earth as shown in
the figure below.
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Figure 325:

We can then apply equation(12.22) to the dynamical motion.
Let us write the forces as measured in the fixed inertial system as

F= Fother + Fgrcw = -)other + m?o (1224)

where Fotlm represents the sum of all external forces other than gravitation
and mgy represents the gravitational attraction to the Earth.

In this case Y,
Jo = _GR_géR = gravitation field vector (12.25)

where Mg = mass of the Earth, Rg = ra,clius of the Earth, and the unit vector
ég is a unit vector unlog the direction R as shown in the figure above.

We are assuming the Earth is spherical and has a uniform density and that
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R originates from the center of the Earth.

The effective force Feff as measured in the moving system placed on the
surface of the Earth becomes

—

Ferp= Fother +mio — m}?f — M@ X 7 —ma x (& X 7) = 2md x T, (12.26)

We let the Earth’s angular velocity & be along the inertial system’s a2’ direc-
tion (€).

The magnitude is w = 7.3 x 107° rad/sec.

We assume to a good approximation that the value of & is constant in time
and thus the term m@ x 7 can be neglected.

According to equation(12.9) we can write
Ry=wxRy=wx(@xR) (12.27)
Equation(12.26) then becomes

Feffzﬁother'i'mgo_ma)x((DXR)_m(DX(@XF)_Zm@XT}T
= Fypher +mio) = m x (@ x (F+ R)) - 2me x (12.28)

The second and third terms (divided by m) are what we experience and
measure on the surface of the Earth as the effective § (actual measured
acceleration due to gravity).

Its value is -
G=Ggo—-mwx (0x(F+R)) (12.29)

The second term in (12.29) is the centrifugal force.

Because we are limiting our attention to motion near the surface of the Earth,
we have r << R and therefore to a good approximation

G =go-mwx (& xR) (12.30)
Equation(12.28) then becomes

— —

Feff :Fother+m§_2m@><6r (1231)
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This is the appropriate equation to use to discuss the motion of objects close
to the surface of the Earth.

To get a picture of the effective ¢ consider the diagram below.

Figure 326:

where we have assumed the z direction is upwards.
go is along a radial line (called the “true” vertical).

The centrifugal term and the effective g are along the directions shown (de-
viation from the radial line is greatly exaggerated).

A mass on a string will hang in the direction of the effective g (called the
“local” vertical).

Coriolis Force Effects

The angular velocity vector w, which represents the Earth’s rotation about
its axis, is directed in a northerly direction.

Therefore, in the Northern Hemisphere, @ has a component w, directed out-
ward along the local vertical.

If a particle is projected in a horizontal plane (in the local coordinate sys-
tem at the surface of the Earth) with a velocity ¢,, then the Coriolis force
-2mw x ¥,, has a component in the plane of magnitude 2mw.v, directed
toward the right of the particle’s motion as in the figure below
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w,e,

—~w,e, Xv,

Deflected path

Figure 327:

and a deflection from the original direction of motion results Because the
magnitude of the horizontal component of the Coriolis force is proportional
to the vertical component of &, the portion of the Coriolis force producing
deflections depends on the latitude, being a maximum at the North Pole and
zero at the equator.

In the Southern Hemisphere, the component w, is directed inward along the
local vertical, and hence, all deflections are in the opposite sense from those
in the Northern Hemisphere.

During a naval engagement near the Falkland Islands early in World War I,
the British gunners were surprised to see their accurately aimed salvos falling
100 yards to the left of the German ships.

The designers of the sighting mechanisms were well aware of the Coriolis de-
flection and had carefully taken this into account, but they apparently were
under the impression that ALL sea battles took place near 50° N latitude
(England) and never near 50° S latitude (Falkland Islands).

The British shots, therefore, fell at a distance from the targets equal to twice
the Coriolis deflection.

The most noticeable effect of the Coriolis force is that on the air masses.

As air flows from high-pressure regions to low-pressure regions, the Coriolis
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force deflects the air toward the right in the Northern Hemisphere, producing
cyclonic motion as shown in the figure below.

Figure 328:

The air rotates with high pressure on the right and with low pressure on the
left.

The high pressure prevents the Coriolis force from deflecting the air masses
farther to the right, resulting in a counterclockwise flow of air.

In temperate regions, the airflow does not tend to be along pressure gradients,
but along the pressure isobars due to the Coriolis force and the associated
centrifugal force of the rotation.

Let us now determine the horizontal deflection from the local vertical caused
by the Coriolis force acting on a particle falling freely in the Earth’s gravi-
tational field from a height h above the Earth’s surface.

We use equation(12.31) with Foner = 0. If we set Feff = mdy we can solve
for the acceleration of the particle in the rotating coordinate system fixed on

430



the Earth.
Gy = § = 20 x U, (12.32)

The acceleration due to gravity g is the effective one along the local vertical.

We choose the z-axis directed vertically outward (along —g) from the surface
of the Earth.

With this definition of é,, we complete the construction of a right-handed
coordinate system by specifying that é, be in the southerly direction and
that é, be in the easterly direction as shown in the figure below.

Figure 329:

We also assume that h is sufficiently small that g remains constant during
the process.
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Because we have chosen the origin O of the rotating coordinate system to lie
in the Northern Hemisphere, we have

Wy =-wcosA , wy =0, w,=wsinA (12.33)

where the angle \ specifies the latitude as shown in the figure.

Figure 330:

Although the Coriolis force produces small velocity components in ¢, and
¢, directions, we can certainly neglect © and y compared to Z, the vertical
velocity.

Then, approximately, we have
zx0, y~0 , 2=—-gt (12.34)

where we have obtained z = —gt by assuming a fall from rest.
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Therefore, we have

W x U = (—weos Aé, + wsin Aé,) x (—gté,)
= —(wgtcos\)é, x €, = —(wgt cos \)é, (12.35)

Now the components of g are
9:=0, g,=0, g.=—g (12.36)

so the equations of motion for the components of G, (neglecting terms con-
taining w? which is very small) become

(G,)s =3~ 0 (12.37)
(Gr)y =¥~ 2wgt cos A (12.38)
(), =2r~—g (12.39)

Thus, the effect of the Coriolis force is to produce an acceleration in the ¢,
or easterly direction.

Integrating 1 twice we have
y(t) = éwgt?’ cos A (12.40)
assuming y(0) =y(0) =0 at ¢t =0.
The integration of Z ~ —g gives the familiar result for the distance of fall
(t) = h- %gt2 (12.41)
using z(0) = h, 2(0) = 0.
The time of fall is t » \/2hg .

Hence the result for the eastward deflection d of a particle dropped from rest
at a height h at a northern latitude \ is

1 3
d=-w\/ %cos)\ (12.42)
3 g

An object dropped from a height of 100 meters at a latitude of 45° is de-
flected approximately 1.55 cm to the east (neglecting air resistance)!
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Foucault Pendulum

The effect of the Coriolis force on the motion of a pendulum produces a pre-
cession or rotation with time of the plane of oscillation.

This is called a Foucault pendulum.

To describe this effect, let us select a set of coordinate axes with origin at the
equilibrium point of the pendulum and the z-axis along the local vertical.

We are only interested in the rotation of the plane of oscillation, that is, we
want to consider the motion of the pendulum bob in the x -y plane (the
horizontal plane).

We therefore limit the motion to oscillation of very small amplitude, with
the horizontal excursions small compared to the length of the pendulum.

Under these conditions Z is small compared with # and y and can be ne-
glected.

Considering the figure below

LR

Suspension point
‘.u great height

| Ti/T,h—rf
x': e :
T, = =T-2

mE

Figure 331:
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the equation of motion is
=G+ — — 20 x 7,
m

We therefore have, approximately,

T,=-T> , T,=-TY | T.~T

14 14
AS before,
9z=0 ) gy:0 y, 92 =40
and
Wy =—wCoSA , wy =0, w,=wsinA
with

(771")96 =z, (ﬁr)y =y, (6r)z =1 ~0
Therefore, we have
& X Uy = (~wcos Aéy + wsin Ae, ) x (L€, + yéy)
= —gwsin Aé, + Twsin Aéy — yw cos Aé,
Thus, the equations of interest are
T =-T— +2ywsin A
ml

= 7Y 95uwsin )
ml

For small displacements, T' » mg.

Defining a? = T/m{ ~ g/¢, and writing w, = wsin \ we get

F+ o’ = 2w,y

i+ o’y = —2w,

These are coupled equations in that the z-equation contains y terms and
vice versa.

You will learn how to solve these equations in a more advanced course.
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Here I will just quote the solution
x(t) = xo(t) cosw,t + yo(t) sinw,t

y(t) = —xo(t) sinw,t + yo(t) cosw.t (12.43)

where

zo(t) +iyo(t) = APt + Be ™t | B=\/w?+a?
This solution correspond to the pendulum oscillating in a plane which is
rotating with angular velocity w, = wsin \.

At the Franklin Institute in Philadelphia where A = 40° so that
w, = wsin A = —0.642w

which means that the plane of oscillation of a Foucault pendulum rotates
through 27 in
Ty = 37.38 hours

T =
0.642
Observation of this rotation is direct evidence that the Earth is rotating!

Some other images of Foucault pendula, the paths of motion are shown below.

Figure 332:
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Figure 333:

Figure 334:
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13. Special Relativity

It has been experimentally observed that when a source of light and a detector
of light are moving relative to each other with a speed v the wavelength of
the observed light changes with the relative speed.

The experimental result is given by the formula
)\observed = k?(U))\o (131)

where

crv , Ao = observed wavelength when v -0 , c¢= speed of light

(13.2)

(v) =

c—v
v >0 — source and observer moving away from each other

This is the famous galactic red shift observed by astronomers for light
received on the earth from distant galaxies moving away from the earth.

The wavelength of the light is related to frequency and the period by the
formula \

Af=c= T f = frequency ,T = period (13.3)
We can therefore write in place of Equation(13.1)
Tobserved = k(U)TO (134)

We have implicitly assume the result of another experiment in writing this
formula, namely,

c = speed of light = constant for all observers.

Using these results as our theoretical assumptions, we can now derive special
relativity.

Consider the experiments represented by the spacetime diagrams below.
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ct ct

pulse #2
B
A
A cT'=kcT
AN k(kcT) -
/ pulse #1 P
a
cT A

keT

b
B cT\‘ /
o
Figure 335:

In each case, observers A and B are moving away from each other with speed
v.

In both of these cases, we are assuming the light being sent out consists of a
series of pulses separated by a time Ty in the frame of the source.

Figure 336:

In the first experiment we see two pulse sent out by A separated by T and
received by B separated by kT

In the second experiment, we see two pulse sent out by A (first when then
are at same spacetime point) and received by B separated by kT and then
sent back to A and received separated by k(kT).
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Remember that relativity is relative.

The simple geometry as shown below

ct
~—_
x=vt
cto
P
cty
X
Figure 337:

illustrates the so-called “radar” method for determining the location of a
point(event) in space and time(spacetime). The diagram says that

'[Zz—tl ot _C'[J2+t1
2 7 TP

(13.5)

I'p==¢C

The set of assumptions with associated ideas and methods is all we need to
derive everything.

Consider the experiment below where the same two light lines (worldlines)
allow both A and B to locate the same event P in spacetime.

440



B
light

P

CJ[1A T~ \
t18

Figure 338:

Observer A says that

loa — 114 _ taattia
c——— ctp = c——=

top + 1B
2

It is then clear (using Az = cAt for a light ray) that

rp=c—— | cth=c

c(toa—tp) =xzp=c(tp—t14) and c(top—tp) =ap =c(th —t1p)
or
ctop=ctp+xp , ctagp=ctph+xh
ctoy =ctp—xp , ctip=cth—-2p
Our earlier results(Equation13.4) now imply that
ctip =kctia and ctog + kctap

or
Ctp —Ip

k
ctp —ap =k(ctp —xp)

! I _
ctp+Tp =
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(13.9)
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(13.11)
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Algebra then gives(dropping the subscript P since there is nothing special
about that spacetime point)

ct' =vy(ct - Bz) and =z’ =~(x - Pct) (13.14)

v 1
522 ) 7:\/1:—52 (13.15)

These are the Lorentz transformations which relate observation by two
observers moving uniformly relative to each other in their common z — '

where

direction.

Now consider the experiment below involving three observers and two light
rays.

A
/ kCACT = keg ( kga ct)
A
T — BA CT
[/
Figure 339:
We have
kg = [c+vpa koa = C+Uca kop = [c+vcB (13.16)
C—UBA C—UcAa C—UcB
and
kC’A = kCBkBA (1317)
or vop + U
voy = —2 B4 (13.18)

U, v
1 + CIiZBA
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which is the relativistic velocity addition formula.

For relative motion in the z-direction ( as above) the y and z coordinates are
unchanged, i.e., ¥’ =y and 2’ = z.

In this new picture, space and time(which are separate entities in Newtonian
dynamics) merge into a 4-dimensional continuum.

The most important variables in any theory are those that are unchanged for
different observers.

The speed of light is such an invariant.

Another invariant is the so-called spacetime interval, which is constructed as
follows.

Observers A and B can independently measure the spacetime coordinates for
two events

Observer A: (ctar, a1, yar, 241) and (ctaz, Taz,Yaz, 242)

Observer B : (ctp1,vp1,YpB1, 21) and (ctpe, Tp2, Yp2, 2B2)

The Lorentz transformations relate these coordinates by

ctpi = y(ctai = Brai), i =7(Tai = Bctai) , Yi = Yai, 2Bi = 2ai, 1=1,2
(13.19)
It is then easy to show using the Lorentz transformations that the corre-
sponding spacetime intervals for each observer

(Asa)?=c*(tas—ta1)® = (a2 —2a1)® = (Yaz — ya1)® — (za2 — za1)* (13.20)
(Asp)?=c*(tpa—tp1)* = (xpa—2p1)? = (Y2 — yB1)* — (282 — 21)? (13.21)

are invariant, i.e.,

(Asa)? = (Asg)? (13.22)

An alternative derivation of special relativity that illustrates the powerful
methods of theoretical physics.

We have the following postulates:
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(1) All the laws of nature (not just mechanics) must be the same for all
inertial observers moving with constant velocity relative to each other.

NOTE: If we were to write “All the laws of nature must be the same
for all observers” for any pair of frames(could be accelerating), then we
could derive General Relativity-much harder.

This is the Principle of Relativity and restricts the form of the laws
in each frame.

(2) The speed of light is an invariant.

(3) The motion of a particle observed to be linear in one inertial frame
must be linear in all inertial frames.

The implies that the Lorentz transformations must be linear.

Our imposition of the red shift experiment in the first derivation is
equivalent to this postulate.

We now do a thought experiment.

We consider two inertial frames K and K’ moving relative to each other with
speed v.

At the instant that the two origins coincide, we set both clocks to zero, i.e.,
their worldlines cross at the event (z =0, ¢t =0) , (z' =0, ct’ =0) and a light
pulse is emitted.

The equations that describe the propagation of the light pulse must be of
the same form in each frame (Postulate 1).

We have, if both observers describe the light worldline:

At -t -yt -22=5=0 inK (13.23)
At? -2 —y?-2?=5?=0 inK’ (13.24)

We have explicitly used the second postulate at this point.

These equations state that the vanishing of the spacetime interval between
two events in any inertial frame implies the vanishing of the interval between
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the same two events in any other inertial frame.

However, we want to prove a more powerful statement, namely, that
82 — 812
in general!

We now use the third postulate.

A general theorem from the mathematics of quadratic forms or a lot of messy
algebra then says that the quadratic forms s? and s"? can be connected, at
most, by a proportionality factor

s =k(z,y,2,t,70)s”
Now all physical theories assume that for a free particle

(1) the laws of motion are independent of the choice of origin for the coor-
dinate system

(2) the laws of motion are independent of the orientation of the coordinate
system

(3) its velocity during any time interval is the same

These are rules that correspond to the statement spacetime is homoge-
neous.

This implies that the proportionality factor can only depend o9, i.e.,
s = k(v)s?

Physicists also assume that space is isotropic, which means we cannot have
a dependence on the direction of ¥. Thus, we have

s = k(v)s?
where v is the magnitude of ¥.
Now, if we transform from K’ back to K we must have the result

s* = k(v)s"™
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since —v has the same magnitude as .
Putting these two results together we have k? =1 — k = +1.
k is a constant, but which one?

If we let v — 0, then the systems K and K’ become identical and hence
k(0) =1 and thus k£ = +1 for all v.

We have thus proved that

s =" (13.25)
in general.
Once we have invariance of the spacetime interval and the linearity of the

transformation equations between frames it is straightforward to derive the
Lorentz transformations and all the other results follow.

Given the Lorentz transformations, we can derive velocity addition formulas
in all three directions (remember relative motion is in common x — z’ direc-
tion).

Suppose we have two observers K and K’ and they are observing a moving
particle.

The velocity of the particle in each frame is given by

Ax . Ay . Az
R Vv A v (13.26)
!/ Ayl AZ’
I _ 7 I _ 71 I — 1;
S Ay 0 T A A 0 T A Ay 13.21)

The Lorentz transformation give
Ax' =v(Az—-vAt) , Ay =Ay , A=Az, At'= w(At— %Ax) (13.28)
c

Substitution gives

Uy —V u u
I _ x I _ Yy I _ z
ux_l_m’uy_l_m’uz_l_w_x (13.29)
c? c? c?

To see that this agrees with our earlier result we make the associations K = B,
K' = A, Particle = C.
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We then get (as before)

Uy —V VcB T VUBA
I _ X _ _
U, = 1_ vuz =VcA = —1 A YCBUBA (1330)
c? c?

As we have seen earlier, in order to progress beyond kinematics we must
introduce momentum and energy and forces.

In Newtonian physics we had p = mgv.

We start by figuring out how the relationship between momentum and ve-
locity is modified by special relativity.

We assume the momentum and energy are conserved in each frame (they
are not invariants however) and we assume that the relationship between
velocity and momentum is given by

P =moa (V)0 (13.31)

where for agreement with the Newtonian result for small velocities we must

have
lin%oz(ﬁ) =1 (13.32)

Now consider a glancing elastic collision(only y-velocities) of the form

o
A

y A

B

Y

Figure 340:

In A’s frame moving along the z-axis with A, A looks like
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after

Au.

A before

Y %<

Figure 341:

and in B’s frame moving along the z-axis with B, B looks like

A before after

Uo

Y <

C_

Figure 342:

These two frames are assumed to move with relative velocity v along the
T-axis.

We have assumed above that the collision is completely symmetrical.

Each particle has the same y speed ug in its own frame before the collision
and v/ after the collision.

The complete collision looks like the figure below
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before after

u I Yo frame moving with A
0 v Y 1 v_ B A
i 4—1 u'

__________________________________________________________

'
A v : v
u v
—0 ! l Yo "B A frame moving with B

Figure 343:

After the collisions the y-velocities have reversed their directions as shown.
The situation remains symmetrical.

The y-velocities of the other particle in each case follow from the velocity ad-
dition formula for motion perpendicular to the relative motion of the frames.

If the speed of A and B in their own frames is u, and the relative velocity is
v, then the y-velocity of the other particle is

c2

where
1

’YZ—,_—Z_j

In the frame moving with A, the X-momentum is due entirely to B.

Before the collision B’s speed is

w= (U2 + (%)2)1/2 (13.34)



and after the collision it is

(e (2)) (1335

Conservation of z-momentum (as seen in the A frame) gives

moa(w)v = moa(w”)v (13.36)
w=w —u" =ug (13.37)
Note that the factor « is a function of the total velocity magnitude and not

just the x-velocity. Conservation of y-momentum (as seen in the A frame)
gives

Ug

— moa(ug)ug + moa(w)@ = moa(ug)up — moa(w) (13.38)
gl
a(w) = ya(ug) (13.39)
Now in the limit uy - 0 we have a(up) - 1 and w — v which says that

1

a(v) =vy(v) = - (13.40)
Therefore the relativistically correct form of the momentum is
p=moy(v)v (13.41)

This result been confirmed by experiment in the following way.

The force felt by a charged particle in electric and magnetic fields is given
by the Lorentz force law

. .1 .
F=gq (E + -0 x B) (13.42)
c
where v is the particle velocity.

Consider the experimental setup below:
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B into paper

_» R
E

Figure 344:

In the box region the electric and magnetic fields are adjusted so that F=0
for a particle moving along the dotted line with a definite velocity.

The electric force always points downward and the magnetic force is always
perpendicular to the velocity direction(upward in the box for a particle mov-
ing along the dotted line).

This means that particles with a particular velocity, namely,

v v F
_E+-Bl=0—>-== 13.43
q( c ) ¢ B ( )

pass undeflected though the box.
The box is a velocity selector.

Outside the box there is no electric field so the particle moves on a circular
path (force always perpendicular to the velocity).

In plane polar coordinates we have

U =00 v = constant

p=mgy(v)D = mo’Y(”)Ué

P~ ) : 2
% =F mw(v)v% = —moy(v)vlr = _—mw](%v)v P
--i=dvixB=-Lup; (13.44)
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We have used the fact that the magnitude of the velocity is constant as it
moves on the circle.

So measuring the radius corresponds to measuring the relativistic momen-
tum.

Thus, in the same experiment we can measure both the velocity and mo-
mentum.

A plot of the experimental results looks like

(Newton)

Figure 345:

confirming the relativistic result.

In general, when the velocity is changing both its magnitude and direction
we have

P dp  dmgy(v)v _ d v

dt dt dt \/—z
-z

(13.46)
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Rectilinear Motion

. = d 1 _1 _2£ dv
F=mg Y = mg +m0v2(—02)dt
v2 dt v2 v2 3/2
= =) ")
dv 1 5 dv
= ’n‘LO%—v2 32 =moy7y % (1347)
(1-%)

Newton’s law is modified by the factor 42 which has a dramatic effect as
v—>c

Now suppose that we have a constant force F' = constant.
We can then integrate the equation as follows:
Fdt = mgy*(v)dv

Ft=mqg / 73 (v)dv
0

Now

Ly =y
- V) = v—
a7
dv_d(l_UQ)l/z_ = v
dv  dv c2 _(1_24)3/2_7 c2
d sV g1 0P 3
() =7 7—2=’V($ C—2)=7
Therefore,
thmof d(yv) = mgoyv =my !
0 2
-2
2 Fr)?
F2152=m%1vv2 —>1)2:—(m°F)t 5
T L+ ()
dx F ct
-V =—= 5
Wi () e
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relativity

\

e

Figure 346:

A plot of v versus t is shown below.

It is clear that no matter how long a constant force is applied we still have
v<e.

Continuing the integration

do= L ct —dt
TOC 1+ (GE) e

F F (moc)2 Ftfmoc
r=— X
0

tF 13 g
mgy Jo Mg /1+(mioc)2t2 mo \ I V1+u?
2 Ft/moc 2 7 F \2
_ o x[ T (VT az) = \ll+(_) 2-1| (13.48)
0

du

F F moc

A plot of x versus t is shown below:
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Figure 347:

Whenever, one does complex calculation you should check your results by
calculating limits where the answer is known.

Letting ¢t — 0 we get

2 2
\IH(L) Pt (L)
moC 2 \mgc

v~ —t as expected
mo

F
a~ — as expected
mo
1 F
r~ ——1? as expected
2 mo

Letting t - oo we get

v—>c and x — ct as expected
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Now what about the energy?
What is the relativistically correct form of the energy of a particle?

One way to generalize the concept of energy is to use the old definition of
kinetic energy in conjunction with the relativistically correct definition of
momentum.

We proceed as follows.

The definition of kinetic energy is
Pl Fdp
AK:K—KO:f F-dr:f W g (13.49)
70 70 dt

We found that
P =mgyy(v)v
where

()= (1=, p=-

Therefore we have

K- K- f; %(mw(v)ﬁ) . Bdt = mo foﬁ -d(7(v)?) (13.50)
Since the kinetic energy is zero when the velocity is zero we finally have
K- mO/:ﬂd(v(v)T)) (13.51)
Now since
d(yv?) =d(yv-8) = 0 - d(y8) + 0 - dv (13.52)

we can write
K =my f (d(yv*) =0 - dv) = mg f d(yv?) - %mof vd(v?)
0 0 0

1 vied 1
= myv* - =moc” [ - moyv? + moc? (— - 1)
2 0 ¥

V1-u
1
= mgc? (7B2 + ;) —moc? = moc*(y - 1) (13.53)

where we let u = v?/c? in one step above.
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The first thing we should do is check that this makes sense.

What is the low velocity limit of this expression?

Using
1 1 v?
=(1- 2\-1/2 1 _2:1 -
7=A=F) o1 =14 55
we have
K =moc*(y-1)>m 0211}—2 = lm v?
0 0¢ 55 = 5"
as expected.
If we rearrange this result we have
ymoc? = K +mgc? (13.54)
= Energy(motion)+Energy(rest) (13.55)
= Total energy = F (13.56)
The total energy is conserved.
What is the connection to momentum?
Some algebra gives the following results:
pc ymouce v
L == 13.57
E  ymgc? ¢ b ( )
and
B\, 22 _ - -
— | —p°=m{c® = invariant (13.58)
c

Digression to 4-Vectors
What is an ordinary vector in 3-dimensional space?
Consider a vector A representing some physical variable.

Using cartesian unit vectors, we can write

A=Y A (13.59)
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The components of the vector A;, ¢ = 1,2,3 are its representation in a given
coordinate system.

We must choose a coordinate system in order to define the unit vectors.
The coordinate system is not an essential part of the physics however.

We can just as well use any other coordinate system to define the unit vectors
and the vector A.

In particular, we consider another coordinate system with the same origin,
but rotated from the first system.

In another coordinate system we would write

A=Y Al (13.60)

Note that the vector A has not changed; only its representation (components)
in the new system has changed.

We relate the two representations (components) as follows:
i i

~f A A Iar _ Al Al _ !/ _ !/
7 7 7 7

or

Ay = A(E &) (13.61)

The coefficients (€ -¢;) are the numbers that are determined by a given

rotation; they are independent of the vector A.

We now define a vector.

A vector in 3 dimensions is a set of 3 numbers compo-
nents) which transform under a rotation of the coordi-
nate system according to

A= 3 A(& )
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Any quantity which is unchanged by a coordinate transformation is called
an invariant of the transformation.

Since the principle of relativity requires that the results of physical theories
(physical laws) be independent of the choice of coordinate system (must be
inertial however), all physical laws must involve only invariants.

The dot product of two vectors is a scalar.
Scalars are numbers that are independent of our choice of coordinate system.
This gives us a method for constructing invariants.

We can show that the dot product produces an invariant as follows:

7

= ZAlBJ(SU = ZAZBZ = A . B
ij i
In particular, the norm or length-squared of a vector, A2 = A7A, is a scalar
invariant. We now define a rotation.

A rotation is any transformation which leaves r? =7 -7 =
22 +y? + 22 invariant

In Minkowski 4-dimensional spacetime we define vectors in a different man-
ner.

Both the ordinary space 3-dimensional and the Minkowski 4-dimensional vec-
tor definitions are special cases of a more general definition.

The ordinary 3-dimensional definition corresponds to Euclidean geometry.

In Minkowski 4-dimensional spacetime we write the spacetime 4-vector in
this way
5 = (ct,x,y, 2) (13.62)

and the scalar product of the vector with itself (its norm) as
55 =t -xt -yt - 22 =ds? (13.63)
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This is a scalar invariant under Lorentz transformations (it is the spacetime
interval).

In fact, any set of 4 numbers
A = (Ag, Ay, A, As) (13.64)
represents a Minkowski 4-vector if its norm
A A= AZ-A2- A2 A2 (13.65)
is a scalar invariant.

In addition if a set of 4 numbers is a 4-vector, then the components transform
between frames via the Lorentz transformations as

Af=~(Ao - BAY) (13.66)
Ap =7(A1 - BA) (13.67)

L= Ay (13.68)
Al = Ay (13.69)

for relative motion along the 1-axis.

It is in this sense that spatial and time variables are not distinct entities
but are simply different components of the same vector and transform
into each other under Lorentz transformations.

This corresponds to a non-Euclidean geometry - Minkowski geometry.

Another 4-vector is
d's = (cdt,dx,dy,dz) (13.70)
since it is the difference of two 4-vectors.
Hence, its norm
ds? = Adt* - dx® - dy* - d2* (13.71)

is a Lorentz invariant.

A related quantity of great importance is
_ ds?

dr? = 2 (13.72)
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It is also an invariant since dividing an invariant by another invariant pro-
duces another invariant.

In particular,
1
dr? = dt* - g(de +dy? + dz?) (13.73)

1S an invariant.

Consider a displacement d's between two event on the worldline of a moving
particle.

In the rest frame of the particle, dz = dy = dz = 0 and hence
dr = dt (13.74)

i.e., in the particle rest frame (the events are separated only by time).

dt is the time interval between the two events measured in the rest frame
and is thus the proper time.

It is a Lorentz invariant.
Time Dilation (the easy way)
Consider and observer at rest in x’,y’, 2/, t’ system.

In this system the proper time between two events is
dr =dt’

In the z,y, z,t system moving with velocity v relative to the first frame, the
time interval between the same two events is given by

dr? = dt* - %(alx2 +dy® + dz?) = dt"
c

since dr is an invariant or its value is the same in all frames.

() +(3) ()

We therefore have
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Therefore,

dt = ydt’ (13.75)

which is the time dilation formula.

We do not need to introduce hypothetical experiments or discussions of si-
multaneity to obtain this result as is done in the usual derivation.

That is an example of the power of using 4- vectors.
Other 4-Vectors

Using the 4-vector
d’s = (cdt,dz,dy,dz) (13.76)

and dividing by the Lorentz invariant dr automatically yields another 4-
vector

<«
C;—j_ = (c;i—f_, Z—f, Z—i, %) =" = 4-vector velocity (13.77)

Its norm is an invariant so it can be calculated in any frame.
We pick the rest frame where
u =(c,0,0,0) > u® = ¢ = invariant (13.78)

For a moving particle where the x,y, z,t system moves with velocity —v rel-
ative to the rest frame of the particle we have

dt = ~vdr

and thus
(ﬁ—(cﬁ dr dy %)— (c,v)
dr’ dr’ dr’ dr AN
Since the rest mass myg is a Lorentz invariant, mo% is a 4-vector with dimen-
sions of momentum.

We define the 4-momentum as

G = moT = moy(c, B) = (?ﬁ) (13.79)



We already saw that

E\2
P’ = (—) - p* =mic® = invariant (13.80)
c

Since the variables F and p are components of a 4-vector they must obey the
Lorentz transformations.

Therefore we have

E' E
= (S -0.) (1381)
C C
. E
Pz =" (pm - B;) (13.82)
Py =Dy (13.83)
P =p- (13.84)

You will use these relations when you study Electromagnetism to prove that a
magnetic field is observed in frames moving relative to fixed charged particles
whereas only electric fields are observed in the rest frame of the charged
particles.

Magnetic fields are a consequence of special relativity!!
Finally we confirm our identification of the energy.

We define the 4-vector Minkowski force as

F AT (e )
Cdr dr dr

(13.85)

If dt is the time interval in the observer?s frame corresponding to the interval
of proper time dr, then dt = vd7T and we get

«— dymgc ~) - dp
= F F=—
¢ f}/( dt ) ) dt

(13.86)

With this construction, the 4-momentum is conserved (constant) when the
4-force is zero.

This corresponds to energy and momentum conservation.
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If the 4-force is zero in one frame then it is zero in all frames and hence if
energy and momentum are conserved in one frame they are conserved in all
frames.

In Newtonian physics

- dE
F-9=— 13.87
U= (13.87)
where F = total energy.
Let us look at the corresponding quantity in 4 dimensions
— d S d 22
T :7( ngoc,F)-fy(c,@) :72[ 77;00 —F-ﬁ] (13.88)

Now the scalar product is an invariant and thus we can evaluate it in the
rest frame of the particle.

In this frame vecF - ¥ = 0 since ¥ = 0.

We also have

drymoc? d
VZZOC = Mg (d—:j) -0 (13.89)
since v =0
Therefore,
2 —
6 T =0= 2[M—F-T;] (13.90)
dt
- d 2
G = VZZOC — E = ym? (13.91)

as we indicated earlier.

In this sense the momentum and energy variables are not distinct entities
but are simply different components of the same vector and transform
into each other under Lorentz transformations.

A Generalization
The scalar product can be generalized to any number of dimensions and any

kind of geometry.
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We have _—
A-B=Y) > g;A4DB;

i=1j=1

where g;; is the so-called metric object or metric tensor.

We can represent it by a matrix.

In ordinary 3-dimensional space we have

= Gij = 0ij

_ o O

10
[9]=10 1
00

and hence N
A-B-= ZAiBi = vecA- B

i=1
In Minkowski 4-space we have
1 0 0 O
[g] - 0 -1 0 O
99710 0 -1 0
0O 0 0 -1
and hence
«— <«
A-B=A-B

In the theory of gravitation (general relativity) we have

900(33,?/,2,75) 901(3572/72775) 902(33,%2’,15)
_ 910($7y’2,t) 911(5’3'71/72775) 912($,3/:Z,t)
920('1:73/727 ) 921(x7y7z7 ) 922(1’71/,27 )
930($7yaz7t) ggl(CC',y,Z,t) 932(%%2775)

3 x,y,z,t)

923 $73/727t)
g33(£7y7z7t)

(13.92)

(13.93)

(13.94)

(13.95)

(13.96)

(13.97)

and clearly the world is considerably more complicated (a very advance

course).
Now back to special relativity.

Let us return to the relations



and

E ¢
Notice that if v = ¢, then E = pc and mg = 0.

pc v _
Therefore, particles with zero rest mass exist.

They always move with the speed of light.

Even though the have no mass they do have energy and momentum!
An example of such a particle is the photon, the particle of light.
Radiation Pressure

When light(photons) which carries momentum and energy reflects off of a
surface it transfers momentum and energy to the surface.

Since a change in momentum corresponds to a force and a force on a surface
area orresponds to pressure, light exerts radiation pressure on any reflecting
surface.

If we have normal incidence on the surface, then the total change in the
photon momentum is

E
Ap=2p=2—
c

If there are n photons per unit area are per second, then the total momentum
change per second per unit area is

pressire =2n— =2—
c c

where I =nFE is the intensity of the light (the power per unit area).

The average intensity of sunlight falling on the earth surface is » 1000 W /m?2 =
1000 J/m? - sec.

The radiation pressure on a mirror is then

I
pressure =2-=7x107* N/m?
c
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This is verysmall (atmospheric pressure is 106N /m?).

On a cosmic scale, however, this radiation pressure is large; it helps to keep
stars from collapsing under their own gravitational forces.

How big must the sail of a light-sail starship be to work effectively?
Suppose that the sail material has the property

mass per m? = pkg
and that the ship has a mass of M kg.

A crude calculation goes like this

2
T
pressure at distance r from sun =7 x 107 (M) N /m?
r

. —4 [ Tearth
force on sail = pressure x area =7 x 107* (—ear ) A
T

T

force 7x10™ (Te“—”h)2 A

acceleration] = a =
| ] total mass M+ pA

Suppose we have a sail with a maximum area = USA = 10'3m?2.

For r =n X regmn, p=10"8, M =10°, a = fraction of area used , we get

7x107(1)" 1030
- 105 + 10°r

a

1 2
=7x10‘4(—1f )(—) m/sec? , 0<a<l , n>1
al\n

The acceleration will drop below 0.0001¢g for o = 1 when n = 20000 or we are
at a distance of 20000 earth radii or about 2 x 102 miles from the sun.

This is about 0.03 light-year.

Depending on what we did earlier we could have a sizable speed by this point.
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The Doppler Effect
Sound and the Acoustic Doppler Effect
Sound travels through a medium such as air with a speed w.

This speed is determined by the properties of the medium and is independent
of the motion of the source.

We consider a source of sound that is moving with velocity v through the
medium towards an observer at rest.

We assume for simplicity that the observer (detector) lies along the line of
motion of the source.

As shown in the diagram

vV w
H H
source
detector
- L .
Figure 348:

we represent the sound wave as a regular series of pulses.

These pulses are separated in time by an amount 7y = V—lo where 14 is the
frequency of the sound from the source.

In a time 7" the sound travels a distance wT', and if the pulses are separated
by a distance L, the number reaching the detector is “’—LT

The rate at which pulses arrive is ¥ = frequency of sound at the detector

=Up.
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To determine L, we consider a pulse emitted at ¢ = 0 and a second pulse
emitted at t = 7.

During the interval 7y the first pulse travels a distance wry in the medium
and the source travels a distance v7y.

As shown in the figure below

Vv
—_—

= veo]

Figure 349:

the distance between the pulses is given by

w—-v

L=wry-vrg=(w-v)19=
Y

and
1

1-x

w

vp =1y for a moving source
For an approaching source, v > 0 and thus vp > vy.

For a receding source, v < 0 and thus vp < 1.

If the source is at rest and the detector is moving (as shown below)
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-

o ||

source
detector
- L .

Figure 350:

the situation is different.
The speed of the pulses relative to the detector is w,,.

The rate at which the pulses arrive is

w+v
Vp = I

Since the source is at rest,

w
L=wry=—
Y

and thus
v :
Vp =1 (1 + —) for a moving detector
w

The two results are not symmetric.

They are approximately the same for small = since

1-

g e

in that case.

If we know, then we can tell whether it is the source or the detector that is
moving!!

This is so because the speed of sound is not a universal constant, but only
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has a definite value relative to the medium where it is propagating.
Light and the Relativistic Doppler Effect

Suppose a light source flashes with period 7 = % in its rest frame and that
the source is moving towards the observer(detector) with velocity v.

Due to time dilation, the period in the detector rest frame is 7 = 7.

Since the speed of light is a universal constant, the pulses arrive at the
detector with speed c.

As shown in the diagram below

v
light source detector

—_— L -
Figure 351:

the frequency of the pulses is vp = £, where L is the pulse separation in the
detector frame.

Since the source is moving towards the detector we have (see diagram below)
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o -

Figure 352:
we have -
L=cr-vr=(c-v)T=(c-v)y19 ="
Vo
and
v2
-z c+v
Up = Vo—v =1
-7 c—v

Here vp is the frequency in the detector frame and v is the relative velocity
of the source and the detector.

It does not matter which one is actually moving!!

This result is just the red shift formula we started with earlier, as expected.
The Power of 4-Vectors

We now illustrate the power of 4-vectors.

We consider a photon with energy E = hr and momentum
E h h
p= c ¢ A

traveling in the x — y plane at an angle ¢ with the x-axis.
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The 3-momentum is 5
p = (cos6,5in,0)
c

and the energy-momentum 4-vector is
h
37 = _V(la COS¢, Sin¢7 0)
c

In another system moving relative to the first with velocity v along the com-
mon x — x’ axis the energy-momentum 4-vector is
<7 — h/

v (1,cos¢’,sin¢’,0)
c

Now these two frames are related by the Lorentz transformation such that

Bt (B ) = (- 5 coso)

C Cc C

this says that
V' =~yv(l - [coso)

7 1 . V/1-52
v=— =v
v 1-[cos¢ 1-pcoso
This is identical to our earlier result for ¢ =0 and vp = v and V' = 1.

or

Our derivation gives an additional result however.

In a direction perpendicular to the line of relative motion, ¢ = 7/2 we get
Vp = 7/0\/1——52

which is called the transverse Doppler effect and is due to time dilation.

High Energy Particle Physics

The center of mass or zero momentum system we discussed earlier is very
useful when discussing high energy particle reactions.

We consider a collision between two particles with rest masses m; and m..

We assume that particle 1 is moving with velocity « in the laboratory system
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and that particle 2 is at rest.

We have the energy-momentum 4-vectors

E E
D= (—1,p1,0,0) and o= (—02,0,0,0) (13.98)
C

and the total energy-momentum

E1+E2

P = Pi+Da= ( .01, 0, 0) (13.99)

In a new frame moving along the z-axis with speed V' we have

E.
P{=F(p1—BE1+ 2) CPi=0, Pj=0 (13.100)
where
V2 -1/2

In the center of mass system, P/ = 0.

This says that

pic?
E1 + E2
The energy available for physical processes such as the production of new

particles or inelastic events is the total energy in the center of mass system,
E'.

Ve = (13.102)

In the center of mass system the energy-momentum 4-vector is
E’l
(—,0,0,0) (13.103)
c
We can find E’ by using the fact that the norm of the energy-momentum

4-vector is invariant ) )
B’ Ei+E
(—) :( Lt 2) 2 (13.104)
c c

or

E2 = E% + E% + 2E1E2 —p%C2 = E12 + E22 + 2E1E2 - (E% - m%c‘l)
=2 + 2F, E, + B2 (13.105)
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We have

Ei=ymic® and Ey,=mec? , ~= (1 - Z—z)_lﬂ (13.106)
Therefore
E = (ymy + my)c® = total energy in laboratory system (13.107)
and
E' = (m?+m2 + 2ymymy) ' /?c? (13.108)

The fraction of energy available for physical processes is

E' (m?+m}+2ymymy)'/?

13.109
FE Ymy + ms ( )

For the special case m; = my = m we have

E’ 2
— = (13.110)
E 1+~

At low velocity or low energy of the incident particle (the one that is moving),
we have

!

E
vl ol 1 — all energy available (13.111)

In this case, most of the energy is rest energy and kinetic energy is unimpor-
tant.

In the high speed or high energy limit we have

E’ 2 [ 2mc?
— = — 13.112
E \‘ 1+ fclg Ey ( )

Thus, the useful fraction of energy decreases as E; 12

For example, in a 300 GeV accelerator (1 GeV =10° eV =10 x 1.6 x 10712 J
= 1.6 x 1073 J) an accelerated proton (mc? » 1GeV) colliding with a hydrogen

target (protons) has
E’ [ 2
— =1/ =—=0.082 13.113
E 300 ( )
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or only 25 GeV is available for reactions!!!
We will show how to fix this up shortly.
Let us look at production reactions in another way.

Suppose that we have two particles that interact with each other(one is at
rest - the target) and produce N final particles.

The high energy available from the incident particle is converted into mass
of newly created particles.

We ask the question: What is the minimum energy needed by the incident
particle in order to produce the final state of N particles?

In the initial state we have

( Einc

)
C

Einc
pinC7070) + (mtmgetc,0,0,0) = ( +mtargetcapin07070) (13114>
C

E2 p? .c62+m2ct (13.115)

]

In the final state we have

>LE X 2 _ .22, 24
TmZpi where E7 =p;c+m;c* | i=1,2,3,4,...,N (13.116)
i1

Now, the norm of the energy-momentum 4-vector is invariant in time and
across different frames.

Therefore

norm in laboratory before = norm in center of mass after

This gives
2 2
Einc 2 Zf\:] Ez N N
( + mtargetc) _p% = (1—W) - (ZP@C’M (13117)
¢ ¢ i=1

By definition, however,
N
> Bicn =0 (13.118)

~
1l
—_
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After some algebra we have

2
(Zi\:fl Ei,CM) - (Tn'incCQ)2 - (mtargetc2)2

Eine = 13.119
27nta7‘getc2 ( )
This is a minimum when v
Y Eicum (13.120)
i=1
is a minimum or when
N N
Y. Eicm =Y, mic (13.121)
i=1 i=1

or all the particles are at rest in the center of mass system after the collision
(what are they doing in the laboratory system).

Therefore the minimum energy needed by the incident particle (this is called
the threshold energy) is

2
(Zf\:fl mic2) - (min002)2 - (mtarget62)2

2
2mtargetc

Einc,threshold = (13122)

For example, consider the reaction p+p — p+p+ 7+ 7+ 7 where a proton is
incident on another proton producing two protons and three m mesons.

The threshold energy is
(2my, +3m;)? - 2m?2 2

P2 (m +p+6my + g%) 2 (13.123)

mp

Ep,threshold = 2mp

Clearly, this is a very non-intuitive answer!!!

Now let us consider the difference between a particle accelerator where one
particle is accelerated and collides with a second particle at rest (as above
= laboratory system) and two particle accelerators where each particle is
accelerated in the same way (colliding beams = center of mass system).

We have

Single Accelerator

2
(Etotallab - ) _ (El +MaC

s Ptotal cm
C

,ﬁl) . B2 =p2c® +mict (13.124)
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Colliding Beams
E otatcm - 2E .
(—t tal >ptotallab) = (—,0) , E = energy of each particle (13.125)
c c

In the first case the accelerator must produce energy F; second case each
accelerator must produce energy FE.

The two accelerators are equivalent (same energy available for physical pro-

cesses) if
E 2\ (2E \?
(ﬂ,ﬁ) :(_’0) (13.126)
& &

Algebra gives the result

1
E = 5\/m%c4 +m3ct + 2mac? By (13.127)
If we consider the case of very high energy accelerators where E; > m;c? we

have ]
E = 5\/ 2m202E1 (13128)

Suppose we want to build a single 10 TeV accelerator (1 TeV =102 GeV ) so
that F; = 10* GeV.

This is very difficult to design and requires the development of significant
new equipment ($$3333%).

If instead we build two smaller accelerators and use them in the colliding
beams configuration, then we get the same available energy with

1
E = 2/2B) = V5000 = 71 Gev (13.129)

which we already know how to build.

In fact, if we use an old single accelerator of this size that already exists, we
then only have to build one small new accelerator ($%).

High Energy Collisions

Earlier we discussed low energy collisions between particles using conserva-
tion of energy and momentum.
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Let us look at the same processes at high energy.

We consider a collision in which the incident particle has zero rest mass (pho-
ton) and the target particle is at rest.

If the target particle is an electron, then this if the so-called Compton Ef-
fect.

The process looks like

Figure 353:
The photon momentum is %

After the collision the photon is scattered through an angle 6 with energy E
and the electron recoils at an angle ¢ with velocity .

The final electron energy is

moc?

E, = v(u)mgc® =

Conservation of energy gives Fy+mgc? = E + E,.

Conservation of momentum gives (z and y directions)
Ey

E
— = —cosf+pcoso
c c

E
0=—sinf - psing
c

where

p=7mei or E?=p*c?*+mict
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We want to eliminate reference to the electron and find the new photon
energy (that is what is detected in the experiment).

Ey FE Ey E
0= Zcosh +pCcos¢g > pcos o = =0 Z cosh
c c c ¢
or )
Ey FE
p? cos? ¢ = (—0 - —cosé’)
c ¢

FE E 2
0="—sinf - psing - psing = —sinf - p?sin’ ¢ = —QSiHQG
c c c

Adding these equations we get
p*c? = E? -mict = B3 - 2EyE, cos ) + B2
Using the energy conservation equation we have (after algebra)
E,
E-= —
1+ (-225) (1-cos0)

moc?

The first thing to note is that £ > 0.

This means that a free electron cannot absorb a photon completely; there
will always be a scattered photon of some energy.

If we convert to wavelengths using

C
E=hy=h<
Y=

we get

A=Xg = %(1—@50)
0

The shift in wavelength at a given angle is independent of the incident photon
energy.
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Doppler effect as a Collision with Photons
We consider an atom with a rest mass of M.

If it is held stationary and the atom emits a photon of energy hiy, then its
rest mass must change (it is losing energy) M’'c? = Myc? — hyy.

Suppose that it is moving as shown in the top part of the figure below and
then emits a photon as shown in the bottom part of the figure.

E
Y
M 0}
El
pl
NNNNNNNN—T
hv
M (0]
Figure 354:
Before photon emission we have
Myc? M,
E = yMyc* = 0 p=vMyu = ov

_— 07
1-% _u
c? c?

After emission, the atom has energy £’ and momentum p’ while the emitted
photon has F, = hv = p,c.

Conservation of energy and momentum says that

E=FE"+hv
, hv
p=p +—
c
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Therefore
E? - pc® = (E - hv)? = (pe - hv)? = Mg*c* = (Moc? - hip)®

Some algebra gives

2Myc? - hiy
T (E-pe)
But
E-pc= M(l—g) = Myc? ¢
\/@ c c+u
Thus,

U_VQMOCQ—hVO_V(l_ hvg ) fc—u
B OQMOCQ\/% - 2Moyc? c+u

The term 2]'\1/[”0002 represents a decrease in the photon energy due to the recoil

of the atom.

For massive atoms, this is negligible and thus

c+u

V=1
cC—u

which is the standard Doppler formula.

We note for the future that we have shown that two completely different
pictures of light, wave and particle, lead exactly to the same prediction for
the shift in the frequency of radiation from a moving source.

The Mass of a Photon

Pulsars are collapsed stars that emit regular bursts of energy at repetition
frequencies from 30 to 0.1 Hz. The are collapsed stars with intense magnetic
fields that are rotating rapidly.

The pulsar in the Crab nebula has the a frequency of 30 Hz and pulses in
the optical and x-ray regions, as well as at radio frequencies.

The pulses are extremely sharp and their arrival times can be measured to
an accuracy of microseconds or better.
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Experimentally, the radiation from the pulsar at all different wavelengths
seems to arrive simultaneously (or all within the experimental resolving time).

Let us use this data to set a limit on the rest mass of the photon.
It takes light about 5000 years to arrive at the earth from the Crab nebula.

Suppose that signals at two different frequencies travel with a small difference
in speed, Av, and thus arrive at slightly different times, 7" and T+ AT

Since T = £, where L = distance to the Crab nebula, we have

T T2 v T

No such velocity difference has been observed, but by estimating the sensi-
tivity of the experiment we can set an upper limit on the quantity Aw.

AT can be measured to an accuracy of about 2x1073 sec and using 7" = 5x 103
years = 1.5 x 10(11) sec we have

Av
c

~ 1071

’AT‘ 2x1073
= <
T 1.5 x 1011

where we have assumed that v ~ c.

Now we translate this limit on dv into a limit on the possible rest mass of
the photon.

If the photon had a nonzero rest mass, the velocity of light would be different
from c.

If we let m, represent the rest mass of the photon, then we would have
E = ym,c?.

If we assume that the photon energy frequency relation E = hv is still valid,
then we have

1
2 _ 2\2 —
() = (mpe Yz > @ =10

where hyy = m,c?. vy plays the role of a characteristic frequency for the
photon.
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hvg is the rest energy of the photon.
If v =0, then we have v = c.

Otherwise the velocity of light depends on frequency.

viowvi L1 1
22|22
2~ 2
2 ¢ vi vl

1,5, 5 1 of 1 1
N — = — — + = PR —
2 (i -v3) 2 (v1 = v2)(v1 +v2) =1 (VQQ V%)

1 Av (1 1
EAU(QC) = 27 = 1/0 (y_22 - y_%)
For observations made in the optical regions we can use
vy =8x 10" Hz (blue) and 15 =5x 10" Hz (red)

Then we have

2x1014>2@=yg(i—i) = (1 1)

c vy VP T10%\5 8

v <10"Hz

This gives and upper limit to the photon rest mass of

Yo ~40
Muypper = ? <10 kg

484



