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Why a mathematical methods Course? This Mathematical
Methods in Physics course was designed for one purpose only,
namely, to supplement standard mathematics courses normally
taken by physics majors with an extensive discussion of the
theoretical and computational methods and techniques that
are needed for studying advanced physics.

Specifically, we decided to forego extensive proofs in favor of
presenting the details of methods and techniques, presenting lots of
examples and making some connections to physics and astronomy.

Often, a procedure will be defined or a method proposed without
any justification (and certainly without any proof). This is being
done on purpose. We simply do not have the time to do both the
methods and the proofs. Often the only justification required for
using a particular mathematical procedure or making a particular
mathematical definition in physics or astronomy is that it works,
that is, it gives results (solutions of equations) that agree with
experiments in the real world.



Mathematicians are able to create (choose the relevant axioms or
postulates) their own worlds and then proceed to investigate their
properties.

Physicists must derive their axioms and postulates from the real
world systems under investigation. This can only be done via
experimentation. Based on the axioms and postulates so derived
from experimenting with the real world, we then make definitions,
design methods and techniques and invent theories.

For example, when studying partial differential equations (PDEs),
the mathematician will spend most of the time understanding
existence and uniqueness properties of solutions. The physicist,
on the other hand, spends almost no time in these areas. We
know the solutions exist because we can set up real systems in the
laboratory and experiment on them. We know the solutions are
unique because the experimental results are reproducible.



More important to the physicist are the equations representing
the system, the solution methods, the exact or approximate
particular solutions we can find when applying the solution methods
to the equations and the physical properties of the solutions.

The question “why we make certain choices” is really not
relevant. The answer will always be simply “that is the way the
real world seems to work” .

This is the approach I will take in lectures and your questions,
etc, should also take into account this approach to the
mathematics. In this way, we will have harmonious and efficient
classroom lectures and discussions.



Inroduction Space of Physics

Scalar = a number (temperature, minutes after noon, ......)

Vector = set of 3 numbers (characterizes a point in the
3-dimensional world)

The vector representing the location of a point in 3-dimensional
space relative to a given origin is called the position vector.

It is represented by the 3-tuple

~r = (x , y , z) = (x1, x2, x3)

This is a shorthand notation for

~r = x î + y ĵ + zk̂ = x1ê1 + x2ê2 + x3ê3

which are equivalent representations of the position vector.



The three(for 3 dimensions) vectors

ê1, ê2, ê3 or î , ĵ , k̂

are unit vectors (length = 1) defining a right-handed coordinate
system as show below:



The numbers (x , y , z) are called the components of the vectors
with respect to the chosen unit vectors.

The unit vectors are chosen to be orthogonal (perpendicular) for
convenience as we shall see.

The length of the position vector is given (Pythagorean theorem) by

r = |~r | =
p
x2 + y2 + z2

We define a vector product operation (symbol = ·) called the
scalar or dot or inner product by the following relations among
the unit vectors:

êi · êj = �ij = Kronecker delta =

(
1 i = j

0 otherwise



In terms of the scalar product we have

r2 = ~r · ~r =
 3X

i=1

xi êi

!
·

0

@
3X

j=1

xj êj

1

A

=
3X

i ,j=1

xixj êi · êj =
3X

i ,j=1

xixj�ij =
3X

i ,=1

x2
i

We now define the Einstein summation convention, which assumes
a summation anytime that a repeated index appears in the same
term.

Using this convention the above derivation looks like

r2 = ~r · ~r = (xi êi ) · (xj êj) = xixj êi · êj = xixj�ij = xixi



We define a unit vector in the direction of the position vector by

êr = ê(~r) = r̂ =
~r

r
=

xi êi
r

! ~r = r êr

This rule generalizes to an arbitrary vector as follows:

~A = Ai êi = Aê(~A)

Vector Algebra

~C = Ci êi
~C = ~A+ ~B = (Ai + Bi )êi ! Ci = Ai + Bi

~C = �~A = �Ai êi ! Ci = �Ai

~0 = (0, 0, 0) = zero or null vector

� ~A = (�Ai )êi = �Aê(~A)

(�~A) + ~A = ~0

(̂e)(�~A) = �ê(~A)



Geometry of Space

For general vectors ~A and ~B , the scalar product gives
~A · ~B = AiBj êi · êj = AiBj�ij = AiBi

and the length squared of a vector is ~A · ~A.

In 2-dimensions (completely general result because any two vectors
form a single 2-dimensional plane) using the diagram below



we have

ê(~A) = cos ✓Ax
êx + sin ✓Ax

êy = cos ✓Ax
êx + cos ✓Ay

êy

These components are called direction cosines.

In general,
ê(~A) · êx = cos ✓Ax

and so on.

So, in general we have

ê(~A) = cos ✓Ax
êx + cos ✓Ay

êy + cos ✓Az
êz = (ê(~A) · êi )êi

For a general vector

~A = Aê(~A) ! ~A · êi = i th component = Aê(~A) · êi = A cos ✓Ai



This leads to the general rule
~A · ~B = ABê(~A) · ê(~B) = AB cos ✓AB

where
✓AB = angle between ~A and ~B

So if two vectors are perpendicular or orthogonal, then their scalar
product is equal to zero.

Another way of writing relation this (using the diagram below)



gives

~A·~B = AB cos (� � ↵) = AxBx+AyBy = AB(cos↵ cos��sin↵ sin�)

This implies that

cos (� � ↵) = cos↵ cos� � sin↵ sin�

which we know to be correct!

Vector Product

We define the term permutationas a rearrangement of the elements
of a set of numbers. The word permutation also refers to the act or
process of changing the linear order of an ordered set; even/odd =
even/odd number of moves in rearrangement.



Then, we define the vector product(symbol = ⇥) of two vectors in
terms of the standard cartesian unit vectors as follows:

êi ⇥ êj = ✏ijk êk

where ✏ijk is the totally antisymmetric tensor (we will define all of it
properties in detail later in the course) in 3-dimensions and is given
by

✏ijk =

8
><

>:

1 if ijk = even permutation of 123
�1 if ijk = odd permutation of 123
0 otherwise

Let us work out some properties of vectors derivable from this
vector(or cross) product definition involving ✏ijk .



For two arbitrary vectors we have

~A⇥ ~B = (Ai êi )⇥ (Bj êj) = AiBj êi ⇥ êj = ✏ijkAi jBj êk = ✏ijkAjBk êi

In 2-dimensions(for simplicity) using the diagram above we have

~A⇥ ~B = (A1ê1 + A2ê2)⇥ (B1ê1 + B2ê2)

= A1B1ê1 ⇥ ê1 + A1B2ê1 ⇥ ê2 + A2B1ê2 ⇥ ê1 + A2B2ê2 ⇥ ê2

= (A1B2 � A2B1)ê1 ⇥ ê2 = (A1B2 � A2B1)ê3

= AB(cos↵ sin� � sin↵ cos�)ê3

= AB sin (� � ↵)ê3

So if two vectors are parallel, then their vector product is equal to
zero.

The relation

~A⇥ ~B = ✏ijkAjBk êi ! (~A⇥ ~B)i = ✏ijkAjBk



Why should we introduce ✏ijk?
(1) It is the easiest way to do complicated vector algebra in

3-dimensions
(2) For higher dimensions ✏ijk it is the only way.
(3) It makes for a natural transition to other areas of mathematics

(tensors) that are used in more advanced courses.
Properties

✏mnk✏ijk = �mi�nj � �ni�mj

✏mjk✏ijk = 2�mn

✏ijk✏ijk = 6



Example of use in complex vector identity:

~A⇥ (~B ⇥ ~C ) = ✏ijkAj(~B ⇥ ~C )k êi

= ✏ijkAj(✏kmnBmCn)êi

= ✏ijk✏mnkAjBmCnêi

= (�im�jn � �in�jm)AjBmCnêi

= AjBiCj êi � AjCiBj êi

= ~B(~A · ~C )� ~C (~A · ~B)

The Rotation Matrix

We will designate a matrix (rectangular array of numbers) by the
symbol

[M] =

0

@
1 7 0
3 �4 5
�2 0 9

1

A



The individual elements are written with subscripts, i.e.,

M12 = 7 = Mrow ,column

The matrix product of [M] and [N], where

[N] =

0

@
�3 0 7 1
8 1 7 4
�6 2 �5 �9

1

A

is written as [M][N] = [P] where we must have the number of
columns in [M] must equal to the number of rows in [N] and the
number of rows in [P] is equal to the number of rows in [M] and the
number of columns in [P] is equal to the number of columns in [N].

In the summation convention we write

Pij = MikNkj



Vector Rotation

Consider a vector

~A = A1ê1 + A2ê2 = A cos ✓ê1 + A sin ✓ê2

Now rotate the vector through an angle � as shown:

We then have

~A0 = A0
1ê1 + A0

2ê2 = A cos (✓ + �)ê1 + A sin (✓ + �)ê2



Therefore we have that the components transform as

A0
1 = A1 cos�� A2 sin�

A0
2 = A1 sin�+ A2 cos�

Using matrix notation we have

[A0] = [R(�)][A]
✓
A0

1
A0

2

◆
=

✓
cos� � sin�
sin� cos�

◆✓
A1
A2

◆

The matrix [R(�)] is called the rotation matrix and is defined by
(for a rotation about the z-axis 0r 3-axis) as

[R(�)] =

✓
cos� � sin�
sin� cos�

◆

In summation notation we have

A0
i = RijAj ! ~A0 = RijAj êj



The rotation matrix is an orthogonal matrix since

[R(�)]†[R(�)] =

✓
cos� sin�
� sin� cos phi

◆✓
cos� � sin�
sin� cos�

◆

=

✓
1 0
0 1

◆
= [I ] = identity matrix

This says that the length of the vector does not change under the
rotation transformation, i.e.,

~A0 · ~A0 = (RijAj êj) · (RijAj êj) = AjAnRijRmnêi · êm = AjAnRijRmn�im

= AjAnRijRin = AjAn([R
†])jiRin = AjAn([R

†R])jn

= AjAn�jn = AjAj

= ~A · ~A



Partial Fractions

It is very useful to be able to express a function that is the ratio of
two polynomials

f (x) =
g(x)

h(x)

in a form that easier to work with.

The critical behavior of f (x) is determined by the location of the
zeroes of its denominator, that is, where h(x) = 0.

Later, when we study complex variables we will call these points the
poles (or singularities) of f (x).



To make the behavior of f (x) at the poles explicit we try to write
f (x) as a sum of terms of the form

A

(x � ↵)n

where ↵ is one of the zeroes of h(x), that is,h(↵) = 0 and A is a
constant.

This expansion is called writing f (x) in partial fractions.

Example: Consider the expression

f (x) =
g(x)

h(x)
=

4x + 2
x2 + 3x + 2

Rules:
(1) The number of distinct terms on the RHS is equal to the

number of distinct roots of h(x) = 0.



(2) Each term having a different root ↵i has a denominator
(x � ↵i )ni

(3) If ↵i is a multiple root, then the value assigned to ni = value
of exponent when h(x) is expressed in terms of its roots, that
is, as

h(x) = (x � ↵1)
n1(x � ↵2)

n2 ............

and n1 + n2 + .... = n = highest power in h(x).

If ni > 1, then A must be replaced by and ni � 1 degree
polynomial.

Applying these rules to our example we have:

h(x) has 2 roots ! 2 terms in expansion.
Roots come from:

h(x) = x2 + 3x + 2 = (x + 1)(x + 2) = 0 ! ↵1 = �1,
↵2 = �2, n1 = 1, n2 = 1

n1 + n2 = n = 2



Thus, we write

f (x) =
g(x)

h(x)
=

4x + 2
x2 + 3x + 2

=
A1

x + 1
+

A2

x = 2

We determine A1 and A2 using algebra as follows:

4x + 2 = A1(x + 2) + A2(x + 1)
4 = A1 + A2

2 = 2A1 + A2

A1 = �2,A2 = 6

so that

f (x) =
g(x)

h(x)
=

4x + 2
x2 + 3x + 2

= � 2
x + 1

+
6

x = 2



Complex Numbers

The crucial quantity here is the number i .

It has the property

i2 = �1, i3 = �i , i4 = +1, i5 = i , ..........

We represent a complex number z as a 2-component object in a
cartesian basis as

z = (x , y) = x + iy = Real(z) + i IMag(z)

Alternatively, we can represent it with a plane-polar basis as

x = r cos ✓ , y = r sin ✓ , 0  r  1 , �⇡  ✓  ⇡

r = (x2 + y2)1/2 , ✓ = tan�1 y

x

z = r(cos✓ + i sin ✓)



Now using

sin ✓ = ✓ � ✓3

3!
+ .... , cos ✓ = 1 � ✓2

2!
+ .....

we get

z = r(cos✓ + i sin ✓) = r

✓
1 + i✓ +

(i✓)2

2!
+

(i✓)3

3!
.....

◆
= re i✓

This generalizes to let us write
✓

1 + im✓ +
(im✓)2

2!
+

(im✓)3

3!
.....

◆
= e im✓ = cosm✓ + i sinm✓

We can also write

e im✓ = cosm✓ + i sinm✓ = (e i✓)m = (cos✓ + i sin ✓)m



which can be used to get expressions for cosm✓, sinm✓, etc since

cos 2✓ + i sin 2✓ = (cos✓ + i sin ✓)2 = cos2 ✓ � sin2 ✓ + 2i sin ✓ cos ✓

! cos 2✓ = cos2 ✓ � sin2 ✓

! sin 2✓ = 2 sin ✓ cos ✓

We define the complex conjugate of z by

z⇤ = x � iy = re�i✓ = r(cos✓ � i sin ✓)

zz⇤ � z⇤z = r2 = |z |2



Note a few special results:

e2⇡ni = 1,! e i✓ = e i(✓+2n⇡) , n = integer

e i⇡ = �1 , e i⇡/2 = i

Using the standard definitions of some mathematical functions we
get:

z1/2 =
p
z = (re i✓)1/2 =

p
re i✓/2 = (re i(✓+2n⇡))1/2 =

p
re i(✓/2+n⇡) n = integer

log z = log re i✓ = log r+i✓ = log re i(✓+2n⇡) = log r+i(✓+2n⇡) n = integer

This means that these functions are multi-valued, that is, the
square root has 2 values for each (r , ✓) pair and the log has an
infinite number of values for each (r , ✓) pair.

The ambiguity is avoided by agreement.

We choose n = 0 as the principal value of multi-valued functions
and restrict �⇡  ✓  ⇡.



More Functions:

z1z2 = r1r � 2e i(✓1+✓2) ,
z1
z2

=
r1
r2
e i(✓1�✓2)

z1/n = r1/ne i✓/n = r1/n(cos (✓/n) + i sin (✓/n))

sin ✓ =
e i✓ � e�i✓

2i
, cos ✓ =

e i✓ + e�i✓

2
This last expression also works for complex angles

cos (iy) =
e�y + ey

2i
= i sinh y ! cos (i) =

e�1 + e1

2
= 1.54

sin (iy) =
e�y � ey

2
= cosh y

Complex Roots and Powers:

ab = e ln a
b

= eb ln a



! i�2i = e�2i ln i = e�2i ln ei(⇡/2±2n⇡)
= e�2i(ln 1+i(⇡/2±2n⇡)) = e⇡±4n⇡

= e⇡±4n⇡ = e5⇡, e�3⇡, e9⇡, .... = 23.14, .......

Inverse functions:

z = sinh� 1
⇣x
a

⌘
! x

a
= sinhz =

ez � e�z

2

Let ez = u ! 2x
a

= u � 1
u
! au2 � 2xu � a = 0

u = ez =
x ±

p
x2 + a2

a

The above formula must be valid for all z .

Now for real z , ez > 0 which means we must use the + sign or

z = ln (ez) = x +
p
x2 + a2 � ln (a)



Partial Differentiation

Given the relationship y = f (x), which represents a curve in
2-dimensions, then

dy

dx
=

df (x)

dx
= slope of the curve y = f (x) or the rate of change of y wrt x

Now, if instead, we are given the relationship z = f (x , y), which
represents a surface in 3-dimensions, then differentiation is a bit
more complicated.

Suppose x = constant, which is a plane intersecting the surface as
shown:



The points satisfying z = f (x , y) and x = constant lie on a curve
(as shown in the figure).

To learn about this curve, where z = g(y), we might write dz/dy ,
but this does not indicate that z really is a function of 2 variables
and we are temporarily holding one of the variables constant.



So, instead, we write

@z

@y
= partial derivative of z wrt y

where
y = f (x) ! dy

dx
= lim

�x!0

f (x +�x)� f (x)

�x

z = f (x , y) !
✓
@z

@x

◆

y

= lim
�x!0

f (x +�x , y)� f (x , y)

�x

If the subscript indicating which variable(s) are constant is left off,
then it means that all other variables are constant.

It is important to understand that the notation means z has to be
written as a function of x and y only and then differentiated wrt x
holding y constant (last equation).



Notation

@

@x

@z

@x
⌘ @2z

@x2 ,
@

@x

@z

@y
⌘ @2z

@x@y
,

@

@x

@2z

@x@y
⌘ @3z

@x2@y
, etc .....

Some examples:

(1)
z = x2 � y2

Using
x = r cos ✓ , y = r sin ✓ , x2 + y2 = r2

we have

z = x2 � y2 = r2 cos2 ✓ � r2 sin2 ✓ !
✓
@z

@r

◆

✓

= 2r(cos2 ✓ � sin2 ✓)

z = 2x2 � r2 !
✓
@z

@r

◆

x

= �2r

z = r2 � 2y2 !
✓
@z

@r

◆

y

= 2r



(2)

z =f (x , y) = xy + x2

! @z

@x
= y + 2x =

✓
@z

@x

◆

y

! @z

@y
= x =

✓
@z

@y

◆

x

Suppose that g = xy , then we have

z = f (x , y) = xy + x2

z = h(x , g) = g + x2

✓
@f

@x

◆

g

=

✓
@h

@x

◆

g

= 2x



We now digress to look at total differentials and find some
interesting facts.

�f (x , y) = f (x +�x , y +�y)� f (x , y)

= f (x +�x , y +�y)� f (x +�x , y) + f (x +�x , y)� f (x , y)

Taking the limit as

�x ! 0 and �y ! 0

we get

df (x , y) =

✓
@f

@x

◆

y

dx +

✓
@f

@y

◆

x

dy

This result easily generalizes to any number of cartesian
coordinates.



Now for some function g(x , y), pick dx , dy s.t. g(x , y) = constant
as (x ! x +�x , y ! y +�y).

This implies that

g(x +�x , y +�y) = g(x , y)

which in turn implies that

df

dx

����
dg=0

=

✓
@f

@x

◆

y

dx

dx

����
dg=0

+

✓
@f

@y

◆

x

dy

dx

����
dg=0

!
✓
@f

@x

◆

g

=

✓
@f

@x

◆

y

+

✓
@f

@y

◆

x

✓
@y

@x

◆

g

Going back to our old example we have



f = xy + x2 , g = xy

✓
@f

@x

◆

g

=

✓
@f

@x

◆

y

+

✓
@f

@y

◆

x

✓
@y

@x

◆

g

= (y + 2x) + (x)

 
@
�
g

x

�

@x

!

g

= (y + 2x) + (x)
⇣
� g

x2

⌘

= y + 2x � g

x
= y + 2x � y = 2x as before



Chain Rule

Suppose we have a function u(x(t), y(t)).

For example,

u = xy , x(t) = t , y(t) = e↵t

This implies that

du

dt
=

d

dt
(te↵t) = e↵t + ↵te↵t

Nothing new arises if we use the chain rule

du(x , y) =

✓
@u

@x

◆

y

dx +

✓
@u

@y

◆

x

dy

du(x , y)

dt
=

✓
@u

@x

◆

y

dx

dt
+

✓
@u

@y

◆

x

dy

dt
= y

dx

dt
+ x

dy

dt
= e↵t +↵te↵t



But what if

u = xy , x(t) = t , e�y � y = t

This is an implicit rather than explicit equation for y(t).

Using the chain rule we now get

du(x , y)

dt
=

✓
@u

@x

◆

y

dx

dt
+

✓
@u

@y

◆

x

dy

dt
= y

dx

dt
+ x

dy

dt
= y + t

dy

dt

We have

dt = d(e�y � y) = (�e�y � 1)dy ! dy

dt
= � 1

e�y + 1

and therefore
du

dt
= y + t

dy

dt
= y � 1

e�y + 1



We now plot as shown below

which gives us y(t) and we thus obtain

du

dt
at t

since  e-y = y + t



General Chain Rule

Given u(x , y), x(s, t), y(s, t) we have

du =

✓
@u

@x

◆

y

dx +

✓
@u

@y

◆

x

dy

dx =

✓
@x

@s

◆

t

ds +

✓
@x

@t

◆

s

dt

dy =

✓
@y

@s

◆

t

ds +

✓
@y

@t

◆

s

dt

which gives



du =

✓
@u

@x

◆

y

✓✓
@x

@s

◆

t

ds +

✓
@x

@t

◆

s

dt

◆

+

✓
@u

@y

◆

x

✓✓
@y

@s

◆

t

ds +

✓
@y

@t

◆

s

dt

◆

=

 ✓
@u

@x

◆

y

✓
@x

@s

◆

t

+

✓
@u

@y

◆

x

✓
@y

@s

◆

t

!
ds

+

 ✓
@u

@x

◆

y

✓
@x

@t

◆

s

+

✓
@u

@y

◆

x

✓
@y

@t

◆

s

!
dt

Since we can also write

du =

✓
@u

@s

◆

t

ds +

✓
@u

@t

◆

s

dt



we have ✓
@u

@s

◆

t

=

✓
@u

@x

◆

y

✓
@x

@s

◆

t

+

✓
@u

@y

◆

x

✓
@y

@s

◆

t

✓
@u

@t

◆

s

=

✓
@u

@x

◆

y

✓
@x

@t

◆

s

+

✓
@u

@y

◆

x

✓
@y

@t

◆

s

Example:

u = x2 + y , x = s + t , x � y = s2

These give

x =
s + t + s2

2
, y =

s + t � s2

2
and ✓

@x

@s

◆

t

=
1 + 2s

2
,

✓
@y

@s

◆

t

=
1 � 2s

2
✓
@u

@s

◆

t

= (2x)
1 + 2s

2
+ (1)

1 � 2s
2

= (s + t)(1 � 2s) +
1
2
� s

=
1
2
+ t � 2ts � 2s2



Taylor Series

If a function f (x) in 1-dimension has a power series expansion

f (x) =
1X

n=0

anx
n

we then find that

f (0) = a0 , f 0(0) = a1 ,
1
2!
f 00(0) = a2 , .............

or, in general,
1
n!
f (n)(0) = an

and thus

f (x) =
1X

n=0

f (n)(0)
n!

xn

This is also called the Taylor expansion for f (x) about the origin
x = 0.



A Taylor series, in general, means a power series in powers of
(x � a) where a = some constant.

The derivation of the coefficients is identical to the last derivation
except that we use x = a instead of x = 0.

Let

f (x) =
1X

n=0

an(x � a)n

We then have

f (a) = a0 , f 0(a) = a1 ,
1
2!
f 00(a) = a2 , .............

or, in general,
1
n!
f (n)(a) = an

and thus

f (x) =
1X

n=0

f (n)(a)

n!
(x � a)n



Let us now determine f (x + h) using a neat method.

Consider the following construction for an infinitesimal displacement

f (x + �x) = f (x) +�x
df

dx
=

✓
1 +�x

d

dx

◆
f (x)

where we have used the definition of the derivative(exact only in
the limit of course).

Now make another displacement

f (x + 2�x) =
✓

1 +�x
d

dx

◆
f (x + �x) =

✓
1 +�x

d

dx

◆2
f (x)

Since a finite displacement h can always be constructed from an
infinite number of consecutive infinitesimal displacements, we have

f (x + h) = lim
n!1

✓
1 +

h

n

d

dx

◆n

f (x) = exp

✓
h
d

dx

◆
f (x)



where we have used the interesting result that

lim
n!1

✓
1 +

h

n
Q

◆n

= exp (hQ)

The differential operator

exp

✓
h
d

dx

◆

is called the displacement operator.

Since the exponential function has the power series representation

exp (ax) =
1X

k=0

(ax)k

k!

we can write

f (x + h) = exp

✓
h
d

dx

◆
f (x) =

1X

k=0

hk

k!
f (k)(x)



Example:

sin!(t + ⌧) = exp

✓
⌧
d

dt

◆
sin (!t)

=


1 + ⌧

d

dt
+

1
2!
⌧2 d2

dt2
+

1
3!
⌧3 d3

dt3
+ ........

�
sin (!t)

=


sin (!t) + !⌧ cos (!t)� 1

2!
(!⌧)2 sin (!t)

� 1
3!
(!⌧)3 cos (!t) + ........

�

= sin (!t)


1 � 1

2!
(!⌧)2 + .....

�

+ cos (!t)


!⌧ � 1

3!
(!⌧)3 + ......

�

= sin (!t) cos (!⌧) + cos (!t) sin (!⌧)

which we know to be correct.



These results generalize easily to 3-dimensions as

f (~r + ~a) =
1X

n=0

1
n!
(~a ·r)f (~r)

and also can be used for displacements in time

f (t + ⌧) = exp

✓
⌧
d

dt

◆
f (t)

1X

k=0

⌧k

k!
f (k)(t)

Binomial Series

Consider the following function

f (x) = (1 + x)n



If we expand this out we get

f (x) = (1 + x)n = 1 + nx +
n(n � 1)

2!
x2 + ....

=
1X

m=0

n!

m!(n �m)!
xm =

1X

m=0

✓
n

m

◆
xm

this is called the Binomial series and the symbol
�
n

m

�
is the

Binomial coefficient.

For n = integer, the series terminates at m = n.

In a similar way we can write(for n = integer),

(p + q)n =
1X

m=0

n!

m!(n �m)!
pmqn�m =

1X

m=0

✓
n

m

◆
pmqn�m

This has an interesting interpretation in the following example.



Suppose we have n coins that we will flip onto a table and we
count the number heads and tails.

Suppose the probability of getting a heads = p and the probability
of getting a tails is q.

Hence p + q = 1.

This means we have

(p + q)n = (1)n = 1 =
1X

m=0

✓
n

m

◆
pmqn�m

Now the probability of throwing m heads and n�m tails is given by

pmqn�m

and the number of indistinguishable ways we can do this is

n!

m!(n �m)!



Therefore the total probability of throwing m heads and n �m tails
is given by

P(n,m) =
n!

m!(n �m)!
pmqn�m = C (n,m)pmqn�m

Since the probability of something happening is sum of all of these
probabilities, the sum must = 1 as we have already seen above.

Does this really work? Consider n = 3, so we can actually do it.

For n = 3, the number of possible outcomes = 2 ⇥ 2 ⇥ 2 = 8 and
we have

ppp = 1 = C (3, 3)� p(3, 3) = 1/8
ppq, pqp, qpp = 1 = C (3, 3)� p(3, 2) = 3/8
qqp, qpq, pqq = 1 = C (3, 2)� p(3, 1) = 3/8
qqq = 1 = C (3, 0)� p(3, 0) = 1/8

So it does work!



Octave Program for case n = 64

See diagram below.



We note that the quantity n! that we have been using is usually
defined only for positive integers.

As we shall later in the course, there is a more general definition of
this function, which reduces to the same values when n = integer.



It is given by

s! =

Z 1

0
x se�xdx = �(s + 1)

for all s not equal to negative integer. It is the gamma function.

Taylor Expansion in more than 1 variable

We now generalize the Taylor expansion to more than 1 dimensions:

f (x , y) =f (a, b) + (x � a)fx(a, b) + (y � b)fy (a, b)

+
1
2!
(x � a)2fxx(a, b) +

2
2!
(x � a)(y � b)fxy (a, b)

+
1
2!
(y � b)2fyy (a, b) +

1
3!
(x � a)3fxxx(a, b)

+
3
3!
(x � a)2(y � b)fxxy (a, b) +

3
3!
(x � a)(y � b)2fxyy (a, b)

=
1
3!
(y � b)3fyyy (a, b) + .......

and so on.



Curvilinear Coordinates

First we mention cartesian coordinate systems.

We have
basis vectors = êi , i = 1, 2, 3

These systems have intuitive appeal since they
(1) make use of straight lines
(2) make use of perpendicular(orthogonal) directions of flat space
(3) vector differential/integral operators take their simplest forms
However, many physical systems are not naturally rectangular, i.e.,
the surface of a sphere.

In this case the rectangular coordinates of a point on its surface are
changing from point to point, but in spherical polar coordinates the
surface is specified simply as a surface of constant radius r .



Thus, the choice of coordinate systems can be important in the
description of a physical system.

A good choice may lead to greater simplification and insight in the
description of the physical system.

There is, of course, a price to pay for this improvement.

Coordinate systems other than rectangular are less intuitive and
harder to visualize.

Integral and differential operators have more complicated forms.

We now show that the task is quite tractable, perhaps even
enjoyable, when approached from the right point of view.

It turns out to just be a matter of changing directions and changing
scales as we shall now see.



Generalized Coordinates

We begin by noting that any 3 independent variables (u1, u2, u3)
can be used to form a coordinate system if they uniquely specify
the position of a point in space.

For convenience we start with the familiar rectangular coordinates
(x , y , z) = (x1, x2, x3) and specify the new generalized coordinates
by the relations ui = ui (x , y , z).

For the transformation between these two coordinate systems to be
well-defined and unique, it is necessary that the inverse relations
xi = xi (u1, u2, u3) also exist, and that all of these relations are
single-valued functions.

Example: spherical polar coordinates r , ✓,�) : See diagram
below.



Here we have the relations

r = (x2+y2+z2)1/2 , ✓ = tan�1

 
(x2 + y2)1/2

z

!
, � = tan�1

⇣y
x

⌘

and the inverse relations

x = r sin ✓ cos� , x = r sin ✓ sin� , z = r cos ✓



A coordinate axis now becomes a coordinate curve along which
only one of the coordinates is changing (same as in the cartesian
case). The coordinate curves in spherical polar coordinates are:

radii (only r varies, ✓,� = constant)
longitudes (only ✓ varies, r ,� = constant)
latitudes (only � varies, r , ✓ = constant)

It is easy to find explicit algebraic expressions describing these
coordinate curves because by definition only one of the coordinates
changes along such a curve, while the others remain unchanged.



For example, if ~r = r êr = r ê(~r) represents a coordinate curve, then
the equations

@~r

@r
= êr ,

@~r

@✓
= r

@êr
@✓

,
@~r

@�
= r

@êr
@�

describe the vectorial changes along this coordinate curve.

We state a rule:

Each of these derivatives is a vector in space; it has a length hi and
a direction êi , where i = r , ✓ or �.

We can readily obtain their explicit forms with the help of
rectangular coordinates, where the basis vectors are constants:



@~r

@r
=

@

@r
(xêx + y êy + zêz)

= sin ✓ cos�êx + sin ✓ sin�êy + cos ✓êz = hr êr
@~r

@✓
=

@

@✓
(xêx + y êy + zêz)

= r cos ✓ cos�êx + r cos ✓ sin�êy � r sin ✓êz = h✓ ê✓
@~r

@�
=

@

@�
(xêx + y êy + zêz) = �r sin ✓ sin�êx + r sin ✓ cos�êy = h�ê�

We then have (taking scalar products)

h2
r = sin2 ✓ cos2 �+ sin2 ✓ sin2 �+ cos2✓ = 1 ! hr = 1

h2
✓ = r2 cos2 ✓ cos2 �+ r2 cos2 ✓ sin2 �+�r2 sin2 ✓ = r2 ! h✓ = r

h2
� = r2 sin2 ✓ sin2 �+ r2 sin2 ✓ cos2 � = r2 sin2 ✓ ! h� = r sin ✓



Now

d~r =
@~r

@r
dr +

@~r

@✓
d✓ +

@~r

@�
d�

= hr êrdr + h✓ ê✓d✓ + h�ê�d�

= dr êr + rd✓ê✓ + r sin ✓d�ê�

which should look familiar from our earlier discussions.

In the general case (u1, u2, u3) we have

d~r =
@~r

@u1
du1 +

@~r

@u2
du2 +

@~r

@u3
du3

where



@~r

@ui
=

@

@ui
(xêx + y êy + zêz) =

@x

@ui
xêx +

@y

@ui
êy +

@z

@ui
êz

= vector (actually the tangent vector)
= hi (~r)êi (~r)

so that

hi (~r) =

"✓
@x

@ui

◆2
+

✓
@y

@ui

◆2
+

✓
@z

@ui

◆2
#1/2

and the displacement vector is

d~r =
X

i

hi (~r)êi (~r)dui = êi (~r)dsi , dsi = hidui

Thus, êi (~r) defines the coordinate curve since it gives the unit
vector tangent to the curve at ~r .



The infinitesimal scalar displacement dsi = hi (~r)dui gives the
displacement along this coordinate curve.

The function hi (~r) is a scale factor.

It ensures that the displacement has the dimensions of length,
independent of the dimensions of the ui .

All other geometrical quantities can be calculated readily in terms
of these scale factors and unit tangent vectors.

The infinitesimal scalar displacement ds along a path in space is

(ds)2 � d~r · d~r =
X

ij

(hi êidui ) · (hj êjduj) =
X

ij

gijduiduj

where gij = hihj êi · êj gives the so-called metric coefficients of
the generalized coordinate system.



The differential elements of surface and volume can be written
down as

d ~Aij = d~�ij =

✓
@~r

@ui
dui

◆
⇥
✓

@~r

@uj
duj

◆

= hihj(êi ⇥ êj)duiduj = (êi ⇥ êj)dsidsj

(Think of the Cartesian case to understand this result. What does
the direction mean?) and

d⌧ = dV = ds1ds2ds3ê1 · (ê2 ⇥ ê3)

where the last factor is the volume of a unit parallelpiped.



Orthonormal Curvilinear Coordinates

If at every point ~r , the three unit tangents êi (~r) are orthogonal to
one another(mutually orthogonal), that is, if

êi (~r) · êj(~r) = �ij

or equivalently, if
@~r

@ui
· @~r

@uj
/ �ij

then the generalized coordinates ui are said to form an orthogonal
curvilinear coordinate system.

In this system, the unit tangents ê1(~r), ê2(~r), ê3(~r) form a cartesian
coordinate system at every point ~r (not the same one at different
points).



The only complication is that their orientation changes from point
to point (different than in the case of a cartesian system) in space.

In such orthogonal systems, the metric coefficients

gij = h2
i �ij ! diagonal and h2

i =

✓
@x

@ui

◆2
+

✓
@y

@ui

◆2
+

✓
@z

@ui

◆2

and the squared length

(ds)2 = ds2 =
X

i

h2
i (dui )

2 =
X

i

(dsi )
2

contains NO CROSS TERMS (so things can get worse!).



The differential surface/volume elements are

d~�ij = dsidsj
X

k

✏ijk êk

d⌧ = ds1ds2ds3

Thus, the dsi are very much like the rectangular coordinates dxi .

However, the tangent directions change from point to point, except
in the case of rectangular coordinates for which they are constant
unit vectors.

Examples:

Spherical polar coordinates (orthogonal)

hr = 1 , h✓ = r , h� = r sin ✓

êr =
1
hr

@~r

@r
, ê✓ =

1
h✓

@~r

@✓
, ê� =

1
h�

@~r

@�



See figure below

Then

sin ✓ cos�êx + sin ✓ sin�êy + cos ✓êz = êr

cos ✓ cos�êx + cos ✓ sin�êy � sin ✓êz = ê✓

� sin�êx + cos�êy = ê�



where

êr ·ê✓ = êr ·ê� = ê�·ê✓ = 0 , êr⇥ê✓ = ê� , ê�⇥êr = ê✓ , ê✓⇥ê� = êr

In addition,

d~r = hrdr êr + h✓d✓ê✓ + h�d�ê�

dsr = dr , ds✓ = rd✓ , ds� = r sin ✓d�

ds2 = dr2 + r2d✓2 + r2 sin2 ✓d�2

and

d~�r✓ = rdrd✓ê� = �d~�✓r

d~�✓� = r2 sin ✓d✓d�êr = �d~��✓

d~��r = r sin ✓drd�ê✓ = �d~�r�

d⌧ = dsrds✓ds� = r2 sin ✓drd✓d�



The volume element looks like

Does it work for the cartesian coordinates (x , y , z)?

@~r

@x
=

@

@x
(xêx + y êy + zêz) = êx ,

@~r

@y
= êy ,

@~r

@z
= êz

hx = hy = hz = 1 ! d~r = dxêx+dy êy+dzêz =
@~r

@x
êx+

@~r

@y
êy+

@~r

@z
êz



dsx = dx , dsy = dy , dsz = dz ! ds2 = dx2 + dy2 + dz2

d~�xy = dxdy êx⇥êy = dxdy êz , d~�yz = dydzêx , d~�zx = dxdzêy

d⌧ = dxdydzêx · (êy ⇥ êz) = dxdydz

Clearly it does!

Finally, remember that the coordinate ~r(t) of a physical event is a
function of the time t.

It can be differentiated wrt t to give

~v =
d~r

dt
and ~a =

d~v

dt
=

d2~r

dt2

If cartesian coordinates are used, then their will only be
contributions from the time derivatives of the components and not
the unit vectors (since they are constant in time).



But for curvilinear coordinates we get contributions from both, i.e.,

d

dt
(components +

d

dt
unit vectors

because the unit vectors are also changing in time.

Vector Differential Operators in Curvilinear Coordinates

If we define the differential operator symbol r (called the
"gradient" or "del") as

r =

✓
@

@x
êx +

@

@y
êy +

@

@z
êz

◆

then we can ask, what do r�, r · ~V , and r⇥ ~V look like?

We have ~r = (u1, u2, u3) = position in space and a scalar field
�(u1, u2, u3) and a vector field ~V (u1, u2, u3).



The quantity r�(u1, u2, u3) describes at every point ~r , a vector
that can be decomposed into components along the local unit
tangents êi (~r), that is,

r�(~r) =
X

i

êi (~r)(r�)i =
X

i

êi (~r)(r� · êi (~r))

If we expand the gradient in rectangular coordinates(we can use
any) then we get

(r�)i =

✓
@�

@x
êx +

@�

@y
êy +

@�

@z
êz

◆
· êi (~r)

From earlier we have

d~r =
X

i

hi (~r)êi (~r)dui =
X

i

êi (~r)dsi

and then



êx · êi = êx ·
@~r

@si
= êx ·

@xêx + y êy + zêz
@si

=
@x

@si

Therefore,

(r�)i =

✓
@�

@x

@x

@si
+

@�

@y

@y

@si
+

@�

@z

@z

@si

◆
=

@�

@si

or
r�(u1, u2, u3) =

X

i

êi (~r)
@�

@si
=

X

i

êi (~r)
1
hi

@�

@ui

This implies that the ui in r�(u1, u2, u3) can be treated as if they
were rectangular coordinates if the local tangents êi (~r) are used
together with local displacements dsi = hidui .



Example:

r�(r , ✓,�) =

✓
êr
@�

@r
+ ê✓

1
r

@�

@✓
+ ê�

1
r sin ✓

@�

@�

◆

In general,

ruj(~r) =
X

i

êi (~r)
@uj
@ui

=
X

i

êi (~r)
1
hi
�ij =

êj(~r)

hj

which implies that a generalized coordinate curve has a natural
curliness of

r⇥ êj = �hjr
✓

1
hj

◆
⇥ êj(~r)

Summarizing, we get(algebra is nasty) for vector operators in
orthogonal curvilinear coordinates u1, u2, u3, h1, h2, h3, with � a
scalar field and ~V a vector field



r� =
X

i

1
hi

@�

@ui
êi

r · ~V =
X

i

1
pi

@

@ui
(piVi )

where
pi =

h1h2h3

hi

r⇥ ~V =
1

h1h2h3

X

ijk

✏ijk
@

@ui
(hjVj)hk êk

r2� =
X

i

1
pi

@

@ui

✓
pi

@

@ui

◆
�



Jacobians

For different coordinate systems we have

carteian dV = dxdydz

cylindrical polar dV = rdrd✓dz

spherical polar dV = r2sin✓drd✓d�

How do we convert between area and volume elements in different
coordinate systems?

The rules are:

if (x , y) ! (q, t), then dA = |J|dqdt
if (x , y , z) ! (q, t,w), then dA = |J|dqdtdw

where J is a determinant of partial derivatives called the Jacobian.



J = J

✓
(x , y)

(q, t)

◆
=

�����

@x
@q

@x
@t

@y
@q

@y
@t

����� in 2-dimensions

and

J = J

✓
(x , y)

(q, t)

◆
=

�������

@x
@q

@x
@t

@x
@w

@y
@q

@y
@t

@y
@w

@z
@q

@z
@t

@z
@w

�������
in 3-dimensions

Examples:
q = r , t = ✓

! J =

����
cos ✓ �r sin ✓
sin ✓ r cos ✓

���� = r

! dA = dxdy = rdrd✓



q = r , t = ✓ , w = �

! J =

������

sin ✓ cos� r cos ✓ cos� �r sin ✓ sin�
sin ✓ sin� r cos ✓ sin� r sin ✓ cos�
cos ✓ �r sin ✓ 0

������
= r2 sin ✓

! dV = dxdydz = r2 sin ✓drd✓d�

Eigenvalues/Eigenvectors of Hermitian Matrices

Many matrices that appear in quantum theory are Hermitian
matrices where

H† = H⇤T = H

Some properties of Hermitian matrices are:
• all eigenvalues are real
• eigenvectors belonging to different eigenvectors are orthogonal
• eigenvectors belonging to degenerate eigenvalues (�1 = �2)

can be made orthogonal using the Gram-Schmidt process



In quantum physics these matrices or operators representing
observable quantities, so it is necessary that all the eigenvalues,
which will correspond to the possible values of a measurement of
the observable, are real.

The orthogonality properties mean that the eigenvectors of any
Hermitian operator can be used to define a cartesian coordinate
system(orthonormal) or basis in the space of the n-dimensional
vectors.

This is very useful for doing calculations.

Let us see how some of these properties arise:

Hui = �iui

(ui )
†ui = (length)2 of the vector � 0



If (ui )†uj = 0, then ui and uj are orthogonal.

Now
(ui )

†Huj = �j(ui )
†uj

If we digress for a moment to derive a property of the transpose
operation, we find

C = AB ! CT = (AB)T

(CT )ij = Cji = (AB)ji =
X

k

AjkBki =
X

k

(BT )ik(A
T )kj

(CT )ij = (BTAT )ij

! CT = BTAT

that is, the order reverses!



This implies that
C † = B†A†

Using this result we have

((ui )
†Huj)

†† = (�j(ui )
†uj)

†† = (�⇤
j (uj)

†ui )
† = �j(ui )

†uj

= ((uj)
†H†ui )

† = ((uj)
†Hui )

† = ((uj)
†�iui )

†

= �⇤
i ((uj)

†ui )
†

Thus,
�j(ui )

†uj = �⇤
i ((uj)

†ui )
† = �⇤

i (ui )
†uj

or
(�j � �⇤

i )(ui )
†uj = 0



If we set i = j , then since (ui )†uj 6= 0, we have

�i � �⇤
i = 0 ! the �i are real

In addition, we find that if �i 6= �j , then (ui )†uj = 0 or the
corresponding eigenvectors are orthogonal.

Diagonalization of Matrices

U =

0

BBBB@

(u1)1 (u2)1 · · · · · · (un)1
(u1)2 · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
(u1)n · · · · · · · · · (un)n

1

CCCCA

where (ui )j is the j th component of the i th eigenvector of the
Hermitian matrix H, i.e., the columns are constructed from these
orthonormal eigenvectors.



If we evaluate the matrix product

U†U =
0

BBBB@

(u1)⇤1 (u1)⇤2 · · · · · · (u1)⇤n
(u2)⇤1 · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
(un)⇤1 · · · · · · · · · (un)⇤n

1

CCCCA

0

BBBB@

(u1)1 (u2)1 · · · · · · (un)1
(u1)2 · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
(u1)n · · · · · · · · · (un)n

1

CCCCA

it is clear that

(U†U)ij = (ui )
†uj = �ij ! U†U = I ! U is a unitary matrix

Now consider

D = U†HU ! Dij = (U†HU)ij =
X

k,m

(U†)ikHkmUmj = (ui )
†Huj

= �j(ui )
†Uj = �j�ij



Note that this calculation involves the i th row of U† and the j th

column of U.

This means that D is a diagonal matrix containing the
eigenvalues of H on the diagonal.

The matrix U†HU is a unitary transformation of H that
diagonalizes it.

We also see that

(H � �↵)u↵ = 0 = U†(H � �↵)u↵ = U†(H � �↵)Iu↵

= U†(H � �↵)UU
†u↵ = (U†HU � �↵U

†U)U†u↵

= (D � �↵)U
†u↵ = (D � �↵)u

0
↵



Since D in the above equation is diagonal, the new eigenvector
U†u↵ = u0↵ must be a unit vector along the coordinate axes, i.e.,

u0j =

0

BBBBBB@

0
· · ·
· · ·
1
· · ·
0

1

CCCCCCA
the 1 is in the j th component

Example:

Consider
H =

✓
1 1
1 1

◆

and let us diagonalize H, H2, Hn, eH .



The eigenvalue problem is:

Hui = �iui , ui =

✓
ai
bi

◆
, a2

i + b2
i = 1

The characteristic equation is
����
1 � � 1

1 1 � �

���� = 0 ! �i1,2 = 0, 2

and
u1 =

1p
2

✓
1
�1

◆
, u2 =

1p
2

✓
1
1

◆

The unitary matrix

U =
1p
2

✓
1 1
�1 1

◆

which contains the eigenvectors as columns should diagonalize H.

<latexit sha1_base64="z9iCYx1iRqWcQ1CNbzQ3RbU55vo="></latexit>

U † =
1p
2

✓
1 �1
1 1

◆



<latexit sha1_base64="NB9wis7rcKwdTG73Dg98aOsYVaI="></latexit>

U
†
HU =

1

2

✓
1 �1
1 1

◆✓
1 1
1 1

◆✓
1 1
�1 1

◆
=

✓
0 0
0 2

◆
=

✓
�1 0
0 �2

◆
= D

<latexit sha1_base64="pqBA6d/NNRssjL25NtUt/Zfa2pY="></latexit>

U†u1 = u0
1 =

1p
2

✓
1 �1
1 1

◆
1p
2

✓
1
�1

◆
=

✓
1
0

◆



Now for the function of H, eH , we get

U†eHU =
1X

n=0

1
n!
U†HnU =

1X

n=0

1
n!
Dn = eD

Now since D is diagonal and since the product of diagonal matrices
is also diagonal

(eD)ii =
1X

n=0

Dn

ii

n!] = eDii

! eD =

✓
1 0
0 e2

◆

In general, for n ⇥ n matrices

U†E↵HU = e↵D =

0

BBBBBB@

e↵�1 0 0 0 · · · 0
0 e↵�2 0 0 · · · 0
0 0 e↵�3 0 · · · 0

· · · · · · · · · · · · · · ·
0 · · · · · · · · · · · · · · · · · ·

0 0 0 · · · · · · e↵�n

1

CCCCCCA







Derivation

The world is full of vibrations. The sound we hear is an acoustic
wave, the things we see are electromagnetic waves and the surfers
in Santa Cruz, CA ride on gravity waves of the ocean.

The simplest wave motion in 1-dimension is described by the
1-dimensional wave equation

✓
@2

@x2 � 1
v2

@2

@t2

◆
u(x , t) = 0

Let us assume a solution (we will see why this is a solution later
when we study partial differential equations))

u(x , t) = �(x)e i!t

Substitution into the full wave equation gives an equation for the
wave amplitude �(x).



✓
d2�x

dx2 +
!2

v2 �(x)

◆
e i!t = 0 !

✓
d2

dx2 + k2
◆
�(x) = 0 ,

!2

v2 = k2

This new equation(an ordinary differential equation) is easily
solved(we will see why later) by the function

�(x) = a cos kx + b sin kx

which gives the shape (at fixed time t) of the vibrating system (say
a string).

This is like taking a photograph of the vibrating string at one
instant of time.

Let us choose a string of length ⇡ fixed at both ends.



We then have the boundary conditions:

�(0) = 0 = �⇡

which implies that

�(0) = a = 0 and �(⇡) = 0 = b sin k⇡ ! k = n = integer

so that
�(x) = b sin nx , n = 1, 2, 3, .......

which is called the nth normal mode of the string (given by its
shape).

Each such mode has a different frequency and shape.

Historically, the wave equation was first studied in the 1700s.



In 1742, Bernoulli showed that
vibrations of different modes (frequency) could coex-
ist in the string

In 1753, D’Alembert, Euler and Bernoulli showed that
all possible shapes of a vibrating string, even when
the ends were not fixed, were representable by the
series

f (x) =
1X

n=1

bn sin nx

There was great dispute about this result.... what about the cosine
series, i.e., how does one represent even functions of x?

Even though f (x) solves the wave equation, others disputed the
claim that this was the most general solution.



In 1807, Fourier (in a paper on heat conduction) showed that
every function in the closed interval

[�⇡,⇡] or � ⇡  x  ⇡

could be represented in the form

f (x) =
1
2
a0 +

1X

n=1

(an cos nx + bn sin nx)

He re-derived integral formulas for the coefficients an, bn had
already been obtained by Euler in 1777.

Fourier, however, broke new ground by pointing out that these
integral formulas were well-defined even for arbitrary functions and
that the resulting coefficients were identical for different functions
that agreed within the interval, but not outside it.



The paper by Fourier was rejected by Lagrange, Laplace and
Legendre on behalf of the Academy of Sciences on the grounds that
it lacked mathematical rigor.

A second version of the paper won the Academy’s Grand prize in
1812.

This work has had a great impact on the development of
mathematical physics in the 1800s and it is still influencing things
now.

The Sine-Cosine Series

The general Fourier series expansion is sum of sine and cosine
terms of the form

f (t) =
a0

2
+

1X

n=1

an cos!nt +
1X

n=1

bn sin!nt

where the frequencies



!n =
2⇡n
T0

are integer multiples of a fundamental frequency

!0 =
2⇡
T0

and T0 is determined either by the natural periodicity of f (t) or
possibly by an enforced periodicity of some sort.

Different treatments of this subject can have definitions of T0
which differ by various factors.

The results of all calculations are the same.

The assumed form guarantees that f (t) has periodicity T0, i.e.,

f (t) = f (t + T0) for all t



In terms of the independent variable t, f (t) has this periodicity for
the entire interval

�1 < t < 1
as shown below

The typical Fourier series problem is such that we are given a
function g(t) and we then determine both T0 and the an and bn
coefficients so that the series expansion is equal to g(t) for all t.

This requires that

g(t) = g(t + T0) for all t

The smallest value of T0 that satisfies this equation is the period
of g(t).



What if g(t) is not periodic?

In this case we cannot use a general Fourier series to represent g(t)
for all t.

On the other hand, we can make the series equal to g(t) for some
finite interval as shown below

Clearly, g(t) above is not periodic.

Suppose however we define the basic period for the Fourier series to
be T0 = t2 � t1 where the interval t1 < t < t2 is as shown.



The Fourier series f (t) can then be made identical to g(t) in that
interval.

Outside the interval, the Fourier series f (t) is periodic and will not
match g(t) as shown.

Digression: The formal mathematical requirements that a function
f (x) must satisfy in order that it may be expanded in a Fourier
series are known as the Dirichlet conditions, which are
summarized as follows:

• the function must be periodic
• it must be single-valued and continuous, except possibly at a

finite number of finite discontinuities
• it must have only a finite number of maxima and minima

within one period
• the integral over one period of |f (x)| must converge



The Orthogonality Conditions

We can determine the coefficients an and bn using so-called
orthogonality conditions (proved using calculus)

Z
t0+T0

t0

dt sin

✓
2⇡n
T0

t

◆
sin

✓
2⇡m
T0

t

◆
= �nm

T0

2

Z
t0+T0

t0

dt cos

✓
2⇡n
T0

t

◆
cos

✓
2⇡m
T0

t

◆
= �nm

T0

2
Z

t0+T0

t0

dt sin

✓
2⇡n
T0

t

◆
cos

✓
2⇡m
T0

t

◆
= 0

for integer values of m and n.

In addition we have
Z

t0+T0

t0

dt sin

✓
2⇡n
T0

t

◆
= 0 ,

Z
t0+T0

t0

dt cos

✓
2⇡n
T0

t

◆
= �n0T0



We can now evaluate the coefficients as follows.

f (t) =
a0

2
+

1X

n=1

an cos!nt +
1X

n=1

bn sin!nt

The integral operation
Z

t0+T0

t0

dt f (t) =

Z
t0+T0

t0

dt
a0

2
+

1X

n=1

an

Z
t0+T0

t0

dt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt sin!nt

=

Z
t0+T0

t0

dt
a0

2
=

a0T0

2

determines a0, i.e.,

a0 =
2
T0

Z
t0+T0

t0

dt f (t)



The integral operation
Z

t0+T0

t0

dt cos!mtf (t) =

Z
t0+T0

t0

dt cos!mt
a0

2

+
1X

n=1

an

Z
t0+T0

t0

dt cos!mt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt cos!mt sin!nt

=
1X

n=1

an

Z
t0+T0

t0

dt cos!mt cos!nt

=
1X

n=1

an�nm
T0

2
= am

T0

2

determines am, m > 0, i.e.,

am =
2
T0

Z
t0+T0

t0

dt cos!mtf (t)



The integral operation
Z

t0+T0

t0

dt sin!mtf (t) =

Z
t0+T0

t0

dt sin!mt
a0

2

+
1X

n=1

an

Z
t0+T0

t0

dt sin!mt cos!nt

+
1X

n=1

bn

Z
t0+T0

t0

dt sin!mt sin!nt

=
1X

n=1

bn

Z
t0+T0

t0

dt sin!mt sin!nt

=
1X

n=1

bn�nm
T0

2
= bm

T0

2

determines bm, m > 0, i.e.,

bm =
2
T0

Z
t0+T0

t0

dt sin!mtf (t)



Several questions arise:
(1) Do these Fourier coefficients exist?
(2) Is the Fourier series convergent?
(3) Does it converge to the original function?
The answer is YES for all physically realizable systems!!!!

Examples:

(1) The function f (t) is

f (t) = sin (t)

This function is periodic with period T0 = 2⇡ ! !n = n.

Therefore the Fourier series looks like

f (t) =
a0

2
+

1X

n=1

an sin nt +
1X

n=1

bn cos nt

This example requires no calculations. It is clear that

am = 0 for all m , bm = 0 for all m 6= 1 , b1 = 1



(2) The function f (t) equals the periodic triangle wave shown
above.

In the interval �⇡/2 < t < 3⇡/2 this has the functional form

f (t) =

(
2t
⇡ �⇡

2  t  ⇡
2

2 � 2t
⇡

⇡
2  t  3⇡

2



Once again the basic period is T0 = 2⇡ which again gives !n = n.

We have

am =
2
T0

Z 3⇡/2

�⇡/2
dt cos!ntf (t) = 0 for all m

since the integrand is the product of an odd and an even
function.

We also have

bm =
2
T0

Z 3⇡/2

�⇡/2
dt sin!ntf (t) =

8
⇡2n2 sin

n⇡

2

Therefore, we get

f (t) =
X

n=1,odd

8
⇡2n2 sin

n⇡

2
sin nx



Illustrate in class with Octave program:

(3) f (t) is the square wave function







In the interval [�⇡,⇡] we have

f (t) =

(
+1 0  t  ⇡

�1 �⇡  t  0

Once again the basic period is T0 = 2⇡ which again gives !n = n.

Again this is an odd function so all the an = 0 and we find

bn =

(
4
n⇡ n = 1, 3, 5, 6, ....
0 n = 2, 4, 6, 8, ......

which gives

f (t) =
4
⇡

X

n=odd

sinnt

n



Illustrate in class with Octave program:

It looks like the figure below after including a 100 terms in the
sum....

We will do better in class.





another example  - first 6 slide because it happens fast





Even and Odd Stuff

We can always rewrite any function as:

f (x) =
1
2
[f (x) + f (�x)] +

1
2
[f (x)� f (�x)] = feven)(x) + fodd(x)

We can then use Fourier series to write:

feven)(x) =
a0

2

X

n

an cos nx , fodd(x) =
X

n

bn sin nx

where we have assumed that the function has a period T0 = 2⇡ .

Example:



Now we allow for an Arbitrary Interval.

If f (x) is defined for an interval [�L, L] of length(period) 2L
instead of the standard interval of length (period) 2⇡, then a simple
change of variable and integration range deals with the problem.

We have

f (t) =
a0

2
+

1X

n=1

an cos
2⇡n
T0

t +
1X

n=1

bn sin
2⇡n
T0

t

with

a0 =
2
T0

Z
T0/2

�T0/2
dt f (t) , an =

2
T0

Z
T0/2

�T0/2
dt cos

2⇡nt
T0

f (t)

bn =
2
T0

Z
T0/2

�T0/2
dt sin

2⇡nt
T0

f (t)

We let T0 = 2L to get

f (x) =
a0

2
+

1X

n=1

an cos
⇡n

L
x +

1X

n=1

bn sin
⇡n

L
x



with

a0 =
1
L

Z
L

�L

dx f (x) , an =
1
L

Z
L

�L

dx cos
⇡nx

L
f (x)

bn =
1
L

Z
L

�L

dx sin
⇡nx

L
f (x)

Another Example:

Suppose

f (x) =

(
0 �⇡ < x < 0
h 0 < x < ⇡

The is a square pulse(wave).

We might imagine this is a signal being sent into some electronic
apparatus.



We can calculate its Fourier coefficients

a0 =
1
⇡

Z ⇡

�⇡
dx f (x)

1
⇡

Z ⇡

0
hdx = h

an =
1
⇡

Z ⇡

�⇡
dx cos nxf (x) = 0 for all n

bn =
1
⇡

Z ⇡

�⇡
dx sin nxf (x) =

h

n⇡
(1 � cos n⇡) =

(
2h/n⇡ n odd
0 n even

which gives

f (x) =
h

2
=

2h
⇡


sin x

1
+

sin 3x
3

+
sin 5x

5
+ · · ·

�

We note that the terms fall off only as 1/n, which implies physically
that a square wave contains lots of high frequency components.

This implies that if an electronic apparatus does not pass
high-frequency components well, the square wave input will emerge
with corners rounded off in the best case and, possibly, an
amorphous blob in the worst case.



Complex Fourier Series and Return of the Dirac Delta
Function

Let us rewrite our Fourier representation for f (x) using

e i�t = cos�t + i sin�t

as follows (using the interval [�L, L]):

f (x) =
a0

2
+

1X

n=1

an
e in⇡x/L + e�in⇡x/L

2
+

1X

n=1

bn
e in⇡x/L � e�in⇡x/L

2i

=
1X

�1
cne

in⇡x/L

Note the change of limits on the summation.



The new coefficients are given by:

c0 =
a0

2
, cn>0 =

1
2
(an�ibn) , cn<0 =

1
2
(a|n|+ib|n|) =

1
2
(a�n+ib�n)

and in general, using the formulas for the a and b coefficients, we
have:

cn =
1
2L

Z
L

�L

f (x)e�in⇡x/Ldx

This is called the complex Fourier representation.

Example: Let us repeat an example from earlier.



Let g(x) be the square wave function

g(x) =

(
+1 for 0  x  ⇡

�1 for � ⇡  x  0

We have L = ⇡, so that

cn =
1
2⇡

Z ⇡

�⇡
g(x)e�inxdx =

1
2⇡

Z ⇡

0
e�inxdx � 1

2⇡

Z 0

�⇡
e�inxdx

=
i

2⇡n
[e�in⇡ � 1 + e in⇡ � 1] = i

cos n⇡ � 1
n⇡

or

cn =

(
� 2i

n⇡ n odd
0 n even



This gives

g(x) =
1X

n=�1
cne

inx =
X

n=[�1,1] odd

� 2i
n⇡

e inx

=
X

n=[0,1] odd

1
n
(e inx � e�inx) =

4
⇡

X

n=[0,1] odd

sin nx

n

which, of course, is the same as the earlier result.

Clearly, this calculation was more complicated.

The usefulness of the complex Fourier series comes when doing
theoretical derivations.

Digression : The Dirac Delta Function

Let us substitute the expression for cn back into the Fourier series.



We get:

f (x) =
1X

�1
cne

in⇡x/L =
1X

�1
e in⇡x/L

1
2L

Z
L

�L

f (x 0)e�in⇡x 0/Ldx 0

=

Z
L

�L

f (x 0)

"
1
2L

1X

�1
e in⇡(x�x

0)/L

#
dx 0

=

Z
L

�L

f (x 0)�(x � x 0)dx 0

where we have defined

�(x � x 0) =

"
1
2L

1X

�1
e in⇡(x�x

0)/L

#
= Dirac delta function

This expression has all the standard properties of the Dirac delta
function(listed below) and is a very important representation of
the delta function.



Dirac Delta Function

Dirac, when faced with a mathematical dilemma during his
development of quantum mechanics, solved his problem by
introducing a new “function” defined by

Z 1

�1
�(x � x 0)dx 0 = 1

�(x � x 0) = 0 if x 0 6= x
Z 1

�1
f (x 0)�(x � x 0)dx 0 = f (x)

Clearly, this is not an ordinary “function” in any sense.



Some Properties:

(1)
Z 0+

0�
dt 0�(�t 0)f (t 0) = �

Z �0+

�0�
dt 0�(t 0)f (�t 0)

= �
Z 0�

0+
dt 0�(t 0)f (�t 0) =

Z 0+

0�
dt 0�(t 0)f (�t 0)

= f (0)

which implies that �(�t) = �(t) if we are using it inside integrals,
i.e.,

f (0) =
Z

�(�t)f (t)dt =

Z
�(t)f (t)dt



(2)

Z 0+

0�
dt 0�(at 0)f (t 0) =

1
|a|

Z 0+/a

0�/a
dt 00�(t 00)f (t 00/a) =

1
|a| f (0)

which implies that

�(at) =
1
|a|�(t)

if we are using it inside integrals, i.e.,

1
|a| f (0) =

Z
�(at)f (t)dt =

1
|a|

Z
�(t)f (t)dt

(3) Z 0+

0�
dt 0t 0�(t 0)f (t 0) = f (0)(0) = 0



If f (0) 6= 0, then this relation implies that

t�(t) = 0

if we are using it inside integrals.

(4)
Z

L

�L

f (x)�(x2 � b2)dx =

Z 0

�L

f (x)�(x2 � b2)dx +

Z
L

0
f (x)�(x2 � b2)dx

=

Z 0

�L

f (x)�((x � b)(x + b))dx +

Z
L

0
f (x)�((x � b)(x + b))dx

=

Z 0

�L

f (x)�((�2b)(x + b))dx +

Z
L

0
f (x)�((x � b)(2b))dx

=
1

2|b|

Z 0

�L

f (x)�(x + b)dx +
1

2|b|

Z
L

0
f (x)�(x � b)dx

=
1

2|b|(f (�b) + f (b))



which implies that

�(x2 � b2) =
1

2|b|(�(x � b) + �(x + b))

Example: if a > 0, then
Z

a

�a

e�x�(x2 � a2)dx =

Z
a

�a

e�x
1
2a

(�(x � a) + �(x + a))dx

=
e�a + ea

2a
=

1
a
cosh (a)

Fourier Series Extended.........

Let us extend Fourier series somewhat ......

Remember a vector ~A in n-dimensions has n cartesian components

~A =
nX

i=1

Ai êi =
nX

i=1

(êi · ~A)êi



The Fourier series has a similar structure!

Consider

f (x) =
1X

n=�1
cn n(x)

This is also a sum of terms, each of which is made up of a Fourier
coefficient cn (the analog of the vector component Ai ) and a
unique (basis) function

 n(x) = e in⇡x/L

which plays the role of êi . The functions  n(x) satisfy the integral
relations



Z
L

�L

 ⇤
m(x) n(x)dx =

Z
L

�L

e i(n�m)⇡x/Ldx

=

(
2L m = n

2L
(n�m)⇡ sin (n �m)⇡ m 6= n

= 2L�mn

which corresponds to the inner product relations of the unit vectors

êm · ên = �mn

Note the different normalizations. The coefficients cn are given by
Z

L

�L

 ⇤
m(x)f (x)dx =

X

n

cn

Z
L

�L

 ⇤
m(x) n(x)dx =

X

n

cn2L�mn = 2Lcm

which corresponds to the component relations Ai = ~A · êi .



We can make the agreement exact by defining a unit function
(equivalent to a unit basis vector) as

en(x) =
1p
2⇡

e in⇡x/L

This unit function has the inner product

(em, en) =

Z
L

�L

e⇤m(x)en(x)dx = �mn

which then gives

f (x) =
X

n

fnen(x) ! fn = (en, f ) =

Z
L

�L

e⇤n(x)f (x)dx

in direct analogy to the relations

~A =
nX

i=1

Ai êi =
nX

i=1

(êi · ~A)êi



The unit functions are a set of orthonormal basis functions.

They are a basis because they span the space of all functions (since
that is what a Fourier series is designed to do).

The Dirac delta-function is given by

�x = x 0) =
1X

n=�1
en(x)e

⇤
n(x

0)

!
Z

f (x 0)�x � x 0)dx 0 =
1X

n=�1
en(x)

Z
e⇤n (x

0)�x � x 0)dx 0 =
1X

n=�1
fnen(x) = f (x)

as it should.

The number of basis functions is infinite, so we have an infinite
dimensional space.

Since an inner product is defined it is an inner product space.



For regular vectors, a different choice of axes implies a different set
of unit basis vectors.

In the case of functions, a different choice of coordinate axes
implies the use of a different set of “orthonormal” functions.

For the complex Fourier series in the interval [�1, 1] corresponding
to L = 1, the basis functions are

 n(x=e
in⇡x , !n =

2⇡n
T0

=
2⇡n
2L

= ⇡n

where
e in⇡x = 1 + (in⇡x) +

1
2!
(in⇡x)2 + ......

which is a convergent infinite power series in x .



Since powers of x are much easier to work with than exponentials,
let us attempt to use the powers of x , instead of the  n(x) as our
basis functions for a generalized Fourier series.

Let us take the first two basis functions to be

P0(x) = 1 , P1(x) = x , in the range [�1, 1]

The orthogonality relations are

(P0,P0) =

Z 1

�1
dx = 2

(P0,P1) = (P1,P0) =

Z 1

�1
xdx = 0

(P1,P1) =

Z 1

�1
x2dx =

2
3



The next power x2 is orthogonal to P1(x)

(P1, x
2) = (x2,P1) =

Z 1

�1
x3dx = 0

but not to P0(x)

(P0, x
2) = (x2,P0) =

Z 1

�1
x2dx =

2
3

This implies that x2 cannot be one of the set of mutually
orthogonal functions that is to be used as a basis for our so-called
generalized Fourier series.

Let us now use the Gram-Schmidt(GS) orthogonalization
procedure to create an orthogonal function.



If x2 is not orthogonal to P0(x), then part of it must be parallel to
P0(x).

Indeed the parallel component is given by

(P0, x
2) =

2
3

The GS procedure creates an orthogonal function by subtracting
off the parallel part as follows

P2(x) = x2 � (x2,P0)

(P0,P0)
P0 = x2 � 1

3

We then have the orthogonality relations

(P2,P1) = (P1,P2) = 0 , (P2,P0) = (P0,P2) = 0

(P2,P2) =

Z 1

�1

✓
x2 � 2

3
x2 +

1
9

◆
dx =

8
45



Now
(x2,P2) = (x3,P0) = 0 but (x3,P1) 6= 0

P3(x) = x3 � (x3,P1)

(P1,P1)
P1 = x3 � 3

5
x

It is customary to normalize all basis functions to 1, which entails
multiplication by the factor

1p
(Pi ,Pi )

or by defining their value at a point, say Pn(x = 1) = 1.

This gives (using the latter normalization procedure) us a set of
orthonormal basis functions (polynomials in this case) which are
identical to the Legendre functions or Legendre polynomials.



P0(x) = 1 , P1(x) = x , P2(x) =
3
2
x2 � 1

2

P3(x) =
5
2
x3 � 3

2
x , P4(x) =

35
8
x4 � 15

4
x2 + frac38

P5(x) =
63
8
x5 � 35

4
x23 + frac158x and so on

where we have

(Pn,Pm) =

Z 1

�1
Pn(x)Pm(x)dx =

2
2n + 1

�mn , Pm(1) = 1

We then have using these as basis functions

f (x) =
1X

n=0

cnPn(x)



!
Z 1

�1
Pm(x)f (x)dx =

1X

n=0

cn

Z 1

�1
Pm(x)Pn(x)dx

=
1X

n=0

cn
2

2n + 1
�mn =

2
2m + 1

cm

or

cn
2n + 1

2

Z 1

�1
Pn(x)f (x)dx

Example:

f (x) =

(
+1 for 0  x  1
�1 for � 1  x  0

Now f (x) is odd, which implies that all n = even terms will = 0.



For odd n we have

c1 =
3
2

Z 1

�1
xf (x)dx = 3

Z 1

0
xdx =

3
2

c3 =
7
2

Z 1

�1

✓
5
2
x3 � 3

2
x

◆
f (x)dx =

7
2

Z 1

0

✓
5
x

3
� 3x

◆
dx = �7

8

c5 =
11
16

and so on

The Legendre series is then

f (x) =
3
2
P1(x)�

7
8
P3(x) +

11
16

P5(x) + .......

The corresponding Fourier series in the interval [�1, 1] is given by

an = 0 , bn =
1
1

Z 1

�1
f (x) sin (n⇡x)dx = 2

Z 1

0
sin (n⇡x)dx =

4
n⇡



and the corresponding Fourier series is

f (x) =
4
⇡
sin (⇡x) +

4
3⇡

sin (3⇡x) +
4
5⇡

sin (5⇡x) + ......

Such expansion can also be made in terms of other special
functions such as Bessel functions, etc and we will use this fact to
great advantage when solving partial differential equations. Fourier
Transforms The complex Fourier series has an important limiting
form when the period approaches infinity, i.e., T0 ! 1 or L ! 1.

Suppose that in this limit
(1) k = n⇡

L
remains large (ranging from �1 to 1 ) and

(2) cn ! 0 since it is proportional to L, but

g(k) = lim
L!1
cn!0

L

⇡
cn =

1p
2⇡

Z 1

�1
f (x)e�ikxdx = finite



then we have

f (x) =
1X

�1
cne

ikx = lim
L!1
cn!0

1p
2⇡

1X

�1

⇡

L
g(k)e ikx

where k � n⇡
L

.

The sum over n is in steps of �n = 1.

Thus, we can write using

�k =
⇡

L
�n

which becomes infinitesimally small when L becomes large, as a
sum over k , which becomes an integral in the limit

f (x) = lim
L!1
cn!0

1p
2⇡

1X

�1

⇡�n

L
g(k)e ikx = lim

�k!0

1p
2⇡

1X

�1
�kg(k)e ikx

=
1p
2⇡

Z 1

�1
g(k)e ikxdk



We call g(k) the Fourier Transform of f (x)

g(k) =
1p
2⇡

Z 1

�1
f (x)e�ikxdx = F (f )

and the last equation is the so-called Fourier inversion formula.

We can now obtain an integral representation of the delta-function.

This corresponds to the orthogonality condition for the complex
exponential Fourier series.

We substitute the definition of g(k) into the inversion formula to
get



f (x) =
1p
2⇡

Z 1

�1
g(k)e ikxdk

=
1p
2⇡

Z 1

�1
dke ikx

1p
2⇡

Z 1

�1
f (x 0)e�ikx

0
dx 0

=

Z 1

�1
dx 0f (x 0)


1
2⇡

Z 1

�1
e ik(x�x

0)dk

�

=

Z 1

�1
dx 0f (x 0)�(x � x 0)

where
�(x � x 0) =

1
2⇡

Z 1

�1
e ik(x�x

0)dk

Properties

The evaluation of the integrals involved in many Fourier transforms
involves complex integration, which we shall learn later.



We will just state some properties

Examples:

(1) The Fourier transform of the box function

f (x) =

(
1 |x |  a

0 |x | � a

is

F (f ) =
1p
2⇡

Z 1

�1
f (x)e�ikxdx =

1p
2⇡

Z
a

�a

e�ikxdx

=
1p
2⇡

e�kx

ik

����
a

�a

=
1p
2⇡

2 sin ka
k



(2) The Fourier transform of the derivative of a function is

F

✓
df

dx

◆
=

1p
2⇡

Z 1

�1

df (x)

dx
e�ikxdx

=
1p
2⇡


f (x)e�ikx

���
1

�1
� (�ik)

Z 1

�1
f (x)e�ikxdx

�

=
ikp
2⇡

Z 1

�1
f (x)e�ikxdx = ikF (f )

where we have assumed that f (x) ! 0 as |x | ! 1.

This generalizes to

F

✓
dnf

dxn

◆
= (ik)nF (f )



(3) Other useful properties of the Fourier transform are:

F (f (x)) = g(k) , F (f (x�a)) = e�ikag(k) , F (f (x)eax) = g(k+ia)

A short table of Fourier Transforms is shown below:



Convolutions

In general, we define the convolution integral by

h(t) =

Z
t

0
f (t � ⌧)g(⌧)d⌧ ⌘ f ⇤ g ⌘ convolution integral

Now, the Fourier transform of the product of two functions can be
given in terms of the Fourier transforms of the individual functions.

F [f (t)g(t)] =
1p
2⇡

Z 1

�1
dt e�i!t f (t)g(t)

=
1p
2⇡

Z 1

�1
dt e�i!t 1p

2⇡

Z 1

�1
d!0e i!

0
tG (!0)

1p
2⇡

Z 1

�1
d!00e i!

00
tF (!00)

=

✓
1p
2⇡

◆3 Z 1

�1
d!0

Z 1

�1
d!00[G (!0)F (!00)]

Z 1

�1
dt e i(!

0+!00�!)t

=

✓
1p
2⇡

◆3 Z 1

�1
d!0

Z 1

�1
d!00[G (!0)F (!00)]2⇡�(!0 + !00 � !)

=
1p
2⇡

Z 1

�1
d!0G (!0)F (! � !0) = G (!) ⇤ F (!)



This just the convolution of the Fourier transforms G (!) and F (!).

It is the fundamental construction needed to solve ODEs using
Green’s functions later, as we shall see later.

Clearly, it gives a measure of the overlap of two signals as a
function of t.

The symmetry of the Fourier transform and its inverse operation
gives the results

F�1[G (!)F (!)] = I[G (!)F (!)]

=
1p
2⇡

f (t) ⇤ g(t) ! I[f (t) ⇤ g(t)] =
p

2⇡F (!)G (!)

Correlation

The correlation process gives a measure of the similarity of two
signals.



One of its most important applications is to pick a known signal
out of a sea of noise.

The cross-correlation between f (t) and g(t) is defined as

 fg (t) =

Z 1

�1
d⌧ f (⌧)g(⌧ � t)

The cross-correlation of a function with itself

 ↵ (t) =

Z 1

�1
d⌧ f (⌧)f (⌧ � t)

is called an autocorrelation.

This operation is similar to the convolution operation except that
the second function is not inverted.

It is just as tricky as the convolution operation.



We can write

F [ fg (t)] = F

Z 1

�1
d⌧ f (⌧)g(⌧ � t)

�
=

p
2⇡F (!)G (�!)

Fourier Transform Examples:

(1) The Square Pulse - Consider the function

f (x) =

(
1 �T/2 < t < T/2
0 otherwise

f(t) is absolutely integrable so it has a valid Fourier transform.

It is given by

F (!) =
1p
2⇡

Z
T/2

�T/2
dt e�i!t =

r
2
⇡

"
sin !T

2
!

#



which looks like (for T = 1)



In the limit T ! 1 we have (T = 50, in fact, here)

We get a sharp spike, but the area remains constant.



This implies that as T ! 1

F (!) ! �(!)

Formally, we have

F (!) = lim
T!1

1p
2⇡

Z
T/2

�T/2
dt e�i!t =

1p
2⇡

Z 1

�1
dt e�i!t =

p
2⇡�(!)

(2) Transform of a Delta-Function - Consider the function

f (t) = �t

The transform is

F (!) =
1p
2⇡

Z 1

�1
dt e�i!t�(t) =

1p
2⇡



The inverse transform is

1p
2⇡

Z 1

�1
dt e�i!t 1p

2⇡
= �(t)

Now
F

✓
df

dt

◆
= i!F (f ) = i!F (!)

Therefore for the square pulse we have

df

dt
= �(t + T/2)� �(t � T/2)

I
✓
df

dt

◆
= I(�(t + T/2)� �(t � T/2))

But
F (f (t � t0)) = e�i!t0F (f (t))



Thus,

F

✓
df

dt

◆
= (e�i!(�T/2)�e�i!(T/2)F (�(t)) = i

r
2
⇡
sin

!T

2
= i!F (!)

! F (!) = sqrt
2
⇡

"
sin !T

2
!

#
for the square pulse ( as before)

Remember this only makes sense inside an integral.

(3) Transform of a Gaussian - Consider the function

f (t) =
↵p
⇡
e�↵2

t
2
= normalized Gaussian pulse

We choose ↵ = 1.

The peak is at ↵/⇡ .



The 1/2 maximum points are separated by �t = 1/↵.

The area under the curve is = 1.

The Fourier transform is

F (!) =
1p
2⇡

Z 1

�1
dt

↵p
⇡
e�↵2

t
2
e�i!t =

↵p
2⇡

Z 1

�1
dt e(↵

2
t
2+i!t)

We complete the square to evaluate the integral. We have

↵2t2 + i!t = ↵2t2 + i!t + � = � = (↵t + �)2 � �

! 2↵� = i!t ! � =
i!

2↵

! � = �2 = � !2

4↵2



We thus have

F (!) =
↵p
2⇡

e�
!2
4↵2

Z 1

�1
dt e�(↵t+

i!
2↵)

2

Let
x = ↵t +

i!

2↵
! dx = ↵dt

then
F (!) =

1
⇡
p

2
e�

!2
4↵2

Z 1

�1
dx e�x

2
=

1p
2⇡

e�
!2
4↵2

which is a different Gaussian.



An important feature is

f (t)! �t ⇡ 1
↵

F (!) �! ⇡ 2↵

! �!�t ⇡ 2

In general for any f (t) we have �!�t ⇡ c = constant .

In the wave theory of quantum mechanics, this corresponds to the
Heisenberg Uncertainty Principle.



The Laplace Transform

Another important integral transform is the Laplace transform.

For a function f (t), we define the Laplace transform by

F (s) =

Z 1

0
dt e�st f (t) = L(f (t))

The Laplace transform is a linear operator so that

L(af (t) + bg(t)) = aL(f (t)) + bL(g(t))

The Laplace transform has a first shifting property expressed as

If L(f (t)) = F (s), then L(eat f (t)) = F (s � a)



The Laplace transform has a second shifting property expressed as

If L(f (t)) = F (s)

and g(t) =

(
f (t � a) t > a

0 t < a
then L(g(t)) = e�asF (s)

If we let t = ⌧/a, then

F (s) =

Z 1

0
dt e�st f (t)

1
a

Z 1

0
d⌧e�s⌧/af (⌧/a)

and if a� = s we get

aF (a�) =

Z 1

0
d⌧e��⌧ f (⌧/a)



Examples:

(1) Heaviside unit step function

H(t) =

(
1 t � 0
0 t < 0

L(H(t)) =

Z 1

0
dt e�stH(t) =

Z 1

0
dt e�st =

1
s
= F (s)

Since integration is only between ! 1, this also says that

L(H(t)) =

Z 1

0
dt e�st1 =

Z 1

0
dt e�st1 =

Z 1

0
dt e�st =

1
s



(2) Exponential function f (t) = eat

L(eat) =

Z 1

0
dt e(a�s)t =

1
s � a

= F (s � a)

or by first shifting
L(eat f (t)) = F (s � a)

L(1) =
1
s

L(eat1) = L(eat) =
1

s � a



(3) Shifted Step function

Ha(t) =

(
1 t � a

0 t < a

Note original Heaviside function is then H0(t)

By second shifting

L(Ha(t)) = L(H0(t � a)) = e�asL(H0(t)) =
e�as

s



(4) Euler function e i✓ = cos ✓ + i sin ✓.

From (2) we have

L(e i!t) =
1

s � i!
= L(cos!t + i sin!t) = L(cos!t) + iL(sin!t)

=
1

s � i!

s + i!

s � i!
=

s

s2 + !2 + i
!

s2 + !2

! L(cos!t) =
s

s2 + !2

! L(sin!t) =
!

s2 + !2



(5) Power function tk

L(tk) =

Z 1

0
tke�stdt =

1
sk+1

Z 1

0
xke�xdx using x = st

=
1

sk+1�(k + 1) =
k!

sk+1

(6) Power series

f (t) =
1X

n=0

ant
n

F (s) = L(f (t)) =
1X

n=0

anL(t
n) =

1X

n=0

an
n!

sn+1



(7) Bessel Function - we will see later that the Bessel function of
zero order can be written as

J0(t) =
1X

k=0

(�1)k

22k(k!)2t2k
= Bessel function of order 0

We have

L(J0(t)) =
1X

k=0

(�1)k

22k(k!)2
L(t2k) =

1X

k=0

(�1)k

22k(k!)2
(2k)!
s2k+1

Now

(2k)! = 1 · 2 · 3 · · · 2k = 2 · 4 · 6 · · · 2k · 1 · 3 · 5 · · · (2k � 1)

= 2kk!1 · 3 · 5 · · · (2k � 1)

so



L(J0(t)) =
1X

k=0

(�1)k

22k(k!)2
L(t2k) =

1X

k=0

(�1)k

22k(k!)2
(2k)!
s2k+1

=
1
s

"
1 +

1X

k=1

(�1)k

22kk!

1 · 3 · 5 · · · (2k + 1)
s2k

#

Now using the binomial theorem

(1+x)n = 1+
n

1!
x+

n(n � 1)
2!

x2+...+
n(n � 1)....(n � k + 1)

k!
xk+.......

✓
1 +

1
s2

◆�1/2
= 1 +

(�1)
�1

2
�

1!

✓
1
s2

◆
+

(�1)2
�1

2
� �3

2
�

2!

✓
1
s2

◆2

+ ...+
(�1)k

�1
2
� �3

2
�
....

�2k�1
2

�

k!

✓
1
s2

◆k



or

L(J0(t)) =
1
s

✓
1 +

1
s2

◆�1/2
=

1p
s2 + 1

Wow!!!

(8) Dirac Delta Function

L[�(t � t0)] =

Z 1

0
�(t � t0)e

�stdt = e�st0

There exist extensive tables of Laplace transforms

More examples - Some typical electric circuit input functions:



(1) Consider the square pulse

Ha(t) =

8
><

>:

0 t < a

A a < t < b

0 t > b

We rewrite this function as

f (t) = AHa(t)� AHb(t)

and then using linearity and example (3) above we have

L(f (t)] = A
e�as

s
� A

e�bs

s
=

A

s
[e�as � e�bs ]

(height = A) , i.e., 

remember



(2) Consider the time-dependent pulse

f (t) =

8
><

>:

0 0 < t < 1
t2 1 < t < 2
0 t > 2

We rewrite this function as

f (t) = H1(t)t
2 � H2(t)t

2

g(t) = t2 is not in the proper form to use the second shift property.

We fix it by the following algebra

f (t) = H1(t)[(t�1)2+2(t�1)+1]�H2(t)[(t�2)2+4(t�2)+4]



Now using the second shift property and linearity we have

L(f (t)] = L
�
H1(t)[(t � 1)2 + 2(t � 1) + 1]

�

� L
�
H2(t)[(t � 2)2 + 4(t � 2) + 4]

�

=

Z 1

1
[(t � 1)2 + 2(t � 1) + 1]e�stdt

�
Z 1

2
[(t � 2)2 + 4(t � 2) + 4]e�stdt

= e�s

Z 1

0
[x2 + 2x + 1]e�sxdx � e�2s

Z 1

0
[x2 + 4x + 4]e�sxdx

= e�s


2
s3 +

2
s2 +

1
s

�
� e�2s


2
s3 +

4
s2 +

4
s

�

Finally, let us use a table to find the inverse Laplace transform. (1)
Consider

F (s) =
2s

s2 + 4



Now
L(cos!t) =

s

s2 + !2L(2 cos 2t) =
2s

s2 + 4

! f (t) = 2 cos 2t = L�1
✓

2s
s2 + 4

◆

(2) Consider

F (s) =
6s

s2 + 4s + 13
Now

F (s) =
6s

s2 + 4s + 13
=

6s
(s + 2)2 + 9

= 6L(e�2t cos 3t)�4L(e�2t sin 3t)

! f (t) = 6e�2t cos 3t � 4e�2t sin 3t



(3) Consider

F (s) =
4e�2s

s2 � 16
= e�2s


4

s2 � 16

�

Now

L(sinh 4t) =
4

s2 � 16
! L�1

✓
4

s2 � 16

◆
= sinh 4t

The second shift property then gives

L(sinh 4(t � 2)) = e�2sL(sinh 4t) = e�2s


4
s2 � 16

�

or

f (t) = L�1
✓

4e�2s

s2 � 16

◆
=

(
sinh 4(t � 2) t > 2
0 t < 2



Other Properties of the Laplace Transform

Laplace Transform of Derivatives and Integrals

I will just quote some results here without proof.

L(f 0) = sL(f )� f (0)

L(f (n)) = snL(f )� sn�1f (0)� sn�2f 0(0)� ....� f (n�1)(0)

L

✓Z
t

0
f (⌧)d⌧

◆
=

1
s
L(f )

Examples:

(1) Consider f (t) = t sin t. We have

f 0(t)t cos t = sin t and f 00(t) = �t sin t + 2 cos t



Now
L(f 00) = s2L(f )� sf (0)� f 0(0) = s2L(f )

L(t sin t) =
1
s2L(2 cos t � t sin t) =

1
s2 [L(2 cos t)� L(�t sin t)]

✓
1 +

1
s2

◆
L(t sin t) =

1
s2L(2 cos t) =

2
s2L(cos t) =

2
s2

s

s2 + 1

! L(t sin t) =
2s

(s2 + 1)2

(2) If

L(t sin 2t) =
2s

(s2 + 4)2



F (s) =
8

(s2 + 4)2

L(f ) = F (s) =
8

(s2 + 4)2
=

1
s

8s
(s2 + 4)2

L

✓Z
t

0
f (⌧)d⌧

◆
=

1
s
L(f ) ! L

✓Z
t

0
⌧ sin 2⌧d⌧

◆

=
1
s
L(t sin 2t) =

1
s

2s
(s2 + 4)2

or

L(f ) = 4L
✓Z

t

0
⌧ sin 2⌧d⌧

◆

! f (t) = 4
Z

t

0
⌧ sin 2⌧d⌧ = �2t cos 2t + sin 2t



Derivatives and Integrals of the Laplace Transform

L(tnf (t)) = (�1)nF (n)(s)

L

✓
f (t)

t

◆
=

Z 1

s

F (�)d�

Laplace Transforms of Periodic Functions

We now consider functions that are periodic with period a, i.e.,

f (t) = f (t + na) n = 1, 2, 3, .....

The transform is



L(f (t)) =

Z 1

0
f (t)e�stdt =

Z
a

0
f (t)e�stdt

+

Z 2a

a

f (t)e�stdt +

Z 3a

a

f (t)e�stdt + .......

=

Z
a

0
f (t)e�stdt +

Z
a

0
f (t + a)e�s(t+a)dt

+

Z
a

0
f (t + 2a)e�s(t+2a)dt + .......

=

Z
a

0
f (t)e�stdt +

Z
a

0
f (t)e�s(t+a)dt

+

Z
a

0
f (t)e�s(t+2a)dt + .......

= (1 + e�sa + e�2sa + .......)

Z
a

0
f (t)e�stdt

=
1

1 � e�sa

Z
a

0
f (t)e�stdt



Inverse Laplace Transforms

Partial Fractions

(1) Consider two polynomials P(s) and Q(s) such that

degree(Q) > degree(P)

and Q(s) = (s � a1)(s � a2)(s � a3)............(s � an) with all the
roots ai distinct.

We saw earlier that we can then write

F (s) =
P(s)

Q(s)
=

A1

s � a1
+

A2

s � a2
+

A3

s � a3
+ ....+

An

s � an

We then have



lim
s!ak

P(s)

Q(s)
(s � ak) = Ak

= lim
s!ak

(s � ak)

Q(s)
P(s) = P(ak) lim

s!ak

(s � ak)

Q(s)
= P(ak) lim

s!ak

d

ds
(s � ak)
d

ds
Q(s)

= P(ak) lim
s!ak

1
Q 0(s)

=
P(ak)

Q 0(ak)

Example:

Suppose we know

F (s) =
s3 + 3s2 � 2s + 4

s(s � 1)(s � 2)(s2 + 4s + 3)

then what is f (t) or how do we find the inverse Laplace
transform?

We have



F (s) =
s3 + 3s2 � 2s + 4

s(s � 1)(s � 2)(s + 1)(s + 3)

=
A1

s
+

A2

s � 1
+

A3

s � 2
+

A4

s + 1
+

A5

s + 3

Using

Ak =
P(ak)

[Q(s)/(s � ak)]s=ak

we get

A1 =
2
3
, A2 = �3

4
, A3 =

2
3
, A4 = �2

3
, A5 =

1
12

so that

F (s) =
2/3
s

� 3/4
s � 1

+
2/3
s � 2

� 2/3
s + 1

+
1/12
s + 3



Using

L(eat) =
1

s � a

we have

f (t) =
2
3
� 3

4
et +

2
3
e2t � 2

3
e�t +

1
12

e�3t

When the roots of Q(s) are not all distinct we get a different result.

Suppose there is a repeated factor (s � a1)m, i.e.,

Q(s) = (s � a1)
m(s � a2)(s � a3)......................

We then get



F (s) =
P(s)

Q(s)

=
Bm

(s � a1)m
+

Bm�1

(s � a1)m�1

+ ....+
B2

(s � a1)2
+

B1

(s � a1)
+

A2

(s � a2)
+

A3

(s � a3)
+ .....

where
Ak =

P(ak)

[Q(s)/(s � ak)]s=ak

and

Bi =
1

(m � 1)!
d (m�1)

ds(m�1)


P(s)

[Q(s)/(s � a1)m]

�

s=a1

Bm =
P(a1)

[Q(s)/(s � a1)m]s=a1



Two final cases are:

Q(s) = ((s � a)2 + b2)(s � a1)(s � a2)(s � a3).....................

F (s) =
P(s)

Q(s)
=

B1s + B2

(s � a)2 + b2 +
A1

s � a1
+

A2

s � a2
+ ......

Ak =
P(ak)

[Q(s)/(s � ak)]s=ak

B1(aib) + B2 =


P(s)

Q(s)/[(s � a)2 + b2]

�

s=a+ib

and

Q(s) = ((s � a)2 + b2)2(s � a1)(s � a2)(s � a3).....................



F (s) =
P(s)

Q(s)
=

C1s + C2

((s � a)2 + b2)2
+

B1s + B2

(s � a)2 + b2+
A1

s � a1
+

A2

s � a2
+......

Ak =
P(ak)

[Q(s)/(s � ak)]s=ak

C1(a+ ib) + C2 =


P(s)

Q(s)/[(s � a)2 + b2]

�

s=a+ib

B1(aib) + B2 =
d

ds


P(s)

Q(s)/[(s � a)2 + b2]

�

s=a+ib

A Convolution Theorem

Suppose that we have two functions f (t) and g(t). We define the
integral

h(t) =

Z
t

0
f (t � ⌧)g(⌧)d⌧ ⌘ f ⇤ g ⌘ convolution integral







L(a1y1(x) + a2y2(x)) = a1L(y1(x)) + a2L(y2(x))

where a1 and a2 are constants.

Examples:

The 1st order ODE

L(y(x)) =
dy(x)

dx

is linear since

L(ay(x)) =
d(ay(x))

dx
= a

dy(x)

dx

but the 1st order ODE

L(y(x)) =

r
dy(x)

dx



is nonlinear since

L(ay(x)) =

r
d(ay(x))

dx
=

p
a

r
dy(x)

dx
6= a

r
dy(x)

dx

The 2nd order ODE

d2✓(t)

dt2
+

g

L
sin ✓(t) = 0

which describes the large amplitude motion of a pendulum is
non-linear because

sin (�✓1 + µ✓2) 6= � sin (✓1) + µ sin (✓2)

We note that if ✓ is always small, then sin ✓ ⇡ ✓ and the new ODE

d2✓(t)

dt2
+

g

L
✓(t) = 0

is a linear ODE. It describes the small amplitude motion of a pendulum.



All physical systems not far from EQUILIBRIUM (small
displacements)are linear systems.

Linear ODEs are simpler to solve than non-linear ODEs.

This is a consequence of the following two superposition principles
which apply only to linear ODEs:
(1) If y1(x) and y2(x) are any two solutions of a homogeneous

linear ODE
L(y(x)) = 0

then

yh(x) = c1y1(x) + c2y2(x) c1, c2 = constants

is also a solution, i.e.,

Lyh(x) = L(c1y1(x) + c2y2(x)) = c1L(y1(x)) + c2L(y2(x)) = 0



(2) If yh(x) is a (i.e.,any) solution of the homogeneous linear
ODE, L(yh(x)) = 0 and yp(x) is a solution of the
inhomogeneous linear ODE

L(yp(x)) = R(x)

then the linear combination

y(x) = yp(x) + Ayh(x) A = constant

is a solution of the inhomogeneous linear ODE

L(y(x)) = R(x)

i,e,

L(y(x)) = L(yp(x) + Ayh(x)) = L(yp(x)) + AL(yh(x)) = R(x)



Solutions of ODEs

1st order ODEs can be solved by direct integration if the
equation is SEPARABLE:

dy

dx
=

p(x)

q(y)
!

Z
q(y)dy =

Z
p(x)dx

Example:

dy

dx
� x

p
1 � y2 = 0 ! dyp

1 � y2
= xdx

Z
dyp
1 � y2

= sin�1 y =

Z
xdx =

1
2
x2+C ! y = sin

✓
1
2
x2 + C

◆

This works for both linear and nonlinear ODEs.



It is not always easy to separate the variables.

Sometimes a change of variables helps.

Example:
dy

dx
� = (x � y + 3)2

z = x � y + 3 ! dz

dx
= 1 � dy

dx
= 1 � z2

Z
dz

1 � z2 = tanh�1 z =

Z
dx = x + c ! z = tanh (x + c)

y = x + 3 � z ! y = x + 3 � tanh (x + c)

The next best thing one can do to a nonlinear ODE is to change it
into a linear ODE by a change of variable.

This is because (as we shall see later) linear ODEs can ALWAYS be
solved in closed form.



Example:

dy

dx
+ f (x)y = g(x)yn n 6= 1 ! nonlinear in y(x)

1
yn

dy

dx
+ f (x)y1�n = g(x)

v(x) = y1�n(x) ! dv

dx
= (1 � n)y�n(x)

dy

dx

! dv

dx
+ (1 � n)f (x)v(x) = (1 � n)g(x)

which is linear in v(x).

Now consider the following general form for a 1st-order
inhomogeneous linear ODE:

✓
d

dx
+ p(x)

◆
y(x) = R(x)



which is homogeneous if R(x) = 0.

We can solve the homogeneous form of this equation formally as
follows:

dy(x)

y(x)
= �p(x)dx

Z
x

0

dy(x)

y(x)
=

Z
x

0
d(ln y(x 0) = �

Z
x

0
p(x 0)dx 0

ln y(x)� ln y(a) = ln
y(x)

y(a)
= �

Z
x

0
p(x 0)dx 0

y(x) = y(a) exp


�
Z

x

0
p(x 0)dx 0

�

The number y(a) = boundary condition at the point y = a.

Example:
✓

d

dx
+ x

◆
y(x) = 0 ! y(x) = y(0) exp


�
Z

x

0
x 0dx 0

�

! y(x) = y(0)e�x
2/2

R=0



Now, given a solution yh(x) of the homogeneous equation, a
particular solution of the inhomogeneous equation can always be
obtained as follows:

Let
yp(x) = c(x)yh(x) multiply by a function c(x)

Substituting we get

L(yp(x)) = R(x) =

✓
d

dx
+ x

◆
yp(x) =

✓
d

dx
+ x

◆
c(x)yh(x)

R(x) = yh(x)
dc(x)

dx
+ c(x)

✓
d

dx
+ x

◆
yh(x) = yh(x)

dc(x)

dx

since the last term
✓

d

dx
+ x

◆
yh(x) = 0



This implies that

dc(x)

dx
=

R(x)

yh(x)
! c(x) = c(a) +

Z
x

a

R(x)

yh(x)
dx 0

This means that

yp(x) =


c(a) +

Z
x

a

R(x)

yh(x)
dx 0

�
yh(x)

and

y(x) = Ayh(x) + yp(x) = Ayh(x) +


c(a) +

Z
x

a

R(x)

yh(x)
dx 0

�
yh(x)

= A0yh(x) +

Z
x

a

R(x)

yh(x)
dx 0

�
yh(x)

where
A0 = A+ c(a)



This method is called variation of constants since yp(x) is
proportional to yh(x), but the proportionality constant is itself a
function of x .

Example: Consider the 1st-order linear ODE
✓

d

dx
+ s

◆
y(x) = e�tx t 6= s

(1) get a homogeneous solution
✓

d

dx
+ s

◆
yh(x) = 0 ! dyh

yh
= �sdx ! yh(x) = e�sx

(2) get the proportional function c(x)

dc(x)

dx
=

R(x)

yh(x)
=

e�tx

e�sx
! c(x) = c(0) +

Z
x

0
e�(t�s)x 0dx 0

c(x) = c(0)� 1
t � s

(e�(t�s)x � 1)



(3) get final answer

yp(x) = c(x)yh(x) =


c(0)� 1

t � s
(e�(t�s)x � 1)

�
yh(x)

= � 1
t � s

e�tx +

✓
c(0) +

1
t � s

◆
yh(x)

(4) check answer

y(x) = Ayh(x)�
1

t � s
e�tx +

✓
c(0) +

1
t � s

◆
yh(x)

= A0yh(x)�
1

t � s
e�tx

✓
d

dx
+ s

◆
y(x) = A0

✓
d

dx
+ s

◆
yh(x)�

✓
d

dx
+ s

◆
1

t � s
e�tx

= � 1
t � s

[�t + s]e�tx = e�tx

as it should.



Uniqueness of Solutions

The solution of an nth order linear ODE is uniquely determined by
n boundary conditions that can be taken to be

y(b), y 0(b), y 00(b), ....., y (n�1)(b)

at any point x = b.

In the example above, the 1st-order linear ODE required only the
value of y(b) for a complete solution, i.e.,

y(x) = A0yh(x)�
1

t � s
e�tx ! y(b) = A0yh(b)�

1
t � s

e�tb

which determines the unknown constant A0.

You are also familiar with the physical fact that a 2nd-order linear
ODE like those that come from Newton’s laws, requires 2 boundary
conditions y(b) and y 0(b) or that we specify both the position and
the velocity at some instant of time.



1st order Equations - Integrating factors

Now suppose we have the differential equation

p(x , y)dx + q(x , y)dy = 0

It is called exact if
@p

@y
=

@q

@x

This implies that there exists a function f (x , y) such that

p(x) =
@f

@x
, q(x) =

@f

@y

! @p

@y
=

@2f

@y@x
,

@q

@x
=

@2f

@x@y

and in physics



@2f

@y@x
=

@2f

@x@y

always! Therefore we get

p(x , y)dx + q(x , y)dy =
@f

@x
dx +

@f

@y
dy = df

We then have the solution

df = 0 ! f (x , y) = constant

An equation that is not exact may often be made exact by
multiplying it by an appropriate factor called an integrating
factor.

For example:
xdy � ydx = 0

is not exact.



But the equation

xdy � ydx

x2 =
1
x
dy � y

x2 dx = 0

is exact, and its solution is

f (x , y) =
y

x
= constant

Integrating factors can sometimes be used to solve linear,
inhomogeneous first-order ODEs of the form

dy(x)

dx
+ P(x)y(x) = G (x)

We seek an ↵(x) such that

↵(x)


dy(x)

dx
+ P(x)y(x)

�
=

d

dx
[↵(x)y(x)] = ↵(x)G (x)

or
↵(x)P(x) =

d↵(x)

dx



We then have

P(x)dx =
d↵(x)

↵(x)
! ↵(x) = exp

Z
dx P(x)

�

Finally,
d

dx
[↵(x)y(x)] = ↵(x)G (x)

or
↵(x)y(x) =

Z
↵(x)G (x)dx + C0

or
y(x) =

R
↵(x)G (x)dx + C0

↵(x)

↵(x) = exp

✓Z
dx

◆
= ex

<latexit sha1_base64="20X/ZE/x+hXE7pFA3hym8+zQT8A="></latexit>

P =
d↵

↵
!

Z
P (x)dx =

Z
d↵(x)

↵(x)
= ln↵(x) ! ↵(x) = e

R
P (x)dx

all steps



y(x) =

R
e2xdx + C0

ex
=

1
2
ex + C0e

�x

y(0) = 1 =
1
2
+ C0 ! C0 = �1

2
! y(x) = cosh (x)

2nd-Order Homogeneous ODEs with Constant Coefficients

Consider the ODE

d2y

dx2 + 5
dy

dx
+ 4y = 0



If we let
D =

d

dx

then we have the equation

(D2 + 5D + 4)y = 0

These equations can be solved by substitution(guessing) and
converting the ODE into an algebraic (quadratic) equation.

We choose(guess) the solution

y = ceax

Substitution gives the allowed values of a (corresponding to
possible solutions)

(a2 + 5a+ 4)ceax = 0 ! a2 + 5a+ 4 = 0 ! a = �1 and a = �4



The most general solution is a superposition of all possible solutions
with arbitrary multiplicative constants (number of possible solutions
= order of ODE) so

y = c1e
�x + c2e

�4x

The arbitrary constants c1 and c2 are determined by boundary
conditions where we specify

y(x0) and
dy(x0)

dx
, x0 = arbitrary point

For example suppose,

x0 = 0 and y(0) = 2 and
dy(0)
dx

= �3

then we have
y(0) = 2 = c1 + c2



dy(0)
dx

= �3 = �c1 � 4c2

! c1 =
5
3

and c2 =
1
3

and the general solution with these boundary conditions is

y(x) =
5
3
e�x +

1
3
e�4x

The solutions for a can be imaginary numbers (trigonometric
solutions) or complex numbers (mixed trigonometric and
exponential solutions).

Example: Simple Harmonic Oscillator

In this case:

d2y

dt2
+ !2y = 0 , D =

d

dt
! (D2 + !2)y(t) = 0



Choosing
y = c1e

at ! a2 + !2 = 0 ! a = ±i!

which gives the general solution

y(t) = c1e
i!t + c2e

�i!t

With boundary conditions

y(0) = 0 and
dy(0)
dt

= 4! (what is the oscillator doing?)

we get
c1 + c2 = 0

i!(c1 � c2) = 4! ! c1 � c2 = �4i

! c1 = �2i and c � 2 = 2i

so that



y(t) = �2i(e i!t � e�i!t) = 4 sin (!t)

Example:Equal Roots

Suppose we have

(D2 � 6D + 9)y = 0 ! a = 3, 3

These solutions are linearly dependent.

The rule is then to choose a solution of the form

y(x) = (Ax + B)e3x

since we must have 2 constants because it is a 2nd-order ODE.



Clifford-Euler Equation

We have a homogeneous equation of the form

x2 d
2u

dx2 + ax
du

dx
+ bu = 0

The solutions take the form

u = xm

Substitution gives

[m(m � 1) + am + b]xm = 0 ! m(m � 1) + am + b = 0

! 2 roots m1 and m2

and the solution is

u(x) = Axm1 + Bxm2



Second-Order Homogeneous ODEs in General

Suppose y1(x) and y2(x) are two solutions of the homogeneous
equation with boundary conditions

y1(a) = 1 , , y 01(a) = 0 , y2(a) = 0 , y 02(a) = 1

It is clear that y1(x) and y2(x) can never be proportional to each
other, since they already differ at the boundary x = a. This means
that they are linearly independent.

They are also the only linearly independent solutions because
2nd-order ODEs have only two independent boundary conditions
y(a) and y 0(a).

A general solution satisfying the boundary conditions

y(a) = c � 1 , y 0(a) = c2

is given by
y(x) = c1y1(x) + c2y2(x)



Test of Linear Independence of Solutions: The Wronskian

How do we determine the linear independence of 2 given
homogeneous solutions? In the simple case, it is easy, just look ...
if they are not proportional, then they are linearly independent.
This simple procedure cannot be used for n given homogeneous
solutions of the nth-order linear ODE when n > 2.

We need a more general procedure, applicable to an ODE of any
order. I will illustrate the method in the 2nd-order case for
simplicity.

If y1(x) and y2(x) are linearly independent, then it turns out that
any solution y(x) of a 2nd-order linear ODE

✓
d2

dx2 + p(x)
d

dx
+ q(x)

◆
y(x) = R(x)

(where we assume R(x) = 0 for now) and its slope y 0(x) can be
written as



c1y1(x) + c2y2(x) = y(x)

c1y
0
1(x) + c2y

0
2(x) = y 0(x)

with unique linear coefficients c1 and c2.

Let us write these equations in matrix form
✓
y1(x) y2(x)
y 01(x) y 02(x)

◆✓
c1
c2

◆
=

✓
y(x)
y 0(x)

◆
! MC = Y

A solution of these equations is given by C = M�1Y .

A unique solution requires that the determinant

W (x) =

����
y1(x) y2(x)
y 01(x) y 02(x)

����

does not vanish, where W (x) = Wronskian.



This requirement corresponds to the existence of the inverse M�1.

Now suppose W (x = a) 6= 0.

Then we can determine the coefficients c1 and c2 at x = a, which,
in turn, implies that W (x) 6= 0 at all other x .

We show this as follows:

dW (x)

dx
=

d

dx
(y � 1y 02 � y2y

0
1) = y11y12 + y1y

00
2 � y 02y

0
1 = y1y

00
2 � y2y

00
1

= �y1(p(x)y
0
2 + q(x)y2) + y2(p(x)y

0
1 + q(x)y1) = �p(x)W (x)

Therefore,

W (x) = W (a) exp

✓
�
Z

x

a

p(x 0)dx 0
◆



This implies that
(1) if W (a) 6= 0, then W (x) 6= 0 everywhere
(2) if W (a) = 0, then W (x) = 0 everywhere
For higher order linear ODEs

W (x) =

����������

y1 y2 y3 · · · yn
y 01 y 02 y 03 · · · y 0n
y 001 y 002 y 003 · · · y 00n
· · · · · · · · · · · · · · ·

y (n�1)
1 y (n�1)

2 y (n�1)
3 · · · y (n�1)

n

����������

An Example: Consider the equation
✓

d2

dx2 + k2
◆
y(x) = 0

This has two linearly independent solutions given by

y1(x) = cos kx , y2(x) =
1
k
sin kx



The 1/k factor in the second solution is necessary for these
solutions to agree with the solutions when k = 0, i.e.,

✓
d2

dx2

◆
y(x) = 0

which has the two linearly independent solutions

y1(x) = 1 , y2(x) = x

which are the limits of the first solutions as k ! 0.

The Wronskian, in this case, is

W (x) =

����
cos kx 1

k
sin kx

�k sin kx cos kx

����



The 2nd Homogeneous Solution

Now, if one solution y1(x) of a 2nd order homogeneous linear ODE
is known, a second solution y2(x), linearly independent of the first,
can be constructed with the help of the Wronskian:

d

dx


y2

y1

�
=

y1y 02 � y2y 01
y2
1

=
W (x)

y2
1 (x)

A simple integration then gives

y2(x)

y1(x)
� y2(b)

y1(b)
=

Z
x

b

W (x 0)

y2
1 (x

0)
dx 0 = g(x)

y2(x) = g(x)y1(x) +
y2(b)

y1(b)
y1(x)

Now we can drop the last term since it is proportional to y1(x) and
we already have a term proportional to y1(x) in the general solution

y(x) = ay1(x) + by2(x)



Therefore, we have
y2(x) = g(x)y1(x)

Since
W (x) = W (b) exp

✓
�
Z

x

b

p(x 0)dx 0
◆

we get

g(x) =

Z
x

b

W (x 0)

y2
1 (x

0)
dx 0 = W (b)

Z
x

b

exp
⇣
�
R
x
0

b
p(x”)dx”

⌘

y2
1 (x

0)
dx 0

Does this procedure work?

A Simple Example:
d2

dx2 (x) = 0

If one solution is  1(x) = 1, then we can find a second linearly
independent solution by

 2(x) = g(x) 1(x) = g(x)



We choose b = 0 and get (since p(x) = 0 in this case),
W (x) = W (0) and

g(x) =

Z
x

0

W (0)
12 dx 0 = W (0)x !  2(x) = x

! correct second linearly independent homogeneous solution.

Inhomogeneous Solutions

The solution of the inhomogeneous 2nd order linear ODE

Ly(x) = R(x)

has the general form

y(x) = yp(x) + [c1y1(x) + c2y2(x)]

where
yp(x) = any particular solution

[c1y1(x) + c2y2(x)] = complementary solution



The complementary solution is a combination of 2 linearly
independent solutions of the homogeneous equation.

Why do we bother creating y(x) if we already know yp(x)?

The reason is that yp(x) satisfies the boundary conditions yp(a),
y 0p(a) (a) at x = a.

Suppose instead that we want a solution satisfying the boundary
conditions yp(a) = ↵, yp(a) = �.

We do not want to spend time looking for a particular solution with
JUST the right boundary conditions because they are very hard to
obtain in general. Anyway we are unlikely to find one with exactly
the correct boundary conditions.

The complementary function now comes to our rescue.



Using it we can change the boundary conditions without
contributing anything to the inhomogeneity of the ODE(i.e.,
without changing the fact that we have a solution of the
inhomogeneous ODE).

So we choose
c1y1(a) + c2y2(a) = ↵� yp(a)

c1y
0
1(a) + c2y

0
2(a) = � � y 0p(a)

The existence of the coefficients c1 and c2 is guaranteed by the
linear independence of the homogeneous solutions y1 and y2, since
then the Wronskian W (a) 6= 0 and the inverse matrix needed to
solve ✓

c1
c2

◆
=

✓
y1(a) y2(a)
y 01(a) y 02(a)

◆�1 ✓
↵� yp(a)
� � y 0p(a)

◆

exists.



A Particular Solution: Method of Variation of Constants

We still need one (any one) particular solution yp(x) of the
inhomogeneous ODE.

To obtain this, we first observe that the function yp(x) contains 2
degrees of freedom in the sense that at a point x = x1, its value
yp(x1) and its slope y 0p(x1) can be chosen arbitrarily.

These two arbitrary numbers may be expressed in terms of the
values and slopes of the two linearly independent homogeneous
solutions yi (x), i = 1, 2

yp(x) = v1y1(x) + v2y2(x)

y 0p(x) = v1y
0
1(x) + v2y

0
2(x)

because the RHSs also describe a system with 2 degrees of
freedom, as represented by the 2 linear coefficients v1 and v2.



However, these linear coefficients v1 and v2 cannot be constants
independent of x , for then yp(x) solves the homogeneous linear
ODE, not the inhomogeneous equation.

We therefore must have (need)

vi = vi (x) , i = 1, 2

This method is called variation of constants.

However, by direct differentiation we have

dyp(x)

dx
= y 0p(x) =

d

dx
[v1y1(x)+v2y2(x)] = v1y

0
1+v2y

0
2+[v 01y1+v 02y2]

which is not correct unless [.....] = 0.

It turns out that this single requirement is insufficient to determine
the 2 unknowns v 0

i
.



We need another relation, which we can obtain from the original
ODE: ✓

d2

dx2 + p(x)
d

dx
+ q(x)

◆
y(x) = R(x)

As before, using

yp(x) = v1y1(x) + v2y2(x)

y 0p(x) = v1y
0
1(x) + v2y

0
2(x)

we get
y 0p(x) = v1y

0
1 + v 01y1 + v 02y2 + v2y

0
2

d2yp
dx2 = v 001 y1 + 2v 01y

0
1 + v1y

00
1 + v 002 y2 + 2v 02y

0
2 + v2y

00
2

or



v 001 y1 + 2v 01y
0
1 + v1y

00
1 + v 002 y2 + 2v 02y

0
2 + v2y

00
2 + p(v1y

0
1 + v 01y1

+ v 02y2 + v2y
0
2) + q(v1y1 + v � 2y2) = R

[v1y
00
1 + pv1y

0
1 + qv1y1] + [v2y

00
2 + pv2y

0
2 + qv2y2] + [pv 01y1 + pv 02y2]

+ v 001 y1 + 2v 01y
0
1 + v 002 y2 + 2v 02y

0
2 = R

[0] + [0] + [0] + v 001 y1 + 2v 01y
0
1 + v 002 y2 + 2v 02y

0
2 = R

[v 001 y1 + v 01y
0
1 + v 002 y2 + v 02y

0
2] + v 01y

0
1 + v 02y

0
2 = R


d

dx
(v 01y1 + v 02y2)

�
+ v 01y

0
1 + v 02y

0
2 = R

[0] + v 01y
0
1 + v 02y

0
2 = R

and we thus get a second relation.



These two relations

v 01(x)y1(x) + v 02(x)y2(x) = 0

v 01(x)y
0
1(x) + v 02(x)y

0
2(x) = R(x)

along with W (x) = y1(x)y 02(x)� y2(x)y 01(x) 6= 0 give the results

v1(x) = �
Z

x

a

y2(x 0)R(x 0)

W (x 0)
dx 0

v2(x) =

Z
x

a

y1(x 0)R(x 0)

W (x 0)
dx 0

where integration constants have been chosen arbitrarily to give
v1(a) = v2(a) = 0.

With this choice, the particular solution satisfies the boundary
conditions yp(a) = y 0p(a) = 0. any choice works!



An Example: ✓
d2

dx2 + k2
◆
y(x) = A sin qx

We know the 2 homogeneous solutions from our earlier discussions

y1(x) = cos kx , y2(x) =
1
k
sin kx , W (x) = 1

This gives

v1(x) = �
Z

x

�L

A

k
sin kx sin qxdx = �A

k


sin (k � q)x

2(k � q)
� sin (k + q)x

2(k + q)

�
+C

v2(x) =

Z
x

�L

A

k
cos kx sin qxdx =

(
A

k

h
cos (k�q)x

2(k�q) � cos (k+q)x
2(k+q)

i
+ C k 6= q

A

2k sin
2 kx + C k = q



Thus, a particular solution is, for k 6= q

yp(x) =
A

2k(k � q)
[sin (k � q)x cos kx � cos (k � q)x sin kx ]

+
A

2k(k + q)
[sin (k + q)x cos kx � cos (k + q)x sin kx ]

= � A

2k(k � q)
sin qx +

A

2k(k + q)
sin qx =

A

k2 � q2 sin qx

For k = q,

yp(x) = �A

k
cos kx +

A

2k2 sin3 kx

= � A

2k
x cos kx +

A

2k2 [cos
2 kx + sin2 kx ] sin kx

= � A

2k
x cos kx +

A

2k2 sin kx



where we can drop the last term because it is proportional to y2(x)
which is already included in the solution. Similarly for the extra
integration constants.

The general solution is then

y(x) = � A

2k
x cos kx + c1 cos kx + c2 sin kx

and any boundary conditions can be met by adjusting the two
arbitrary constants.

Now consider again the Heaviside step function defined by

H(x � a) =

(
0 x < a

1 x > a



Now since
Z 1

�1

dH(x � a)

dx
�(x � a)f (x)dx

= H(x � a)f (x)|1�1 �
Z 1

�1
H(x � a)df (x)

= f (1)(1)� f (�1)(0)�
Z 1

a

df (x)

= f (1)� f (1) + f (a) = f (a)

=

Z 1

�1
�(x � a)f (x)dx

we have
dH(x � a)

dx
= �(x � a)

Therefore, when we have an inhomogeneous equation with

R(x) = �(x � x 0)

we have



v1(x) = � y2(x 0)

W (x 0)
H(x � x 0) , v2(x) =

y1(x 0)

W (x 0)
H(x � x 0)

This solution of an inhomogeneous ODE with a delta-function
inhomogeneity is called a Green Function.

We have

G (x , x 0) = Gp(x , x
0) + c1y1(x) + c2y2(x)

where

Gp(x .x
0) =

�y1(x)y2(x 0) + y1(x 0)y2(x)

W (x 0)
H(x � x 0)

More about Green functions later.



Series Solution of Homogeneous 2nd Order Linear ODEs:
Method of Frobenius

We have seen
(1) given one solution of a homogeneous 2nd order ODE we can

generate a second linearly independent solution integration
(2) if we are given both solutions, then a particular solution of the

inhomogeneous ODE also can be calculated by integration
Thus, it remains for us to obtain at least 1 solution for the
homogeneous equation.

A method, with which it is usually possible to do so, is to obtain
the solution y(x) of the homogeneous ODE

Ly(x) = 0

using a power series in x .

We choose

y(x) = x s
1X

�=0

a�x
� a0 6= 0



We then have
dy

dx
=

1X

�=0

a�(�+ s)x�+s�1

d2y

dx2 =
1X

�=0

a�(�+ s)(�+ s � 1)x�+s�2

Substitution back into the homogeneous ODE produces a powers
series which sums to zero.

In this case, because each term in the series is linearly independent,
each coefficient must separately = 0.

This allows us to determine the values of s and the a-coefficients
and hence the solution to the problem.

Let us illustrate the method with some examples.



Consider the equation
d2u

dx2 + x2u = 0

Let us first use the simpler method which is valid for certain
equations where s = integer.

In this case, we can choose

u(x) =
1X

�=0

a�x
� a0 6= 0

i.e., we can use the simpler series when s = integer.

We then have
d2u

dx2 =
1X

�=0

a�(�)(�� 1)x��2

Substitution gives
1X

�=0

a�(�)(�� 1)x��2 +
1X

�=0

a�x
�+2 = 0



or

a2(1)(2)x0 + a3(2)(3)x3 + [a4(3)(4) + a0]x
2

+ ....+ [ak�2 + ak+2(k + 2)(k + 1)]xk = ... = 0

We then have
a0 6= 0

a1 6= 0

a2 = 0

a3 = 0

ak + ak+4(k = 3)(k + 4) = 0

ak+4 = � ak
(k + 3)(k + 4)

a2 = 0 ! a6 = a10 = a14 = ... = 0

a3 = 0 ! a7 = a11 = a15 = ... = 0



Starting with a0 we get

a4 = � a0

(3)(4)

a8 = � a4

(7)(8)
=

a0

(3)(4)(7)(8)

Starting with a1 we get

a5 = � a1

(4)(5)

a9 = � a5

(8)(9)
=

a1

(4)(5)(8)(9)

and the general solution is

u(x) = c1

✓
1 � 1

12
x4 +

1
672

x8 � ....

◆
+c2

✓
x � 1

20
x5 +

1
1440

x9 � ......

◆



Let us now do this same equation with s left in (more general).

We choose

u(x) =
1X

�=0

a�x
�+s a0 6= 0

We then have

d2u

dx2 =
1X

�=0

a�(s + �)(s + �� 1)x��2+s

Substitution gives

1X

�=0

a�(s + �)(s + �� 1)x��2+s +
1X

�=0

a�x
�+s+2 = 0

or



a0s(s � 1)x s�2 + a1s(s + 1)x s�1 + a2(s + 1)(s + 2)x s

+ a3(s + 2)(s + 3)x s+1

+ [a4(s + 3)(s + 4) + a0]x
s+2 + ...........

+ [ak�2 + ak+2(s + k + 2)(s + k + 1)]x s+k + ..... = 0

We then have

a0s(s � 1) = 0 ! a0 6= 0, s = 0, 1

a1s(s + 1) = 0 ! a1 6= 0, s = 09 and a1 = 0, s = 1

a2(s + 1)(s + 2) = 0 ! a2 = 0

a3(s + 2)(s + 3) = 0 ! a3 = 0

[ak�2 + ak+2(s + k + 2)(s + k + 1) = 0



ak+4 = � ak
(s + k + 3)(s + k + 4)

a2 = 0 ! a6 = a10 = a14 = .... = 0

a3 = 0 ! a7 = a11 = a15 = .... = 0

Starting with s = 0 and choosing a0 = a1 = 1 we get

a4 = � a0

(3)(4)
, a8 = � a4

(7)(8)
=

a0

(3)(4)(7)(8)
, .......

a5 = � a1

(4)(5)
, a9 = � a5

(8)(9)
=

a1

(4)(5)(8)(9)
, ........

The case s = 1 does not generate any new series (always happens if
s = integer).



The general solution is the same as earlier

u(x) = c1

✓
1 � 1

12
x4 +

1
672

x8 � ....

◆
+c2

✓
x � 1

20
x5 +

1
1440

x9 � ......

◆

We now consider the equation

8x2 d
2u

dx2 + 6x
du

dx
+ (x � 1)u = 0

Assume

u(x) = x s
1X

�=0

a�x
� a0 6= 0

Substitution gives

8
1X

�=0

a�(�+ s)(�+ s � 1)x�+s + 6
1X

�=0

a�(�+ s)x�+s +
1X

�=0

a�x
�+s+1

�
1X

�=0

a�x
�+s = 0



[8a0s(s � 1) + 6a0s � a0]x
s + [8a1s(s + 1) + 6a1(s + 1)� a1 + a0]x

s+1

+ [8a2(s + 1)(s + 2) + 6a2(s + 2)� a2 + a1]x
s+2 + ......

+ [8an(s + n � 1)(s + n) + 6an(s + n)� an + an�1]x
s+n + .... = 0

The coefficient of x s is called the indicial equation.

It determines the allowed values of s.

We choose a0 = 1 for simplicity.

We get

8s(s�1)+6s�1 = 0 = 8s2�2s�1 ! s =
2 ±

p
4 + 32

16
=

1
2
,�1

4

These two allowed s values will generate the two linearly
independent homogeneous solutions.



We have from the other coefficients

8an(s + n � 1)(s + n) + 6an(s + n) = an + an�1 = 0

an = � an�1

8(s + n � 1)(s + n) + 6(s + n)� 1

This last relation is a recursion relation and determines all higher
order coefficients(for each allowed s value) in terms of a0.

We get

s =
1
2

u1(x) = x1/2 � 1
8(1/2)(3/2) + 6(3/2)� 1

x3/2

+
1

(8(3/2)(5/2) + 6(5/2)� 1)(8(1/2)(3/2) + 6(3/2)� 1)
x5/2 � ....

= x1/2 �� 1
14

x3/2 +
1

616
x5/2 � ....



s = �1
4

u2(x) = x�1/4 � 1
2
x3/4 +

1
40

x7/4 � .........

and the most general solution is

u(x) = au1(x) + bu2(x)

A second example is slightly trickier(even though equation is
simpler).

Consider the equation
✓

d2

dx2 + k2
◆
y(x) = 0

Remember we already know the solutions to this equation and that
will help us to figure out what is going on with the method.



Substitution gives

1X

�=0

a�(�+ s)(�+ s � 1)x�+s�2 + k2
1X

�=0

a�x
�+s = 0

or

a0s(s � 1)x s�2 + a1s(s + 1)x s�1 + [a0k
2 + a2(s + 2)(s + 1)]x s + ........

+ [a�k
2 + a�+2(s + �+ 2)(s + �+ 1)]x s+� + .... = 0

Since the coefficient of each power must separately be = 0, we have

a0s(s � 1) = 0 ! s = 0 or 1 since a0 6= 0

This is always STEP #1: determine the possible values of s.

It is at this point that we use the assumption a0 6= 0.



Then look at next coefficient

a1s(s + 1) = 0 !
(

if s = 0, then a1 can be nonzero
if s = 1, then a1 = 0

In general, the coefficient of the other higher powers are given by

a�+2 = � k2

(s + �+ 2)(s + �+ 1)
a�

This is a recursion relation, which allows an ordered step-by-step
determination of all coefficients in terms of a0 or a1 i.e.,

a2 = � k2

(s + 2)(s + 1)
a0

a3 = � k2

(s + 3)(s + 2)
a1

and so on.



The particular recurrence relation for this equation contains the
special feature that it steps � by 2.

As a result, the coefficients a� are separated into two disjoint
groups, one with even � and another with odd �.

For the even chain we find
(a) For s = 0

a2 = �k2

2!
a0 , a4 = �k2

12
a2 =

k2

4!
a0 , ...........

(b) For s = 1

a2 = �k2

3!
a0 , a4 = �k2

20
a2 =

k2

5!
a0 , ...........

or we get solutions



(a)

y1(x) = yeven(x) = 1 � k2

2!
x2 +

k2

4!
x4 � ... = cos kx

(b)

y2(x) = yodd(x) = x

✓
1 � k2

3!
x2 +

k2

5!
x4 � ....

◆

=
1
k

✓
x � k2

3!
x3 +

k2

5!
x5 � ....

◆
=

1
k
sin kx

where we have used a0 = 1.

What about the odd chain of coefficients? There is no solution in
that case for s = 1, since a1 = 0 and therefore all higher order odd
coefficients vanish.



For s = 0 however, a1 6= 0 and this gives

a3 = �k2

3!
a1 , a5 = �k2

20
a3 =

k2

5!
a1 , ...........

which is the same solution as yodd(x) from before, so we get
nothing new.

In fact, we should not have expected anything new since we already
have found the 2 allowed linearly independent solutions.

The solutions are, of course, the same as we found earlier.



Parity Property

It can easily be seen that

yeven(�x) = yeven(x) ! even function ! evenparity

yodd(�x) = �yodd(x) ! odd function ! oddparity

For a solution of a linear ODE to have a definite parity, the linear
operator L must be even (or invariant under inversion or parity
operation x ! �x or

L(�x) = L(x)

An example is a classical oscillator with damping

L(t)y(t) =

✓
d2

dt2
+ 2�

d

dt
+ !2

0

◆
y(t) = 0 ! L(t) 6= L(�t)

which means that solutions do not have definite parity.

even parity

odd parity



For practice, let us do another example where s 6= integer.

Consider the equation

16x2 d
2u

dx2 + 3(1 + x)u = 0

Assuming

u(x) = x s
1X

�=0

a�x
�

Substitution gives

16
1X

�=0

a�(�+s)(�+s�1)x�+s+3
1X

�=0

a�)x
�+s+1+3

1X

�=0

a�)x
�+s = 0

[16a0s(s � 1) + 3a0]x
s + [16a1s(s + 1) + 3a0 + 3a1]x

s+1

+ [16a2(s + 1)(s + 2) + 3a1 + 3a2]x
s+2 + .....

+ [16an(s + n + 1)(s + n)3an�1 + 3an]x s+n + .....



We choose a0 = 1 for simplicity. We get

16s(s�1)+3 = 0 = 16s2�16s+3 ! s =
16 ±

p
256 � 192
32

= +
3
4
,+

1
4

These two allowed s values will generate the two linearly
independent homogeneous solutions we need.

We have from the other coefficients

16an(s + n � 1)(s + n) + 3an�1 + 3an = 0

an = � 3
16(s + n � 1)(s + n) + 3

an�1

The recursion relation determines all higher order coefficients (for
each allowed s value) in terms of a0 = 1.

We get

s =
1
4
! u1(x) = x1/4


1 � 3

20
x +

1
160

x2 � ......

�



s =
3
4
! u2(x) = x3/4


1 � 1

8
x +

3
640

x2 � .....

�

and the most general solution is

u(x) = au1(x) + bu2(x)

Legendre Equation This ODE arises in many physical systems
that we shall investigate later

(1 � x2)
d2u

dx2 � 2x
du

dx
+ `(`+ 1)u = 0

We choose

u(x) = x s
1X

�=0

a�x
�



We then have
du

dx
=

1X

�=0

a�(�+ s)x�+s�1

d2u

dx2 =
1X

�=0

a�(�+ s � 1)(�+ s)x�+s�2

Substitution gives
1X

�=0

a�(�+ s)(�+ s � 1)x�+s�2 �
1X

�=0

a�(�+ s)(�+ s � 1)x�+s

� 2
1X

�=0

a�(�+ s)x�+s + `(`+ 1)
1X

�=0

a�x
�+s = 0

[a0s(s � 1)]x s�2 + [a1s(s + 1)]x s�1

+ [a2(s + 1)(s + 2)� a0(s(s � 1) + 2s � `(`+ 1)]x s

[an+2(s + n + 2)(s + n + 1)� an((s + n)(s + n � 1)
+ 2(s + n)� `(`+ 1)]x s+n + .... = 0



or
a0s(s � 1) = 0 ! s = 0, 1

a1s(s = 1) = 0 ! s = 1, a1 = 0 and s = 0, a1 6= 0

an+2(s+n+2)(s+n+1)�an((s+n)(s+n�1)+2(s+n)�`(`+1) = 0

or
an+2 =

(n + 2)(n + 1)� `(`+ 1)
(n + 3)(n + 2)

an

The even and odd solutions are then

u1(x) = 1 � `(`+ 1)
2!

x2 +
(`� 2)(`+ 1)(`+ 3)

4!
x4 � .....

u2(x) = x� (`� 1)(`+ 2
3!

x3+
(`� 3)(`� 1)(`+ 2)(`+ 4)

5!
x5� .....

As before the other case does not contribute anything new.

If ` is an integer, then the series terminate at a finite number of
terms and the solutions are polynomials.



We have

` = 0 , u1(x) = 1 , u2(x) = infinite series

` = 1 , u1(x) = infinite series , u2(x) = x

` = 2 , u1(x) = 1 � 3x2 , u2(x) = infinite series

` = 3 , u1(x) = infinite series , u2(x) = x � 5
3
x3

` = 4 , u1(x) = 1 � 10x2 +
35
3
x4 , u2(x) = infinite series

` = 5 , u1(x) = 1 , u2(x) = x � 14
3
x3 +

21
5
x5

If we multiply a solution by a constant, then it is still a solution.

If we multiply each polynomial above by a constant so that they
have the value 1 at x = 1, then they are called the Legendre
polynomials P`(x), where



P0(x) = 1

P1(x) = x

P2(x) =
1
2
(3x2 � 1)

P3(x) =
1
2
(5x3 � 3x)

P4(x) =
1
8
(35x4 � 30x2 + 3)

P5(x) =
1
8
(63x5 � 70x3 + 15x)

In general we write

P`(x) =
NX

n=0

(�1)n
(2`� 2n)!

2`n!(`� n)!(`� 2n)!
x`�2n



where

N =

(
`
2 ` even
`�1
2 ` odd

The infinite series and the polynomials generate Legendre’s
functions of the second kind Q`(x) where

Q`(x) =

(
u1(1)u2(x) ` even
�u2(1)u1(x) ` odd

and the most general solution of Legendre’s equations is

u(x) = c1P`(x) + c2Q`(x)

All Legendre’s functions of the second kind are singular (diverge)
at x = 1; this will be important in physical problems.



If we make the substitution x = cos ✓ Legendre’s equation becomes
1

sin ✓

d

d✓

✓
sin ✓

du

d✓

◆
+ `(`+ 1)u = 0

which is the form that will arise most often when we solve problems
in spherical-polar coordinates later.

Hermite Equation

Now we turn our attention to Hermite’s equation

d2u

dx2 � 2x
du

dx
+ 2↵u = 0 , ↵ = nonnegative integer

As we shall see, the solutions are polynomials called Hermite
polynomials.

Legendre and Hermite polynomials are the first two examples of a
large class of special functions that play a major role in the
solutions of partial differential equations representing physical
systems.



We choose

u(x) = x s
1X

�=0

a�x
�

We then have
du

dx
=

1X

�=0

a�(�+ s)x�+s�1

d2u

dx2 =
1X

�=0

a�(�+ s � 1)(�+ s)x�+s�2

Substitution gives
1X

�=0

a�(�+s�1)(�+s)x�+s�2�2
1X

�=0

a�(�+s)x�+s+2↵
1X

�=0

a�x
�+s = 0

[a0s(s � 1)]x s�2 + [a1s(s + 1)]x s�1

+ [a2(s + 1)(s + 2)� a0(s � 2↵)]x s + ........

[an+2(s + n + 2)(s + n + 1)� an((s + n)� 2↵)]x s+n + .... = 0



or
a0s(s � 1) = 0 ! s = 0, 1

a1s(s + 1) = 0 ! s = 1, a1 = 0 and s = 0.a1 6= 0

an+2(s + n + 2)(s + n + 1)� an((s + n)� 2↵) = 0

or
an+2 =

(s + n)� 2↵
(s + n + 2)(s + n + 1)

an

For s = 0 we have

an+2 =
n � 2↵

(n + 2)(n + 1)
an

For s = 1 we have

an+2 =
(1 + n)� 2↵
(n + 3)(n + 2)

an



The even and odd solutions are then

u1(x) = 1 � 2↵
2!

x2 +
22↵(2 � ↵)

4!
x4 � .....

u2(x) = x � 2(1 � ↵)

3!
x3 +

22(1 � ↵)(3 � ↵)

5!
x5 � .....

As before the other case does not contribute anything new.

Clearly the infinite series terminate if ↵ is an integer.

The Hermite polynomials are

H0(x) = 1

H1(x) = 2x



H2(x) = 4x2 � 2

H3(x) = 8x3 � 12x

or in general

Hn(x) = n!
NX

k=0

(�1)k

k!(n � 2k)!
(2x)n�2k

where

N =

(
n

2 n even
n�1
2 n odd

The Hermite polynomials appear in the harmonic oscillator solution
of the Schrödinger equation as shown below.



The Schrödinger equation for the 1-dimensional harmonic oscillator
with a potential function

V (x) =
1
2
kx2

is given by

� ~2

2m
d2 (x)

dx2 +
1
2
kx2 (x) = E (x)

The standard ODE solution of this equations goes as follows.

Let
⇠ = ↵x , ↵4 =

mk

~2

� =
2E
~!0

, !0 =

✓
k

m

◆1/2



This gives the new equation

d2 

d⇠2
+ (�� ⇠2) = 0

If we consider the behavior of the equation as ⇠ ! ±1 we can
neglect � and the equation becomes

d2 

d⇠2
� ⇠2 = 0

which says that the large ⇠ behavior of the solution is

 = e�⇠2/2

This suggests that we try a solution of the form

 = H(⇠)e�⇠2/2

which should remove the large ⇠ behavior from the equation.



We get the equation

H 00 � 2⇠H 0 + (�� 1)H = 0

This is Hermite’s equation. If we do not terminate the series
solutions then the solutions are not square-integrable and cannot
represent wave functions.

This can be seen as follows:

The series solutions we found earlier have the recursion relation

ak+2 =
2k + 1 � �

(k + 2)(k + 1)
ak

If the series does not terminate, then its dominant asymptotic
behavior can be inferred from the coefficients of its higher order
terms.

We have
lim
k!1

ak+2

ak
! 2

k



This ratio is the same as that of the series for ⇠ne⇠2 with any finite
value of n.

Thus, the solution  = H(⇠)e�⇠2/2 will not be square-integrable
unless the series is terminated.

Therefore, we choose � = 2n + 1 and the solutions are the Hermite
polynomials Hn.

For this choice of � we get energy eigenvalues

En = ~!0

✓
n +

1
2

◆

with associated wave functions

 n(x) = Hn(↵x)e
�↵2

x
2/2



That is why we are studying all these special equations - we will
then recognize them when we solve the equations for real physical
systems and can just quote our earlier results to get solutions!

Gamma or Factorial Function

Consider the integrals below:
Z 1

0
e�↵xdx =

1
↵

,

Z 1

0
xe�↵xdx =

1
↵2 ,

Z 1

0
x2e�↵xdx =

2!
↵3 ,

Z 1

0
x3e�↵xdx =

3!
↵4

or Z 1

0
xne�↵xdx =

n!

↵n+1

If we let ↵ = 1, then

n! =

Z 1

0
xne�↵xdx



where we have defined

n! ⌘ n(n � 1)(n � 2)....(2)(1) and 0! ⌘ 1

Generalizing this result we have the Gamma Function

�(p) =

Z 1

0
xp�1e�xdx for p > 0

and for n = integer

�(n) =

Z 1

0
xn�1e�xdx = (n � 1)! ! �(n + 1) = n!

Now

�(p + 1) =
Z 1

0
xpe�xdx for p > �1

= �xpe�x
��1
0 + p

Z 1

0
xp�1e�xdx = p�(p)



This is a recursion relation for the � function.

What about negative numbers? We can use the recursion relation:

�(p) =
1
p
�(p + 1)

which gives

�(�0.5) =
1

�0.5
�(�0.5 + 1) = �2�(0.5)

�(�1.5) =
1

�1.5
�(�1.5 + 1) = �2

3
�(�0.5) =

4
3
�(0.5)

Now
�(0.5) =

Z 1

0
t�1/2e�tdt

t = y2 ! dt = 2ydy ! �(0.5) =
Z 1

0
y�1e�y

2
2ydy = 2

Z 1

0
e�y

2
dy



[�(0.5)]2 = 4
Z 1

0
e�x

2
dx

Z 1

0
e�y

2
dy

= 4
Z 1

0

Z 1

0
e�(x2+y

2)dxdy = 4
Z 1

0

Z ⇡/2

0
e�r

2
rdrd✓

= 2⇡
Z 1

0
e�r

2
rdr = 2⇡

Z 1

0
d

✓
�1

2
e�r

2
◆

= ⇡ ! �(0.5) =
p
⇡

In addition, since �(1) = 1 we have

lim
p!0

�(p + 1)
p

= 1 ! �(p) = 1 for all negative integers

Laguerre Equation

The Laguerre equation takes the form

x
d2u

dx2 + (1 � x)
du

dx
+ Nu = 0



We choose

u(x) = x s
1X

�=0

a�x
�

We then have
du

dx
=

1X

�=0

a�(�+ s)x�+s�1

d2u

dx2 =
1X

�=0

a�(�+ s � 1)(�+ s)x�+s�2

Substitution gives

1X

�=0

a�(�+ s)(�+ s � 1)x�+s�1 �
1X

�=0

a�(�+ s)x�+s

+
1X

�=0

a�(�+ s)x�+s�1 + N
1X

�=0

a�x
�+s = 0



[a0s(s � 1) + a0s]x
s�1

+ [a1s(s + 1)� a0s + a1(s + 1) + Na0]x
s + ......

+ [an+1(s + n + 1](s + n)�
an(s + n) + an+1(s + n + 1) + Nan]x

s+n + ......

or
a0s(s � 1) + aos = 0 ! s2 = 0 ! s = 0

an+1(s + n + 1](s + n)� an(s + n) + an+1(s + n + 1) + Nan = 0

or

an+1 =
(s + n)� N

(s + n + 1](s + n) + (s + n + 1)
an =

(s + n)� N

(s + n + 1)2
an



For s = 0 we have
an+1 =

n � N

(n + 1)2
an

or

a1 = (�1)1
N

(1!)2
, a2 =

1 � N

22 a1 = (�1)2
N(N � 1)

(2!)2
, a0 = 1

! ak = (�10k
N(N � 1)....(N � k + 1)

(k!)2

= (�1)k
1
k!

N!

k!(N � k)!
= (�1)k

�
N

k

�

k!

It is clear that if k > N, then ak = 0.

Thus we get

u(x) = LN(x) = 1+
NX

k=1

(�1)k
�
N

k

�

k!
xk =

NX

k=0

(�1)k
�
N

k

�

k!
xk ! polynomial



These are the Laguerre polynomials:

L0(x) = 1, L1(x) = 1 � x , L2(x) = 1 � 2x +
x2

2!
They will appear in the hydrogen atom solution of the Schrödinger
equation.

Before proceeding to the final example, namely, Bessel’s equation,
let us digress to study generating functions.

Generating Functions

Legendre Polynomials Redux

Let us consider the function

�(x , h) =
1

(1 � 2xh + h2)1/2
, |h| < 1

=
1X

`=0

h`f`(x) (power series)



Differentiation gives

(1 � x2)
@2�

@x2 � 2x
@�

@x
+ h

@2(h�)

@h2 = 0

If we substitute the power series we get

(1 � x2)
1X

`=0

h`[f 00` (x)� 2x
1X

`=0

h`f 0` (x) +
1X

`=0

`(`+ 1)h`f`(x) = 0

!
1X

`=0

h`[(1 � x2)f 00` (x)� 2xf 0` (x) + `(`+ 1)f`(x)] = 0

This says that the coefficient of each power of h must separately
equal zero.

We get
1 � x2)f 00` (x)� 2xf 0` (x) + `(`+ 1)f`(x) = 0

This is Legendre’s equation.



So the solutions are

f`(x) = P`(x) = Legendre polynomials

and thus

�(x , h) =
1

(1 � 2xh + h2)1/2
=

1X

`=0

h`P`(x)

�(x , h) = generating function for the Legendre polynomials.

Let us generate the first couple of polynomials. Let y = 2xh � h2 .

Then

�(x , h) =
1

(1 � y)1/2
= 1 +

1
2
y +

3
8
y2 + .....

= 1 + xh +

✓
3
2
x2 � 1

2

◆
h2 + .....

= P0(x) + hP1(x) + h2P2(x) + .....



or
P0(x) = 1 , P1(x) = x , P2(x) =

3
2
x2 � 1

2
We can also write

P`(x) =
1
`!

✓
@`

@x`
�(x , h)

◆

h=0

Recursion Relations

Legendre polynomials of different ` (degree) are related to each
other, i.e.

P1(x) = xP0(x)

via recursion or recurrence relations.

Now consider

�(x , t) =
1

(1 � 2xt + t2)1/2
=

1X

n=0

tnPn(x)



We have

@�(x , t)

@t
=

x � t

(1 � 2xt + t2)3/2
=

1X

n=0

ntn�1Pn(x)

(x�t)�(x , t) = (1�2xt+t2)
1X

n=0

ntn�1Pn(x) = (x�t)
1X

n=0

tnPn(x)

Rearranging we get

1X

n=0

(2n+ 1)xtnPn(x) = P1(x)+
1X

n=1

tn(nPn�1(x)+ (n+ 1)Pn+1(x))

Equating coefficients of tn we have

(2n + 1)xPn(x) = nPn�1(x) + (n + 1)Pn+1(x)

Therefore, given that P0(x) = 1 and P1(x) = x we get (for n = 1)

3xP1(x) = P0(x) + 2P2(x) ! P(2(x) = 3x2 � 1



In a similar manner we can find

nPn(x) = xP ;n (x)� P 0
n�1(x)

Orthogonality Relations

We have
Z 1

�1
�2(x , t)dx =

Z 1

�1
(1 � 2xt + t2)�1dx =

1
t
[(ln (1 + t)� ln (1 � t))]

=
1X

k=0

2
2k + 1

t2k

=
1X

n=0

1X

m=0

tn+m

Z 1

�1
Pn(x)Pm(x)dx

where we have used

ln (1 + h) =
1X

n=1

(�1)n+1 h
n

n



Equating coefficients we get orthogonality relations
Z 1

�1
Pn(x)Pm(x)dx =

2
2n + 1

�nm

Thus, it is clear that generating functions are very powerful
tools.

Hermite Polynomials

As we have seen, families of functions can be defined by DiffEQs.

We have also seen that they can be defined by means of a
generating function.

Finally, they can be defined by a differential formula of the form
such as the Rodriguez formula for Hermite polynomials.



We have

Hn(x) = (�1)nex
2 dn

dxn
e�x

2
, n = 1, 2, 3, ......

which gives
H0(x) = 1
H1(x) = 2x

H2(x) = 4x2 � 2
We can get the generating function from this formula by
introducing a dummy variable t as follows:

Hn(x) = ex
2
✓

@n

@tn
e�(x�t)2

◆

t=0
=

✓
@n

@tn
e2x�t

2
◆

t=0

Earlier we saw that

P`(x) =
1
`!

✓
@`

@x`
�(x , h)

◆

h=0

Therefore, by analogy, we have

e2x�t
2
=

1X

n=0

Hn(x)
tn

n!
= �(x , t) = generating function



In the same way as before we can derive recursion and
orthogonality relations.

Hn+1(x) = 2xHn(x)� 2nHn�1(x)

H 0
n(x) = 2nHn�1(x)

Hn+1(x)� 2xHn(x) + H 0
n(x) = 0

If we differentiate this last relation, we get

H 0
n+1(x)� 2Hn(x)� 2xH 0

n(x) + H 00
n (x)

H 00
n (x)� 2xH 0

n(x)� 2nHn(x) = 0

which is the Hermite DiffEQ.

The solutions are the Hermite polynomials.

We also have the orthogonality relations
Z 1

�1
d�x

2
Hn(x)Hm(x)dx = 2nn!

p
⇡�nm



Laguerre Polynomials

A similar procedure gives

Ln(x) =
1
n!
ex

dn

dxn
(e�xxn)

�(x , t) =
1

1 � t
e

xt

t�1 =
1X

n=0

Ln(x)t
n

(n = 1)Ln+1(x) = (2n + 1)Ln(x)� xLn(x)� nLn�1(x)

xL0n(x) = nLn(x)� nLn�1(x)

Differentiation then gives the Laguerre DiffEQ

xL00n(x) + (1 � x)L0n(x) + nLn(x) = 0

and finally, we have the orthogonality relations



Z 1

0
e�xLn(x)Lm(x)dx = �nm

Bessel’s Equation

We now consider the one of the most important equation in physics.

L(x)u(x) =

✓
x2 d2

dx2 + x
d

dx
+ (x2 � µ2)

◆
u(x) = 0

L(x) = L(�x) ! exists even and odd solutions

We choose

u(x) = x s
1X

�=0

a�x
�

We then have
du

dx
=

1X

�=0

a�(�+ s)x�+s�1



d2u

dx2 =
1X

�=0

a�(�+ s � 1)(�+ s)x�+s�2

Substitution gives

1X

�=0

a�(�+ s)(�+ s � 1)x�+s +
1X

�=0

a�(�+ s)x�+s

+
1X

�=0

a�x
�+s+2 � µ2

1X

�=0

a�x
�+s + .... = 0

or

[a0s(s � 1) + a0s � µ2a0]x
s

+ [a1s(s + 1) + a1(s + 1)� µ2a1]x
s+1 + ......

+ [an(s + n)(s + n � 1) + an(s + n) + an�2 � µ2an]x
s+n + ..... = 0



or

a0s(s � 1) + a0s � µ2a0 = 0 ! S2 � µ2 = 0 ! s = ±µ

[a1s(s+1)+a1(s+1)�µ2a1 = 0 ! (s62+2s+1�µ2)a1 = 0 ! a1 = 0

an(s + n)(s + n � 1) + an(s + n) + an�2 � µ2an = 0

or

an = � 1
(s + n � 1)(s + n) + (s + n)� µ2 an�2 = � 1

(s + n)2 � µ2 an�2

Since a1 = 0 this last relation implies that all odd coefficients = 0.

For s = µ we have

an = � 1
(n + µ)2 � µ2 an�2



or after some algebra

a2n =
(�1)n

(2)2n+µn!�(µ+ n + 1)
, a0 =

1
2µ�(µ+ 1)

and the solution is

Jµ(x) =
1X

n=0

(�1)n

(2)2n+µn!�(µ+ n + 1)
s2n+µ

which is the Bessel function of the first kind of order µ.

For s = �µ we have

an = � 1
(n � µ)2 � µ2 an�2

or after some algebra

a2n =
(�1)n

(2)2n�µn!�(n � µ+ 1)



and the solution is

J�µ(x) =
1X

n=0

(�1)n

(2)2n�µn!�(n � µ+ 1)
s2n�µ

which is the Bessel function of the second kind of order µ.

It is singular at x = 0, which will be important in many physical
problems.

The most general solution is then

u(x) = aJµ(x) + bJ�µ(x)

Bessel functions appear in a staggering number of physical systems.

Bessel Function Properties

Orthogonal polynomials such as Legendre, Hermite and Laguerre
polynomials are well-suited (can be used as basis functions) for
expansions of functions or the description of physical system that
are localized near the origin of coordinates.

Like Taylor expansions, the further we go away from the origin, the
more terms we need.

Bessel functions help us get around this difficulty.



The Bessel function Jn(x) of integral order n satisfies the DiffEQ

x2J 00n (x) + xJ 0n(x) + (x2 � n2)Jn(x) = 0

The generating function for Bessel functions is

G (x , t) = exp


1
2
x

✓
t � 1

t

◆�
=

1X

n=�1
tnJn(x)

To explicitly obtain the Jn(x) we expand G (x , t) in powers of t.

exp


1
2
x

✓
t � 1

t

◆�
= exp


1
2
xt

�
exp


�x

2
1
t

�

=

 1X

r=0

⇣x
2

⌘r tr

r !

! 1X

s=0

⇣
�x

2

⌘r t�s

s!

!

=
X

r ,s

(�1)s
⇣x

2

⌘r+s tr�s

r !s!



We change the summation indices to n = r � s or r = n + s and
r + s = n + 2s which gives

G (x , t) =
1X

n=�1

1X

s=0

(�1)s
⇣x

2

⌘n+2s tn

(n + s)!s!
=

1X

n=�1
tnJn(x)

Jn(x) =
1X

s=0

(�1)s

(n + s)!s!

⇣x
2

⌘n+2s
for n � 0

or

Jn(x) =
⇣x

2

⌘n

"
1
n!

� x2

4
1
1!

1
(n + 1)!

+

✓
x2

4

◆2 1
2!

1
(n + 2)!

� .....

#

For n < 0 a similar analysis gives

J�|n|(x) =
1X

s=|n|

(�1)s

(s � |n|)!s!

⇣x
2

⌘2s�|n|
for n < 0

since 1
�(n) = 0 for the negative integers.



We also have
J�|n|(x) = (�1)nJ|n|(x)

for integer n.

The generating function gives the recursion relations

1
2
(Jn�1 + Jn+1) =

n

x
Jn

1
2
(Jn�1 � Jn+1) = J 0n

Adding and subtracting we get the ladder operators

RnJn =

✓
n

x
� d

dx

◆
Jn = Jn+1

NnJn =

✓
n

x
+

d

dx

◆
Jn = Jn�1



Since
Ln+1RnJn = Ln+1Jn+1 = Jn

we get
(Ln+1Rn � 1)Jn = 0

which is Bessel’s equation.

One can easily verify that the expansion for Jn(x) can have ⌫
substituted for n where ⌫ is any real number and then direct
differentiation shows that J⌫(x) satisfies Bessel’s equation with ⌫ in
place of n.

The factorials in the expansion do not present a problem since they
are defined for non-integer values by

z! = �(Z + 1) =
Z 1

0
e�ttzdt



In many cases, instead of the J�⌫(x) functions, one uses the
Neuman functions defined by

N⌫(x) =
cos ⌫⇡ J⌫(x)� J=⌫(x)

sin ⌫⇡

N⌫(x) is linearly independent of J⌫(x).

This means it is also a solution of Bessel’s equation. It is the
second linearly independent solution, i.e.,

W = Wronskian = J⌫N
0
⌫ � J 0⌫N⌫ =

(�J⌫J 0�⌫ + J 0⌫J�⌫)

sin ⌫⇡
=

2
⇡x

The result is independent of ⌫. This also holds for ⌫ = n which
says the two solutions are linearly independent.

We also have the relations

d

dx
(xpJp(x)) = xpJp�1(x)



Z 1

0
xJp(ax)Jp(bx)dx =

(
0 a 6= b
1
2J

2
p+1(a) =

1
2J

2
p�1(a) =

1
2J”

2
p(a) a = b

Relationship of the Cylindrical and Spherical Bessel Functions

The spherical Bessel functions are defined by:

j`(z) =
⇣ ⇡

2z

⌘1/2
J`+1/2(z)

⌘`(z) =
⇣ ⇡

2z

⌘1/2
N`+1/2(z)

Some simple ones are:

j0(z) =
sin z

z

n0(z) = � cos z



j1(z) = �j 00(z) =
sin z

z2 � cos z

z

j2(z) =
j1
z
j 01(z) =

✓
3
z3 � 1

z

◆
sin z � 3

z2 cos z

In general:

j`�1 + j`+1 =
2`+ 1

z
j`

`j`�1 � (`+ 1)j`+1 = (2`+ 1)j 0`
Some Odd Topics

Beta Function

B(p, q) =

Z 1

0
xp�1(1 � x)q�1dx p > 0, q > 0



Other Forms:
B(q, p) = B(p, q)

x = y/a ! B(p, q) =

Z
a

0
yp�1(a� y)q�1dy

x = sin2 ✓ ! B(p, q) = 2
Z ⇡/2

0
(sin ✓)p�1(cos ✓)q�1d✓

x =
y

1 + y
! B(p, q) =

Z �1

0

yp�1

(1 + y)q�1 dy

B(p, q) =
�P�q

�(p + q)

Error Function
erff (x) =

2p
⇡

Z
x

0
e�t

2
dt



Stirling’s Formula (Factorial function for large arguments)

From the definition

�(p + 1) = p! =

Z 1

0
xpe�xdx =

Z 1

0
ep ln x�xdx

Now let

x = p + y
p
p : x = 0 ! y = �p

p , dx =
p
pdy

We then have

p! =

Z 1

�p
p

ep ln (p+y
p
p)�p�y

p
p
p
pdy

Now

ln (p + y
p
p) = ln p

✓
1 +

y
p
p

◆
= ln p + ln

✓
1 +

y
p
p

◆



For p very large

ln (p + y
p
p) ⇡ ln p +

y
p
p
� y2

2p
+ .......

so that

p! = ep ln p�ppp

Z 1

�p
p

e�y
2/2dy = ppe�ppp

Z 1

�1
e�y

2/2dy �
Z �p

p

�1
e�y

2/2dy

�

= ppe�ppp

Z 1

�1
e�y

2/2dy = ppe�p
p

2⇡p for large p

or more exactly

�(p + 1) = p! = ppe�p
p

2⇡p
✓

1 +
1

12p
+

1
288p2 + .....

◆

And now for something completely different....

Expansions in Orthonormal Functions Gram-Schmidt in place
of DiffEQs - (partial repeat of earlier material)



Definitions:
1. Expansion interval [a, b]: the variable x is confined to the

interval a  x  b

2. Given two functions f (x) and g(x) defined on the interval
[a, b], the inner product of f and g is denoted by (f , g) and is
given by

(f , g) =

Z
b

a

f ⇤(x)g(x)dx

Over the space of complex functions.

Note that order is important since (f , g) = (g , f )⇤.
3. If (f , g) = 0 the functions f and g are orthogonal.
4. The norm of a function is (f , f ).

If the norm is finite, the function is square-integrable.

If the function has norm = 1, then it is normalized.



In addition we have Any square-integrable function can be
normalized by multiplication by a constant.

A set of functions '1(x),'2(x), ........ defined on the interval [a, b]
is said to be orthonormal if

('i ,'j) = �ij

If we have an orthonormal set of functions on the interval [a, b]
then we can write any other square-integrable function f (x) in
terms of that set by

f (x) =
X

j

aj'j where ('k , f ) =
X

j

aj('k ,'j) =
X

j

aj�jk = ak

If this is true for any function f (x), then set of functions
'1(x),'2(x), ......... is complete and is called a basis set.

all i , j



Gram-Schmidt Orthogonalization Method.

It turns out that to be a basis set, a set of functions only has to be
linearly independent.

Linear independence implies that there exists no relation

nX

�=1

c�f�(x) = 0

valid for all x , except the trivial one of all c� = 0.

They do not have to be orthonormal...that is only a convenience.

Suppose we have a set of n linearly independent, square integrable
functions

f�(x) � = 1, 2, 3, 4, ......, n

on the interval [a, b].



How do we construct an orthonormal set '1(x),'2(x), ........'n(x)?

There is a systematic process for doing this.

It goes as follows:
1. Choose

'1 =
1p
N1

where N1 = (f1, f2)

2. Choose '2as a linear combination of f1 and f2 that is
orthogonal to '1 and normalized to 1.

'2 =
1p
N2

[f2 � ('1, f2)'1] where N1 = (f2, f2)� |('1, f2)|2

We have just subtracted off the non-orthogonal part!
3. This generalizes as

'k =
1p
Nk

[fk�
k�1X

j=1

('j , fk)'j ] where Nk = (fk , fk)�|('j , fk)|2



Legendre Polynomials Redux Redux

Consider the set of linearly independent functions which are the
non-negative integral powers of x on the interval [�1, 1]

f�(x) = x� � = 0, 1, 2, 3, 4, ...., n

Using the orthogonalization procedure above we get the new set of
functions

'0 =
1p
N0

f0 =
1p
N0

where N0 = (f0, f0) =

Z 1

�1
dx = 2 ! '0 =

1p
2

'1 =
1p
N1

[f1�('0, f1)'0] =
1p
N1


x �

✓
1p
2

Z 1

�1
xdx

◆
1p
2

�
=

xp
N1

where

N1 = (f1, f1)� |('0, f1)|2 =

Z 1

�1
x2dx � (0)2 =

2
3
! '1 =

r
3
2
x



and in the same manner

'1 =

r
5
2

✓
3
2
x2 � 1

2

◆

'2 =

r
7
2

✓
5
2
x3 � 3

2
x

◆

'3 =

r
9
2

✓
35
8
x4 � 15

4
x2 +

3
8

◆

Apart from normalization these are the Legendre polynomials, i.e.,

'j(x) =

r
2j + 1

2
Pj(x)

Thus, we can construct the orthogonal polynomials using linear
algebra instead of DiffEQs.



Finally, let us look at some weird numbers that have a habit of
popping up in real world systems.

Bernoulli Numbers

Consider the series
x

ex � 1
=

1X

n=0

Bn

n!
xn

We can use the relation

Bn =


dn

dxn

✓
x

ex � 1

◆�

x=0

to determine the Bernoulli numbers Bn.

This is a difficult direct process, however.

An easier method is to use the uniqueness property of the power
series expansions.



We can write

ex � 1
x

=
x + 1

2!x
2 + 1

3!x
3 + ....

x
= 1 +

1
2!
x +

1
3!
x2 +

1
4!
x3 + ...

We then get
✓

1 +
1
2!
x +

1
3!
x2 +

1
4!
x3 + ...

◆
(

✓
B0 + B1x +

1
2!
B2x

2 + ....

◆
= 1

which gives(by uniqueness or equating coefficients of like powers of
x)

B0 = 1
1
2!
B0 + B1 = 0 ! B1 = �1

2
1
3!
B0 +

1
2!
B1 ++

1
2!
B2 = 0 ! B2 =

1
6

and so on....



In general we have,
n�1X

k=0

✓
n

k

◆
B2k = 0

We obtain
B2n+1 = 0 , n = 1, 2, 3, .....

B2n =
(�1)n�12(2n)!

(2⇡)2n

1X

p=1

p�2n , n = 1, 2, 3, ....

These numbers are very divergent, i.e.,

B20 = �5.291 ⇥ 102 , , B200 = �3.647 ⇥ 10215

The Bernoulli numbers appear all over the place, i.e.,

tan x = x +
1
6
x3 +

2
15

x5 + ...+
(�1)n�122n(22n � 1)

(2n)!
B2nx

2n�1 + ....



Bernoulli Functions

The functions are defined by

xexs

ex � 1
=

1X

n=0

Bn(s)
xn

n!

It is clear that

Bn = Bernoulli number Bn(0)

Other useful properties are:

B 0
n(s) = nBn�1(s) , n = 1, 2, 3, ....

Bn(1) = (�1)nBn(0) , n = 1, 2, 3, ....



Solving ODEs using Fourier Transforms

The formulas for derivatives are particularly useful because they
reduce ODEs to algebraic expressions.

Consider the following ODE
✓

d2

dx2 + p
d

dx
+ q

◆
f (x) = R(x) �1  x  1

where p and q are constants.

Transform both sides of the equations

F

✓
d2f (x)

dx2 + p
df (x)

dx
+ f (x)

◆
= ((ik)2 + p(ik) + q)f̃ (k)

= F (R(x)) = R̃(k)

where˜denotes the Fourier transform.
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We then have

f̃ (k) =
R̃(k)

�k2 + ipk + q

so that the solution (particular) is

f (x) =
1p
2⇡

Z 1

�1
e ikx f̃ (k)dx =

1p
2⇡

Z 1

�1
e ikx

R̃(k)

�k2 + ipk + q
dk

This very formal solution to the problem is called the integral
representation of the solution.

In general, we need complex integration techniques to evaluate
these integrals.

We will see how later.

Solving ODEs with the Laplace Transform

We now have all the necessary tools to solve ODEs using the
Laplace transform.



We consider an ODE with constant coefficients

d2y

dt2
+ a

dy

dt
+ by = r(t)

Now if
L(y(t)) = Y (s)

we then have

L

✓
d2y

dt2
+ a

dy

dt
+ by

◆
= L(r(t)) = R(s)

Our rules then give

[s2Y (s)� sy(0)� y 0(0)] + a[sY (s)� y(0)] + bY (s) = Rs

which is now an algebraic equation.



The solution is

Y (s) =
(s + a)y(0) + y 0(0)

s2 + as + b
+

R(s)

s2 + as + b

and
y(t) = L�1(Y (s))

Examples:

(1) Consider the homogeneous ODE

d2y

dt2
+ 4

dy

dt
+ 8y = 0

with initial conditions y(0) = 2, y 0(0) = 0.

We have

Y (s) =
2s + 8

s2 + 4s + 8
=

2(s + 2)
(s + 2)2 + 4

+
4

(s + 2)2 + 4



Now

L(eat f (t)) = F (s � a) and L(cos!t =
s

s2 + !2)

or
L(e�2t cos 2t) = L(cos 2(t + 2)) =

s + 2
(s + 2)2 + 4

and
L(eat f (t)) = F (s � a) and L(sin!t =

!

s2 + !2)

or
L(e�2t sin 2t) = L(sin 2(t + 2)) =

2
(s + 2)2 + 4

Therefore

Y (s) =
2(s + 2)

(s + 2)2 + 4
+

4
(s + 2)2 + 4

= 2L(e�2t cos 2t)+2L(e�2t sin 2t)



Thus,

L(y(t) = L(2e�2t(cos 2t + sin 2t)) ! y(t) = 2e�2t(cos 2t + sin 2t)

(2) Consider the nonhomogeneous ODE

2
d2q

dt2
+ 50q = 100 sin!t

with initial conditions q(0) = 0 , dq(0)
dt

= i(0) = 0.

This ODE arises from a series circuit with an AC voltage source, a
capacitor and an inductance.

We have

Q(s) =
(s + a)q(0) + i(0)

s2 + 25
+

L(50 sin!t)
s2 + 25

=
L(50 sin!t)
s2 + 25

=
50!

(s2 + !2)(s2 + 25)



or using the partial fraction rules when a quadratic remains

Q(s) =
50!

(s2 + !2)(s2 + 25)
=

A1s + A2

s2 + !2 +
B1s + B2

s2 + 25

Now for this form

B1(a+ ib) + B2 =


P(s)

Q(s)/[(s � a)2 + b2]

�

s=a+ib

or

A1(i!)+A2 =


50!

s2 + 25

�

s=i!

=
50!

�!2 + 25
! A1 = 0 , A2 =

50!
25 � !2

B1(5i)+B2 =


50!

s2 + !2

�

s=5i
=

50!
!2 � 25

! B1 = 0 , A2 =
50!

!2 � 25



Therefore,

Q(s) =
50!

25 � !2


!

s2 + !2 � !

s2 + 25

�

or
q(t) =

50!
25 � !2 [sin!t � sin 5t]

Clearly, this form of the solution is valid only if ! 6= 5 since the
amplitude becomes unbounded.

This corresponds to resonance in the circuit and we have an
unbounded amplitude because there is no damping in this circuit
(no resistors).

If ! = 5, we go back to Q(s)

Q(s) =
50!

(s2 + 25)2
=

A1s + A2

(s2 + 25)2
+

B1s + B2

s2 + 25
! 250

(s2 + 25)2

which using the same procedure gives

q(t) = 250[sin 5t � 5t cos 5t] ! unbounded as t gets large



Green Function and Convolution

Consider the special equation shown below:
✓

d2

dx2 + p
d

dx
+ q

◆
G (x � x 0) = �(x � x 0) �1  x  1

In this equation the inhomogeneous function is a delta-function, x 0

is an arbitrary point, and we denote this special solution as G (x).

It is called the Green function.

We now show that the solution of the equation
✓

d2

dx2 + p
d

dx
+ q

◆
f (x) = R(x)

is easily expressed in terms of the Green function.



We now show that the solution of the inhomogeneous ODE can be
written as the expression

f (x) =

Z 1

�1
G (x � x 0)R(x 0)dx 0

Substituting into the ODE we get
✓

d2

dx2 + p
d

dx
+ q

◆Z 1

�1
G (x � x 0)R(x 0)dx 0

=

Z 1

�1

✓
d2

dx2 + p
d

dx
+ q

◆
G (x � x 0)R(x 0)dx 0

=

Z 1

�1
�(x � x 0)R(x 0)dx 0 = R(x)

as it should! So the Green function representation of the solution is
valid.

This means if we solve for G (x � x 0) for a particular differential
operator, then we have solved for all inhomogeneous solutions of
the ODE given by that particular differential operator.



As we saw earlier, an integral of the form above involving G (x � x 0)
is called a convolution, and is denoted by the symbol (⇤).

f (x) =

Z 1

�1
G (x � x 0)R(x 0)dx 0 = (G ⇤ R)x

The Fourier transform of a convolution is always the product of the
transforms(same as for Laplace transforms)

F ((G ⇤ R)x) =
1p
2⇡

Z
dx e�ikx


1p
2⇡

Z
G (x � x 0)R(x 0)dx 0

�

=
1p
2⇡

1p
2⇡

Z
dx

Z
dx 0 e�ikxG (x � x 0)R(x 0)

=
1p
2⇡

1p
2⇡

Z
dx

Z
dx 0 e�ik(x�x

0)e�ikx
0
G (x � x 0)R(x 0)

=
1p
2⇡

Z
dx 0e�ikx

0
R(x 0)

1p
2⇡

Z
dxe�ik(x�x

0)G (x � x 0)

= F (G )F (R)



In Linear Response Theory, the inhomogeneity function R(x) is
called the input to, the solution f (x) is called the output from,
the system, while the Green function is called the response
function, since it describes how the system responds to the input.

Examples:

Consider Newton’s 2nd law,

m
d2x(t)

dt2
= F (t) = force function

This is a 2nd-order inhomogeneous ODE with p = q = 0 and
R = F .

The Green function satisfies this equation with the force function
replaced by a delta-function.

A delta-function force is called an impulsive force.

Thus, the Green function also describes the response of a
mechanical system to an impulsive driving force.



Now let us consider a damped, driven oscillator

ẍ(t) + 2�ẋ(t) + !2
0x(t) = R(t)

The solution will be of the form

x(t) =

Z 1

�1
G (t � t 0)R(t 0)dt 0

where

d2G (t � t 0)

dt2
= 2�

dG (t � t 0)

dt
+ !2

0G (t � t 0) = �(t � t 0)

Let the Fourier transform of G (t � t 0) be given by

F (G (t � t 0)) = G̃ (!) =
1p
2⇡

Z
e�i!(t�t

0)G (t � t 0)d(t � t 0)



Now take the Fourier transform of the Green function ODE

F

✓
d2G (t � t 0)

dt2
= 2�

dG (t � t 0)

dt
+ !2

0G (t � t 0)

◆
= F (�(t � t 0))

or we have
[�!2 + 2i�! + !2

0]G̃ (!) =
1p
2⇡

or
G̃ (!) =

1p
2⇡

1
(!2

0 � !2) + 2i�!

Finally we compute the Green function itself by taking the inverse
Fourier transform

G (t) =
1
2⇡

Z 1

�1
e i!tG̃ (!)d! =

1p
2⇡

Z 1

�1
e i!t

1
(!2

0 � !2) + 2i�!
d!



Complex integration(we will do this later) gives the result

G (t) =
1
!1

e��t sin (!1t)H(t)

where

!1 =
q

!2
0 � �2 and H(t) =

(
1 t > 0
0 t < 0

= step function

Finally, the solution of the original equation is

x(t) =
1
!1

Z 1

�1
e��(t�t

0) sin (!1(t � t 0)H(t � t 0)R(t 0)dt 0

=
1
!1

Z
t

�1
e��(t�t

0) sin (!1(t � t 0)R(t 0)dt 0



Note the interesting feature that the integral over t 0 takes into
account the effects of all driving forces occurring in the past
(t 0 < t) due to the presence of the step function.

It contains no effect due to the driving force in the future (t 0 > t),
because these forces have not yet occurred.

Hence, the result is explicitly consistent with the physical
requirement of causality.

Is the answer correct?

Let us choose a driving force where we know the answer.

In the Introductory Mechanics course, we discussed sinusoidal
driving forces; so we choose

R(t) = e i⌦t



Direct integration of the x(t) equation then gives the result

x(t) =
e�i⌦t

(!2
0 � ⌦2) + 2i�⌦

which corresponds to the resonance amplitude formula of the
damped, driven oscillator and agrees with the earlier result.

More details of these integration techniques later.

Examples:

Consider the equation

M
d2x

dt2
+ ↵

dx

dt
+ Kx = d(t)

Assume the Fourier transform of d(t) is D(!) and that

X (!) =
1p
2⇡

Z 1

�1
dt e�i!tx(t) ! x(t) =

1p
2⇡

Z 1

�1
d! e i!tX (!)



Substituting we get

(�M!2 + i↵! + K )X (!) = D(!)

or
X (!) =

�D(!)/M

!2 � i↵!/M � K/M

Now defining

!± =
i↵

2M
±
r

K

M
� ↵2

4M2

we have

x(t) =
1p
2⇡

Z 1

�1
d! e i!t

�D(!)/M

!2 � i↵!/M � K/M

=
1p
2⇡

Z 1

�1
d!

�D(!)/M

(! � !+)(! � !�)
e i!t

where x(t) is the response of the oscillator to the forcing function
d(t).



Response to a Delta-Function Impulse

Consider
d(t) = I0�t ! D(!) = I0

1p
2⇡

This gives

x(t) =
1
2⇡

Z 1

�1
d!

�I0(!)/M

(! � !+)(! � !�)
e i!t

Using complex integration techniques which we learn later we get

x(t) =

8
<

:
0 t < 0

I0p
KM�↵2 e

� ↵t

2M sin
q

K

M
� ↵2

4M2 t t > 0



The solution looks like

We note that the solution obeys causality, i.e., there is no motion
until after the impulse is applied.

A delta-function impulse implies that

x(0) = 0 and vx(0) 6= 0



Notice, however, that we have a solution with no unknown
constants.

We started with a second-order equation.

Normally, that means we need to use 2 boundary conditions to
completely define the solution.

Somehow we have already imposed them.

Where?

It turns out that the choice of integration path in the complex
integration was the place!

We will see that later.



Effectively, we have done the following:

causality ! x(0) = 0

�-function impulse ! vx(0) = I0/M

Fourier methods fail where the response diverges(unstable systems).

In this case we must use the Laplace transform.

Example - Unstable Electric Circuit



This circuit has a negative resistance (a theorist’s circuit) and is
therefore unstable.

We let

Vs(t) =

(
0 t < 0
V0 sin!0t t > 0

For t < 0, all voltages and i(t) = 0.

We have for t > 0 the integral-diffEQ

Vs(t) = Vc(t) + Vr (t) + Vl(t) =
1
C0

Z
dt i(t)� R0i(t) + L0

di

dt

Taking the derivative wrt t we have

L0
d2i

dt2
� R0

di

dt
+

1
C0

i(t) =
dVs

dt

which is a second-order non-homogeneous diffEQ where i(t) =
dependent variable and dVs/dt is the driving term.

<latexit sha1_base64="yMpCtJA2a9vgd2J7akFUEIeauig=">AAACB3icbVBLSgNBFOyJvxh/UZduGoPgKsxI0CwDblxGMB9IhtDTeUma9PQM3W/EMOQAXsCt3sCduPUYXsBz2ElmYRILHhRV71GPCmIpDLrut5Pb2Nza3snvFvb2Dw6PiscnTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXj25nfegRtRKQecBKDH7KhEgPBGVqp20V4wrSPVJhpr1hyy+4cdJ14GSmRDPVe8afbj3gSgkIumTEdz43RT5lGwSVMC93EQMz4mA2hY6liIRg/nf88pRdW6dNBpO0opHP170XKQmMmYWA3Q4Yjs+rNxP+8ToKDqp8KFScIii+CBomkGNFZAbQvNHCUE0sY18L+SvmIacbR1rSUEmg2BpwWbDHeag3rpHlV9q7LlftKqVbNKsqTM3JOLolHbkiN3JE6aRBOYvJCXsmb8+y8Ox/O52I152Q3p2QJztcvykeaRg==</latexit>

dt is



Neither Vs nor dVs/dt have a valid Fourier transform.

Thus, we use Laplace transforms.

We get

s2L0I (s)� sR0I (s) +
1
C0

I (s) = sVs(s)

where
I (s) = L(i(t)) and Vs(s) = L(Vs(t))

The initial conditions (due to causality) are

i(0) = 0 and
di

dt

����
t=0

= 0

Now
Vs(s) =

V0!0

(s + i!0)(s � i!0)

which gives



I (s) =
V0!0s

(s + i!0)(s � i!0)
⇣
L0s2 � R0s +

1
C0

⌘

=
V0!0s

(s + i!0)(s � i!0)L0(s � s+)(s � s�)

where

s± =
R0

2L0
± i

s
1

L0C0
� R2

0
4L2

0

Note that R = �R0 ! negative resistance ! Real(s +±) > 0.

Inverting(using complex integration methods) we have

i(t) =
1

2⇡i

Z

path

ds
V0!0sest

(s + i!0)(s � i!0)L0(s � s+)(s � s�)

For simplicity we choose !0 = 1, L0 = 1 so that

i(t) =
1

2⇡i

Z

path

ds
V0sest

(s + i)(s � i)L0(s � 1 + 2i)(s � 1 � 2i)



For t < 0 we get i(t) = 0.

For t > 0 (closing the contour to the left), we get

i(t) =
V0

2
p

5
cos (t + 0.15⇡)� V0

4
et cos (2t + 0.2⇡)

The first term is a result of the driving voltage at !0 = 1.

It persists at a constant amplitude for all t > 0.

The second term is the characteristic response of the circuit
(determined solely by R0, L0,C0).

It grows exponentially in time because of R < 0 (an unstable
circuit).

It looks like(where we have enhanced the initial interference terms
by replacing et with e0.1t .





Partial Differential Equations (PDEs) In Physics, there are
differential equations of motion that describe the response of
systems to external disturbances.

These are called ordinary differential equations (ODEs).

There are also differential equations of states, or field equations,
whose solutions give the space-time dependence of physical
properties.

These are called partial differential equations (PDEs) in the 4
variables x , y , z , t.

In general, the PDE’s we will discuss describe three-dimensional
situations. The independent variables are the position vector ~r and
the time t.

The actual variables used to specify ~r are dictated by the
coordinate system in use, i.e., (x , y , z), (⇢,�, z), (r , ✓,�), etc.



The most important PDEs are:

(1) The wave equation

r2u =
1
c2

@2u

@t2

This equation describes as a function of position and time the
displacement from equilibrium, u(~r , t), of a vibrating string or
membrane, or a vibrating solid, gas or liquid.

The equation also occurs in electromagnetism, where u(~r , t) may be
a component of the electric or magnetic field in an electromagnetic
wave, or the current or voltage along a transmission line.

The quantity c is the speed of propagation of the waves.

We now derive the wave equation in a special case.



We consider the small transverse displacements u(x , t) of a uniform
string of mass per unit length ⇢ held under uniform tension T ,
assuming that the string is initially located along the x-axis in a
Cartesian coordinate system.

The figure below shows the forces acting on an elemental length �s
of the string.

If the tension T in the string is uniform along its length, the net
upward vertical force on the element is

�F = T sin ✓2 � T sin ✓1



Assuming that the angles ✓1 and ✓2 are both small, we may make
the approximation sin ✓ ⇡ tan ✓.

Since, at any point on the string the slope is

tan ✓ =
@u

@x

the force can be written as

�F = T

✓
@u(x +�x , t)

@x
� @u(x , t)

@x

◆
⇡ T

@2u(x , t)

@x2 �x

where we have used the standard definition of the partial derivative.

The upward force may be equated, by Newton’s second law, to the
product of the mass of the element and its upward acceleration.

The element has mass ⇢�s, which is approximately equal to ⇢�x if
the vibrations of the string are small, and so we have

⇢�x
@2u(x , t)

@t2
= T

@2u(x , t)

@x2 �x



! @2u(x , t)

@t2
=

1
c2

@2u(x , t)

@x2 , c2 =
T

⇢

which is the one-dimensional form of the wave equation.

(2) The diffusion equation

r2u =
1
D

@u

@t
This equation describes the temperature u(~r , t) in a region
containing no heat sources or sinks.

It also applies to the diffusion of a chemical that has concentration
u(~r , t).

The constant D is called the diffusivity.

We now derive now derive the diffusion equation satisfied by the
temperature u(~r , t) at time t for a material of uniform thermal
conductivity k , specific heat capacity s, and density ⇢.



Let us consider an arbitrary volume V lying within a solid, and
bounded by a surface S .

At any point in the solid the rate of heat flow per unit area in any
given direction ~r is proportional to minus the component of the
temperature gradient in that direction and is given by

(�kru) · ~r

The total flux of heat out of the volume V per unit time is given by

�dQ

dt
=

x

S

(�kru) · n̂dS =
y

V

r · (�kru)dV

where Q is the total heat energy in V at time t, and n̂ is the
outward-pointing unit normal to S ; note that we have used the
divergence theorem to convert the surface integral into a volume
integral.



We can also express Q as the volume integral over V ,

Q =
y

V

s⇢udV

and so its rate of change is given by

dQ

dt
=

y

V

s⇢
@u

@t
dV

Comparing the two expressions for dQ/dt and remembering the
volume V is arbitrary, we obtain the three-dimensional diffusion
equation

r2u =
1
D

@u

@t
, D =

k

s⇢



(3) Laplace equation
r2u = 0

This equation is obtained by setting

@u

@t

in the diffusion equation and describes (for example) the
steady-state temperature of a solid in which there are no heat
sources - i.e., the temperature after a long time has elapsed.

Laplace’s equation also describes the gravitational potential in a
region containing no matter, or the electrostatic potential in a
charge-free region.

It also applies to the flow of an incompressible fluid with no
sources, sinks or vortices - in this case u(~r , t) is the velocity
potential, from which the velocity is given by ~v = ru .



(4) Poisson equation
r2u = ⇢(~r)

This equation describes the same physical situations as Laplace’s
equation, but in regions containing matter, charges, or sources of
heat or fluid. The function ⇢(~r) is called the source density, and in
physical applications usually contains some multiplicative physical
constants.

For example, if u is the electrostatic potential in some region of
space, in which ⇢(~r) is the density of electric charge, then

r2u = � 1
✏0
⇢(~r)

where ✏0 is the permittivity of free space.

Alternatively, u might represent the gravitational potential in some
region where the matter density is given by ⇢(~r); then

r2u = 4⇡G⇢(~r)

where G is the gravitational constant.



(5) Schrödinger equation

� ~2

2m
r2u + V (~r)u = i~@u

@t

This equation describes the quantum mechanical wave function
u(~r , t) of a non-relativistic particle of mass m; ~ is Planck’s
constant divided by 2⇡. All of these equations are linear, They are
all 2nd-order in the space variables and of 1st- or 2nd-order in time.

The use of these differential operators guarantees several things:
(1) differential operators imply invariance with respect to space

and time translations and hence conservation of energy and
momentum

(2) the differential operator r2 is the simplest operator that will
be invariant under the parity transformation (inversion)



(3) equations that are 2nd-order in time are invariant under time
reversal (t ! �t) and hence, a movie of the system in time
should represent a real physical system whether it is run
forwards or backwards.

For example, the wave equation might have a solution
representing a wave propagating to the right and if we run the
movie backwards, we get a wave propagating to the left, which
is also a valid solution.

In the diffusion or heat conduction, the field equation (for the
density or temperature fields) is only 1st-order in time.

The equation does not, and should not, satisfy time-reversal
invariance, since heat is known to flow from high temperature to
low temperature and NEVER the other way around.

A movie of a pool of water solidifying into a block of ice on a hot
day has obviously been run backwards.



The Schrödinger equation is a sort of diffusion equation with an
imaginary diffusion constant; the wave function is a complex
function.

There are many general methods for studying and solving for
general aspects/properties of PDEs and their solutions.

We will concentrate in this course on one solution method, namely,
separation of variables.

Separation of Variables and Eigenfunction Expansions

Under certain circumstances the solution of a PDE may be written
as a sum of terms, each of which is the product of functions of only
one of the variable.

This is called solution by separation of variables (SOV).

Let us illustrate the procedure by an example:



Consider a 1-dimensional wave equation describing the transverse
vibrations of a string

@2u(x , t)

@t2
=

1
c2

@2u(x , t)

@x2

In the SOV method we simply look for a solution of the form

u(x , t) = X (x)T (t)

Direct substitution then gives

@2

@t2
u(x , t) = T (t)

d2X (x)

dx2 =
1
c2X (x)

d2T (t)

dt2

or
1

X (x)

d2X (x)

dx2 =
1
c2

1
T (t)

d2T (t)

dt2

It is clear that we have separated the variables.



Since the LHS is a function of x only and the RHS is a function of
t only, both sides of this equation must be equal for all x and t.

The only way this is possible is for both of them to be equal to the
same constant, say �.

1
X (x)

d2X (x)

dx2 = � =
1
c2

1
T (t)

d2T (t)

dt2

which gives

d2X (x)

dx2 � �X (x) = 0 ,
d2T (t)

dt2
� �c2T (t) = 0

These are two separated ODEs (single variable).

They are not completely independent of each other since the same
separation constant � must appear in both.

They are both eigenvalue/eigenfunction equations.



The general solutions of these equations are:

X (x) = A cos (
p
��x) + B sin (

p
��x)

T (t) = D cos (
p
��ct) + E sin (

p
��ct)

As a rule, all possible values of the separation constant � are
allowed unless explicitly forbidden by the physics of the system.
i.e., certain values of � can be forbidden when the corresponding
solution X (x), which depends on �, does not have the correct
properties.

The properties in question, are the boundary conditions imposed
by the physics of the system.

It may happen that one or more of these boundary conditions can
be satisfied only when the separation constant takes on a set of
special values. This set then contains the only permissible values,
or eigenvalues, for the problem.

The corresponding solutions are called eigenfunctions.



Let us illustrate this with a particular example:

Suppose, as in the case of the Fourier series, we are interested in
solutions with a period of 2⇡ i.e.,

1 , cos (nx) , sin (nx) , n > 0 integer

This implies that the only permissible constants are

�2
n = �n2 , n = 1, 2, 3, 4, .....

For each � = �n we then get a wave solution of the form

Xn(x)Tn(t) = (An cos (nx) + Bn sin (nx))(Dn cos (nct) + En sin (nct))

= an cos (nx) cos (nct) + bn sin (nx) cos (nct)

+ dn cos (nx) sin (nct) + en sin (nx) sin (nct)



Since the 1-dimensional wave equation is linear, the general solution
periodic in x with period 2⇡ is then the linear superposition

u(x , t) =
1
2
a0 +

1X

n=1

Xn(x)Tn(t)

of all possible solutions.

Note that this is a double Fourier series.

Boundary and Initial Conditions

The complete determination of a solution of the PDE requires the
specification of a suitable set of boundary and initial conditions.

The boundaries may not be just points, but, depending on the
dimension of the system they can be lines or surfaces.

Let us return to the wave equation.



We now specialize the problem and consider the 1-dimensional
vibrations of a string rigidly attached to a support at the points
x = 0 and x = L.

Xn(x) = An cos (
p

��nx) + Bn sin (
p
��nx)

or

Xn(x) = An cos knx + Bn sin knx where kn =
p
��n

These boundary conditions then mean that

X (0) = 0 ! An = 0 for all n

X (L) = 0 ! Bn 6= 0 ! sin knL = 0 ! kn =
n⇡

L
for all n



This gives as a solution

Xn(x) = Bn sin
⇣n⇡x

L

⌘

where

�n = �
⇣n⇡

L

⌘2
= allowed separation constants

The eigenfunction Xn(x) belongs to the eigenvalue �n and
describes the nth eigenmode (or normal mode) of the vibration of
the string (fixed at both ends)(see figure below)



These represent the fundamental vibration along with the first
and second harmonics.

Note that there are points given by

xm =
mL

n
m = 1, 2, 3, 4, ...., n � 1



where the displacement u = 0 or

Xn(x) = Bn sin
⇣n⇡x

L

⌘
= Bn sin (m⇡) = 0

which are called nodal points of the wave.

The time factor Tn(t) associated with Xn(x) is given by

Tn(t) = Dn cos (!nt) + En sin (!nt)

where
!n =

nc⇡

L

is the frequency of vibration of the nth normal mode of the string
(fixed at both ends).

Hence, the general wave amplitude function (shape) of the
vibrating string fixed at x = 0 and x = L is the general
eigenfunction expansion (superposition of all solutions)



u(x , t) =
1
2
a0 +

1X

n=1

Xn(x)Tn(t)

=
1
2
a0 +

1X

n=1

sin
⇣n⇡x

L

⌘
(Dn cos (!nt) + En sin (!nt))

If we pluck the string at time t= 0, which mode(s) will be excited?

The answer depends on how we pluck the string or on the initial
conditions at t = 0.

Since PDE is 2nd order in time, we need 2 initial conditions to
completely specify the solution.

We usually choose them to be

u(x , 0) = u0(x) = initial displacement of the string at t = 0

@u(x , t)

@t

����
t=0

= v0(x) = initial velocity profile of the string at t = 0



or we have

u(x , 0 = u0(x) =
1X

n=1

Dn sin
⇣n⇡x

L

⌘

@u(x , t)

@t

����
t=0

= v0(x) =
1X

n=1

En!n sin
⇣n⇡x

L

⌘

which implies that

Dm =
2
L

Z
L

0
sin

⇣n⇡x
L

⌘
u0(x)dx

Em =
2

!mL

Z
L

0
sin

⇣n⇡x
L

⌘
v0(x)dx

These coefficients determine which normal modes are excited and
with what strength.



Real example of a vibrating string(we go back through
everything again for practice):

@2y

@x2 =
1
c2

@2y

@t2

gives
y(x , t) = X (x)T (t)

X 00

X
= �↵2 =

1
c2

T̈

T

X 00 + ↵2X = 0 , T̈ + ↵2c2T = 0

Define

↵c = ! = 2⇡⌫ =
2⇡c
�

! ↵ =
2⇡
�

= k = wave number

The solution is (as before)

y = (a sin (kx) + b cos (kx))(d sin (!t) + e cos (!t))



The string is fastened at x = 0 and x = L , so that
y(0) = y(L) = 0, which gives

y(0, t) = b(d sin (!t) + e cos (!t)) = 0 ! b = 0

y(L, t) = a sin (kL)(d sin (!t) + e cos (!t)) = 0

! sin (kL) = 0 ! kL = n⇡

and

yn(x , t) = an sin
⇣n⇡x

L

⌘⇣
dn sin

⇣n⇡⌫t
L

⌘
+ en cos

⇣n⇡⌫t
L

⌘⌘

Now choose initial conditions at t = 0

y(x , 0) = f (x) =

(
x/2 0  x  L/2
L/2 � x/2 L/2  x  L



and
@y(x , t)

@t

����
t=0

= 0

The condition

@y(x , t)

@t

����
t=0

= 0

! an sin
⇣n⇡x

L

⌘n⇡⌫
L

⇣
dn sin

⇣n⇡⌫t
L

⌘
+ en cos

⇣n⇡⌫t
L

⌘⌘���
t=0

0 = an sin
⇣n⇡x

L

⌘n⇡⌫
L

(dn) ! dn = 0

This means we physically pull the string into a triangular shape and
let is go from rest.

The most general solution is then is

y(x , t) =

 1X

n=1

An sin
⇣n⇡

L
x
⌘!

cos
⇣n⇡⌫

L
t
⌘



Now using the other initial condition, we have

y(x , 0) = f (x) =
1X

n=1

An sin
⇣n⇡

L
x
⌘

or the An are the Fourier coefficients of the sine series for the
triangular pulse.

We have

Am =
2
L

Z
L

0
sin

⇣m⇡

L
x
⌘
f (x)dx =

1
L

Z
L

0
sin

⇣m⇡

L
x
⌘
xdx

+
1
L

Z
L

0
sin

⇣m⇡

L
x
⌘
(L� x)dx

=
1
L

L2

m2⇡2

Z
m⇡/2

0
y sin ydy � 1

L

L2

m2⇡2

Z
m⇡

m⇡/2
y sin ydy

+
L

m⇡

Z
m⇡

m⇡/2
sin ydy



=
L

m2⇡2 (sin y � y cos y)|m⇡/2
0 � L

m2⇡2 (sin y � y cos y)|m⇡
m⇡/2

� L

m⇡
(cos y)|m⇡

m⇡/2

=
L

m2⇡2

⇣
sin

⇣m⇡

2

⌘
� m⇡

2
cos

⇣m⇡

2

⌘
� sin (0) + (0) cos (0)

⌘

� L

m2⇡2

⇣
sin (m⇡)�m⇡ cos (m⇡)� sin

⇣m⇡

2

⌘
+

m⇡

2
cos

⇣m⇡

2

⌘⌘

� L

m⇡

⇣
cos (m⇡)� cos

⇣m⇡

2

⌘⌘

or

Am =

(� 2L
m2⇡2

�
sin

�
m⇡
2
�

m odd
0 m even

and so on.



The other possible initial condition is

y(x , 0) = 0

and

@y(x , t)

@t

����
t=0

= f (x) =

(
x/2 0  x  L/2
L/2 � x/2 L/2  x  L

which corresponds to hitting the string when it is flat.

This gives

y(x , t) =

 1X

n=1

Bn sin
⇣n⇡x

L

⌘!
sin
⇣n⇡⌫

L
t
⌘

@y(x , t)

@t

����
t=0

= f (x) = (
1X

n=1

Bn sin
⇣n⇡x

L

⌘
= initial velocity profile



For each n (in either case) there is a different frequency

fn =
!n

2⇡
=

n⇡⌫

2⇡L
=

n⌫

2L

which are the normal mode frequencies.

These frequencies can be excited separately and would be
stable.

The string would vibrate in a single mode or one term of the
general sum

sin
⇣n⇡x

L

⌘
sin

⇣n⇡⌫
L

t
⌘

If we took a photograph at any given value of t, we get a picture of
the string

y = sin
⇣n⇡x

L

⌘

which are the shapes shown earlier.



At a fixed point x ,
y = sin

⇣n⇡⌫
L

t
⌘

or a particular x point oscillates up and down with the normal mode
frequency.

Fast Image Sequence (like a movie)

Run code….



Vibrations of a Rectangular Drum

We now choose to look at a rectangular drum because we can
handle this boundary easily with a simple extension of our
1-dimensional solutions in cartesian coordinates.

We will look at a circular drum later.

The vibration of a 2-dimensional membrane fixed at the boundaries

x = 0, x = a, y = 0, y = b

can be described as follows:

@2u

@x2 +
@2u

@y2 =
1
c2

@2u

@t2

We choose
u(x , y , t) = X (x)Y (y)T (t)



SOV substitution gives

1
X

@2X

@x2 =
1
Y

@2Y

@y2 =
1
c2

1
T

@2T

@t2

The separation constant assignment goes like

1
X

@2X

@x2 = �x ,
1
Y

@2Y

@y2 = �y ,
1
c2

1
T

@2T

@t2
= �

with
�x + �y = � , all constants

The solutions are

X (x) = A cos kxx + B sin kxx , k2
x = ��x

Y (y) = C cos kyy + D sin kyy , k2
y = ��y

T (t) = E cos↵t + D sin↵t , ↵2 = ��



with

k2
x + k2

y =
↵2

c2

The boundary conditions give

X (0) = 0 ! A = 0 , Y (0) = 0 ! C = 0

X (a) = 0 ! kx =
m⇡

a
= km , Y (b) = 0 ! ky =

n⇡

a
= kn

or
m2⇡2

a2 +
n2⇡2

a2 =
↵2

c2 =
!2
mn

c2 ! !mn = c⇡

r
m2

a2 +
n2

a2

The general solution is then a sum of all possible solutions (all m, n)

u(x , y , t) =
1X

m,n=1

sin
m⇡x

a
sin

n⇡y

a
(cnmn cos!mnt + cmn sin!mnt)



where !mn = frequency of the (m, n) normal mode.

Some examples of modes are shown below:

As always, the strength with which various normal modes are
excited depends on the exact initial conditions.

The OCTAVE program below sq-drum.m shows the (n,m) modes
of the rectangular membrane (image sequence type movie).



sqdrum.m

Run code….



An image from the sequence for the (2,3) mode looks like



Diffusion Equation

The 1-dimensional diffusion equation is

@2u(x , t)

@x2 =
1
D

@u(x , t)

@t

Using SOV we have

u(x , t) = X (x)T (t)

1
X

@2X

@x2 =
1
D

1
T

@T

@t
= � = separation constant

We get equations and solutions

d2X

dx2 � �X = 0 ! X (x) = A cos kx + B sin kx

dT

dt
� �DT = 0 ! T (t) = Qe�k

2
Dt + Rek

2
Dt

with
k2 = ��



The positive exponential solution is not allowed physically since it
would imply that, as

t ! 1 ) T ! 1

which makes no sense in a heat diffusion problem.

On the other hand for the negative exponential solution

t ! 1 ) T ! 0

which does make physical sense.

This is just an example of the “physics of the problem” restricting
or modifying the strictly mathematical solution.

Therefore, we have
T (t) = e�k

2
Dt



Special case:

Consider a 1-dimensional rod of length a, at temperature T0, which
has both of its ends placed in contact with a heat reservoir at
T = 0.

We have the possible solutions

u(x , t) = (A cos kx + B sin kx)e�k
2
Dt

Boundary Conditions

x = 0 ! u(0, t) = 0 ! (A)e�k
2
Dt = 0 ! A = 0

x = a ! u(a, t) = 0 ! (B sin ka)e�k
2
Dt = 0

! sin ka = 0 ! k = kn =
n⇡

a

Therefore, a solution is given by

un(x , t) = Bn sin knxe
�k

2
nDt



so that the most general solution is

u(x , t) =
X

n

Bn sin knxe
�k

2
nDt

Initial Conditions At t = 0, we were in equilibrium such that
T = T0 everywhere.

This means that
@u

@t
= 0 at t = 0

so that

@2u(x , 0)
@x2 =

1
D

@u(x , 0)
@t

= 0 ! meaning of equilibrium or steady-state

d2u(x , 0)
dx2 =! u(x , 0) = F + Gx = T0 for all x ! G = 0,F = T0



This gives
u(x , 0) = T0 =

X

n

Bn sin knx

Bn =
2
a

Z
a

0
T0 sin

n⇡x

a
dx =

2T0

n⇡
(1 � cos n⇡) =

(
4T0/n⇡ n odd
0 n even

The final solution is then

u(x , t) = T0
X

n odd

4
n⇡

sin
n⇡x

a
e�

n
2⇡2
a2

Dt

The OCTAVE program diff1.m, which generates a sequence of
temperature profiles (in time), is given by





Another example:

We consider a slab, as shown below, which is infinite in the
y -direction.



This means we only need to worry about the x and t variables.



We assume that initially (t = 0)

T = 0 at x = 0

T = 100 at x = L

and for t > 0 we assume

T = 0 at x = 0

T = 0 at x = L

and ask what happens in time?

The T (t) solution is the same as before, namely,

T (t) = e�k
2↵2

t

where D = ↵2.



For the x solution, first we find the initial steady-state T
distribution.

We have only x to worry about (everything must be uniform in y).

Now, steady-state means
@u

@t
= 0

or
du(x , 0
dx2 = 0 ! u(x , 0) = ax + b

u(0, 0) = 0 ! b = 0

u(L, 0) = 100 ! a =
100
L

so that
u(x , 0) =

100x
L



For t > 0 we use the diffusion equation which gives

u(x , t) = (a cos kx + b sin kx)e�k
2
Dt

u(0, t) = 0 ! b = 0

u(L, t) = 0 ! sin kL = 0 ! k = kn =
n⇡

L

Therefore the most general solution is

u(x , t) =
1X

n=1

ane
�( n⇡↵

L
)2t sin

n⇡x

L

Now

u(x , 0) =
100x
L

=
1X

n=1

an sin
n⇡x

L

which gives



an =
200
⇡

(�1)n�1

n
and the solution

u(x , t) =
200
⇡

1X

n=1

(�1)n�1

n
e�(

n⇡↵
L
)2t sin

n⇡x

L

Heat conduction example:

We consider a long rectangular metal plate which has the
steady-state configuration as shown in the figure below:



We are looking for a solution of the 2-dimensional steady-state
diffusion equation

r2T (x , y) =
@2T

@x2 +
@2T

@y2 =
1
D

@T

@t
= 0

We assume

T (x , y) = X (x)y(y) ! d2X

dx2 = �d2Y

dy2 = �k2 , k � 0

The solutions are

X (x) = a cos kx + b sin kx

Y (y) = ceky + de�ky

We made this particular choice of signs for the separation constant
because we need X to be trigonometric functions and Y to be
exponential functions for physical reasons,



i.e., X being trigonometric is the only way for us to be able to have
X = 0 at both x = 0 and x = 10.

Therefore, the solution is

T (x , y) = (a cos kx + b sin kx)(ceky + de�ky )

The boundary conditions give

T (0, y) = 0 ! b = 0

T (10, y) = 0 ! sin 10k = 0 ! k = kn =
n⇡

10
, n = 1, 2, 3, ....

which gives the most general solution (sum of all possible solutions)
as

T (x , y) =
X

n

sin knx(cne
kny + dne

�kny )



Now, if we let the far end be at y = 30, then we have

T (x , 30) = 0 =
X

n

sin knx(ce
30kn + de�30kn) ! cn

dn
= e�60kn

Therefore

T (x , y) =
X

n

dn sin knx(e
�60knekny + e�kny )

=
X

n

dn sin
n⇡x

10
(e�3n⇡e

n⇡
10 (y�30) + e�

n⇡
10 (y�30))

=
X

n

Dnsin
n⇡x

10
sinh

n⇡

10
(y � 30)

Finally, we have

T (x , 0) = 100 = �
X

n

Dnsin
n⇡x

10
sinh 3n⇡



Solving for Dn we finally get

T (x , y) = �
X

n odd

400
n⇡ sinh 3n⇡

sin
n⇡x

10
sinh

n⇡

10
(y � 30)

A OCTAVE program that plots the steady-state solution as a
surface image is given by









Dealing with the Laplacian

To deal with other equations we must work with the full Laplacian
operator. The first step is always to separate out the t dependence
using the SOV procedure.

So we always assume

u(~r , t) = u(~r)T (t)

Most of the PDEs of interest then reduce to the form

(r2 + k2)u(~r) = 0

where
k2 = 0 for the Laplace equation

k2 > 0 for the helmholtz equation

k2 < 0 for the diffusion equation



The Schrödinger equation is an exception to the rule because of the
appearance of an extra term due to the potential function

2m
~2 V (~r)

The Laplacian in Different Coordinate Systems

Cartesian:
r2 =

@2

@x2 +
@2

@y2 +
@2

@z2

Cylindrical Polar:

r2 =
1
⇢

@

@⇢

✓
⇢
@

@⇢

◆
+

1
⇢2

@2

@�2 +
@2

@z2

Spherical Polar:

r2 =
1
r2

@

@r

✓
r2 @

@r

◆
+

1
r2 sin ✓

@

@✓

✓
sin ✓

@

@✓

◆
+

1
r2 sin2 ✓

@2

@�2



Cartesian SOV Solution: assuming

u(~r) = X (x)y(y)Z (z)

1
X

d2X

dx2 +
1
Y

d2Y

dy2 +
1
Z

d2Z

dz2 + k2 = 0

We then choose

1
Y

d2Y

dy2 = �m2
y ! d2Y

dy2 +m2
yY = 0

1
Z

d2Z

dz2 = �m2
z ! d2Z

dz2 +m2
zZ = 0

which gives

d2X

dx2 + (k2 � k2
y � k2

z )X = 0 =
d2X

dx2 +m2
xX

so that we end up with three separate ODEs.



Cylindrical Polar SOV Solution: assuming

u(~r) = R(⇢)�(�)Z (z)

1
⇢R

@

@⇢

✓
⇢
@R

@⇢

◆
+

1
⇢2�

@2�

@�2 +
1
Z

@2

@z2 + k2 = 0

We then choose

1
�

d2�

d�2 = �m2 ! d2�

d�2 +m2� = 0

1
Z

d2

dz2 = ↵2 ! d2

dz2 � ↵2Z = 0

which gives

⇢2 d
2R

d⇢2 + ⇢
dR

d⇢
+ (�2⇢2 �m2)R = 0 , �2 = k2 + ↵2

Again, we end up with three separate ODEs.



Spherical Polar SOV Solution: assuming

u(~r) = u(r , ✓,�) = R(r)⇥(✓)�(�)

1
r2

@

@r

✓
r2@R

@r

◆
+

1
r2 sin ✓⇥

@

@✓

✓
sin ✓

@⇥

@✓

◆
+

1
r2 sin ✓�

@2�

@�2 +k2 = 0

We then choose

1
�

d2�

d�2 = �m2 ! d2�

d�2 +m2� = 0

1
sin ✓⇥

d

d✓

✓
sin ✓

d⇥

d✓

◆
� m2

sin2 ✓
⇥ = �c

! 1
sin ✓

d

d✓

✓
sin ✓

d⇥

d✓

◆
� m2

sin2 ✓
⇥+ c⇥ = 0

which gives

1
r2R

d

dr

✓
r2 dR

dr

◆
� c

r2R + k2R = 0

Again, we end up with three separate ODEs.



Solutions

Cartesian

The three ODEs for X , Y , and Z are all solved either by
trigonometric functions or exponentials.

Cylindrical Polar The Z and � equations are solved either by
trigonometric functions or exponentials.

The R or radial equation is

z2 d2

dz2 + z
d

dz
+ (z2 �m2)

�
Jm(z) = 0 , z = �⇢

where Jm(z) is the cylindrical Bessel function of order m.

It is the solution of this equation that behaves like
⇣z

2

⌘m

as z ! 0.



Spherical Polar

The � equation is solved either by trigonometric functions or
exponentials.

The equation for ✓ is familiar.

Putting x = cos ✓ we get

(1 � x2)

d2

dx2 � 2z
d

dx
�
✓
c � m2

1 � x2

◆�
P(x) = 0

which is the Associated Legendre equation.

The ODE Legendre equation we studied is a special case of this
equation with m = 0.

This equation can be solved by a power series using the standard
Frobenius method.

The infinite Frobenius series is only convergent for |x | < 1.



The solution at x = 1 is infinite(not good) unless

c = `(`+ 1) , ` = 0, 1, 2, 3, .....

With this choice of c the Frobenius infinite series terminates as a
polynomial, which is called the associated Legendre polynomial
Pm

` (x).

Since physical solutions must be bounded, we choose always to
terminate the series and get associated Legendre polynomials as the
solutions with ` non-negative.


(1 � x2)

d2

dx2 � 2z
d

dx
� `(`+ 1) +

m2

1 � x2 )

�
Pm

` (x) = 0

The r or radial equation is then

z2 d2

dz2 + 2z
d

dz
+ (z2 � `(`+ 1))

�
j`(z) = 0

where j`(z) is the spherical Bessel function of order ` and

j`(z) =

r
⇡

2z
J`+1/2(z)



These Bessel functions are among the most useful of the so-called
“higher transcendental functions” .

A transcendental function is one that is not “algebraic” .

An algebraic function of x is one that can be generated from x by a
finite number of algebraic operations like +,�, x , /.

For example, a polynomial is algebraic but log (x) is not.

The elementary transcendental functions are exp, log, sin, cos, sinh,
cosh, ....

Each of these equations has a second linearly independent solution

Qm

` (z) = associated Legendre function of the second kind

Nm(z) = associated Bessel function of the second kind

⌘`(z) = spherical Bessel function of the second kind



They generally have divergent properties at the origin and are only
included in the most general solution to a problem if the origin is
excluded from the system under consideration.

The properties of the Bessel function, the Legendre polynomials,
the Laguerre polynomials and the Hermite polynomials are available
at https://dlmf.nist.gov and earlier in my class notes.

The important properties are:
(1) which ODE they solve
(2) recurrence formulas
(3) indefinite and definite integrals
(4) orthogonality relations
You will need to use all of these results to solve PDEs.

In addition, as you solve more problems, including those we will
solve together in these notes later, you will learn how to use various
other properties of these functions.



Now the special case k = 0 gives Laplace equation

We get in this special case

1
r2R

d

dr

✓
r2 dR

dr

◆
� `(`+ 1)

r2 R = 0 =
d2R

dr2 +
2
r

dR

dr
� `(`+ 1)

r2 R

We consider the solution R = rq where q is to be determined.

Substitution gives

(q(q�) + 2q � `(`+ 1))rq�2 = 0 ! q2 + q � `(`+ 1) = 0

! q = `, �(`+ 1)

Therefore the most general solution is

R(r) = a1r
` + a2r

�(`+1)

where the second term must be excluded if the origin (r = 0) is in
the system.



All this theory can fry the brain....... so let us do a few
examples.

Vibration of a Circular Membrane (drumhead)

The circular membrane is fixed at the rim(circular boundary).

We want to determine the characteristic frequencies and vibrational
normal modes.

The membrane is in the x � y or r � ✓ plane and z represents the
vibration amplitude.

We choose the coordinate origin at the center of the membrane.

We have the wave equation

r2z(⇢,�, t) =
1
⌫2

@2z

@t2



z = F (⇢,�)T (t) ! 1
F
r2F =

1
⌫2

d2T

dt2
= �k2

r2F + k2F = 0 ! Helmholtz equation

T̈ + k2⌫2T = 0

If we choose
F (⇢,�) = R(⇢)�(�)

we can separate the Helmholtz equation as

1
⇢R

@

@⇢

✓
⇢
@R

@⇢

◆
+

1
⇢2�

@2�

@�2 + k2 = 0

We then let
1
�

@2�

@�2 = �n2 ! d�

d�2 + n2� = 0

to obtain

⇢2 d
2R

d⇢2 + ⇢
dR

d⇢
+ (k2⇢2 � n2)R = 0



We have solutions

T (t) = c sin k⌫t + d cos k⌫t

�(�) = a sin n�+ b cos n�

where n must be an integer so that

�(�) = �(�+ 2⇡)

i.e., it makes no physical sense to get a different solution (different
physics) if we change � by 2⇡ , and

R(⇢) = Jn(k⇢)

There is no contribution from the Nn(k⇢) solution because it is
singular at ⇢ = 0 which is the center of the membrane.

Thus, a solution for the circular membrane is

z(⇢,�, t) = Jn(k⇢)(a sin n�+ b cos n�)(c sin k⌫t + d cos k⌫t)



At ⇢ = 1 we have the boundary condition z = 0 for all �, t.

This implies that

Jn(k) = 0 ! k = kmn = mth zero of Jn

The most general solution is then

z(⇢,�, t)

=
X

m,n

Jn(kmn⇢)(amn sin n�+ bmn cos n�)(cmn sin kmn⌫t + dmn cos kmn⌫t)

To completely solve this problem, we would need to use a double
Fourier series in � and t to determine the allowed (n,m) values and
the corresponding coefficients given appropriate initial conditions on
the position and velocity of the membrane.

This is very tedious so, instead, we will look at some properties of
the solutions.



With the circular membrane we also get normal modes with
characteristic frequencies

⌫mn =
!mn

2⇡
=

kmn⌫

2⇡

There is a doubly infinite set of such modes and frequencies.

All frequencies are different and not equal to multiples of a
fundamental as with a vibrating string.

This is the reason why a drum is different from a violin!

The OCTAVE program below generates the normal modes of the
drumhead.



Some images are below:



>> drumhead

[m, n, ampl ] : [0, 0, 0.5]



>> drumhead

[m, n, ampl ] : [0, 1, 0.5]



» drumhead

[m, n, ampl ] : [2, 0, 0.5]



>> drumhead

[m, n, ampl ] : [2, 2, 0.5]



Steady State Temperature in a Cylinder

In this example, we have a semi-infinite cylinder of radius r = 1 in
the r � ✓ plane with one cap at z = 0 and extending to z = 1.

The cap at z = 0 is kept at T = 100 and the cylindrical surface is
kept at T = 0.

We also assume that because this is a steady-state problem

@T

@t
= 0

and thus we have the equation

r2T = 0 =
1
⇢

@

@⇢

✓
⇢
@T

@⇢

◆
+

1
⇢2

@2T

@�2 +
@2T

@z2



We substitute the SOV solution

T (⇢,�, z) = R(⇢)�(�)Z (z) ! 1
⇢R

✓
⇢
@R

@⇢

◆
+

1
⇢2�

@2�

@�2 +
1
Z

@2Z

@z2 = 0

We choose
1
Z

d2Z

dz2 = k2 ! d2Z

dz2 + k2Z = 0

1
�

d2�

d�2 = �n2 ! d2�

d�2 + n2� = 0

which leads to

⇢2 d
2R

d⇢2 + ⇢
dR

d⇢
+ (k2⇢2 � n2)R = 0



We then have the solutions

Z (z) = e�kz

where we only include the negative exponential solutions since the
positive exponential solutions make no physical sense for this
system since T ! 0 as z ! 1, and

�(�) = a sin n�+ b cos n�

where we must choose n = integer so that

�(�) = �(�+ 2⇡)

i.e., it makes no physical sense to get a different solution (different
physics) if we change � by 2⇡, and

R(⇢) = Jn(k⇢)

where we have not included the other solution Nn(k⇢) because it is
singular at ⇢ = 0 which is the center of the cylinder.



The boundary condition on the cylindrical surface gives

R(1) = Jn(k) = 0

so that the possible k-values are the zeroes of the Bessel function
of order n, i.e., k = kmn = mth zero of Jn.

Thus, a solution for the cylinder is

Tmn(⇢,�, z) = Jn(kmn⇢)(amn sin n�+ bmn cos n�)e
�kmnz

If we turn the cylinder through any angle, the boundary conditions
on the top and bottom caps are the same (independent of �).

Therefore, the solution cannot depend on �.

This means that the only allowed value of n = 0.

The solutions are then

Tm(⇢,�, z) = bmJ0(km⇢)e
�kmz

where km = mth root of J0.



The most general solution is the superposition

T (⇢,�, z) =
1X

m=1

bmJ0(km⇢)e
�kmz

In this case, the bm are determined by the exact temperature value
on the bottom cap.

We have the boundary condition on the bottom cap

T (⇢,�, 0) = 100 =
1X

m=1

bmJ0(km⇢)

This should remind you of a Fourier series.

However, instead of expanding in trigonometric function, here we
expand in Bessel functions.

Remember the earlier example where we expanded both in a Fourier
series and in Legendre polynomials.



From the properties of the Bessel function we can determine the
coefficients as follows:

100 =
1X

m=1

bmJ0(km⇢)

Z 1

0
100⇢J0(kn⇢)d⇢ =

1X

m=1

bm

Z 1

0
⇢J0(kn⇢)J0(km⇢)d⇢

=
1X

m=1

bm�mn

Z 1

0
⇢[J0(kn⇢)]

2d⇢

= bn

Z 1

0
⇢[J0(kn⇢)]

2d⇢ =
bn
2
[J1(kn)]

2

or

bn =
200

[J1(kn)]2

Z 1

0
⇢J0(kn⇢)d⇢



Now,

d

dx
[xJ1(x)] = xJ0(0) !

1
kn

d

d⇢
[kn⇢J1(kn⇢)] = kn⇢J0(kn⇢)

which gives
Z 1

0
⇢J0(kn⇢)d⇢ =

1
kn

Z 1

0
d [⇢J1(kn⇢)] =

1
kn

⇢J1(kn⇢)

����
1

0
=

1
kn

J1(kn)

and
bn =

200
[J1(kn)]2

1
kn

j1(kn) =
200

knJ1(kn)

We finally get the solution

T (⇢,�, z) =
1X

m=1

200
kmJ1(km)

J0(km⇢)e
�kmz



Steady State Temperature in a Sphere

We have a sphere of radius r = 1.

The upper hemisphere is kept at T = 100 and the lower
hemisphere is kept at T = 0.

We now know the process so we will just write down all of the steps.

Equations:
r2T = 0

T (r , ✓,�) = R(r)⇥(✓)�(�)

1
R

@

@r

✓
r2@R

@r

◆
+

1
sin ✓⇥

@

@✓

✓
sin ✓

@⇥

@✓

◆
+

1
sin2 ✓�

@2�

@�2 = 0

We choose



1
�

@2�

@�2 = �m2 ! d2�

d�2 +m2� = 0

1
sin ✓⇥

@

@✓

✓
sin ✓

@⇥

@✓

◆
� m2

sin2 ✓
= �k

! 1
sin ✓

d

d✓

✓
sin ✓

d⇥

d✓

◆
� m2

sin2 ✓
⇥+ k⇥ = 0

which gives
d

dr

✓
r2 dR

dr

◆
� kR = 0

Solutions:

First,
�(�) = a sinm�+ b cosm�

where m = integer so that

�(�) = �(�+ 2⇡)



We then choose k = `(`+ 1) to get convergent polynomials, i.e.,

⇥(✓) = Pm

` (cos ✓)

We neglect the Legendre functions of the second kind because they
are singular at cos ✓ = 1.

Finally, we have
R(r) = cr ` + dr�(`+1)

We must, however, choose d = 0 or the solution diverges at r = 0.

General Solution

T (r , ✓,�) = r `Pm

` (cos ✓)(a sinm�+ b cosm�)

We have boundary condition that are independent of �.



Therefore we can have m = 0 only and our general solution
becomes

T (r , ✓,�) =
1X

`=0

b`r
`P`(cos ✓)

where P`(cos ✓) = Legendre polynomial.

We determine the coefficients by using the boundary condition

T (1, ✓,�) =
1X

`=0

b`P`(cos ✓) = f (✓) =

(
100 0  ✓  ⇡/2
0 ⇡/2  ✓  ⇡

This is always possible to do because the Legendre functions are an
orthonormal basis on the interval [0, 1].



We finally get
Z 1

�1
dxPn(x)

1X

`=0

b`P`(cos ✓) =

Z 1

�1
dxPn(x)f (x) = 100

Z 1

0
dxPn(x)

1X

`=0

b`

Z 1

�1
dxPn(x)Pm(x) = 100

Z 1

0
dxPn(x)

1X

`=0

b`�n`
2

2n + 1
= 100

Z 1

0
dxPn(x) =

2
2n + 1

bn ! bn =
50(2n + 1)
R 1
0 dxPn(x)

Therefore,

T (r , ✓,�) = 50
1X

`=0

50(2`+ 1)
R 1
0 dxP`(x)

r `P`(cos ✓)



Now,
Z 1

0
dxP0(x) =

Z 1

0
dx = 1 ,

Z 1

0
dxP1(x) =

Z 1

0
xdx =

1
2

Z 1

0
dxP2(x) =

1
2

Z 1

0
dx(3x2 � 1) = 0

Z 1

0
dxP3(x) =

1
8

,

Z 1

0
dxP4(x) = 0 ,

Z 1

0
dxP5(x) =

1
16

so that we get the final answer

T (r , ✓,�)

= 100

1
2
P0(cos ✓) +

3
4
P1(cos ✓)�

7
16

P3(cos ✓) +
11
32

P5(cos ✓) + ....

�



Nuclear Fission example

Assume that the neutron density n inside U235 obeys the differential
equation

r2n(r , ✓,�, t) + �n(r , ✓,�, t) =
1


@n(r , ✓,�, t)

@t

with n = 0 on the surface of the sphere.

Find the critical radius R0 such that the neutron density inside a
U235 sphere of radius R0 or greater is unstable and increases
exponentially with time (called nuclear fission).

We have

1
r2

@

@r

✓
r2@n

@r

◆
+

1
r2 sin ✓

@

@✓

✓
sin ✓

@n

@✓

◆
+

1
r2 sin2 ✓

@2n

@�2 +�n =
1


@n

@t

We make the standard SOV substitution

n(r , ✓,�, t) = R(r)⇥(✓)�(�)T (t)



to get

1
r2R

d

dr

✓
r2 dR

dr

◆
+

1
r2 sin ✓⇥

d

d✓

✓
sin ✓

d⇥

d✓

◆
+

1
r2 sin2 ✓�

d2n

d�2 + �

=
1


dT

dt
= �k

Thus,
dT

dt
+ kT = 0 ! T = e�kt

We choose

1
�

d2n

d�2 = �m2 ! d2n

d�2 +m2� = 0 ! �(�) = a sinm�+ b cosm�

Since there is no � dependence in the system, we must choose
m = 0 so that

�(�) = b



We choose

1
sin ✓⇥

d

d✓

✓
sin ✓

d⇥

d✓

◆
= �c = �`(`+ 1) ! ⇥(✓) = P`(cos ✓)

Since there is no ✓ dependence in the system, we must choose
` = 0 so that

⇥(✓) = P0(cos ✓) = 1

This leaves us with only the radial equation remaining

1
r2R

d

dr

✓
r2 dR

dr

◆
+ �+ k = 0 ! r2 d

2R

dr2 + 2r
dR

dr
+ r2(�+ k)R = 0

Remember the full solution for this system is

n(r , t) = R(r)e�kt



We can change the radial equation to

z2 d
2R

dz2 + 2z
dR

dz
+ z2R = 0 , z =

p
�+ kr

which is the spherical Bessel function equation

z2 d2

dz2 + 2z
d

dz
+ (z2 � `(`+ 1)

�
j`(z) = 0

for ` = 0.

The solution in this case is

R(z) = j0(z) =
sin z

z
=

sin
p
�+ krp

�+ kr

The general solution is then

n(r , t) =
sin

p
�+ krp

�+ kr
e�kt



The boundary condition is

n(R0, t) = 0 ! sin
p
�+ kR0 = 0 !

p
�+ kmR0 = m⇡

so that

km =
m2⇡2

R2
0

� �

Therefore our solution is

nm(r , t) =
sin m⇡

R0
m⇡
R0

e
�
⇣

m⇡
R0

��
⌘
t

The full general solution is a superposition of these solutions for all
m values.

n(r , t) =
X

m

sin m⇡
R0

m⇡
R0

e
�
⇣

m⇡
R0

��
⌘
t



If

km =
m2⇡2

R2
0

� � < 0

then the solution is unstable (grows exponentially with time).

This condition becomes, if

R0 >
m⇡

�

then we have unstable behavior.

The minimum value of m is 1.

Therefore, we have unstable behavior if

R0 >
⇡

�

or we get a nuclear explosion if we bring too much U235 together.



The actual critical mass of U235 is 52 kg.

The density of U235 is 19.1 g/cm3 = 19.1 ⇥ 103 kg/m3.

52 kg corresponds to a sphere of radius
4
3
⇡R3

0⇢ = M = 52kg

or

R0 =

✓
3M
4⇡⇢

◆1/3
= 0.87m = 8.7cm

and the parameter � would be

� >
⇡

R0
= 0.115 cm�1

Worrying About the k = 0 Solutions

We consider a plate, 10cm by 30cm, with two insulated sides, one
end held at T = 0 and the other held at a given temperature

T = f (x) = 100 or T = f (x) = x (two different cases).



Insulated sides means that

@T

@x
= 0 at x = 0 and x = 10 (the sides)

The plate looks like

x=0 x=10

y=0

y=30

insulator

insulator

T=0

T = f(x)



As before we have the general solution

T (x , y) = aeky sin kx + be�ky sin kx + ceky cos kx + de�ky cos kx

Boundary conditions:

@T

@x
(x = 0) = 0 ! a = b = 0

@T

@x
(x = 10) = 0 ! k =

n⇡

10

T (x , y = 30) = 0 ! (ce30k+de�30k) cos kx = 0 ! ce30k+de�30k = 0

Thus, we have

T (x , y) =
X

n

An sinh
n⇡(30 � y)

10
cos

n⇡x

10



Thus, we have

T (x , y) =
X

n

An sinh
n⇡(30 � y)

10
cos

n⇡x

10

For T = f (x), when y = 0, we expand f (x) in a Fourier series on
the interval [0, 10].

Note, however, that there are no constant terms in the solution
since for n = 0 has sinh(0) = 0. Now putting

k =
n⇡

10
= 0

in terms like e±ky cos kx gives a constant as a possible solution of
Laplace’s equation.

We cannot, however, just add a constant to our solution because
then T 6= 0 when y = 30. We must go back to the original
equation and set k = 0 to determine what to do.



We have

d2X

dx2 = 0 ! dX

dx
= constant ! X = a+ bx

d2Y

dy2 = 0 ! dY

dy
= constant ! Y = c + dy

Therefore, we must add

Tadd = a+ bx + cy + dxy

to our general solution for k = 0.

We were not careful enough in the k = 0 case.

Often this is a troublesome case and must be looked at with care.



Now
@Tadd

@x
(x = 0) = 0 ! b = d = 0

Tadd = a+ cy

Tadd(x , y = 30) = 0 ! a+ 30c = 0

Tadd = c(30 � y)

and thus,

T (x , y) = c(30 � y) +
X

n

An sinh
n⇡(30 � y)

10
cos

n⇡x

10

Now we can impose T = f (x) at y = 0 and get

f (x) = 30c +
X

n

An sinh 3n⇡ cos
n⇡x

10
= 30c +

X

n

an cos
n⇡x

10

=
a0

2
+
X

n

an cos
n⇡x

10



which says that

c =
a0

60
, An =

an
sinh 3n⇡

Case #1: f (x) = 100

a0 =
2
10

Z 10

0
100dx = 200 ! c =

10
3

an =
2
10

Z 10

0
100 cos

n⇡x

10
dx =

200
n⇡

Z
n⇡

0
cos udu = 0

Therefore,
T (x , y) =

10
3
(30 � y)

which you should have been able to guess !!!!!



Case #2: f (x) = x Same analysis as Case #1 except

a0 =
2
10

Z 10

0
xdx = 10 ! c =

1
6

an =
2
10

Z 10

0
cos

n⇡x

10
dx =

2
10

✓
10
n⇡

◆2 h
cos

n⇡x

10
+

n⇡x

10
sin

n⇡x

10

i10

0

=
20

n2⇡2 (cos n⇡ � 1) =

(
0 n even
� 40

n2⇡2 n odd

Therefore,

T (x , y) =
1
6
(30�y)� 40

⇡2

X

n odd

1
n2 sinh 3n⇡

sinh
n⇡(30 � y)

10
cos

n⇡x

10



Examples, Examples„ Examples, ...........

#1 - A string of length L is initially stretched straight; its ends are
fixed for all t.

At time t = 0, its is given the the following velocity profile:

v(x) =

✓
@y

@t

◆

t=0
=

8
><

>:

0 0  x  L/2 � w

h L/2 � w  x  L/2 + w

0 L/2 + w  x  L

which is a square pulse.

Determine the shape of the string at time t, that is, find the
displacement y as a function of x and t in the form of a series.



As before the most general solution is of the form

y(x , t) = (A sin kx + B cos kx)(C sin!t + D cos!t)

where
y(x , 0) = 0 ! D = 0 , v(x , 0) = v(x)

The ends are fixed so that

y(0, t) = 0 ! B = 0

y(L, t) = 0 ! sin kL = 0 ! k = kn =
n⇡

L

Therefore,

y(x , t) =
1X

n=1

An sin
n⇡x

L
sin

n⇡⌫t

L



Using the initial(t = 0) velocity profile we have

v(x) =
1X

n=1

An

n⇡⌫t

L
sin

n⇡x

L

An

n⇡⌫t

L
= h

Z
L/2+w

L/2�w

sin
n⇡x

L
dx =

2h
l

✓
� L

n⇡
cos

n⇡x

L

◆L/2+w

L/2�w

= � 2h
n⇡

⇣
cos

⇣n⇡
2

+
n⇡w

L

⌘
� cos

⇣n⇡
2

� n⇡w

L

⌘⌘

=
4h
n⇡

sin
⇣n⇡

2

⌘
sin

⇣n⇡w
L

⌘

or
An =

4hL
n2⇡2⌫

sin
⇣n⇡

2

⌘
sin

⇣n⇡w
L

⌘



and

y(x , t) =
4hL
⇡2⌫

1X

n=1

1
n2 sin

⇣n⇡
2

⌘
sin

⇣n⇡w
L

⌘
sin

n⇡x

L
sin

n⇡⌫t

L

or since

sin
⇣n⇡

2

⌘
= 0 for n even and sin

⇣n⇡
2

⌘
= (�1)(n�1)/2 for n odd

we have

y(x , t) =
4hL
⇡2⌫

1X

n odd

(�1)(n�1)/2

n2 sin
⇣n⇡w

L

⌘
sin

n⇡x

L
sin

n⇡⌫t

L



#2 - Find the steady-state temperature distribution in the sector of
a circular plate of radius 10 and angle 45� if the temperature is
maintained at 0� along the radii and at 100� along the curved edge.

As before these are the solutions of Laplace’s equation:

1
r

@

@r

✓
r
@u

@r

◆
+

1
r2

@2u

@�2

u(r ,�) = R(r)�(�)

1
rR

@

@r

✓
r
@R

@r

◆
+

1
r2�

@2�

@�2 = 0

We choose
1
�

d2�

d�2 = �n2 ! d2�

d�2 + n2� = 0

which gives

r2 d
2R

dr2 + r
dR

dr
� n2R = 0



We assume that

R = rq ! rq(q(q � 1) + q � n2) = 0 = q2 � n2 ! q = ±n

We have the general solution

un(r ,�) = (Arn + Br�n)(Cn sin n�+ Dn cos n�)

Since r = 0 is on the plate we must choose B = 0 so that

un(r ,�) = rn(Cn sin n�+ Dn cos n�)

At ✓ = 0 we have u(r , 0) = 0, which says that we must choose
Dn = 0.

un(r ,�) = Cnr
n sin n�

At ✓ = ⇡/4 we have u(r ,⇡/4) = 0, which says that we must choose

n⇡

4
= m⇡ , m, n = integers ! n = 4m



Thus the most general solution is then

u(r ,�) =
1X

m=1

Cmr
4m sin 4m�

Finally,

u(10,�) =
1X

m=1

Cmr
4m sin 4m�

Cn104n =
200
⇡/4

Z ⇡/4

0
sin 4n�d� = �200

n⇡
(cos n⇡�1) =

(
0 n even
400
n⇡ n odd

or

u(r ,�) =
400
⇡

1X

modd

1
m

⇣ r

10

⌘4m
sin 4m�



100 terms5 terms 50 terms

500 terms

[r,phi] = ndgrid(0:0.1:10,linspace(0,pi/8,101));
u=0;
for j=[1:2:1001]
 u=u+(400/pi)*(1/j)*(r/10).^(4*j) .*sin((4*j)*phi);
end
[x,y] = pol2cart(phi,r);
surf(x,y,u);
colormap(rainbow)



# 3 - Find the steady-state temperature distribution inside a sphere
of radius 1 when the surface temperature is given by

T (1, ✓,�) =
⇡

2
� ✓

The general solution is

T (r , ✓,�) = r `Pm

` (cos ✓)(A sinm�+ B cosm�)

No � dependence means that we must choose m = 0 to get

T (r , ✓,�) =
1X

`=0

A`r
`P`(cos ✓)

Now

T (1, ✓,�) =
1X

`=0

A`P`(cos ✓) =
⇡

2
� ✓

or
1X

`=0

A`P`(x) =
⇡

2
� cos�1 x = sin�1 x



We have
1X

`=0

A`

Z 1

�1
P`(x)Pn(x)dx =

Z 1

�1
sin�1 xPn(x)dx

=
1X

`=0

A`�n`
2

2n + 1
=

2
2n + 1

An

or

An =
2n + 1

2

Z 1

�1
sin�1 xPn(x)dx

Now
sin�1 x is an odd function of x

Pn(x) is odd for n odd and even for n even

Therefore,

An =
2n + 1

2

Z 1

�1
sin�1 xPn(x)dx = 0 for n even

An = (2n + 1)
Z 1

0
sin�1 xPn(x)dx for n odd



Now from the tables
Z 1

0
sin�1 xPn(x)dx =

xn+1 sin�1 x

n + 1

����
1

0
� 1

n + 1

Z 1

0

xn+1
p

1 � x2
dx

=
1

n + 1


⇡

2
�
Z 1

0

xn+1
p

1 � x2
dx

�

To evaluate Z 1

0

xn+1
p

1 � x2
dx

we let
x = sin ✓

to get
dxp

1 � x2
= d✓

and
Z 1

0

xn+1
p

1 � x2
dx =

Z ⇡/2

0
(sin ✓)n+1d✓ =

1 · 3 · 5 · · · n
2 · 4 · 6 · · · (n + 1)

⇡

2



Finally,

A1 = 3
Z 1

0
sin�1 xP1(x)dx =

3⇡
8

A3 = 7
Z 1

0
sin�1 xP3(x)dx =

5⇡
4

A5 = 11
Z 1

0
sin�1 xP5(x)dx =

11⇡
192

or
1X

`=0

A`P`(x) = sin�1 x =
⇡

8


3P1(x) +

7
16

P3(x) +
11
64

P5(x) + .....

�

so that

T (r , ✓,�) =
1X

`=0

A`r
`P`(x)

=
⇡

8


3rP1(x) +

7
16

r3P3(x) +
11
64

r5P5(x) + .....

�



#4 - Find the electrostatic potential outside a conducting sphere of
radius a placed in an originally uniform electric field and maintained
at zero potential. HINT: Let the original field ~E be in the negative
z-direction so that

~E = �E0k̂

Then since ~E = �r�, where � is the potential, we have

� = E0z = E0r cos ✓

You then want a solution of Laplace’s equation

r2u = 0

which is zero at r = a and becomes u ⇡ � for large r (far away
from the sphere).

Select the solutions of Laplace’s equation in spherical coordinates
which have the right ✓ and � dependence (there are just two such
solutions) and find the combination that reduces to zero for r ! 1.

r2u = 0 , u(r = a, ✓,�) = 0 , u(r ! 1, ✓,�) = E0r cos ✓



The general solution is

u(r , ✓,�) = (Ar ` + Br�(`+1))Pm

` (cos ✓)(C cosm�+ D sinm�)

No � dependence means we must choose m = 0 .

u(r , ✓,�) =
1X

`=0

(A`r
` + B`r

�(`+1))P`(cos ✓)

We keep both radial solutions since r = 0 is not in system.

The boundary condition

u(r = a, ✓,�) = 0 ! A`a
` + B`a

�(`+1) = 0 ! B` = �a2`+1A`

so that

u(r , ✓,�) =
1X

`=0

A`(r
` � a2`+1r�(`+1))P`(cos ✓)



The boundary condition

u(r ! 1, ✓,�) = E0r cos ✓

says that
A` = 0 ` 6= 1 and A1 = E0

Finally we have

u(r , ✓,�) = E0(r � a3r�2)P1(cos ✓)



#5 - A hollow split conducting sphere of radius a is placed at the
origin.

If one half of the surface is charged to a potential v0 and the other
half is kept at zero potential, find the potential inside and outside
the sphere.

We choose the top hemisphere to be charged to v0 and the bottom
hemisphere at zero potential with the plane where the two
hemispheres meet perpendicular to the polar (z) axis.

The boundary conditions are then

V (a, ✓,�) =

(
v0 0 < ✓ < ⇡/2 (1 > cos ✓ > 0)
0 ⇡/2 < ✓ < ⇡ (0 > cos ✓ > �1)

This implies that the potential is independent of � so that we
choose m = 0 in the solution

�(�) = A sinm�+ B cosm�

and the ✓ solution is given by P`(cos ✓).



Therefore,

V (r , ✓,�) =
1X

`=0

(A`r
` + B`r

�(`+1))P`(cos ✓)

Inside the sphere r < a (r = 0 in this region) so that we must
choose B` = 0 and therefore

Vinside(a, ✓,�) =
1X

`=0

A`a
` + B`P`(cos ✓)

or using the orthogonality of the Legendre polynomials we have

A`a
` =

2`+ 1
2

Z 1

�1
Vinside(a, ✓,�)P`(cos ✓)d(cos ✓)

=
2`+ 1

2
v0

Z 1

0
P`(µ)dµ

which gives the results
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A`a
`
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A`a
`P`(cos ✓)



A0 =
v0

2
, A1 =

3v0

4a
, A2 = 0 , A3 = � 7v0

16a3 , .......

and

Vinside(r , ✓,�) =
v0

2


1 +

3r
2a

P1(cos ✓)�
7r3

8a3P3(cos ✓) + ....

�

Outside the sphere (r > a) the solution must approach zero as
r ! 1, which implies that A` = 0 and thus

Voutside(a, ✓,�) =
1X

`=0

B`a
�(`+1)P`(cos ✓)

and similar to above we have

B`a
�(`+1) =

2`+ 1
2

v0

Z 1

0
P`(µ)dµ



B0 =
v0a

2
, B1 =

3v0a2

4
, B2 = 0 , B3 = �7v0a64

16
, .......

and

Voutside(r , ✓,�) =
v0a

2r


1 +

3a
2r

P1(cos ✓)�
7a3

8r3P3(cos ✓) + ....

�

On the equator (r = a, ✓ = ⇡/2)

V (a,⇡/2,�) =
v0

2

or halfway between the top and bottom hemisphere values (the
average).



Relaxation Methods

This is a way to approximate the Laplace Equation by finite
differences and produce an iterated solution for the potential.

Cartesian Coordinates

r2u(x , y , z) =
@2u

@x2 +
@2u

@y2 +
@2u

@z2 = 0

We approximate the derivatives by

@u

@x
(x , y , z) =

u(x +�x/2, y , z)� u(x ��x/2, y , z)
�x

@2u

@x2 (x , y , z) =
@u
@x (x +�x/2, y , z)� @u

@x (x ��x/2, y , z)
�x

=
u(x +�x , y , z)� u(x , y , z)

�x)2
� u(x , y , z)� u(x ��x , y , z)

�x)2

=
u(x +�x , y , z)�2u(x , y , z)

(�x)2

<latexit sha1_base64="dVB5vy5zbNgQBvzZmAFSqm3E/JE="></latexit>

=
u(x+�x, y, z) + u(x��x, y, z)� 2u(x, y, z)

(�x)2



and so on for y and z .....

We then have (choosing �x = �y = �z = �) the finite difference
equation

r2u(x , y , z) = 0

=
1
�2 [u(x +�, y , z) + u(x ��, y , z) + u(x , y +�, z)

+ u(x , y ��, z) + u(x , y , z +�) + u(x , y , z ��)]

� 6u(x , y , z)
�2

or in 3 dimensions

u(x , y , z)

=
1
6
[u(x +�, y , z) + u(x � �, y , z) + u(x , y +�, z)

+u(x , y ��, z) + u(x , y , z +�) + u(x , y , z ��)]



and in 2 dimensions

u(x , y , z) =
1
4
[u(x +�, y) + u(x ��, y) + u(x , y +�) + u(x , y ��)]

The proceess (in 2 dimensions) is as follows:
1. Define a grid
2. Define the potential on the boundaries of the grid (boundary

conditions)
3. Iterate the equation for u(x , y , z) until the potential stops

changing
4. The final configuration is the solution to the Laplace equation



Example 1: We start with these boundary conditions:

200 ⇥ 200 grid size
potential = 0 on the edges
potential = +15 on a line
potential = -15 on a parallel line
potential = +15 at a point

We are attempting to model a parallel plate + a point charge.

OCTAVE program relax1.m shown below.





The final potential configuration is shown below.



The code below(relax1mov.m) does the same calculation but show
all the intermediate configurations leading to the final configuration.



10000 steps



50000 steps



100000 steps



500000 steps



500000 steps

100000 steps50000 steps



Plane-Polar Coordinates We now do the same derivation but in
plane-polar coordinates.

r2u(r , ✓) =
1
r

@

@r

✓
r
@u

@r

◆
+

1
r2

@2u

@✓2 = 0

@2u

@r2 +
1
r

@u

@r
+

1
r2

@2u

@✓2 = 0

We approximate the derivatives (as earlier) by

@u

@r
(r , ✓) =

u(r +�r/2, ✓)� u(r ��r/2, ✓)
�r

@2u

@r2 (r , ✓) =
u(r +�r , ✓) + u(r ��r , ✓)� 2u(r , ✓)

(�r)2

@2u

@✓2 (r , ✓) =
u(r , ✓ +�✓) + u(r✓ � Delta✓)� 2u(r , ✓)

(�✓)2



This gives the finite difference equation

u(r , ✓) =
1

2(�r)2 + 2(�✓)2
�
r2(�✓)2(u(r +�r , ✓) + u(r ��r , ✓))

r(�r)(�✓)2(u(r +�r , ✓)� u(r ��r , ✓))

(�r)2(u(r , ✓ +�✓) + u(r✓ ��✓))
�

The OCTAVE program relax2.m (below) iterates these equations
(can you guess the boundary conditions?).









Changing the boundary conditions (Octave code relax3.m):







Complex Variables Existence of a Derivative

For a complex function of a complex variable given by
f (z) = u(z) + iv(z) where z = x + iy and u, v are real functions,
the derivative of f (z) is defined by

f 0(z) =
df

dz
= lim

�z!0

�f (z)

�z
= lim

�z!0

f (z + �z)� f (z)

�z

provided that the limit is independent of the particular approach
to the point z in the complex plane.

This is always true provided the following Cauchy-Riemann(C-R)
conditions are satisfied:

@u

@x
=

@v

@y
,

@u

@y
= �@v

@x

If these conditions are true at some point z and in the
neighborhood of z , then they are necessary and sufficient conditions
for the existence of the derivative of f (z) or we say the function is
differentiable in this region of the complex plane.



Analytic Functions

If f (z) is differentiable at z = z0 and in some small region around
z0, then we say that f (z) is analytic at z = z0.

Example:

w(z) = z2 = (x + iy)2 = x2 � y2 + 2xyi

u(x , y) = x2 � y2 , v(x , y) = 2xy

@u

@x
= 2x =

@v

@y
,

@u

@y
= �2y = �@v

@x

This is true everywhere in the complex plane and thus w(z) is
analytic and differentiable everywhere and

dw

dz
= 2z

Another example: Define z⇤ = x � iy = complex conjugate.



w(z) =
1
z
=

1
z

z⇤

z⇤
=

x � iy

x2 + y2

u(x , y) =
x

x2 + y2 , v(x , y) = � y

x2 + y2

The Cauchy-Riemann conditions are satisfied everywhere but at
z = 0.

Thus, the function 1/z is analytic everywhere but z = 0 and its
derivative is

d(1/z)
dz

= � 1
z2

in the analytic region.

Define a Contour Integral

The integral of a complex function over a contour(path) in the
complex plane is defined in close analogy with the standard integral
of a real function integrated along the real x-axis.



Divide the contour z0 ! z 00 = zn into n intervals by picking n � 1
intermediate points z1, z2, .... on the contour (see figure)

Now consider the sum

Sn =
nX

j=1

f (qj)(zj � zj�1)

where qj is a point on the curve between zj and zj�1. Now let
n ! 1 with



|zj � zj�1| ! 0
for all j .

If the limn!1 Sn exists and is independent of the details of
choosing the points zj and qj , then

lim
n!1

nX

j=1

f (qj)(zj � zj�1) =

Z
z
0
0

z0

f (z)dz

The RHS is called the contour integral of f (z) (along the
specified contour C from z = z0 to z = z 00.

Cauchy Integral Theorem

Now let w(z) be a complex function which is analytic in some
region of the complex plane and consider this integral

I

C

w(z)dz



along a closed contour C which lies entirely within the analytic
region as shown below:

Since w(z) is analytic and obeys the C-R conditions, we have
I

C

w(z)dz =

I

C

(u(z) + iv(z))d(x + iy)

=

I

C

(udx � vdy) + i

I

C

(vdx + udy)



= �
x

R

✓
@v

@x
+

@u

@y

◆
dxdy � i

x

R

✓
�@u

@x
+

@v

@y

◆
dxdy = 0

where R is are area inside the curve C and we have made use of
Green’s theorem.

So we have the Cauchy Integral Theorem:

If f (z) is an analytic function whose derivative f 0(z) exists and is
continuous at each point within and on the closed contour C , then

I

C

f (z)dz = 0

We note that all integrations traverse the contour counterclockwise
unless otherwise stated.

Contour Deformation

An important consequence of the Cauchy integral theorem is that



any contour of such complex integrals can be arbitrarily deformed
within the analytic region without changing the value of the
integral.

We can see this as follows: the integral

I =

Z

C0

w(z)dz

is along the contour C0 from a to b



We now add an integral with the same integrand but a different
contour C

I =

Z

C0

w(z)dz +

I

C

w(z)dz

The value is still I since w(z) is analytic and thus
I

C

w(z)dz = 0

Notice, however, that two parts of the paths overlap.



The integral is the same over both of these paths but we are
traversing them in opposite directions so they cancel out.

Therefore
I =

Z

C0

w(z)dz =

Z

C 0
0

w(z)dz

where C 0
0 is shown below:



This means we can freely deform the contour in analytic regions.

An important example is the contour integral:
Z

C

zndz

where C is a circle of radius r > 0 around the origin z = 0 in the
positive mathematical sense (counterclockwise).



In polar coordinates we can parameterize z by

z = re i✓ ! dz = ire i✓d✓ ( on the circe where r = constant

For n 6= 1, we get

1
2⇡i

Z

C

zndz =
rn+1

2⇡

Z 2⇡

0
e i(n+1)✓d✓ =

rn+1

2⇡i(n + 1)

h
e i(n+1)✓

i2⇡

0
= 0

while for n = 1 we have

1
2⇡i

Z

C

=
1
2⇡

dz

z

Z 2⇡

0
d✓ = 1

Both results are independent of r .

This is an example of the Cauchy integral theorem.

The Cauchy integral theorem is the first of two basic theorems in
the study of complex variables.



Let us elaborate on our earlier definition:

Statement of the Theorem

If a function f (z) is analytic (therefore single-valued) and its partial
derivatives are continuous throughout some region R as shown in
the figure,

then for every closed path C in R the contour integral of f (z)
around C is zero I

C

f (z)dz = 0



The Cauchy Integral Formula

Consider a function f (z) that is analytic on and within a closed
contour C .

Let us evaluate I

C

f (z)

z � z0
dz

where z0 is some point in the interior region bounded by C .

Although f (z) is analytic, the integrand

f (z)

z � z0

is not analytic at z0 unless f (z0) = 0.

If the contour is deformed as shown in the figure,



then Cauchy’s integral theorem applies and we have
I

C

f (z)

z � z0
dz �

I

C2

f (z)

z � z0
dz = 0

where C is the original outer contour and C2 is the circle
surrounding the point z0 (traversed in a counterclockwise direction).



If we let
z = z0 + re i✓

on C2, where eventually r will go to zero, then we have
I

C

f (z)

z � z0
dz =

I

C2

f (z)

z � z0
dz =

I

C2

f (z + 0 + re i✓)

re i✓
ire i✓d✓

Taking the limit r ! 0, we get
I

C

f (z)

z � z0
dz = if (z0)

I

C2

d✓ = 2⇡if (z0)

which is the Cauchy integral formula.

Here is a remarkable result.

The value of an analytic function f (z) is given(by the formula) at
an interior point z = z0 once the values on the boundary C are
specified. If z0 is a point exterior to the region bounded by C , then
the integral equals zero.



Summarizing the theorem:

Let f (z) be be an analytic function within a closed contour C and
continuous within and on C .

If a is any point within C , then

f (a) =
1

2⇡i

I

C

f (z)

z � a
dz

If a is any point outside C , then

0 =
1

2⇡i

I

C

f (z)

z � a
dz

Derivatives of a Complex Function

We can write
f (z) =

1
2⇡i

I

C

f (q)

q � z
dq

where z is any point interior to C .



We then have

f 0(z) = lim
h!0

f (z + h)� f (z)

h
=

1
2⇡i

lim
h!0

H

C

f (q)
q�z�h

dq �
H

C

f (q)
q�z

dq

h

=
1

2⇡i
lim
h!0

H

C

f (q)
⇣

1
q�z�h

� 1
q�z

⌘
dq

h

=
1

2⇡i
lim
h!0

H

C

f (q)
⇣

h

(q�z�h)(q�z)

⌘
dq

h

=
1

2⇡i
lim
h!0

I

C

f (q)

✓
1

(q � z � h)(q � z)

◆
dq

=
1

2⇡i

I

C

f (q

(q � z)2
dq

In a similar manner we have

f (n)(z) =
n!

2⇡i

I

C

f (q

(q � z)n+1 dq



Taylor Series

We have
f (z) =

1
2⇡i

I

C

f (q)

q � z
dq

where C is a circle centered at a and of radius r < � and z lies
inside C .

� is the distance from a to the nearest point of C .

This means that
|z � a| < r

Now let
k =

z � a

q � a

Then
1 � k =

q � z

q � a



1
1 � k

=
q � a

q � z
=

1X

n=0

kn , |k | < 1

This implies that

1
q � z

=
1

q � a

1X

n=0

✓
z � a

q � a

◆n

=
1

q � a
+

z � a

(q � a)2
+....+

(z � a)n

(q � a)n+1+....

Since, on the circle C

|k | =
����
z � a

q � a

���� =
r

�
< 1

this series converges uniformly on C .

This means that we can multiply by

f (q)

2⇡i

and integrate term by term around C .



We get
I

C

f (q)

q � z
dq =

I

C

dq
f (q)

q � a
+

I

C

dqf (q)
z � a

(q � a)2

+ ....+

I

C

dqf (q)
(z � a)n

(q � a)n+1 + ....

f (z) =

I

C

dq
f (q)

q � a
+ (z � a)

I

C

dqf (q)
1

(q � a)2

+ ....+ (z � a)n

I

C

dqf (q)
1

(q � a)n+1 + ....

f (z) = f (a) + f 0(a)(z � a) + ....+
f (n)(a)

n!
(z � a)n + .....

which is the Taylor series.



Laurent Series

We assume that f (z) is single-valued and analytic throughout the
closed annulus bounded by the outer circle C2 and the inner
concentric circle C1.

Let z be a point inside the annulus.

C

C1

2

z



We then have
f (z) =

1
2⇡i

I

C

f (q)

q � z
dq

where C is the total boundary of the annulus traversed so that the
interior of the annulus always lies to the left (counterclockwise
around C2 and clockwise around C1).

This means that

f (z) =
1

2⇡i

I

C2

f (q)

q � z
dq � 1

2⇡i

I

C1

f (q)

q � z
dq

Now
1

2⇡i

I

C2

f (q)

q � z
dq =

1X

n=0

an(z � a)n

where a is the common center of C1 and C2 and

an =
1

2⇡i

I

C2

f (q)

(q � a)n+1 dq



We note that an is not in general equal to

f (n)(a)

n!

since f (z) is not necessarily analytic throughout the interior of C2.

Now

1
z � q

=
1

z � a
+

q � a

(z � a)2
+ ....+

(q � a)n

(z � a)n+1 + ......

This series converges uniformly on C1. Therefore

� 1
2⇡i

I

C1

dq
f (q)

q � z
=

1
2⇡i

1
z � a

I

C1

dqf (q)

+
1

2⇡i
1

(z � a)2

I

C1

dqf (q)(q � a)

+ ...+
1

2⇡i
1

(z � a)n+1

I

C1

dqf (q)(q � a)n + .........



or

� 1
2⇡i

I

C1

dq
f (q)

q � z
=

1X

n=1

bn
(z � a)n

where
bn =

1
2⇡i

I

C1

dqf (q)(q � a)n�1

Putting this all together we get

f (z) =
1X

�1
an(z � a)n

where
an =

1
2⇡i

I

C

dq
f (q)

(q � a)n�1

for all values of n.



The contour C is any closed contour which passes around the
annulus and lies between the two circles.

Notice that when f (z) is analytic throughout the interior of the
inner circle C1, all the terms with negative n are absent (use the
Cauchy theorem) and it reduces to a Taylor series.

Example: Let

f (q) =
1

q(q � 1)
Choose a = 0. We then have r = 0 and R = 1 as the radii of the
two concentric circles defining the region of analyticity of f (q).

We then obtain

an =
1

2⇡i

I

C

dq
f (q)

(q � a)n�1 =
1

2⇡i

I

C

dq
1

(q)n+2(q � 1)

= � 1
2⇡i

I

C

1X

m=0

qm
dq

(q)n+2 = � 1
2⇡i

1X

m=0

I

C

dq

(q)n+2�m



Now we use the polar form of q to integrate around the circle

an = � 1
2⇡i

1X

m=0

I

C

dq

(q)n+2�m
= � 1

2⇡i

1X

m=0

I

C

ire i✓d✓

((r)n+2�m
e i(n+2�m)✓

= � 1
2⇡i

1X

m=0

�n�m+2,1

This gives

an =

(
�1 n � �1
0 n < �1

The Laurent expansion becomes

1
z(z � 1)

= �1
z
� 1 � z2 � z3 � ..... = �

1X

n=�1

zn

We have smashed a peanut with a sledgehammer, but the method
is clear and works very well when a real sledgehammer is necessary.

Let us look at all this another way.



Laurent’s Theorem

Let C1 and C2 be two concentric circles with centers at z0.

Let f (z) be analytic in the region R between the circles.

Then f (z) can be expanded in a series of the form

f (z) = a0+a1(z�z0)+a2(z�z0)
2+.......+

b1

z � z0
+

b2

(z � z0)2
+........

A Taylor series has only one circle about z0 which implies that
bi = 0 so that

f (z) = a0 + a1(z � z0) + a2(z � z0)
2 + .......

where

an =
1

2⇡i

I

C

f (z)

(z � z0)n+1 , bn =
1

2⇡i

I

C

f (z)

(z � z0)�n+1

and C = any closed curve surrounding z0 in R .



Example: We consider

W (z) =
1

1 + z2 =
1

(z + i)(z � i)
=

i

2


1

(z + i)
� 1

(z � i)

�

(a) Taylor series about z = 0: We have

1
z � a

= �
1X

n=0

1
(a� z0)n+1 (z � z0)

n , z0 = expansion point

Therefore,

1
(z + i)

= �
1X

n=0

(�1)n+1

(i + z0)n+1 (z � z0)
n

1
(z � i)

= �
1X

n=0

1
(i � z0)n+1 (z � z0)

n

so that

W (z) = � i

2
�

1X

n=0


(�1)n+1

(i + z0)n+1 � 1
(i � z0)n+1

�
(z � z0)

n

inside the circle |z | < 1.



For z0 = 0 we have

W (z) = �1
2

1X

n=0

1
in

[(�1)n + 1] zn

Now
1
2
[(�1)n + 1] =

(
1 n = even
0 n = odd

so that
W (z) = 1 � z2 + z4 � z6 + ......

as expected.



(b) What is the Laurent series expansion of

f (z) =
1

z2 � 3z + 2
=

1
(z � 2)(z � 1)

=
1

(z � 2)
� 1

(z � 1)

valid in each of the regions

(1) 1 < |z | < 2 , (2) 2 < |z | , (3) |z | < 2

(1) To obtain a Laurent series expansion in this region, we expand
about the origin.

We write

f (z) = �1
2

✓
1

1 � z/2

◆
� 1

z

✓
1

1 � 1/z

◆

The first fraction has a singularity at z/2 = 1 and can be expanded
in a Taylor series that converges if z < 2.

The second fraction has a singularity at 1/z = 1 and can be
expanded in a Laurent series that converges if 1 < z .



The two fractions are expressed in the appropriate series are

�1
2

✓
1

1 � z/2

◆
= �1

2

✓
1 +

z

2
+
⇣z

2

⌘2
+
⇣z

2

⌘3
+ ....

◆

= �1
2
� z

4
� z2

8
� z3

16
� .....

�1
z

✓
1

1 � 1/z

◆
= �1

z

 
1 +

1
z
+

✓
1
z

◆2
+

✓
1
z

◆3
+ ....

!

= �1
z
� 1

z2 � 1
z3 � 1

z4 � .......

where the first series is valid for |z | < 2 and the second series is
valid for 1 < |z |. Adding the two series we get the Laurent series as

f (z) =
1

z2 � 3z + 2
= ......� 1

z3 � 1
z2 � 1

z
� 1

2
� z

4
� z2

8
� z3

16
� ....

valid for 1 < |z | < 2.



(2) In this region we expand

1
z � 1

=
1
z

✓
1

1 � 1/z

◆

and as above
1
z

✓
1

1 � 1/z

◆
=

1
z
+

1
z2 +

1
z3 +

1
z4 + .......

which is valid for 1 < |z |.

However, we now write

1
z � 2

=
1
z

✓
1

1 � 2/z

◆
=

1
z
+

2
z2 +

4
z3 +

8
z4 + .......

which is valid for 2 < |z |.

Thus we have the Laurent series

f (z) =
1

z2 � 3z + 2
=

1
z2 +

3
z3 +

7
z4 +

15
z5 + .....

valid for 2 < |z |.



(3) In this region, we expand about the point z = 1 to get

f (z) =
1

z2 � 3z + 2
=

1
z � 1

✓
� 1

2 � z

◆
=

1
z � 1

✓
�1

1 � (z � 1)

◆

=
�1
z � 1

�
1 + (z � 1) + (z � 1)2 + (z � 1)3 + (z � 1)4 + ......

�

=
�1
z � 1

� 1 � (z � 1)� (z � 1)2 � (z � 1)3 � (z � 1)4 � ......

valid for 0 < |z � 1| < 1.

Calculus Of Residues

Singularities: Poles

In the Laurent expansion of f (z) about z0

f (z) =
1X

n=�1
an(z � a)n

If an = 0 for n < �m < 0 and am 6= 0, we say that is a pole of
order m.



For instance, if m = 1, that is, if
a�1

z � z0

is the first non-vanishing term in the Laurent series, then we have a
pole of order one, which is called a simple pole.

Residue Theorem

If the Laurent expansion of a function

f (z) =
1X

n=�1
an(z � a)n

is integrated term by term by using a closed contour that encircles
one isolated singular point z0 once in a counterclockwise sense, we
obtain
I

C

f (z)dz =
1X

n=�1
an

I

C

(z�z0)
ndz =

1X

n=�1
an

(z � z0)n+1

n + 1

����
z1

z�1
= 0

for all n 6= 1.



However, for n = �1,

a�1

I

C

(z � z0)
�1dz = a�1

I

C

ire i✓

re i✓
d✓ = 2⇡ia�1

Summarizing
1

2⇡i

I

C

f (z)dz = a�1

The constant a�1, which is the coefficient of (z � z0)�1 in the
Laurent expansion , is called the residue of f (z) at z = z0.

If we have a set of isolated singularities, then we can handle them
by deforming the our contour as shown in the figure



Cauchy’s integral theorem then gives
I

C

f (z)dz +

I

C0

f (z)dz +

I

C1

f (z)dz +

I

C2

f (z)dz + .... = 0

The circular integral around any singular point is given by
I

Ci

f (z)dz = �2⇡ia�1zi

(negative sign from clockwise integration as shown).

Putting this all together we get,
I

C

f (z)dz = 2⇡i(a�1z0 + a�1z1 + a�1z2 + a�1z3 + ....)

= 2⇡i(sum of enclosed residues)

This is the residue theorem.



The problem of evaluating one or more contour integrals is replaced
by the algebraic problem of computing residues at the enclosed
singular points.

The residues are obviously very important.

We need a general way to calculate them.

If we know the Laurent series for a function, then the residue is
simply the coefficient of the (z � z0)�1 term.

But, often, we do not know the Laurent series.

We can always, however, assume that a Laurent series exists and
then write

f (z) =
1X

n=�1
an(z � z0)

n

an =
1

2⇡i

I

C

f (z 0)

(z 0 � z)n+1 dz
0



The coefficient a�1 or the residue for a pole of order n is then given
by

a�1 =
1

(n � 1)!
lim
z!z0

dn�1

dzn�1 (f (z)(z � z0)
n)

Examples:

First-order pole (n = 1):

f (z) =
a1

z � z0
+ a0 + a1(z � z0) + a2(z � z0)

2 + ......

We have
lim z ! z0[f (z)(z � z0)] = a�1

Second-oder pole (n = 2):

f (z) =
a2

(z � z0)2
+

a1

z � z0
+ a0 + a1(z � z0) + a2(z � z0)

2 + ......

We have
lim z ! z0

d

dz
[f (z)(z � z0)

2] = a�1



Evaluation of Definite Integrals

Integrals of the form

I =

Z 2⇡

0
f (sin ✓, cos ✓)d✓

where f is a finite and single-valued function for all values of ✓.

We let
z = re i✓ ! dz = ire i✓ ! d✓ = �i

dz

z

sin ✓ =
z � z�1

2i
, cos ✓ =

z + z�1

2
The integral becomes (choosing r = 1)

I = �i

I

unit
circle

f

✓
z � z�1

2i
,
z + z�1

2

◆
dz

z

with the new path of integration(as indicated) the unit circle.

now for the useful stuff after all those mathematical proof….



By the residue theorem we get

I = (�i)2⇡i
X

(residues within the unit circle)

where we must find the residues of f (z)/z .

Example:

I =

Z 2⇡

0

d✓

1 + ✏ cos ✓
, |✏| < 1

This becomes

I = �i

I

unit
circle

dz

z
�
1 + ✏

2(z + z�1)
� = i

2
✏

I

unit
circle

dz

z2 + 2z
✏ + 1

The denominator has roots

z± = �1
✏
±
p

1 � ✏2



Now z+ is within the unit circle and z� is outside.

The integrand looks like

1
(z � z+)(z+ � z�)

near z = z+, and thus,

a�1 =
1

(z+ � z�)
=

✏

2
p

1 � ✏2

The integral then becomes

I = �i
2
✏
2⇡i

✏

2
p

1 � ✏2
=

2⇡p
1 � ✏2

, |✏| < 1

A truly amazing procedure!



Integrals of the form

I =

Z 1

�1
f (x)dx

where
(a) f (z) is analytic in the upper half plane except for a finite

number of poles(no poles on the real axis)
(b) f (z) vanishes as strongly as

1
z2 for |z | ! 1 , 0  arg(z)  ⇡

With these conditions, we can take the contour of integration as
the real axis [�R ,R] + a semi-circle in the upper half-plane as
shown in the figure:



where we eventually let the radius R of the semicircle become
infinitely large.

Then we have
I

f (z)dz = lim
R!1

Z
R

�R

f (x)dx + lim
R!1

Z ⇡

0
f (Re i✓)d(Re i✓)

= 2⇡i
X

(sum of residues in the upper half-plane)

where the integral over the semicircle generally vanishes(see
example below) and we get

I =

Z 1

�1
f (x)dx = 2⇡i

X
(sum of residues in the upper half-plane)



Example:

I =

Z 1

�1

dx

1 + x2 = 2⇡i
X

(sum of residues in the upper half-plane)

The first question is always...where are the poles?

1
1 + z2 =

1
z + i

� 1
z � i

! 2 simple poles at ± i

with
a�1 = ± 1

2i
We then get(since only the pole at z = i lies within the contour)

I =

Z 1

�1
f (x)dx = 2⇡i

1
2i

= ⇡

Show once: Vanishing of integral on upper semi-circle in
limit R ! 1.



On the upper semi-circle, z = Re i✓ so that

lim
R!1

Z ⇡

0

dz

1 + z2 = lim
R!1

Z ⇡

0

iRe i✓

1 + R2e2i✓ d✓ = i lim
R!1

1
R

Z ⇡

0
d�i✓d✓ = 0

Integrals of the form

I =

Z 1

�1
f (x)e iaxdx , a real and positive

This is just the Fourier transform we defined earlier.

We assume two conditions:
(a) f (z) is analytic in the upper half plane except for a finite

number of poles(no poles on the real axis)
(b)

lim
|z|!1

f (z) = 0 , 0  arg(z)  ⇡



We use the same contour as in the previous example(the real axis
plus a large semicircle).

The application of the residue theorem is the same as before,
except that it is more difficult to show that the integral goes to
zero over the large semicircle.

On the semicircle the integral becomes

IR =

Z ⇡

0
f (Re i✓)e iaR cos ✓�aR sin ✓iRe i✓d✓

We let R be so large that

|f (z)| = |f (Re i✓)| < ✏

Then we get

|IR |  ✏R

Z ⇡

0
e�aR sin ✓d✓ = 2✏R

Z ⇡/2

0
eaR sin ✓d✓

Now in the range [0,⇡/2], 2✓/⇡  sin ✓.



Thus, we have

|IR |  ✏R

Z ⇡

0
e�2aR✓/⇡d✓ = 2✏R

1 � e�aR

2aR/⇡

Finally,
lim

R!1
|IR | 

⇡

a
✏ ! 0 as ✏ ! 0(R ! 1)

Using the contour we then have

I =

Z 1

�1
f (x)e iaxdx + lim

R!1
|IR |

= 2⇡i
X

(sum of residues in the upper half-plane)

or for a > 0
Z 1

�1
f (x)e iaxdx = 2⇡i

X
(sum of residues in the upper half-plane)

This allows us to evaluate many Fourier transform integrals.

Note that if a < 0, then we just close contour in lower half-plane.



Example:

I =

Z 1

0

sin x

x
dx

We use the contour shown in the figure below:

and evaluate

Iz =

I
e iz

z
dz

The original integral I is the imaginary part of Iz .



The only pole is a simple pole at z = 0 which is outside the chosen
contour.

We therefore have
I

e iz

z
dz = 0 =

Z �r

�R

e ix

x
dx +

Z

C1

e iz

z
dz +

Z
R

r

e ix

x
dx +

Z

C2

e iz

z
dz

As before, Z

C2

e iz

z
dz = 0

In the limits r ! 0 and R ! 1, we have

I = �1
2
lim
r!0

Z

C1

e iz

z
dz

There are two ways to do the integral around the small semicircle.

First, it is

�⇡i (residue at z = 0) (1/2 full circle in wrong direction) = �⇡i



or by explicit integration

� lim
r!0

Z

C1

e iz

z
dz = lim

r!0

Z 0

⇡

e ir cos ✓�r sin ✓

re i✓
ire i✓d✓

= �i lim
r!0

Z 0

⇡
e ir cos ✓�r sin ✓d✓

= �i

Z 0

⇡
lim
r!0

e ir cos ✓�r sin ✓d✓ = �i

Z 0

⇡
d✓ = ⇡i

Thus,

I =

Z 1

0

sin x

x
dx =

1
2
Imag(i⇡) =

⇡

2

Integrals of exponential form

If we have real exponentials in the integrand, then we must choose
a contour specifically for each separate problem.



We illustrate this with an example.

I =

Z 1

�1

eax

1 + ex
dx , 0 < a < 1

The limits on a are necessary to avoid a divergent integral. We
choose the contour

and evaluate
I

eaz

1 + ez
dz = lim

R!1

✓Z
R

�R

eax

1 + ex
dx +

Z
R

�R

eax

1 + ex
dx +

Z

C1

+

Z

C2

◆



The two vertical contours C1 and C2 vanish exponentially as
R ! 1.

We then have
I

eaz

1 + ez
dz = lim

R!1

✓Z
R

�R

eax

1 + ex
dx � e2⇡ia

Z
R

�R

eax

1 + ex
dx

◆

= lim
R!1

✓
(1 � e2⇡ia)

Z
R

�R

eax

1 + ex
dx

◆

= 2⇡i
X

(residues inside the contour)

Where are the poles?

We have a pole when

ez = �1 ! pole at z = i⇡

A Laurent expansion in powers of (z � i⇡) is



1 + ez = 1 � ez�i⇡ = (z � i⇡)

✓
1 � z � i⇡

2!
+

(z � i⇡)2

3!
+ ....

◆

and thus it has a simple pole with residue �e i⇡a.

We thus get

lim
R!1

✓
(1 � e2⇡ia)

Z
R

�R

eax

1 + ex
dx

◆
= 2⇡i

X
(residues inside the contour)

= 2⇡i(�e i⇡a)

and finally
Z 1

�1

eax

1 + ex
dx =

2⇡i(�e i⇡a)

(1 � e2⇡ia)
=

2⇡i(�e i⇡a)

e i⇡a(e�i⇡a � e⇡ia)
=

⇡

sin⇡a

That is how many integrals are actually done!!!





@vi
@xi

=
X

i

@vi
@xi

=
@v1

@x1
+

@v2

@x2
+

@v3

@x3
+ ....

@2�

@xi@xi
=

X

i

@2�

@xi@xi
=

@2�

@x1@x1
+

@2�

@x2@x2
+

@2�

@x3@x3
+ ....

Subscripts that are summed over are called dummy subscripts and
others are called free subscripts.

Defining the Kronecker Delta

�ij =

(
1 i = j

0 i 6= j

we then have

aij�jk = aij�kj = aik

bj�jk = bk

aijbjk�ki = aijbji = akjbjk



(2) Change of Basis

A vector ~A with components (A1,A2,A3) is written as

~A = Ai êi

with respect to the basis vectors {ê1, ê2, ê3}.

We introduce a new basis {ê 01, ê 02, ê 03} related to the old basis by the
relations

ê 0j = Sij êi

The coefficient Sij is the ith component of the vector ê 0
j
with

respect to the original basis.

We then have
~A = A0

i ê
0
i

or
~A = A0

i ê
0
i = A0

iSji êj = Aj êj



Aj = SjiA
0
i

(S�1)ijSjiA
0
i = (S�1)ijAj

(S�1S)iiA
0
i = (I )iiA

0
i = (S�1)ijAj

A0
i = (S�1)ijAj

where we have denoted the matrix with elements Sij bS .

In the special case where the transformation is a rotation of the
coordinate axes(as we saw earlier), the transformation matrix S is
orthogonal and we have

A0
i = (ST )ijAj = SjiAj

Scalars, for example, the scalar or “dot” product of two vectors
~A · ~B (just a number), behave differently than vector under
transformations since they remain unchanged under any coordinate
transformation.

The behavior of linear operators is also different.



If a linear operator Â is represented by some matrix A in a given
coordinate system, then in a new (primed) coordinate system it is
represented by the new matrix

A0 = S�1AS

We will now develop a formalism to describe all of these different
types of objects and their transformation properties.

The generic name tensor will be introduced and scalars, vectors
and linear operators will become tensors of zeroth, first and second
order (the order or rank corresponding to the number of
subscripts needed to specify a particular element of the tensor).

(3) Cartesian Tensors

We first confine our attention to rotations of Cartesian coordinate
systems.



We assume that the origin remains fixed and we define the
transformation in terms of the components of the position vector in
the old {ê1, ê2, ê3} and new {ê 01, ê 02, ê 03} bases.

We have
x 0i = Lijxj

In this case the transformation matrix L is orthogonal so that

L�1 = LT

or
L�1L = LTL = LLT

LikLjk = �ij = LkiLkj

This allows us to write
xi = Ljix

0
j



since
~x = xj êj = x 0j ê

0
j

x 0j ê
0
j · ê 0i = xj ê

0
i · êj

x 0j �ji = (ê 0i · êj)xj
x 0i = (ê 0i · êj)xj

We then have the result

Lij = ê 0i · êj

We note that the product of two rotations is also a rotation.

For example, suppose

x 0i = Lijxj and x 00i = Mijx
0
j

x 00i = MijLjkxk = (ML)ikxk

which implies that ML is also a rotation.



Example:

Let us consider a rotation of the coordinate axes through an angle
✓ about the ê3-axis (or x3-axis) as shown in figure below.

Let the vector be ~x .

Looking at the dotted lines we have

x 01 = x1 cos ✓ + x2 sin ✓

x 02 = �x1 sin ✓ + x2 cos ✓

x 03 = x3



Thus, we have (using x 0
i
= Lijxj)

L =

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆

The corresponding inverse relations are

x1 = x 01 cos ✓ � x 02 sin ✓

x2 = x 01 sin ✓ + x 02 cos ✓

x3 = x 03
(4) First- and Zero-Order Cartesian Tensors

We now assume that any set of (three) quantities vi , which are
explicitly or implicitly functions of the coordinates xi , that
transform according to

vi = Lijvj

form the components of a vector or first-rank Cartesian tensor.

Clearly, the position coordinates are components of a first-rank
tensor.

Since the transformation is orthogonal, the components of a
first-rank tensor also satisfy

vi = Ljivj



Examples:

Which of the following pairs of quantities are components of a
first-rank Cartesian tensor in two dimensions?

(i) Suppose (v1, v2) = (x2,�x1) are the components relative to the
old axes.

We then have

v 01 = L11v1 + L12v2 = cos ✓(x2) + sin ✓(�x1) = x 02

v 02 = L21v1 + L22v2 = � sin ✓(x2) + cos ✓(�x1) = �x 01

Thus, (v1, v2) = (x2,�x1) is a first-rank tensor.

(ii) Suppose (v1, v2) = (x2, x1) are the components relative to the
old axes.



We then have

v 01 = L11v1 + L12v2 = cos ✓(x2) + sin ✓(x1) 6= x 02

v 02 = L21v1 + L22v2 = � sin ✓(x2) + cos ✓(�x1) 6= �x 01

Thus, (v1, v2) = (x2, x1) is not a first-rank tensor.

(iii) Suppose (v1, v2) = (x2
1 , x

2
1 ) are the components relative to the

old axes. We then have

v 01 = L11v1+L12v2 = cos ✓(x2
1 )+sin ✓(x2

2 ) 6= x 021 = (cos ✓(x1)+sin ✓(x2))
2

v 02 = L21v1 + L22v2 = � sin ✓(x2
1 ) + cos ✓(x2

2 ) 6= x 022

= (� sin ✓(x1) + cos ✓(x2))
2

Thus, (v1, v2) = (x2
1 , x

2
1 ) is not a first-rank tensor.



Examples of first-rank tensors (vectors) are position, velocity,
momentum, acceleration and force.

We now consider quantities that are unchanged by a rotation of the
axes.

They are called scalars or tensors or rank zero.

They contain only one element.

An example is the square of the distance of a point from the origin

r2 = x2
1 + x2

2 + x2
3

Under a transformation we get

r 02 = x 021 + x 022 + x 023 = r2

so the it is an invariant.

We note that r2 is a scalar product, i.e., r2 = ~x · ~x .



It is easy to show that any scalar product ~A · ~B is invariant under
the transformation and is a tensor of rank zero.

~A0 · ~B 0 = A0
iB

0
i = LijAjLikBk = LTji LikAjBk = (LTL)jkAjBk

= �jkAjBk = AjBj = ~A · ~B

We can use a scalar to generate a tensor of rank one.

Consider the new object (the gradient)

vi
@�

@xi
! ~v = r�

where � is a scalar quantity. Under a rotation we get

v 0i =

✓
@�

@xi

◆0
=

@�0

@x 0
i

=
@�

@x 0
i

=
@xj
@x 0

i

@�

@xj
= Lij

@�

@xj
= Lijvj

so we have constructed a first-rank tensor.

vi = 



Now let us consider the quantity (the divergence

s = r · ~v =
@vi
@xi

where ~v is a first-rank tensor.

Under a rotation we get

s 0 =

✓
@vi
@xi

◆0
=

@v 0
i

@x 0
i

=
@xj
@x 0

i

@v 0
i

@xj
=

@xj
@x 0

i

@(Lijvk)

@xj
= LijLik

@vk
@xj

= LTji Lik
@vk
@xj

= (LTL)jk
@vk
@xj

= �jk
@vk
@xj

=
@vj
@xj

= s

so it is an invariant or zero rank tensor or scalar.



(5) Second- and Higher-Order Cartesian Tensors

We now define a second-rank Cartesian tensor as follows: the
elements Tij form the components of a second rank Cartesian
tensor if

T 0
ij = LikLjlTkl and Tij = LkiLljT

0
kl

Generalizing, we say that the elements Tij ....k form the components
of an nth rank Cartesian tensor (where n = the number of indices) if

T 0
ij ...k = LipLjq.........LkrTpq...r and Tij ...k = LpiLqj ......LrkT

0
pq...r

In 3 dimensions, an nth rank Cartesian tensor has 3n components.

Since a second-rank tensor has two indices, it is natural to display
its components in matrix form.

The notation [Tij ] is used, as well as
$
T , to denote the matrix having

Tij as the element in the i th row and j th column. We also denote
the column matrix containing the elements vi of a vector by [vi ].



We can think of a second rank tensor
$
T as a geometrical entity and

the matrix containing its components as a representation of the
tensor with respect to a particular coordinate system.

Let us look more closely at the transformation rule for second rank
tensors using its matrix representation.

We have

T 0
ij = LikKjlTkl = LikTklLjl = LikTkl(L

T )lj

T 0 = LTLT = LTL�1

Tij = LkiTLljT
0
kl
= LkiT

0
kl
Llj = (LT )ikT

0
kl
Llj

T = LTTL = L�1TL

Thus, the matrix representing a second rank tensor behaves in the
same way under orthogonal transformations as the matrix
representation of a linear operator.



Not all linear operators, however, are second rank tensors.

Examples

(i) The outer product of two vectors. Let ui and vi , i = 1, 2, 3
be the components of two vectors (first rank tensors) ~u and ~v and
consider the set of quantities Tij defined by

Tij = uivj

The set Tij are called the components of the outer product of ~u
and ~v .

Under rotations the components of Tij become

T 0
ij = u0iv

0
j = LikukLjlvl = LikLjlukvl = LikLjlTkl

which shows that they do transform as the components of a second
rank tensor.



We denote the outer product, without reference to a coordinate
system, by the symbol

$
T = ~u ⌦ ~v

This tells us the basis to which the components Tij of the second
rank tensor refer.

Using
~u = ui êi and ~v = vj êj

we have $
T = ui êi ⌦ vj êj = uivj êi ⌦ êj = Tij êi ⌦ êj

Clearly, the quantities T 0
ij

are the components of the same tensor
overset$T but referred to a different coordinate system, i.e.,

$
T = Tij êi ⌦ êj = T 0

ij ê
0
i ⌦ ê 0j



(ii) The gradient of a vector. Suppose that vi represents the
components of a vector.

We consider the quantities generated by forming the derivatives of
each vi , i = 1, 2, 3, with respect to each xj , j = 1, 2, 3, i.e.,

Tij =
@vi
@xj

We then have

T 0
ij =

@v 0
i

@x 0
j

=
@(Likvk)

@x 0
j

= Lik
@vk
@xl

@xl
@x 0

j

= Lik
@vk
@xl

Ljl = LikLjlTkl

which says that we have a second rank tensor
$
T = r~v .

A test of whether any given set of quantities forms the components
of a second rank tensor can always be made by direct substitution
of the x 0

i
in terms of the xi compared with using the transformation

rule.



Example: Show that the elements Tij given by

$
T = [Tij ] =

✓
x2
1 �x1x2

�x1x2 x2
1

◆

are the components of a second rank tensor.

Let us consider a rotation by ✓ about the ê3- axis.

The direct substitution using

x 01 = x1 cos ✓ + x2 sin ✓

x 02 = �x1 sin ✓ + x2 cos ✓

x 03 = x3



gives (using c = cos ✓ and s = sin ✓)

T 0
11 = x 022 = (�sx1 + cx2)

2 = s2x2
1 � 2scx1x2 + c2x2

2

T 0
(12) = �x 01x

0
2 = �(cx1+sx2)(�sx1+cx2) = scx2

1+(s2�c2)x1x2�scx2
2

T 0
21 = �x 01x

0
2 = �(cx1+sx2)(�sx1+cx2) = scx2

1+(s2�c2)x1x2�scx2
2

T 0
22 = x 021 = (cx1 + sx2)

2 = c2x2
1 + 2scx1x2 + c2x2

2

The transformation equations using

L =

0

@
cos ✓ sin ✓ 0
� sin ✓ cos ✓ 0

0 0 1

1

A

give



T 0
11 = L1kL1lTkl = s2x2

1 � 2scx1x2 + c2x2
2

T 0
(12) = L1kL2lTkl = scx2

1 + (s2 � c2)x1x2 � scx2
2

T 0
21 = L2kL1lTkl = scx2

1 + (s2 � c2)x1x2 � scx2
2

T 0
22 = L2kL2lTkl = c2x2

1 + 2scx1x2 + c2x2
2

which are the same.

Thus, we have a second rank tensor.

The same result can be proved more easily by realizing that the Tij

are, in fact, the components of the outer product of the vector
~v = (x2,�x1) (we proved earlier that this is a vector or first rank
tensor) with itself, i.e.,

~v ⌦ ~v = vivj êi ⌦ êj = Tij êi ⌦ êj



Tij = vivj

T11 = v1v1 = x2
2 T12 = v1v2 = �x1x2

T21 = v2V1 = �x1x2 T22 = v2v2 = x2
1

Another example of the transformation of tensors:

Consider a rotation through 45�.

The transformation array is given by

[a] =

✓
cos 45� sin 45�

� sin 45� cos 45�

◆
=

1p
2

✓
1 1
�1 1

◆

Assume that we have a vector (tensor of rank 1)

[V ] =

✓
1
2

◆



then
[V 0] = [a][V ] ! V 0

i = aijVj

or

V 0
1 = a11V1 + a12V 2 = 3

p
2

2

V 0
2 = a21V1 + a22V2 =

p
2

2

[V 0] =

p
2

2

✓
3
1

◆

Now consider the transformation of the rank 2 tensor

[T ] =

✓
4 6
3 1

◆

We have
[T 0] = [a][a][T ] ! T 0

ij = airajsTrs

This is NOT matrix multiplication!



We can, however, cast the equation as a matrix multiplication by a
rearrangement

T 0
ij = airajsTrs = airTrsajs = airTrs(asj)T = airTrs(asj)

�1

[T 0] = [a][T ][a]�1

This IS matrix multiplication!

We have

T 0
11 = T11a11a11 + T12a11a12 + T21a12a11 + T22a12a12 = 7

T 0
12 = T11a11a21 + T12a11a22 + T21a12a21 + T22a12a22 = 0

T 0
21 = T11a21a11 + T12a21a12 + T21a22a11 + T22a22a12 = �3

T 0
22 = T11a21a21 + T12a21a22 + T21a22a21 + T22a22a22 = �2



or
[T 0] =

✓
7 0
�3 �2

◆

The matrix multiplication relation works also (but is not very
useful), i.e.,

[T 0] = [a][T ][a]T =

✓
1 1
�1 1

◆✓
4 6
3 1

◆✓
1 �1
1 1

◆

=
1
2

✓
1 1
�1 1

◆✓
10 2
4 �2

◆
=

1
2

✓
14 0
�6 �4

◆
=

✓
7 0
�3 �2

◆

as expected.

(6) The Algebra of Tensors

Addition and Subtraction

If two tensors have the same rank, then they can be added and
subtracted using their components



Sij ...k = Vij ...k +Wij ...k

Dij ...k = Vij ...k �Wij ...k

The new objects are tensors of the same rank.

Switching Indices

If a pair of indices are switched the new object is a tensor of the
same rank, i.e., if Vij ...k represents a tensor, then Vji ...k represents a
tensor of the same rank.

If Vji ...k = Vij ...k for all components, then Vij ...k is said to be
symmetric with respect to that pair of indices (or simply
symmetric for second rank tensors).

If Vji ...k = �Vij ...k for all components, then Vij ...k is said to be
antisymmetric with respect to that pair of indices (or simply
antisymmetric for second rank tensors).



An arbitrary tensor is neither symmetric nor antisymmetric, but can
always be written as the sum of a symmetric tensor Sij ...k and an
antisymmetric tensor Aij ...k , i.e.,

Tij ...k =
1
2
(Tij ...k + Tji ...k) +

1
2
(Tij ...k � Tji ...k) = Sij ...k + Aij ...k

The outer product discussed earlier is an example of a kind of
“multiplication” of two tensors producing a tensor of higher rank.

Our illustration had two first rank tensors producing a second rank
tensor.

In general, the outer product of an nth rank tensor with an mth

rank tensor produces an (n +m)th rank tensor.

We can produce a tensor of smaller rank from a tensor of larger
rank using the contraction operation.



The contraction operation consists of making two indices equal
(and thus summing over that index).

This reduces the number of indices (and hence the rank of the
tensor) by two.

Example: Let Tij ..l ..m..k be the components of an nth rank tensor.

This implies that

T 0
ij ..l ..m..k = LipLjq.....Llr .....Lms .....Lkn| {z }

n factors

Tpq....r ....s...n

If we contract on the indices l and m (set them both equal to l) we
get

T 0
ij ...l ...l ...k = LipLjq.....Llr .....Lls .....Lkn| {z }

n factors

Tpq....r ....s...n

= LipLjq.....�rs .....LknTpq....r ....s...n

= LipLjq..........Lkn| {z }
(n�2) factors

Tpq....r ....r ...n



which says that Tij ...l ...l ...k are the components of a different
Cartesian tensor of rank (n � 2).

For a second rank tensor, the process of contraction is the same as
taking the trace of the corresponding matrix.

Therefore, the trace Tii is a zero rank tensor (or scalar) and is
invariant under rotations.

The scalar product or two vectors can be recast in tensor language
as forming the outer product of two vectors (first rank tensors)
Tij = uivj and then contracting to form the scalar Tii = uivi which
is invariant under rotation as we found earlier.

Another familiar operation that is a special case of the contraction
operation is the multiplication of a column vector [ui ] by a matrix
[Bij ] to produce another column vector [vi ], i.e.,

Bijuj = vi



We can think of this as the contraction Tijj of the third rank tensor
Tijk formed from the outer product of Bij and uj .

(7) The Quotient Law

If we know that
$
B and

$
C are tensors and also that

Apq...k...mBij ...k...n = Cpq...mij ...m

does this imply that the Apq...k...m also form components of a

tensor
$
A?

Here
$
A,

$
B and

$
C are respectively of mth, nth and (m + n � 2)th

rank.

The subscript k that has been contracted can be any of the
subscripts in

$
A and

$
B independently.



The quotient law states that if the above component relation holds
in all rotated coordinate systems, then the Apq...k...m do form the
components of a tensor.

We will prove it for m = n = 2 only, but it should be clear that the
principle of the proof holds for arbitrary m and n (just the algebra
gets worse).

Suppose we start with
ApkBik = Cpi

where Bik and Cpi are arbitrary second rank tensors.

Under a rotation the set Apk (whether they are a tensor or not)
transforms to a new set A0

pk
as follows

A0
pk
B 0
ik
= C 0

pi

= LpqLLijCqj = LpqLijAqlBjl

= LpqLijAqlLmjLnlB
0
mn = LpqLijLmjLnlAqlB

0
mn

= Lpq�imLnlAqlB
0
mn = LpqLnlAqlB

0
in



This can be rewritten (changing dummy index labels) as

(A0
pk

� LpqLklAql)B
0
ik
= 0

Since Bik and hence B 0
ik

is an arbitrary tensor, we must have

A0
pk

= LpqLklAql

which says that the Apk are the components of a second rank
tensor.

The same result holds if we start with

ApkBki = Cpi

Using the quotient law to test whether a given set of quantities is a
tensor is generally much more convenient than the direct
substitution method we used earlier.

A particular way in which it is applied is by contracting the given
set of quantities, having n subscripts, with some arbitrary nth rank
tensor and determining whether the result is a scalar.



Let us go back to an earlier example, namely,

T = [Tij ] =

✓
x2
2 �x1x2

�x1x2 x2
1

◆

The outer product xixj is a second rank tensor.

Contracting it with the Tij we get

Tijxixj = x2
2x

2
1 � x1x2x1x2 � x1x2x1x2 + x2

1x
2
2 = 0

which is clearly invariant.

Thus, by the quotient theorem Tij must also be a tensor.

Very powerful!

The Tensors �ij and ✏ijk

Since
�0
kl
= LkiLlj�ij = LkiLli = �kl



�ij is a second rank tensor.

Now consider the three-subscript Levi-Civita symbol ✏ijk where we
have

✏ijk =

8
><

>:

+1 if i , j , k is an even permutation of 1, 2, 3
�1 if i , j , k is an odd permutation of 1, 2, 3
0 otherwise

We then have
✏0
lmn

= LliLmjLnk✏ijk

Before proceeding, we note that for a 3 ⇥ 3 matrix A, the
determinant |A| satisfies

|A|✏lmn = AliAmjAnk✏ijk



Example: Evaluate the determinant of the matrix

A =

0

@
2 1 �3
3 4 0
1 �2 1

1

A

Setting l = 1, m = 2, and n = 3 we get

A✏123 = |A| = A1iA2jA3k✏ijk

= A11A22A33✏123 + A11A23A32✏132 + A12A21A33✏213

+ A13A21A32✏312 + A12A23A31✏231 + A13A22A31✏321

= (2)(4)(1)� (2)(0)(�2)� (1)(3)(1) + (�3)(3)(�2)
+ (1)(0)(1)� (�3)(4)(1) = 35

Now, using the above relation, we get

✏0
lmn

= LliLmjLnk✏ijk = |L|✏lmn

Since L is orthogonal, its determinant is 1 and thus we have

✏0
lmn

= ✏lmn

Thus, we have a third rank tensor.



These two tensors also have exactly the same components in
every coordinate system.

Many of the familiar expressions of vector calculus can be written
as contracted tensors involving �ij and ✏ijk .

Examples:

(i)
~a = ~b ⇥ ~c ! ai = ✏ijkbjck

so that the cross-product produces a vector.

(ii)
~a · ~b = aibi = �ijaibj

(iii)

r2� =
@2�

@xi@xi
= �ij

@2�

@xi@xj



(iv)

(r⇥ ~v)i = ✏ijk
@vk
@xj

(v)

[r · (r · ~v ]i =
@

@xi

✓
@vj
@xj

◆
= �jk

@2vj
@xi@xk

(vi)

[r⇥ (r⇥ ~v ]i = ✏ijk
@

@xj

✓
✏klm

@vm
@xl

◆
= ✏ijk✏klm

@2vm
@xj@xl

(vii)
(~a⇥ ~b)⇥ ~c = �ijci✏jklakbl = ✏iklciakbl

An important identity between the ✏ and � tensors is

✏ijk✏klm = �il�jm � �im�jl



This says that the two fourth rank tensors have identical
components.

This allows us to find an alternative expression for

[r⇥ (r⇥ ~v ]i = ✏ijk✏klm
@2vm
@xj@xl

= (�il�jm � �im�jl)
@2vm
@xj@xl

=
@2vj
@xi@xj

� @2vi
@xj@xj

= [r · (r · ~v ]i �r2vi

or
r⇥ (r⇥ ~v) = r · (r · ~v)�r2~v

That would be very cumbersome to prove using standard methods!
We can also show that

✏ijk✏pqr �

������

�ip �iq �ir
�jp �jq �jr
�kp �kq �kr

������



The identity we derive above is then a special case where
(p, q, r) = (k , l ,m).

If we contract the identity by setting j = l and using �kk = 3 we get

✏ijk✏ijm = 3�km � �km = 2�km

and contracting once more by setting k = m we get

✏ijk✏ijk = 2�kk = 6

Improper Rotations and Pseudotensors

The kind of transformations we have been discussing are called
proper rotations(where |L| = 1).

Another kind of transformation is called an improper
rotation(where |L| = �1).



In general, we consider this kind of transformation as a proper
rotation plus an inversion of the coordinate axes through the origin
represented by the equations

x 0i = �xi

An inversion changes a right-handed coordinate system into a
left-handed coordinate system (proper rotations do not affect
handedness).

The matrix corresponding to the inversion transformation is

Lij = ��ij

A vector is a geometrical operator whose direction and magnitude
are not affected by describing it in different coordinate systems
(only it components change relative to new basis vectors).

Therefore the components of a vector ~v transform according to

v 0i = Lijvj

under all proper and improper rotations.



Let us now define another type of object whose components can
also be labelled with a single index but which transforms as

v 0i = Lijvj

under proper rotations and as

v 0i = �Lijvj

under improper rotations.

The new object is called a pseudotensor or pseudovector.

Pseudovectors should not be regarded as the same kind of
geometrical object as a vector.

Their directions are reversed under a transformation such as
inversion as shown below.



In a similar way we can define scalars and pseudoscalars, where
pseudoscalars are invariant under proper rotations but change sign
under inversion (or reflection).

We can extend this to tensors of rank greater than 1.

In general, we write

T 0
ij ....k = LilLjm........LknTlm......n for tensors

T 0
ij ....k = |L|LilLjm........LknTlm......n for pseudotensors

For example, earlier we found that

|L|✏ijk = LilLjmLkn✏lmn

Since |L| = ±1 we can write this as

✏ijk = |L|LilLjmLkn✏lmn



Therefore, ✏ijk is a third rank Cartesian pseudotensor.

Now consider the cross- or vector-product ~a = ~b ⇥ ~c where ~b and ~c
are vectors.

We then have
ai = ✏ijkbjck

Under a transformation, we write

a0i = ✏0
ijk
b0jc

0
k
= |L|LilLjmLkn✏lmnLjpbpLkqcq

= |L|LilLjmLjpLknLkq✏lmnbpcq = |L|Lil�mp�nq✏lmnbpcq

= |L|Lil✏lmnbmcn = |L|Lilai

which says that the cross-product is a pseudovector (not a vector!).



Now the quantities ai = ✏ijkbjck are the components of the physical
vector ~a = ~b ⇥ ~c provided we are using a right-handed Cartesian
coordinate system.

However, in a different coordinate system, which is left-handed, the
quantities a0

i
= ✏0

ijk
b0
j
c 0
k

are not the components of the physical
vector. ~a = ~b ⇥ ~c which has, instead, the components �a0

i
.

It is very important to note the handedness of a coordinate system
before setting out to write in component form the vector relation
~a = ~b ⇥ ~c .

The kind of transformations we have been using are called passive
transformations.

In passive transformations, the physical system is left unchanged
and only the coordinate system used to describe it is changed.

In active transformations, the system itself is altered.



As an example, let us consider a particle of mass m that is located
at a position ~x relative to the origin O and hence has a velocity ~̇x .

The angular momentum of the particle about O is thus

~J = m(~x ⇥ ~̇x)

If we merely invert the Cartesian coordinates used to describe the
system through the origin O, neither the magnitude nor direction of
the vectors will be changed since they may be considered simply as
arrows in space that are independent of the coordinates used to
describe them.

If we perform an active transformation such as inverting the
position vector through O, then particle velocity is also reversed (it
is the time derivative of the position vector).

The angular momentum vector, however, remains unaltered.



This suggests that vectors can be divided into two categories as
follows: polar vectors (such as position and velocity), which
reverse under an active inversion of the physical system through the
origin O and axial vectors (such as angular momentum) that
remain unchanged.

Note that we have specifically not introduced the concept of a
pseudovector to describe a physical quantity.

(10) Dual Tensors

Consider a second rank pseudotensor Aij (in three dimensions).

For every such object, we construct the object

pi =
1
2
✏ijkAjk

which is called the dual of Aij .

It is a pseudovector.



If we denote the antisymmetric tensor by the matrix

[Aij ] =

0

@
0 A12 �A31

�A12 0 A23
A31 �A23 0

1

A

then the components of the dual pseudovector are

(p1, p2, p3) = (A23,A31,A12)

We also have the result

✏ijkpk =
1
2
✏ijk✏klmAlm =

1
2
(�jl�km � �jm�kl)Alm = Aij



(11) Physical Applications of Tensors

Mechanics Example

Consider a system of N rigidly connected point particles each
characterized by a mass m and a position vector ~ri with respect to
an origin O.

We suppose that the system is rotating about an axis through O
with angular velocity ~!.

The angular momentum ~J about O of the system is given by

~J =
NX

i=1

~ri ⇥ ~pi

where
~pi = mi~vi and ~vi = ~! ⇥ ~ri



Substitution gives

Ji =
NX

i=1

mi✏lmnximvin =
NX

i=1

mi✏lmnxim✏npq!pxiq

=
NX

i=1

mi✏lmn✏npqximxiq!p =
NX

i=1

mi (�lp�mq � �lq�mp)ximxiq!p

=
NX

i=1

mi (ximxim�lp � xipxil)!p =
NX

i=1

mi ((r
2
i )�lp � xipxil)!p

= Ilp!p

where Ilp is a symmetric second rank tensor(by the quotient rule
since ~J and ~! are vectors) which depends only on the distribution
of the masses in the system and not on any properties of ~!.

It is called the inertia tensor of the system with respect to O.



For a continuous distribution of mass this becomes

I = [Iij ] =

0

@

R
(y2 + z2)⇢dV �

R
xy⇢dV �

R
xz⇢dV

�
R
xy⇢dV

R
(z2 + x2)⇢dV �

R
yz⇢dV

�
R
xz⇢dV �

R
yz⇢dV

R
(x2 + y2)⇢dV

1

A

where ⇢(x , y , z) is the mass density function and dV = dxdydz .

The diagonal elements are called the moments of inertia and the
off-diagonal elements without the minus signs are called the
products of inertia.

Similar algebra gives us an expression for the kinetic energy of the
system.



T =
1
2

NX

i=1

mivinvin =
NX

i=1

mi✏njk!jxik✏npq!pxiq

=
1
2

NX

i=1

mi✏njk✏npqxikxiq!j!p =
NX

i=1

mi (�jp�kq � �jq�kp)xikxiq!j!p

=
1
2

NX

i=1

mi (xikxik�jp�kq � xipxij)!j!p =
NX

i=1

mi ((r
2
i )�jp � xipxij)!j!p

=
1
2
Ijp!j!p

=
1
2
J⇢!⇢

This shows that the kinetic energy of the rotating body can be
expressed as a scalar obtained by twice contracting ~! with the
inertia tensor.



Since I is a real, symmetric second rank tensor representable by a
real, symmetric 3 ⇥ 3 matrix(means it is always possible to
diagonalize it), it possesses three mutually perpendicular
eigenvectors (or principal axes) with respect to which the inertia
tensor is diagonal, with diagonal entries equal to the eigenvalues of
the matrix (one studies these tensors in in a second level mechanics
course).

(12) Non-Cartesian Coordinates

The position of an arbitrary point P in space may be expressed in
terms of the three curvilinear coordinates u1, u2, u3.

If ~r(u1, u2, u3) is the position vector of the point P , at every such
point there exist two sets of basis vectors

êi =
@~r

@ui
and ê i = rui

where the êi (subscripts) are tangent to the coordinate curves (the
axes) and the ê i (superscripts) are normal to the coordinate curves.



Thus, we can write a vector in two ways (we change our summation
convention so that we now sum over repeated indices only if one is
up and the other is down)

~a = ai êi = ai ê
i

The ai are called the contravariant components of the vector ~a
and the ai are called the covariant components of the vector ~a.

For cartesian coordinate systems there is no difference
between these two sets of basis vectors, which is why we
were able to only use lower indices.

The êi are the covariant basis vectors and the ê i are the
contravariant basis vectors.

In general, the vectors in each set are neither of unit length nor
form an orthogonal basis.

The sets êi and ê i are, however, dual systems of vectors, so that

êi · ê i = �j
i



We thus have
~a · ê i = aj êj · ê i = aj�ij = ai

~a · êi = aj ê
j · êi = aj�

j

i
= ai

If we consider the components of higher rank tensors in
non-Cartesian coordinates, there are even more possibilities.

For example, consider a second rank tensor T .

Using the outer product notation we can write T in three different
ways

T = T ij êi ⌦ êj = T i

j êi ⌦ ê j = Tij ê
i ⌦ ê j

where T ij ,T i

j
and Tij are called the contravariant, mixed and

covariant components of T respectively.



These three sets of quantities form the components of the same
tensor T , but refer to different (tensor) bases made up from the
basis vectors of the coordinate system.

In Cartesian coordinates, all three sets are identical.

(13) The Metric Tensor

Any particular curvilinear coordinate system is completely
characterized (at each point in space) by the nine quantities

gij = êi · êj

Since an infinitesimal vector displacement can be written as
d~r = dui êi we have these results

(ds)2 = d~r · d~r = dui êi · duj êj = duiduj êi · êj = gijdu
iduj

Since (ds)2 is a scalar and the dui are components of a
contravariant vector, the quotient law says that the gij are the
covariant components of a tensor g called the metric tensor.



The scalar product can be written in four different ways in terms of
the metric tensor

~a · ~b = ai êi · bj êj = êi · êjaibj = gija
ibj

= ai ê
i · bj ê j = ê i · ê jaibj = g ijaibj

= ai ê
i · bj êj = ê i · êjaibj = �ijaib

j = aib
i

= ai êi · bj ê j = êi · ê jaibj = �j
i
aibj = aibi

These imply that

g ijbj = bi and gijb
j = bi

or that the covariant components of g can be used to lower in index
and the contravariant components of g can be used to raise an
index.

In a similar manner we can show that

ê i = g ij êj and êi = gij ê
j



Now since ê i and êi are dual vectors, i.e.,

ê i · êj = �j
i

we can always write

ê i =
êj ⇥ êk

êi · (êj ⇥ êk
i , j , k = 1, 2, 3 and cyclic permutations

êi =
ê j ⇥ êk

ê i · (ê j ⇥ êk)
i , j , k = 1, 2, 3 and cyclic permutations

We then have
�i
k
ak = ai = g ijaj = g ijgjka

k

or
g ijgjk = �i

k

In terms of matrix representations this says that

G = [gij ], Ḡ = [g ij ], I = [�ij ] ! GḠ = I ! Ḡ = G�1

or the matrix formed from the covariant components is the inverse
of the matrix formed from the contravariant components.



The above relations also give the result

g i

j = ê i · êj = �ij ! components are identical

Finally, we have

g = |g | = det[gij ] = g1ig2jg3k✏ijk = (̂e)1 · (ê2 ⇥ ê3)

and

dV = u1(̂e)1 · (u2ê2 ⇥ u3ê3) = (̂e)1 · (ê2 ⇥ ê3)du
1du2du3

or
dV = |g |du1du2du3

(14) General Coordinate Transformations and Tensors

We now discuss the concept of general transformations from one
coordinate system u1, u2, u3 to another u01, u02, u03. We can
describe the coordinate transformation using the three equations

u0i = u0i (u1, u2, u3)

for i = 1, 2, 3 in which the new coordinates u0i can be arbitrary



functions of the old ones ui , rather than just represent linear
orthogonal transformations (rotations) of the coordinate axes.

We shall also assume that the transformation can be inverted, so
that we can write the old coordinates in terms of the new ones as

ui = ui (u01, u02, u03)

An example is the transformation from spherical polar to Cartesian
coordinates given by

x = r sin ✓ cos�

y = r sin ✓ sin�

z = r cos ✓

which is clearly not a linear transformation.



The two sets of basis vectors in the new coordinate system
u01, u02, u03 are given by

ê 0i =
@~r

@u0i
and ê 0i = ru0i

Considering the first set, we have from the chain rule that

êj =
@~r

@uj
=

@u0i

@uj
@~r

@u0i
=

@u0i

@uj
ê 0i

so that the basis vectors in the old and new coordinate systems are
related by

êj =
@u0i

@uj
ê 0i

Now, since we can write any arbitrary vector in terms of either basis
as

~a = a0i ê 0i = aj êj = aj
@u0i

@uj
ê 0j

it follows that the contravariant components of a vector must
transform as

a0i =
@u0i

@uj
aj



In fact, we use this relation as the defining property that a set of
quantities ai must have if they are to form the contravariant
components of a vector.

If we consider the second set of basis vectors, ê 0i = ru0i , we have
from the chain rule that

@uj

@x
=

@uj

@u0i
@u0i

@x

and similarly for @uj/@y and @uj/@z .

So the basis vectors in the old and new coordinate systems are
related by

ê j =
@uj

@u0i
ê 0i

For any arbitrary vector ~a,

~a = a0i ê
0i = aj ê

j = aj
@uj

@u0i
ê 0i



and so the covariant components of a vector must transform as

a0i =
@uj

@u0i
aj

In a similar way to that used in the contravariant case, we take this
result as the defining property that a set of quantities ai must
have if they are to form the covariant components of a vector.

We may compare these two transformation laws with those for a
first-order Cartesian tensor under a rigid rotation of axes.

Let us consider a rotation of the Cartesian axes x i through an angle
✓ about the 3-axis to a new set x 0i , i = 1, 2, 3

x 01 = x1 cos ✓ + x2 sin ✓

x 02 = �x1 sin ✓ + x2 cos ✓

x 03 = x3



and the inverse transformation

x1 = x 01 cos ✓ � x 02 sin ✓

x2 = x 01 sin ✓ + x 02 cos ✓

x3 = x 03

It is then straightforward to show that

@x j

@x 0i
=

@x 0i

@x j
= Lij

where the elements jLij are given by

L =

0

@
cos ✓ sin ✓ 0
� sin ✓ cos ✓ 0

0 0 1

1

A



Thus, the new relations agree with the earlier definitions in this
special case of a rigid rotation of the Cartesian axes.

We now generalize these two laws for contravariant and covariant
components of a vector to tensors of higher rank.

For example, the contravariant, mixed and covariant components,
respectively, of a second-order tensor must transform as follows:

contravariant components T 0ij =
@u0i

@uk
@u0j

@ul
T kl

mixed components T 0i
j =

@u0i

@uk
@ul

@u0j
T k

l

covariant components T 0
ij =

@uk

@u0i
@ul

@u0j
Tkl

It is important to remember that these quantities form the
components of the same tensor T but refer to different tensor bases
made up from the basis vectors of the different coordinate systems.



For example, in terms of the contravariant components we may
write

T = T ij êi ⌦ êj = T ;ij ê 0i ⌦ ê 0j

We can clearly go on to define tensors of higher order, with arbitrary
numbers of covariant (subscript) and contravariant (superscript)
indices, by demanding that their components transform as follows:

T 0ij ...k
lm....n =

@u0i

@ua
@u0j

@ub
· · · @u

0k

@uc
@ud

@u0l
@ue

@u0m
· · · @u

f

@u0n
T ab....c
de....f

Using the revised summation convention (matched contravariant
and covariant indices summed over), the algebra of general tensors
is completely analogous to that of Cartesian tensors discussed
earlier.



For example, as with Cartesian coordinates, the Kronecker delta is
a tensor, provided it is written as a mixed tensor �i

j
, since

�0ij =
@u0i

@uk
@ul

@u0j
�k
l
=

@u0i

@uk
@uk

@u0j
=

@u0i

@u0j
= �ij

where we have used the chain rule to prove the third equality.

Since we showed earlier that

g i

j = ê i · êj = �ij

�i
j

can be considered as the mixed components of the metric tensor
g .

In the new (primed) coordinate system, we have

@uk

@u0i
@ul

@u0j
êk · êl =

@uk

@u0i
@ul

@u0j
gkl

which shows that the gij are indeed the covariant components of a
second-order tensor (the metric tensor g).



A similar argument shows that the quantities g ij form the
contravariant components of a second-order tensor, such that

g 0ij =
@u0i

@uk
@u0j

@u0l
gkl

Earlier we saw that the components gij and g ij could be used to
raise and lower indices in contravariant and covariant vectors.

This can be extended to tensors of arbitrary rank. In general,
contraction of a tensor with gij will convert the contracted index
from being contravariant(superscript) to covariant (subscript), i.e.,
it is lowered.

This can be repeated for as many indices as required.

For example,
Tij = gikT

k

j = gikgjlT
kl



Similarly, contraction with g ij raises an index, i.e.,

T ij = g ikT j

k
� g ikg jlTkl

That these two relations are mutually consistent, can be shown by
using the relation

g ikgkj = �ij

(15) Derivatives of basis vectors and Christoffel symbols

In Cartesian coordinates, the basis vectors êi are constant and so
their derivatives with respect to the coordinates vanish.

In general coordinate systems, however, the basis vectors êi and ê i

are functions of the coordinates.

In order that we may differentiate general tensors, we must
therefore first consider the derivatives of the basis vectors.



Let us consider the derivative
@êi
@uj

Since this is itself a vector, it can be written as a linear
combination of the basis vectors êk , k = 1, 2, 3.

If we introduce the symbol �k
ij

to denote the coefficients in this
combination, we have

@êi
@uj

= �kij êk

The coefficient �k
ij

is simply the k th component of the vector @êi
@uj

.

Using the reciprocity relation ê i · êj = �i
j
, these 27 numbers are

given (at each point in space) by

êk · @êi
@uj

= �mij ê
k · êm = �mij �

k

m = �kij

�kij = êk · @êi
@uj



Furthermore, we then have

@(ê i · êk)
@uj

= 0 = ê i · @êk
@uj

+
@ê i

@uj
· êk

@ê i

@uj
· êk = �ê i · @êk

@uj
= ��m

kj
ê i · êm = ��i

kj

! @ê i

@uj
= ��i

kj
êk

The symbol �k
ij

is called a Christoffel symbol (of the second kind),
but despite appearances to the contrary, these quantities do not
form the components of a third-order tensor.

In a new coordinate system

�0kij = ê 0k · @ê 0
i

@u0j



Using

ê 0i =
@ul

@u0i
êl and ê 0k =

@u0k

@un
ên

we get

�0kij = ên · @

@u0j

✓
@ul

@u0i
êl

◆

=
@u0k

@un
ên ·

✓
@2ul

@u0j@0i êl +
@ul

@u0i
@êl
@u0j

◆

=
@u0k

@un
@2ul

@u0j@u0i
ên · êl +

@u0k

@un
@ul

@u0i
ên · @êl

@u0j

=
@u0k

@un
@2ul

@u0j@u0i
�n
l
+

@u0k

@un
@ul

@u0i
@um

@u0j
ên · @êl

@u0m

=
@u0k

@ul
@2ul

@u0j@u0i
+

@u0k

@un
@ul

@u0i
@um

@u0j
�n
lm



This result shows that the �k
ij

do not form the components of a
third-order tensor because of the presence of the first term on the
right-hand side.

We note that in Cartesian coordinates it is clear from the relation

�kij = êk · @êi
@uj

that �k
ij
= 0 for all values of the indices i , j and k .

In a given coordinate system we can, in principle, calculate the �k
ij

using the relation

�kij = êk · @êi
@uj

In practice, however, it is often quicker to use an alternative
expression, which we now derive, for the Christoffel symbol in terms
of the metric tensor gij and its derivatives with respect to the
coordinates.



First, we note that the Christoffel symbol �k
ij

is symmetric with
respect to the interchange of its two subscripts i and j .

This is easily shown, since

@êi
@uj

=
@2~r

@uj@ui
@2~r

@ui@uj
=

@êj
@ui

This gives

@êi
@uj

= �kij êk = �kji êk =
@êj
@ui

�kij êk · ê l = �kji êk · ê l

�lij = �lji

To obtain an expression for �k
ij

we then use gij = êi · êj and consider
the derivative



@gij
@uk

=
@êi
@uk

· êj + êi ·
@êj
@uk

= �l
ik
êl · êj + êi · �ljk · êl

= �l
ik
gij + �l

jk
gil

By cyclically permuting the free indices i,j,k in this relation we
obtain two further equivalent relations

@gjk
@ui

= �ljiglk + �l
ki
gjl

@gki
@uj

= �l
kj
gli + �lijgkl

where we have used the symmetry properties of both �k
ij

and gij .

Contracting both sides with gmk leads to the required expression
for the Christoffel symbol in terms of the metric tensor and its
derivatives, namely

�mij =
1
2
gmk

✓
@gjk
@ui

+
@gki
@uj

�
@gjk
@ui

◆



Example: cylindrical polar coordinates

(u1, u2, u3) = (⇢,�, z)

ds2 = d⇢2 + ⇢2d�2 + dz2 = gijdu
iduj

! g11 = 1, g22 = ⇢2, g33 = 1, all others = 0

This implies that the only non-zero Christoffel symbols are
�2

12 = �2
21 and �1

22.

These are given by

�2
12 = �2

21 =
g22

2
@g22

@u1 =
1

2g22

@g22

@⇢
=

1
2⇢2

@⇢2

@⇢
=

1
⇢

�1
22 = �g11

2
@g22

@u1 = � 1
2g11

@g22

@⇢
= �1

2
@⇢2

@⇢
= �⇢

Alternatively, we can use



ê1 = ê⇢ = cos�êx + sin�êy

ê2 = ê� = � sin�êx + cos�êy

ê3 = êz
@ê⇢
@�

=
1
⇢
ê� ! @ê1

@u2 =
1
u1 ê2 ! �2

12 =
1
u1 =

1
⇢
= �2

21

@ê�
@�

= �⇢ê⇢ ! @ê2
@u2 = �u1ê1 ! �1

22 = �u1 = �⇢

as expected.

(16) Covariant differentiation

For Cartesian tensors, we noted that the derivative of a scalar is a
(covariant) vector.

This is also true for general tensors, as may be shown by
considering the differential of a scalar

d� =
@�

@ui
dui



Since the dui are the components of a contravariant vector, and d�
is a scalar, we have by the quotient rule that the quantities

@�

@ui

must form the components of a covariant vector.

It is straightforward to show, however, that (unlike in Cartesian
coordinates) the differentiation of the components of a general
tensor, other than a scalar, with respect to the coordinates does
not, in general, result in the components of another tensor.

For example, in Cartesian coordinates, if the v i are the
contravariant components of a vector, then the quantities

@v i

@x j

form the components of a second-order tensor.

In general coordinates, however, this is not the case.



We may show this directly by considering

✓
@v i

@uj

◆0
=

@v 0i

@u0j
=

@uk

@u0j
@v 0i

@uk
=

@uk

@u0j
@

@uk

 
@u0

0
i

@ul
v l
!

=
@uk

@u0j
@u0i

@ul
@v l

@uk
+

@uk

@u0j
@2u0i

@uk@ul
v l

The presence of the second term on the right-hand side shows that
the

@v i

@uj

do not form the components of a second-order tensor.

This term arises because the “transformation matrix”

@u0i

@uj

�

changes with position in space.



This is not true in Cartesian coordinates, for which the second term
vanishes, and

@v i

@x j

is a second-order tensor.

We can, however, use the Christoffel symbols to define a new
covariant derivative of the components of a tensor, which does
result in the components of another tensor.

Let us first consider the derivative of a vector ~v with respect to the
coordinates.

Writing the vector in terms of its contravariant components
~v = v i êi , we find

@~v

@uj
=

@v i

@uj
êi + v i

@êi
@uj

where the second term arises because, in general, the basis êi are
not constant (this term vanishes in Cartesian coordinates).



Using the definition of the Christoffel symbol we can write

@~v

@uj
=

@v i

@uj
êi + v i�kij êk

Since i and k are dummy indices in the last term on the right-hand
side, we may interchange them to obtain

@~v

@uj
=

@v i

@uj
êi + vk�i

kj
êi =

✓
@v i

@uj
+ vk�i

kj

◆
êi

The reason for interchanging the dummy indices is that we may
then factor out êi .

The quantity in the bracket is called the covariant derivative, for
which the standard notation is

v i;j =
@v i

@uj
+ �i

kj
vk

where the semicolon denotes covariant differentiation; a similar
short-hand notation also exists for the simple partial derivative, in
which a comma is used instead of a semicolon.



For example

v i,j =
@v i

@uj

so that
v i;j = v i,j + �i

kj
vk ! @~v

@uj
= v i;j êi = r~v

Using the quotient rule, it is then clear that the v i;j are the (mixed)
components of a second-order tensor.

In Cartesian coordinates, all the �k
ij

are zero, and so the covariant
derivative reduces to the simple partial derivative

@v i

@uj

Example: cylindrical polar coordinates

Contracting the definition of the covariant derivative we have

v i;i = v i,i + �i
ki
vk =

@v i

@ui
+ �i

ki
vk



Using the Christoffel symbols we worked out earlier we find

�i1i = �1
11 + �2

12 + �3
13 =

1
⇢

�i2i = �1
21 + �2

22 + �3
23 = 0

�i3i = �1
31 + �2

32 + �3
33 = 0

and

v i;i =
@v⇢

@⇢
+

@v�

@�
+

@v z

@z
+

1
⇢
v⇢ =

1
⇢

@(⇢v⇢)

@⇢
+

@v�

@�
+

@v z

@z

which is the standard expression for the divergence of a vector field
in cylindrical polar coordinates.

So far we have considered only the covariant derivative of the
contravariant components of a vector.

The corresponding result for the covariant components vi may be
found in a similar way, by considering the derivative of ~v = vi ê i .



We obtain
vi ;j =

@vi
@uj

� �kijvk

Following a similar procedure we can obtain expressions for the
covariant derivatives of higher-order tensors.

Expressing T in terms of its contravariant components, we have

@T

@uk
=

@

@uk
�
T ij êi ⌦ êj

�
=

@T ij

@uk
êi ⌦ êj +T ij

@êi
@uk

⌦ êj +T ij êi ⌦
@êj
@uk

Using the definition of the Christoffel symbols we can write

@T

@uk
=

@T ij

@uk
êi ⌦ êj + T ij�l

ik
êl ⌦ êj + T ij êi ⌦ �l

jk
êl

Interchanging dummy indices i and l in the second term and j and
l in the third term on the right-hand side this becomes

@T

@uk
=

✓
@T ij

@uk
+ �i

lk
T lj + �j

lk
T il

◆
êi ⌦ êj



where the expression in brackets is the required covariant derivative

T ij

;k =
@T ij

@uk
+ �i

lk
T lj + �j

lk
T il = T ij

,k + �i
lk
T lj + �j

lk
T il

In a similar way we can write the covariant derivative of the mixed
and covariant components.

Summarizing we have

T ij

;k = T ij

,k + �i
lk
T lj + �j

lk
T il

T i

j ;k = T i

j ,k + �i
lk
T l

j � �l
jk
T i

l

Tij ;k = Tij ,k � �l
ik
Tlj � �l

jk
T il

We note that the quantities T ij

;k , T
i

j ;k , Tij ;k are the components of
the same third-order tensor T with respect to different tensor
bases, i.e.,

rT = T ij

;k êi ⌦ êj ⌦ êk = T i

j ;k êi ⌦ ê j ⌦ êk = Tij ;k ê
i ⌦ ê j ⌦ êk



We conclude by considering the covariant derivative of a scalar.
The covariant derivative differs from the simple partial derivative
with respect to the coordinates only because the basis vectors of
the coordinate system change with position in space (hence for
Cartesian coordinates there is no difference). However, a scalar
function � does not depend on the basis vectors at all, so its
covariant derivative must be the same as its partial derivative, i.e.,

�;j =
@�

@uj
= �,j

(17) Vector Operators in tensor form

We now use tensor methods to obtain expressions for the grad, div,
curl and Laplacian that or valid in all coordinate systems.

Gradient. The gradient of a scalar � is simply given by

r� = �;i ê
i =

@�

@ui
ê i



since the covariant derivative of a scalar is the same as its partial
derivative.

Divergence. The divergence of a vector field ~v in a general
coordinate system is given by

r~v = v i;i =
@v i

@ui
+ �i

ki
vk

Using

�i
kl
=

1
2
g il

✓
@gil
@uk

+
@gkl
@ui

� @gki
@ul

◆
=

1
2
g il

The last two terms cancel because

g il
@gkl
@ui

= g li
@gki
@ul

= g il
@gki
@ul

where in the first equality we have interchanged the dummy indices
i and l , and in the second equality we have used the symmetry of
the metric tensor.

We need one further result before we can simplify the divergence
expression.



Suppose A = [aij ], B = [bij ] and that B = A�1.

Let a = |A| = detA.

If we denote the cofactor of the element aij by �ij , then the
elements of the inverse matrix are given by

bij =
1
a
�ji

in which we have fixed i and explicitly written the sum over j for
clarity.

Partially differentiating both side with respect to aij , we then obtain

@a

@aij
= �ij

since aij does not occur in any of the cofactors �ij .



Now, if we suppose that the aij are function of the coordinates,
then so also will the determinant a, and by the chain rule we have

@a

@uk
=

@a

@aij

@aij
@uk

= �ij
@aij
@uk

= abji
@aij
@uk

Applying this result to the determinant g of the metric tensor and
using g ijgjk = �i

k
and the fact that g ij is symmetric we obtain

@g

@uk
= gg ij

@gij
@uk

Finally, we get

�i
ki
=

1
2
g il

@gil
@uk

=
1
2g

@g

@uk
=

1
p
g

@
p
g

@uk

which gives the result

r~v = v i;i =
@v i

@ui
+

1
p
g

@
p
g

@uk
vk =

1
p
g

@

@uk
(
p
gvk)



Laplacian. If we replace ~v by r� in the above divergence result,
we obtain the Laplacian r2�.

Now

~v = r� = vi ê
i =

@�

@ui
ê i ! vi =

@�

@ui
= covariantcomponents

However, we need the contravariant components v i .

These can be obtained by raising the index using the metric tensor,
to give

v j = g jkvk = g jk
@�

@uk

We then obtain

r2� =
1
p
g

@

@uj

✓
p
gg jk

@�

@uk

◆

For an orthogonal coordinate system (g diagonal since êi · êj = �ij),
we have



g =

0

@
h2
1 0 0
0 h2

2 0
0 0 h2

3

1

A

so that

ds2 =
X

i

h2
i du

idui and v i =
vi
hi

(no sum on i)

Therefore, pg = h1h2h3 and g ij = 1
h2
i

�ij and we get

r2� =
1

h1h2h3

@

@ui

 
h1h2h3

h2
j

@�

@uj

!

as expected.



Curl. The special vector form of the curl of a vector field exists
only in three dimensions.

We therefore consider its more general form, which is also valid in
higher-dimensional spaces.

In a general space the operation curl ~v is defined by

(curl ~v)ij = vi ;j � vj ;i

which is an antisymmetric covariant tensor.

The difference of derivatives can be simplified since

vi ;j � vj ;i = vi ,j � �lijvl � vj ,i + �ljivl = vi ,j � vj ,i

using the symmetry properties of the Christoffel symbols.

Thus,
(curl ~v)ij = vi ,j � vj ,i



(18) Absolute derivatives along curves

We now consider the problem of calculating the derivative of a
tensor along a curve ~r(t) parameterized by some variable t.

Let us begin by considering the derivative of a vector ~v along the
curve.

If we introduce an arbitrary coordinate system ui with basis vectors
êi , i = 1, 2, 3, then we can write ~v = v i êi , and we have

d~v

dt
=

dv i

dt
êi + v i

dêi
dt

=
dv i

dt
êi + v i

@êi
@uk

duk

dt

where we have used the chain rule to rewrite the last term on the
right-hand side.

Now, using the definition of the Christoffel symbols we obtain

d~v

dt
=

dv i

dt
êi + �j

ik
v i
duk

dt
êj



Interchanging the dummy indices i and j in the last term we get

d~v

dt
=

✓
dv i

dt
+ �i

jk
v j
duk

dt

◆
êi

The expression in the brackets is called the absolute (or intrinsic)
derivative of the components v i along the curve ~r(t) and is usually
denoted by

�v i

�t
⌘ dv i

dt
+ �i

jk
v j
duk

dt
=

✓
@v i

@uk
+ �i

jk
v j
◆

duk

dt
= v i;k

duk

dt

so that
d~v

dt
=

�v i

�t
êi = v i;k

duk

dt
êi

Similarly, we can show that the absolute derivative of the covariant
components vi of a vector is given by

�vi
�t

⌘ vi ;k
duk

dt



and the absolute derivatives of the contravariant, mixed and
covariant components of a second-order tensor T are

�T ij

�t
⌘ T ij

;k

duk

dt

�T i

j

�t
⌘ T i

j ;k
duk

dt

�Tij

�t
⌘ Tij ;k

duk

dt

The derivative of T along the curve ~r(t) may then be written in
terms of, for example, its contravariant components as

dT

dt
=

�T ij

�t
êi ⌦ êj = T ij

;k

duk

dt
êi ⌦ êj



(19) Geodesics

As an example of the use of the absolute derivative, we conclude
our discussion of tensors with a short discussion of geodesics.

A geodesic in real three-dimensional space is a straight line, which
has two equivalent defining properties.

First, it is the curve of shortest length between two points and,
second, its tangent vector always points along the same direction
(along the line).

Although we have explicitly considered only the familiar three
dimensional space in our discussions, much of the mathematical
formalism developed can easily be generalized to more abstract
spaces of higher dimensionality in which the familiar ideas of
Euclidean geometry are no longer valid.



It is often of interest to find geodesic curves in such spaces by using
the properties of straight lines in Euclidean space that define a
geodesic.

Consideration of these more complicated space is studied in a
general relativity course.

Instead, we will derive the equation that a geodesic in Euclidean
three dimensional space(i.e., a straight line) must satisfy, in a
sufficiently general way that it may be applied with little
modification, to find the equations satisfied by geodesics in more
abstract spaces.

Let us consider a curve ~r(s), parameterized by the arc length s
from some point on the curve, and choose as our defining property
for a geodesic that its tangent vector

~t =
d~r

ds



always points in the same direction everywhere on the curve, i.e.,

d~t

ds
= 0

This is called parallel transport of the tangent vector, i.e., the
vector is always moved parallel to itself along the curve, which is
the same as its direction not changing for a straight line.

If we now introduce an arbitrary coordinate system ui with basis
vectors êi , i = 1, 2, 3, then we can write ~t = t i êi , and we have

d~r

ds
= t i;k

duk

ds
êi = 0

Writing out the covariant derivative, we obtain
✓
dt i

ds
+ �i

jk
t j
duk

ds

◆
êi = 0

see next slide for illustrations





But since

t j =
duj

ds

we find that the equation satisfied by a geodesic is

d2ui

ds2 + �i
jk

duj

ds

duk

ds
= 0

Example: Cartesian coordinates

All Christoffel symbols are zero.

Therefore, the equations of a geodesic are

d2x

ds2 = 0 ,
d2y

ds2 = 0 ,
d2z

ds2 = 0

which correspond to a straight line.



Example: cylindrical polar coordinates

The only non-zero Christoffel symbols are

�1
22 = �⇢ and �2

12 = �2
21 =

1
⇢

The geodesic equations are then

d2u1

ds2 + �1
22
du2

ds

du2

ds
= 0 ! d2⇢

ds2 � ⇢

✓
d�

ds

◆2
= 0

fracd2u2ds2 + 2�2
12
du1

ds

du2

ds
= 0 ! d2�

ds2 +
2
⇢

d⇢

ds

d�

ds
= 0

d2u3

ds2 = 0 ! d2z

ds2 = 0



On the surface of a cylinder given by ⇢ = constant we have

d2⇢

ds2 = 0 ,
d2�

ds2 = 0 ,
d2z

ds2 = 0

which also corresponds to a straight line.

Think if unrolling the cylinder. It is then just a plane!

Example: spherical polar coordinates

The metric tensor is

g =

0

@
�1 0 0
0 �r2 0
0 0 �r2 sin ✓

1

A



The non-zero Christoffel symbols are

�1
22 = �r , �1

33 = �r sin2 ✓ , �2
33 = � sin ✓ cos ✓

�2
12 = �2

21 =
1
r

, �3
13 = �3

31 =
1
r

, �3
23 = �3

32 = cot ✓

The corresponding geodesic equations on the surface of the sphere
r = constant are

d2r

ds2 = 0

d2✓

ds2 � sin ✓ cos ✓

✓
d�

ds

◆
= 0

d2�

ds2 + 2 cot ✓
d�

ds

d✓

ds

which correspond to the equations of a great circle!



Parallel Transport and the Riemann Tensor

If a vector is parallel transported along a curve, the geodesic
equations tells us how the vector components change during the
transport.

d2ui

ds2 + �i
jk

duj

ds

duk

ds
= 0

It also can be shown that for a covariant vector field A� we have
this result

A�;µ;⌫ � A�;⌫;µ = R↵
�µ⌫A↵

that is, in a general curved spacetime the covariant derivatives do
not commute (order is important).

In a Cartesian or flat space the difference would be zero.

Thus the fourth-rank tensor R↵
�µ⌫ , which is called the Riemann

curvature tensor is a measure of the curvature of spacetime.



It is given by

R↵
�µ⌫ = ��↵�µ,⌫ + �↵�⌫,µ � ���⌫�

↵
�µ � ���µ�

↵
�⌫

If a vector field is parallel transported around a closed path in a
curved spacetime, the vector components do not return to the
same values at the end (as they would do in flat space).

In fact, parallel transport around a parallelogram gives the result

�A↵ = R↵
�µ⌫A

�d⇠⌫d⇠µ

where the d⇠µ represent the sides of the parallelogram.

Thus, once again the Riemann tensor serves as a measure of the
curvature of spacetime.



The second-rank Ricci tensor is defined by a contraction over the
first and last indices of the Riemann tensor

R�µ = R↵
�µ↵

In addition we define the curvature scalar R by

R = R�
� = R↵�

�↵

Einstein Field Equations for Metric Coefficients

The gravitational field equations developed by Einstein are

Rµ⌫ =
1
2
gµ⌫R = �8⇡G

c4 Tµ⌫

where the inclusion of the Riemann scalar term is necessary for
energy-momentum conservation, and where Tµ⌫ is a second-rank
tensor that gives the energy-momentum content of spacetime.

This equation represents 16 coupled differential equations for the
metric coefficients gµ⌫ .



An alternative form of these field equations originally proposed by
Einstein but later discarded by him (he described this action as his
worst mistake), is now coming back into favor.

It contains the so-called cosmological constant ⇤.

Rµ⌫ =
1
2
gµ⌫R + ⇤gµ⌫ = �8⇡G

c4 Tµ⌫

It predicts the existence of a repulsive gravitational force on a
cosmological scale and is of interest now that data seems to
indicated that the universal expansion is accelerating.

Schwarzschild Solution

For a spherically symmetric point mass at the origin, the field
equations are given by (for r > 0)

Rµ⌫ =
1
2
gµ⌫R = 0



Schwarzschild solved these equations in 1915.

His solution written as the square of the spacetime interval(which
involves the metric coefficients) looks like

ds2 =

✓
1 � 2GM

r

◆
c2dt2 � dr2

�
1 � 2GM

r

� � r2(d✓2 + sin2 ✓d�2)

where M is the central mass.

This solution accounts for bending of light around the sun, the
advance of the perihelion of mercury, gravitational redshift, radar
time delays from signals bounced off of planets, the precession of
spinning satellites in earth orbit and black holes, where the radius
r = 2GM is the radius of the event horizon or the boundary where
nothing can escape the mass, even light.



Probability and Statistics Quick Introduction:

The understanding of many physical phenomena depends on
statistical and probabilistic concepts. Statistical mechanics is the
physics of systems composed of many parts - gases, liquids, solids,
etc. 1 mole of anything contains 6 ⇥ 1023 particles(Avogadro’s
number).

It is impossible to keep track of all 6 ⇥ 1023 particles even with the
fastest computer imaginable.

Therefore, we must resort to learning about groups or clusters of
particles.

Probabilistic ideas dominate the theory.

Quantum Mechanics is the physics of atoms and all other
micro-physical phenomena.

Quantum phenomena are inherently probabilistic.



The understanding/interpretation of experimental data
depends on statistical and probabilistic concepts to answer these
questions

How do we extract the best value of a quantity from a set of
measurements?
How do we decide if our experiment is consistent/inconsistent
with a given theory?
How do we decide if our experiment is internally consistent?
How do we decide if our experiment is consistent with other
experiments?

Definition of Probability

Suppose we have N trials and a specified event E occurs r times.

For example, rolling a dice and the event could be rolling a 6.



We define the probability P of an event E occurring as:

P(E ) =
r

N
when N ! 1

Examples:
1. six side dice: P(6) = 1/6
2. coin toss: P(heads) = 0.5

We note our expectation that P(heads) should approach 0.5 the
more times you toss the coin and that for a single coin toss we
never get P(heads) = 0.5 - we have P(heads) = 1 if we get heads
and P(heads) = 0 if we get tails; that is all that can happen in a
single toss.

By definition probability is a non-negative number bounded by

0  P  1



Some properties:

(1) If P = 0, then the event never occurs.

(2) If P = 1, then the event always occurs.

(3) The sum (or integral) of all probabilities of mutually exclusive
(see (5) below) events = 1.

(4) Two events are mutually exclusive or disjoint if they cannot
occur at the same time.

(5) The probability that Events A and B both occur is the
probability of the intersection of A and B . The probability of the
intersection of Events A and B is denoted by P(A \ B).

(6) Events are mutually exclusive (disjoint) if

P(A [ B) = 0 or P(A [ B) = P(A) + P(B)



(7) The probability that Events A or B occur is the probability of
the union of A and B . The probability of the union of Events A
and B is denoted by P(A [ B).

(8) Events are independent if

P(A \ B) = P(A)P(B)

(9) Events are mutually exclusive (disjoint) if

P(A [ B) = 0 or P(A [ B) = P(A) + P(B)

Probability can be a discrete or a continuous variable.

Discrete probability: P can have certain values only.

Examples:
1. Tossing a 6-sided dice:

P(xi ) = Pi where x1 = 1, 2, 3, 4, 5, 6 and Pi = 1/6 for all x1.

2. Tossing a coin:

P(xi ) = Pi where x1 = heads or tails and Pi = 1/2 for all x1.



For both of the above discrete examples (and in general) when we
sum over all mutually exclusive possibilities we have

X

i

Pi = 1

Continuous probability: P can be any number between 0 and 1.

We define a “probability density function”, pdf, f (x) such that

f (x)dx = P(x  ↵  x + dx)

with ↵ a continuous variable.

Then the probability for x to be in the range a  x  b is given by

P(a  x  b) =

Z
b

a

f (x)dx



Just like the discrete case, the sum of all probabilities satisfy

P(�1  x  1) =

Z 1

�1
f (x)dx = 1

that is, f (x) is normalized to 1.

We note that the probability for x to be exactly some number is
zero since:

P(a  x  a) = P(x = a) =

Z
a

a

f (x)dx = 0

Examples of some common P(x)’s and f (x)’s:

Discrete = P(x) Continuous = f (x)
binomial uniform, i.e., constant
Poisson Gaussian

exponential
chi square



Formal Theory

Probability Concepts

We will be interested in understanding the quantity

P(A|B) = probability of event A given that event B is true

In essence, event B sets up the conditions or an environment and
then we ask about the (conditional) probability of event A given
that those conditions exist. All probabilities are conditional in this
sense.

In other words, we set up an experimental apparatus, which is
expressed by properties B and do a measurement with that
apparatus, which is expressed by properties A.

We generate numbers (measurements) which we use to give a value
to the quantity P(A|B).

We start with a mathematical formalism based on axioms.



We define these events

A = occurrence of A
⇠ A = NOT A = nonoccurrence of A
A \ B = A AND B = occurrence of both A and B

A [ B = A OR B = occurrence of at least one of the events A and B

and set up a theory of probability with these axioms:
(1) P(A|A) = 1

This is the probability of the occurrence A given the occurrence
of A. This represents a certainty and, thus, the probability
must = 1. This is clearly an obvious assumption that we must
make if our probability ideas are to make any sense at all.

In other words, if I set the experimental apparatus such that
the meter reads A, then it reads A with probability = 1.



(2) 0  P(A|B)  P(B |B) = 1

This just expresses the sensible idea that no probability is
greater than the probability of a certainty and it make no
sense to have the probability be less than 0.

(3) P(A|B) + P(⇠ A|B) = 1 or P(⇠ A|B) = 1 � P(A|B)

This just expresses the fact that the probability of something
(anything) happening (A or ⇠ A) given B is a certainty (= 1),
that is, since the set A or ⇠ A includes everything that can
happen, the total probability that one or the other occurs must
be the probability of a certainty and be equal to one.

(4) P(A \ B |C ) = P(A|C )P(B |A \ C )

This says that the probability that 2 events A, B both occur
given that C occurs equals the probability of A given C
multiplied by the probability of B given (A \ C ), which makes
sense if you think of them happening in sequence.

All other probability relationships can be derived from these axioms.



The nonoccurrence of A given that A occurs must have probability
= 0.

This is expressed by
P(⇠ A|A) = 0

This result clearly follows from the axioms since

P(A|B) + P(⇠ A|B) = 1

P(A|A) + P(⇠ A|A) = 1

P(⇠ A|A) = 1 � P(A|A) = 1 � 1 = 0

Example: Let us evaluate P(X \ Y |C ) + P(X\ ⇠ Y |C ). We use
axiom (4) in the 1st term with A = X , B = Y and C = C and in
the 2nd term with A = X , B =⇠ Y and C = C to get



P(X \ Y |C ) + P(X\ ⇠ Y |C )

= P(X |C )P(Y |X \ C ) + P(X |C )P(⇠ Y |X \ C )

= P(X |C ) [P(Y |X \ C ) + P(⇠ Y |X \ C )]

= P(X |C )[1] using axiom (3)

and finally

P(X \ Y |C ) + P(X\ ⇠ Y |C ) = P(X |C )

Now let us use this result with X =⇠ A, Y =⇠ B . This gives

P(⇠ A\ ⇠ B |C ) = P(⇠ A|C )� P(⇠ A \ B |C )

= 1 � P(A|C )� P(⇠ A \ B |C )

Expanding the last term using X = B , Y = A we then have

P(B\ ⇠ A|C ) + P(B \ A|C ) = P(B |C )



or
P(⇠ A \ B |C ) = P(B |C )� P(B \ A|C )

which gives

P(⇠ A\ ⇠ B |C ) = 1 � P(A|C )� P(B |C ) + P(A \ B |C )

Now

P(A [ B |C ) = 1 � P(⇠ (A [ B)|C = 1 � P(⇠ A\ ⇠ B |C )

and since
(⇠ (A [ B)) = (⇠ A\ ⇠ B)



i.e.,

which is called a “truth table” and clearly shows the equality, we
finally get

P(A [ B |C ) = P(A|C ) + P(B |C )� P(A \ B |C )

This is a very important and useful result.



If we have P(A \ B |C ) = 0, then events A and B are said to be
mutually exclusive given that C is true and the relation then
reduces to

P(A [ B |C ) = P(A|C ) + P(B |C )

This is the rule of addition of probabilities for exclusive events.

Some other important results are:

If A\B = B \A, then P(A|C )P(B |A\C ) = P(B |C )P(A|B \C )

If P(A|C ) 6= 0, then P(B |A \ C ) = P(A|B \ C )
P(B |C )

P(A|C )

which is Baye’s theorem.

It relates the probability of B given A to the probability of A given
B .

This rule, which relates prob(A|B \ C ) to prob(B |A \ C ), allows us
to turn things around with respect to the conditioning symbol,
which leads to a reorientation of our thinking about probability.



The fundamental importance of this property to data analysis
becomes apparent if we replace A and B by hypothesis and data:

prob(A|B \ C ) / prob(B |A \ C )⇥ prob(A|C )

prob(hypothesis|data\I ) / prob(data|hypothesis\I )⇥prob(hypothesis|I )

Note that the equality has been replaced with a proportionality
because the term prob(data|I ) = evidence has been omitted.

The proportionality constant is found from the normalization
requirement that the sum of the probabilities for something
happening must equal 1.

The power of Bayes’ theorem lies in the fact that it relates the
quantity of interest, the probability that the hypothesis is true given
the data, to the term that we have a better chance of being able to
assign, the probability that we would have obtained the measured
data if the hypothesis was true.

The various terms in Bayes’ theorem have formal names.



The term prob(hypothesis|I ) = prior probability represents our
state of knowledge(or ignorance) about the truth of the hypothesis
before we have analyzed the current data.

This is modified by the experimental measurements through the
term

prob(data|hypothesis &I ) = likelihood function.

This product gives prob(hypothesis|data&I ) = posterior
probability representing our state of knowledge about the truth of
the hypothesis in the light of the data(after measurements).

In some sense, Bayes’ theorem encapsulates the process of
learning.

When we say that B is independent of A, we will mean

P(B |A \ C ) = P(B |C )

or the occurrence of A has NO influence on the probability of B
given C .



Using axiom (4) we then have the result:

If A and B are independent given C , then P(A\B |C ) = P(A|C )P(B |C )

This is called statistical or stochastic independence.

The result generalizes to a set of events {Ai , i = 1, 2, ...., n}.

All these events are independent if and only if

P(A1 \ A2 \ .... \ Am|C ) = P(A1|C )P(A2|C )......P(Am|C )

for all m  n.

How do we describe a probability distribution?

The main variables are the mean, mode, median and the
variance.

For a continuous distribution, these quantities are defined by:

mean = average = µ =

Z 1

�1
xf (x)dx



mode = most probable =
@f (x)

@x

����
x=a

= 0

median = 50% point = 0.5 =

Z
a

�1
xf (x)dx

variance = width of distribution = �2 =

Z 1

�1
f (x)(x � µ)2dx

For a discrete distribution the mean and variance are defined by:

mean = µ =
1
n

nX

i=1

xi

variance = �2 =
1
n

nX

i=1

(xi � µ)2



Some continuous pdf:

symmetric distribution (gaussian): in this case the mean, mode
and median are all at the same x. See figure below.

asymmetric distribution: in this (and most ) cases the mean,
mode, and median are at different x-values.



Calculation of mean and variance:

Example: Given a discrete data set containing the three numbers

xi = {1, 2, 3}

the average µ is

µ =
1
n

nX

i=1

xi =
1
3
(1 + 2 + 3) = 2

A complication arises if some measurements are more precise than
others, that is, if each measurement xi has a weight wi associated
with it then we calculate the average using

µ =
1P

n

i=1 wi

nX

i=1

wixi

which is called a “weighted average”.

So if the three data points are such that the value 3 is 10 times
more precise than the values 1 and 2 we have



wi = {1, 1, 10}
and

µ =
1
12

(1 + 2 + 30) =
33
12

= 2.75

The variance �2 (� = standard deviation) or squared average
deviation from the mean is

�2 =
1
n

nX

i=1

(xi � µ)2

It describes the width of the pdf. Expanding the summations we
can rewrite this expression in a more useful form:

�2 =
1
n

nX

i=1

[x2
i � 2]muxi + µ2] =

1
n

nX

i=1

x2
i � 2µ

1
n

nX

i=1

xi + µ2 1
n

nX

i=1

1

(x2
i )average � 2µ(xi )average +

1
n
µ2(n)

hx2i � 2µ(µ) + µ2 = hx2i � µ2

hx2i � hxi2 whereh· · · i = average



For our sample data set we have

�2 =
1
3
(1 + 4 + 9)� (2)2 = 4.67 � 4 = 0.67

and in the case of different weights for the data values we have

�2 =
1P

n

i=1 wi

nX

i=1

wi (xi � µ)2 =
1P

n

i=1 wi

nX

i=1

wix
2
i � µ2

=
95
12

� (2.75)2 = 7/92 � 7.56 = 0.36

Example: a continuous probability distribution

f (x) = sin2 x , 0  x  2⇡



This distribution has two modes.

The mean and median are equal, but different from the mode as
shown below



First, we note that f (x) is not properly normalized, i.e.,
Z 2⇡

0
f (x)dx =

Z 2⇡

0
sin2 xdx = ⇡ 6= 1

Therefore, the normalized pdf is given by

f (x) =
sin2 x

R 2⇡
0 f (x)dx

=
1
⇡
sin2 x

The actual values for this distribution are

µ =
1
⇡

Z 2⇡

0
x sin2 xdx = ⇡

@

@x
sin2 x = 0 ! x =

⇡

2
,
3⇡
2

= modes

1
⇡

Z ↵

0
x sin2 xdx = 0.5 ! ↵ = ⇡ = median



Another continuous distribution example: a Gaussian: we have
(see figure below)

where
f (x) =

1
�
p

2
e�

(x�µ)2

2�2

and � = standard deviation and x = mean = mode = median = ⇡.

We note that 68% of the area under the curve lies within ±�.



Accuracy and Precision

The accuracy of an experiment refers to how close the
experimental measurement is to the “true” value of the quantity
being measured.

The precision refers to how well the experimental result has been
determined, without regard to the true value of the quantity being
measured. Remember, just because an experiment is precise, it
does not mean it is accurate!

Measurement Errors (Uncertainties)

The most common quality indicator is the relative precision
defined by:

relative precision =
[uncertainty in measurement]

measurement
where the [uncertainty in measurement] is the square root of the
variance or the the standard deviation �.



This is usually calculated using “propagation of errors”.

Statistics and Systematic Errors

Results from experiment are often presented as:

N ± XX ± YY

where
N = value of quantity measured (or determined) by experiment
XX = statistical error (usually assumed to be from a Gaussian
distribution).

With the assumption of Gaussian statistics we can say
(calculate) something about how well our experiment agrees
with other experiments and/or theories.

We are saying that we expect a 68% chance that the true
value is between N � XX and N + XX .
YY = systematic error; very hard to estimate since the
distribution of such errors is generally not know.



What is the difference between statistical and systematic errors?

Statistical errors are “random” in the sense that if we repeat the
measurement enough times XX ! 0 in the sense described earlier.

Systematic errors do not to0 with repetition.

An example of a systematic error might be a poorly calibrated
voltmeter.

Because of systematic errors an experiment can be precise, but not
accurate!

How do we combine systematic and statistical errors to get one
estimate of precision?

This is always a big problem.

We have two choices:



�total = XX + YY add them linearly

or
�total = (XX 2 + YY 2)1/2 add them in quadrature.

Now let us now look in more detail at some discrete probability
distributions.

Binomial Probability Distribution

Consider a situation where there are only two possible outcomes (a
so-called Bernoulli trial), for example, flipping a coin (head or tail)
or rolling a dice (6 or not 6).

Label the possible outcomes by the variable k ; we want to
determine the probability P(k) for event k to occur.

Since k can take on only 2 values we define those values as

k = 0 or k = 1



Let P(k = 0) = q (remember 0  q  1).

Now something must happen (one of our postulates) so that we
must have

P(k = 0) + P(k = 1) = 1

P(k = 1) = p = 1 � P(k = 0) = 1 � q

We can write the probability distribution P(k) as

P(k) = pkq1�k (Bernoulli distribution)

For the coin toss case, if we define the probability for a head as
P(1), then

P(1) = P(0) = 0.5



For the dice roll case, if we define the probability for a 6 to be
rolled as P(1), then

P(1) = 1/6 ; P(0) = 5/6 = P(not a 6) = p(1, 2, 3, 4, 5)

What is the mean µ of P(k)?

µ =

P1
k=0 kP(k)P1
k=0 P(k)

=
0 ⇥ q + 1 ⇥ p

q + p
=

p

1
= p

What is the variance �2 of P(k)?

�2 = hk2i � hki2 =

P1
k=0 k

2P(k)
P1

k=0 P(k)
� µ2 =

0 ⇥ q + 1 ⇥ p

q + p
� p2

= p � p2 = p(1 � p) = pq

Suppose we have N trials (e.g. we flip a coin N times).

What is the probability of m successes (= heads). Clearly m  N.



Consider tossing the coin twice.

The possible outcomes are

no heads : P(m = 0) = q2

one head : P(m = 1) = qp + pq = 2pq (tail/head + head/tail)

two heads : P(m = 2) = p2

Therefore, P(0) + P(1) + P(2) = q2 + 2pq + p2 = (q + p)2 = 1 as
expected.

We want the probability distribution function P(m,N, p) where

m = number of successes (number of heads)

N = number of trials (number of coin tosses)

p = probability of success (0.5 for head)



If we look at these three choices for the coin flip example, each
term is of the form:

Cmp
mqN�m

with m = 0, 1, ...,N.

Now N = 2 for our example and q = 1 � p always. The coefficient
Cm takes into account the number of ways an outcome can occur
regardless of order.

For m = 0 or m = 2, there is only one way for the outcome (both
tosses give heads or tails) so that C0 = C2 = 1. For m = 1 (one
head in two tosses) there are two ways that this can occur so that
C1 = 2.

The so-called Binomial coefficients (introduced earlier) tell us the
number of ways of taking N things m at a time, that is,

CN,m =

✓
N

m

◆
=

N!

m!(N �m)!



Note that we are assuming that order of things is not important so
that head followed by tail counts the same as tail followed by head.
Unordered groups such as this example are called combinations.

Ordered arrangements are called permutations.

For N distinguishable objects, if we want to group them m at a
time, the number of permutations is

PN,m =
N!

(N �m)!

Examples:

(1) If we tossed a coin twice (N = 2), there are two ways to get
one head (m = 1).

(2) Suppose we have 3 balls, one white, one red and one blue. The
number of possible pairs we could have(keeping track of the order)
is 6 (rw, wr, rb, br, wb, bw) and



P3,2 =
3!

(3 � 2)!
= 6

If order is not important (rw = wr), then the binomial formula gives

C3,2 =

✓
3
2

◆
=

3!
2!(3 � 2)!

= 3

namely, (wr, bw, rb).

The binomial distribution in general: the probability of m successes
out of N trials is

P(m,N, p) = CN,mp
mqN�m =

✓
N

m

◆
pmqN�m =

N!

m!(N �m)!
pmqN�m

Now consider a game where a player bats 4 times and

p = probability of a hit = 1/3

q = 1 � p = probability of not hit = 2/3



We then have (for hits)

probability of 0/4 = [4!/(4!0!)](1/3)0(2/3)4 = 19.75%

probability of 1/4 = [4!/(1!3!)](1/3)1(2/3)3 = 39.51%

probability of 2/4 = [4!/(2!2!)](1/3)2(2/3)2 = 29.63%

probability of 3/4 = [4!/(3!1!)](1/3)3(2/3)1 = 9.88%

probability of 4/4 = [4!/(4!0!)](1/3)4(2/3)0 = 1.23%

Clearly the probability of getting at least one hit is

1 � P(0) = 80.25%

Now in general

hni = average or exp ectation value( for hits)
= sum over [possible values times probability of that value]

=
NX

m=0

mP(m,N, p) =
NX

m=0

m
N!

m!(N �m)!
pmqN�m



We now use a clever mathematical trick to evaluate this sum.

For the moment consider p and q to be two arbitrary independent
variables.

At the end of the calculation we will let q = 1 � p as is appropriate
for a real physical system.

From the Binomial expansion formula, we have, in general,
NX

m=0

P(m,N, p) =
NX

m=0

m
N!

m!(N �m)!
pmqN�m = (p + q)N

Since p + q = 1, the says the the probability distribution
P(m,N,P) is properly normalized.

We then have

p
@

@p

NX

m=0

N!

m!(N �m)!
pmqN�m = p

@

@p
(p + q)N

or
NX

m=0

m
N!

m!(N �m)!
pmqN�m = Np(p + q)N�1

or
NX

m=0

mP(m,N, p) = Np(p + q)n�1





Thus,
hni = Np(p + q)N�1

In a real physical system, we must have p + q = 1, so that we end
up with the result

hni = Np

Some results for N = 7 and N = 50 are shown below.



The variance can be calculated in a similar ways and we het

�2 =

P
N

n=0(m � µ)2P(m,N, p)
P

N

n=0 2P(m,N, p)
= Npq



Example: Suppose you observed m special events (success) in a
sample of N events.

The measured probability for a special event to occur is then

✏ =
m

N

The error of the probability is

�✏ =
�m
N

=

p
N✏(1 � ✏)

N
=

r
✏(1 � ✏)

N

which implies that the sample (N) should be as large as possible to
reduce the uncertainty in the probability.

Example: Suppose a baseball player’s batting average is 1/3 (1 for
3 on average).

Consider the case where the player either gets a hit or makes an out
(forget about walks here!).



Then
p = probability for a hit = p = 1/3

q = 1 � p = probability for “no hit” = q = 1 � p = 2/3

On average how many hits does the player get in 100 at bats?

µ = Np = 100(1/3) = 33.33

What is the standard deviation for the number of hits in 100 at
bats?

� = (Npq)1/2 = (200/9)1/2 = 4.71

therefore, we expect 33 ± 5 hits in 100 at bats.



The Poisson Probability Distribution

This is a very widely used discrete probability distribution.

Consider the following conditions:
1. p is very small and approaches 0

example: a 100 sided dice instead of a 6 sided dice
! p = 1/100 instead of 1/6

example: a 1000 side dice with p = 1/1000
2. N is very large and approaches 1

example: throwing 100 or 1000 dice instead of 2 dice
3. the product Np is finite



Example: radioactive decay

Suppose we have 25 mg of an element; this corresponds to a very
large number of atoms, N ⇡ 1020.

Suppose the lifetime of this element is

� = 1012 years ⇡ 5 ⇥ 1019 seconds

These numbers imply that the probability of a given nucleus to
decay in one second is very small

p =
1
�
= 2 ⇥ 10�20 sec�1

Note that Np = 2 sec�1 which clearly is finite!

It then turns out that the number of counts in a time interval is a
Poisson process (governed by the Poisson probability distribution).

The Poisson distribution can be derived by taking the appropriate
limits of the binomial distribution



P(m,N, p) =
N!

m!(N �m)!
pmqN�m

We have these limits

N!

(N �m)!
=

N(N � 1)....(N �m + 1)(N �m)!

(N �m)!
⇡ Nm

and

qN�m = (1 � p)N�m = 1 � p(N �m) +
p2(N �m)(N �m � 1)

2!
+ .........

⇡ 1 � PN +
(pN)2

2!
+ ..... ⇡ e�pN

so that
P(m,N, p) =

Nm

m!
pme�pN



Now let µ = Np and we have

P(m, µ) =
e�µµm

m!

This is properly normalized since we have

1X

m=0

P(m, µ) =
1X

m=0

e�µµm

m!
= e�µ

1X

m=0

µm

m!
= e�µeµ = 1

We note that m is always an integer 6= 0, but µ does not have to
be an integer.

It is straightforward to show that

µ = Np = mean of Poisson distribution

�2 = Np = µ = variance of the Poisson distribution



The mean and variance are the same!

Returning to the radioactivity example we have µ = Np = 2
decays/sec . What is the probability of zero decays in one second?

P(0, 2) =
e�220

0!
= 0.135 ! 13.5%

What is the probability of more than one decay in one second?

P(> 1, 2) = 1�P(0, 2)�P(1, 2) = 1�e�220

0!
�e�221

1!
= 0.594 ! 59.4%

Another example:

The number of false fire alarms in a suburb of Houston averages
2.1 per day. Assuming a Poisson distribution is appropriate, the
probability that 4 false alarms will occur on a given day is given by

P(4, 2.1) =
e�2.12.14

4!
= 0.0992 ! 9.92%



Some other processes governed by a Poisson distribution are
1. The number of phone calls received by a telephone operator in

a 10-minute period.
2. The number of flaws in a bolt of fabric.
3. The number of typos per page made by anyone entering text.

Probability Interpretation

As we have said, in the standard way of thinking about probability
in relation to experiments, measured results are related to
probabilities using the concept of a limit frequency.

The limit frequency is linked to probability by this definition:
If C can lead to either A or ⇠ A and if in n repetitions, A
occurs m times, then

P(A|C ) = lim
n!1

⇣m
n

⌘



We must now connect the mathematical formalism with this limit
frequency concept so that we can use the formalism to make
predictions for experiments in real physical systems.

This approach depends on whether we can prove that the limit
makes sense for real physical systems.

Let us see how we can understand the real meaning of the above
interpretation of probability and thus learn how to use it in quantum
mechanics, where probability will be the dominant property.

Suppose that we have an experimental measurement, M, that can
yield either A or ⇠ A as results, with a probability for result A given
by

P(A|M) = p

In general, we let any sequence of n independent measurements be
labeled as event Mn and we define nA as the number of times A
occurs, where 0  nA  n.



We repeat the earlier, but so very important derivation.

Now imagine we carry out a sequence of n independent
measurements and we find that A occurs r times.

The probability for a sequence of results that includes result A r
times and ⇠ A (n � r) times (independent of their order in the
sequence) is given by

prq(n � r)

where
q = P(⇠ A|M) = 1 � P(A|M) = 1 � p

The different sequence orderings are mutually exclusive events and
thus we have

P(nA = r |Mn) =
X

all possible

orderings

prq(n � r)
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prq(n�r)



The sum X

all possible

orderings

just counts the number of ways to distribute r A’s and (n � r)
⇠ A’s, where all the terms contain the common factor prq(n � r).

This result is given by the Binomial probability distribution (more
about this later) as

n!

r !(n � r)!

so that
P(nA = r |Mn) =

n!

r !(n � r)!
prq(n � r)

Now to get to the heart of the problem.

The frequency of A in Mn is given by

fn =
nA
n



This is not necessarily = p in any set of measurements.

What is the relationship between them?

Consider the following:

hnA]rangle = average or expectation value
= sum over [possible values times probability of that value]

=
nX

r=0

rP(nA = r |Mn) =
nX

r=0

r
n!

r !(n � r)!
prq(n � r)

We now use the same clever mathematical trick as used earlier to
evaluate this sum.

For the moment consider p and q to be two arbitrary independent
variables.

At the end of the calculation we will let q = 1 � p as is appropriate
for a real physical system.



From the Binomial expansion formula, we have, in general,

nX

r=0

n!

r !(n � r)!
prq(n � r) = (p + q)n

We then have

p
@

@p

nX

r=0

n!

r !(n � r)!
prq(n � r) = p

@

@p
(p + q)n

or
nX

r=0

r
n!

r !(n � r)!
prq(n � r) = np(p + q)n�1

or
nX

r=0

P(nA = r |Mn) = np(p + q)n�1

and thus
hnAi = np(p + q)n�1



In a real physical system, we must have p + q = 1, so that we end
up with the result

hnAi = np

and
hfni =

hnAi
n

= p

This says that p = the average frequency.

This does not say, however, that fn is close to p.

Now consider a more general experiment where the outcome of a
measurement is the value of some continuous variable Q, with
probability density (for its continuous spectrum) given by

P(q < Q < q + dq|M) = h(q)dq

If we let h(q) contain delta-functions, then this derivation is also
valid for the discrete part of the spectrum.



We can now derive the following useful result.

If Q is a nonnegative variable, which means that h(q) = 0 for
q < 0, then for any ✏ > 0

hQi =
Z 1

0
h(q)qdq �

Z 1

✏
h(q)qdq � ✏

Z 1

✏
h(q)dq = ✏P(Q � ✏|M)

This implies that

P(Q � ✏|M)  hQi
✏

Now we apply this result to the nonnegative variable |Q � c |↵
where ↵ > 0 and c = number, to obtain

P(|Q � c | � ✏|M) = P(|Q � c |↵ � ✏↵|M)  h|Q � c |↵i
✏↵

which is called Chebyshev’s inequality.

In the special case where

↵ = 2 , c = hQi = mean of distribution

h|Q�c |2i = h|Q�hQi|2i = hQ2i = hQi2 = �2 = variance , ✏ = k�



we have
P(|Q � hQi| � k�|M)  1

k2

or, the probability of Q being k or more standard deviations from
the mean is no greater than 1/k2 (independent of the form of the
probability distribution).

It can also be shown that

P(|fn � p| � �|M)  1
n�2

which implies that the probability of fn (the relative frequency of A
in n independent repetitions of M) being more than � away from p
converges to 0 as n ! 1.

This is an example of the law of large numbers in action.

This DOES NOT say fn = p at any time or that fn remains close
to p as n ! 1.



It DOES say that the deviation of fn from p becomes more and
more improbable or that the probability of any deviation approaches
0 as n ! 1.

It is in this sense that one uses the limit frequency from experiment
to compare with theoretical probability predictions in physics.

From probability theory one derives only statements of probability,
not of necessity.

First hints of "subversive" or “Bayesian” thinking.....

How do we reason in situations where it is not possible to argue
with certainty?

In other words, is there a way to use techniques of deductive logic
to study the inference problem arising when using inductive logic?

No matter what scientists say, this is what they are actually doing
most of the time.



The answer to this last question resides in the Bayes’ rule.

To Bayes (along with Bernoulli and Laplace), a probability
represented a “degree-of-belief” or “plausibility”, that is, how much
one thinks that something is true, based on the evidence on
hand.

The developers of standard probability theory (Fisher, Neyman and
Pearson) thought this seemed too vague and subjective a set of
ideas to be the basis of a “rigorous” mathematical theory.

Therefore, they defined probability as the long-run relative
frequency with which an event occurred, given infinitely many
repeated experimental trials.

Since such probabilities can be measured, probability was then
thought to be an objective tool for dealing with random
phenomena.



This frequency definition certainly seems to be more objective, but
it turns out that its range of validity is far more limited.

In this view, probability represents a state of knowledge.

The conditional probabilities represent logical connections rather
than causal ones.

Example: Consider an urn that contains 5 red balls and 7 green
balls.

If a ball is selected at “random”, then we would all agree that the
probability of picking a red ball would be 5/12 and of picking a
green ball would be 7/12.

If the ball is not returned to the urn, then it seems reasonable that
the probability of picking a red or green ball must depend on the
outcome of the first pick (because there will be one less red or
green ball in the urn).



Now suppose that we are not told the outcome of the first pick, but
are given the result of the second pick.

Does the probability of the first pick being red or green change with
the knowledge of the second pick?

Initially, many observers would probably say “no”, that is, at the
time of the first draw, there were still 5 red balls and 7 green balls
in the urn, so the probabilities for picking red and green should still
be 5/12 and 7/12 independent of the outcome of the second pick.

The error in this argument becomes clear if we consider the
extreme example of an urn containing only 1 red and 1 green ball.

Although, the second pick cannot affect the first pick in a physical
sense, a knowledge of the second result does influence what we can
infer about the outcome of the first pick, that is, if the second ball
was green, then the first ball must have been red, and vice versa.

We can calculate the result as shown below:





Clearly, the Bayesian and Non-Bayesian disagree.

However, the Non-Bayesian is just assuming that the calculated
result 0.417 is correct, whereas, the Bayesian is using the rules of
probability (Bayes’ Rule) to infer the result 0.456 correctly.

The concerns about the subjectivity of the Bayesian view of
probability are understandable.

I think that the presumed shortcomings of the Bayesian approach
merely reflect a confusion between subjectivity and the difficult
technical question of how probabilities(especially prior probabilities)
should be assigned.

The popular argument is that if a probability represents a
degree-of-belief, then it must be subjective, because my belief could
be different from yours.



The Bayesian view is that a probability does indeed represent how
much we believe that something is true, but that this belief should
be based on all the relevant information available(all prior
probabilities).

While this makes the assignment of probabilities an open-ended
question, because the information available to me may not be the
same as that available to you, it is not the same as subjectivity.

It simply means that probabilities are always conditional, and this
conditioning must be stated explicitly.

Objectivity demands only that two people having the same
information should assign the same probability.



Gaussian Probability Distribution

The Gaussian probability distribution is perhaps the most used
distribution in all of science.

It is sometimes called the “bell-shaped curve” or normal distribution.

Unlike the binomial or Poisson distributions, the Gaussian is a
continuous distribution given by

1
�
p

2⇡
e�

(y�µ)2

2�2

where
µ = mean(=mode=median) of distribution

�2 = variance of the distribution

y = continuous variable �1  y  1



See figure below.

The probability of y being in the range [a, b] is given by an integral

P(a < y < b) =
1

�
p

2⇡

Z
b

a

e�
(y�µ)2

2�2 dy

which cannot be evaluated analytically.



The probability distribution is properly normalized to 1 since

P(�1 < y < 1) =
1

�
p

2⇡

Z 1

�1
e�

(y�µ)2

2�2 dy = 1

One often hears statements about a measurement being a certain
number of standard deviations (�) away from the mean (µ) of the
Gaussian.

We can associate a probability for a measurement to be |µ� n�|
from the mean just by calculating the area outside of this region.

n� Prob. of exceeding ±n�
0.67 0.5
1 0.32

2 0.05
3 0.003
4 0.00006



which shows that it is very unlikely (< 0.3%) that a measurement
taken at random from a gaussian pdf will be more than ±3� from
the true mean of the distribution.

Relationship between Gaussian and Binomial Distributions

The Gaussian distribution can be derived from the binomial(or
Poisson) distribution assuming:

1. p is finite
2. N is very large
3. We have a continuous rather than a discrete variable

An example illustrating the small difference between the two
distributions (remember one is continuous and the other is discrete)
under the above conditions is:

Consider an experiment of tossing a coin many times where

P(heads) = 0.5 , N = 10000

For the binomial distribution:

mean number of heads = µ = Np = 5000



standard deviation = � = [Np(1 � p)]1/2 = 50

The probability to be within ±� is

P(±�) =
m=5000+50X

m=5000�50

104!

(104 �m)!m!
0.5m0.5104�m = 0.69

For the Gaussian distribution:

P(µ� � < y < µ+ �) =
1

�
p

2⇡

Z µ+�

µ��
e�

(y�µ)2

2�2 dy = 0.68

so that both distributions give about the same probability under
these conditions.

Central Limit Theorem

The Gaussian distribution is important because of the Central Limit
Theorem.



A crude statement of the Central Limit Theorem is

Things that are the result of the addition of lots of small
effects tend to become Gaussian.

A more exact statement goes as follows:

Let Y1,Y2, ....,Yn be an infinite sequence of independent random
variables each with the same probability distribution (the Y ’s
actually can be from different pdf’s).

Suppose that the mean (µ) and the variance (�2) of this
distribution are both finite.

For any numbers a and b:

lim
n!1

P


a <

Y1 + Y2 + .....+ Yn � nµ

�
p
n

< b

�
=

1p
2⇡

Z
b

a

e�
1
2 y

2
dy



The CLT tells us that under a wide range of circumstances the
probability distribution that describes the sum of random variables
tends towards a Gaussian distribution as the number of terms in the
sum ! 1.

Alternatively we have the statement

lim
n!1

P


a <

Ȳ � µ

�/
p
n

< b

�
= lim

n!1
P


a <

Ȳ � µ

�m

< b

�
=

1p
2⇡

Z
b

a

e�
1
2 y

2
dy

where �m is sometimes called the “error in the mean”.

For the CLT to be valid: µ and � must be finite and no one term in
the sum should dominate the sum.

We note that a random variable is not the same as a random
number.

A random variable is a rule which associates a number with each
outcome in a set of possible outcomes S .



We note that if y is described by a gaussian pdf with µ = 0 and
� = 1 then the probability that a < y < b is given by

1p
2⇡

Z
b

a

e�
1
2 y

2
dy

which is the RHS of the CLT.

Example: A watch makes an error of at most ±1/2 minute per
day. After one year, what is the probability that the watch is
accurate to within ±25 minutes? Assume that the daily errors are
uniform in [�1/2, 1/2].

For each day, the average error is zero and the standard deviation
1/
p

12 minute, that is, P(y) = 1.0, µ = 0 so that

�2 =

R 1/2
�1/2(y � µ)2P(y)dy

R 1/2
�1/2 P(y)dy

=

Z 1/2

�1/2
y2dy =

1
12

! � =
1p
12

The error over the course of a year is just the addition of the daily
error.



Since the daily errors come from a uniform distribution with a well
defined mean and variance, the CLT is applicable.

Thus,

lim
n!1

P


a <

Y1 + Y2 + .....+ Yn � nµ

�
p
n

< b

�
=

1p
2⇡

Z
b

a

e�
1
2 y

2
dy

The upper limit corresponds to +25 minutes, i.e.,

b =
Y1 + Y2 + .....+ Yn � nµ

�
p
n

=
+25 � (365)(0)
(1/

p
12)

p
365

= 4.5

and the lower limit corresponds to -25 minutes, i.e.,

a =
Y1 + Y2 + .....+ Yn � nµ

�
p
n

=
�25 � (365)(0)
(1/

p
12)

p
365

= �4.5

Therefore, the probability to be within ±25 minutes is

P =
1p
2⇡

Z 4.5

�4.5
e�

1
2 y

2
dy = 0.999997 = 1 � 3 ⇥ 10�6

that is, less than three in a million chance that the watch will
be off by more than 25 minutes after a year.



Example: Generate a Gaussian distribution using random numbers.

We have a random number generator which gives numbers
distributed uniformly in the interval [0, 1] so that µ = 1/2 and
� = 1/12.

Procedure:
1. Take n = 12 numbers (ri ) from the random number generator
2. Add them together
3. Subtract nµ = 6

This should generate a number that looks like it is from a Gaussian
pdf, that is,

P


a <

Y1 + Y2 + .....+ Yn � nµ

�
p
n

< b

�
= P


a <

r1 + r2 + .....+ r12 � 12(1/2)
(1/

p
12)

p
12

< b

�

= P[�6 < (r1 + r2 + ...+ r12 � 6) < 6] =
1p
2⇡

Z 4.5

�4.5
e�

1
2 y

2
dy

where the value of a arises from all ri = 0 and the value of b arises
from all ri = 1.



OCTAVE code: cent-lim.m





Example: The daily income of a “card shark” has a uniform
distribution in the interval [�$40, $50].

What is the probability that she wins more than $500 in 60 days?

Let us use the CLT to estimate this probability

lim
n!1

P


a <

Y1 + Y2 + .....+ Yn � nµ

�
p
n

< b

�
=

1p
2⇡

Z
b

a

e�
1
2 y

2
dy

The probability distribution of daily income is uniform, P(y) = 1.

Thus, we have

µ =

R 50
�40 yP(y)dyR 50
�40 P(y)dy

=
1
2(502 � 402)

50 � (�40)
= 5

�2 =

R 50
�40 y

2P(y)dy
R 50
�40 P(y)dy

� µ2 =
1
3(503 � 403)

50 � (�40)
� 25 = 675

The lower value a is



The lower value a is

a =
Y1 + Y2 + .....+ Yn � nµ

�
p
n

=
500 � (60)(5)p

675
p

60
= 1

The upper value b is the maximum the shark could win ($50/day
for 60 days)

b =
Y1 + Y2 + .....+ Yn � nµ

�
p
n

=
3000 � (60)(5)p

675
p

60
= 13.4

Thus,

P =
1p
2⇡

Z 13.4

1
e�

1
2 y

2
dy ⇡ 1p

2⇡

Z 1

1
e�

1
2 y

2
dy = 0.16

or a 16% chance to win > $500 in 60 days.



Propagation of Errors

Example: we measure the current(I ) and the resistance (R) of a
resistor.

Ohm’s law is V = IR .

If we know the uncertainties (e.g. standard deviations) in I and R ,
what is the uncertainty in V ?

Given a functional relationship between several variables (x , y , z),
say Q = f (x , y , z) we ask:

What is the uncertainty in Q if the uncertainties in x , y , and z are
known? Usually when we talk about uncertainties in a measured
variable such as x , we assume:

1. the value of x represents the mean of a Gaussian distribution
2. the uncertainty in x is the standard deviation of the Gaussian

distribution



Remember, however, that not all measurements can be represented
by Gaussian distributions and that can cause difficulties.

Propagation of Error Formula

Suppose Q = f (x , y).

To calculate the variance in Q as a function of the variances in x
and y we use the following:

�2
Q
= �2

x

✓
@Q

@x

◆2
+ �2

y

✓
@Q

@y

◆2
+ 2�xy

✓
@Q

@x

◆✓
@Q

@y

◆

If the variables are uncorrelated (�xy = 0), the last term is zero.

Assume that we have several measurements of the quantities x , say
x1, x2, ..., xN and y , say, y1, y2, ...., yN .



The average of x and y are

µx =
1
N

NX

i=1

xi , µy =
1
N

NX

i=1

yi

We define
Qi = f (xi , yi )

Q = f (µx , µy ) evaluated at the average values

If we expand Qi about the average values (neglecting 2n-order or
higher terms) we get

Qi � Q = (xi � µx)

✓
@Q

@x

◆����
µx

+ (yi � µy )

✓
@Q

@y

◆����
µy

so that



�2
Q
=

1
N

NX

i=1

(Qi � Q)2 =
1
N

NX

i=1

(xi � µx)
2
✓
@Q

@x

◆2

µx

+
1
N

NX

i=1

(yi � µy )
2
✓
@Q

@y

◆2

µy

+
2
N

NX

i=1

(xi � µx)(yi � µy )

✓
@Q

@x

◆

µx

✓
@Q

@y

◆

µy

= �2
x

✓
@Q

@x

◆2

µx

+ �2
y

✓
@Q

@y

◆2

µy

+ 2
✓
@Q

@x

◆

µx

✓
@Q

@y

◆

µy

NX

i=1

(xi � µx)(yi � µy )

If the measurements are uncorrelated (uncorrelated errors)

�2
Q
= sigma2

x

✓
@Q

@x

◆2

µx

+ �2
y

✓
@Q

@y

◆2

µy



When x and y are correlated, define

�xy =
NX

i=1

(xi � µx)(yi � µy )

so that for correlated errors

�2
Q
= sigma2

x

✓
@Q

@x

◆2

µx

+ �2
y

✓
@Q

@y

◆2

µy

+ 2�xy
✓
@Q

@x

◆

µx

✓
@Q

@y

◆

µy

Example: Power in an electric circuit - P = I 2R/

Let I = 1.0± 0.1 amp and R = 10± 1⌦ so that P = 10 watts. We
calculate the variance in the power using propagation of errors

�2
P
= �2

I

✓
@P

@I

◆2

I=1
+�2

R

✓
@P

@R

◆2

R=10
= �2

I
(2IR)2

I=1+�2
R

�
I 2
�2
R=10 = 5 watts2

so that
P = 10 ± 2 watts



This means that if the true value of the power was 10 W and we
measured it many times with an uncertainty � of ±2 W and
Gaussian statistics apply, then 68% of the measurements would lie
in the range [8, 12] W. Sometimes it is convenient to put the above
calculation in terms of relative errors.

�2
P

P2 =
�2
I

P2

✓
@P

@I

◆2

I=1
+

�2
R

P2

✓
@P

@R

◆2

R=10
=

4�2
I

I2
+

�2
R

R2 = 4
✓ 0.1

1

◆2
+

✓ 1

10

◆2
= 0.05 = 5 watts2

Clearly, the uncertainty in the current dominates (80%) the
uncertainty in the power, which mean that current must be
measured more precisely to greatly reduce the uncertainty in the
power.

Example: The error in the average

The average of several measurements each with the same
uncertainty (�) is given by

µ =
1
n
(x1 + x2 + ....+ xn)



and the variance of the mean is

�2
µ = �2

x1

✓
@µ

@x1

◆2
+ �2

x2

✓
@µ

@x2

◆2
+ ....+ �2

xn

✓
@µ

@xn

◆2
= n�2

✓
1
n

◆2

or
�µ =

�p
n

is the “error in the mean”.

Clearly, we can determine the mean better by combining
measurements and the precision increases (gets better) as the
square root of the number of measurements.

Do not confuse �µ with �.

� is related to the width of the pdf (e.g. Gaussian) that the
measurements come from.

� does not get smaller as we combine measurements.



Maximum Likelihood Method

Suppose that we are trying to measure the true value of some
quantity (xT ) .

We make repeated measurements of this quantity (x1, x2, ...., xn).

The standard way to estimate xT from our measurements is to
calculate the mean value:

µx =
1
n

nX

i=1

xi

and then set xT = µx .

Does this procedure make sense?

To answer this question we investigate the maximum likelihood
method(MLM), which is a general method for estimating
parameters of interest from data.



Statement of the Maximum Likelihood Method

Assume we have made n measurements of x (x1, x2, ...., xn).

Assume we know the probability distribution function that describes
x , namely, f (x ,↵).

Assume that we want to determine the parameter ↵.

MLM: pick ↵ to maximize the probability of getting the
measurements (the xi ’s) that we did!

How do we use the MLM?

(1) Let f (x ,↵) be given by a Gaussian distribution

(2) Let ↵ = µ be the mean of the Poisson distribution

(3) We want to estimate ↵ from our set of n measurements



(4) Assume that � is the same for each measurement. Thus,

f (xi ,↵) =
1

�
p

2⇡
e�

(xi�↵)2

2�2

(5) The likelihood function for this problem is

L =
nY

i=1

f (xi ,↵) =
nY

i=1

1
�
p

2⇡
e�

(xi�↵)2

2�2 =


1

�
p

2⇡

�n
e�

(x1�↵)2

2�2 ...e�
(xn�↵)2

2�2

=


1

�
p

2⇡

�n
e�

P
n

i=1
(xi�↵)2

2�2

(6) Find ↵ that maximizes the log(likelihood function):

@ ln L

@↵
=

@

@↵

"
n ln

✓
1

�
p

2⇡

◆
�

nX

i=1

�
nX

i=1

(xi � ↵)2

2�2

#
= 0

@

@↵

nX

i=1

(xi � ↵)2

2�2 = 0 !
nX

i=1

(xi � ↵) = 0

nX

i=1

xi = n↵ ! ↵ =
1
n

nX

i=1

xi



which is just the average value as expected.

If � is different for each data point, then ↵ is just the weighted
average

↵ =

P
n

i=1
xi

�2
iP

n

i=1
1
�2
i

Example:

(1) Let f (x ,↵) be given by a Poisson distribution

(2) Let ↵ = µ be the mean of the Gaussian

(3) We want to estimate ↵ from our set of n measurements



(4) The likelihood function for this problem is

L =
nY

i=1

f (xi ,↵) =
nY

i=1

e↵↵xi

xi !
=

e↵↵x2

x2!

e↵↵x1

x1!
......

e↵↵xn

xn!

=
en↵↵

P
n

i=1 xi

x1!x2!....xn!

(5) Find ↵ that maximizes the log(likelihood function):

@ ln L

@↵
=

@

@↵

"
�n↵� ln↵

nX

i=1

xi � ln x1!x2!....xn!

#
= 0

�n +
1
↵

nX

i=1

xi = 0 ! ↵ =
1
n

nX

i=1

xi

which is just the average value as expected.



General Properties of the MLM
1. For large data sets (large n) the likelihood function L

approaches a Gaussian.
2. For large n estimates converge to the true value of the

parameters.
3. MLM estimates are unbiased, efficient, sufficient and has

smallest variance. Solution is unique.
4. BAD NEWS: we must know the correct probability

distribution for the problem under consideration!
Maximum Likelihood Fit of Data to a Function

Suppose we have a set of n measurements:

x1, y1 ± �1

x2, y2 ± �2

· · ·

xn, yn ± �n



Assume each measurement error(�) is a standard deviation from a
Gaussian pdf.

Assume that for each measured value y , there is an x which is
known exactly.

Suppose we know the functional relationship between the y ’s and
the x ’s:

y = q(x ,↵,�, ....)

where ↵,�, .... are parameters.

MLM gives us a method to determine ↵,�, .... from the data.

Example: Fitting data points to a straight line:

y = q(x ,↵,�, ....) = ↵+ �x

L =
nY

i=1

f (xi ,↵,�) =
nY

i=1

1
�i
p

2⇡
e

(yi�q(xi ,↵,�....))2

2�2
i

�



We find ↵ and � by maximizing the likelihood function L :

@ ln L

@↵
=

@

@↵

nX

i=1


ln

✓
1

�i
p

2⇡

◆
� (yi � ↵� �xi )2

2�2
i

�

=
nX

i=1


�(yi � ↵� �xi )2

2�2
i

�
= 0

@ ln L

@�
=

@

@�

nX

i=1


ln

✓
1

�i
p

2⇡

◆
� (yi � ↵� �xi )2

2�2
i

�

=
nX

i=1


(yi � ↵� �xi )2

2�2
i

�
= 0

which is two linear equations with two unknowns.



Assuming all of the �’s are the same for simplicity:

nX

i=1

yi �
nX

i=1

↵�
nX

i=1

�xi = 0 =
nX

i=1

yi � n↵� �
nX

i=1

xi

nX

i=1

xiyi �
nX

i=1

↵xi �
nX

i=1

�x2
i = 0 =

nX

i=1

xiyi � ↵
nX

i=1

xi � �
nX

i=1

x2
i

The solutions are

↵ =

P
n

i=1 yi
P

n

i=1 x
2
i
�
P

n

i=1 xiyi
P

n

i=1 xi

n
P

n

i=1 x
2
i
� (

P
n

i=1 xi )
2

� =
n
P

n

i=1 xiyi �
P

n

i=1 yi
P

n

i=1 xi

n
P

n

i=1 x
2
i
� (

P
n

i=1 xi )
2

These results = “least squares” idea.



The fitted line best represents the data.

Not all the data points will be on the line.

The line minimizes the sum of squares of the deviations
between the line and the data

� =
nX

i=1

[datai � predictioni ]
2 =

nX

i=1

[yi � ↵ = �xi ]
2

And now for something completely different......

Testable Information: The Principle of Maximum Entropy

Let us move on to a situation where we do not have total ignorance.

Suppose that a die, with the usual six faces, was rolled a very large
number of times and we are only told that the average result was
4.5.



What probability should we assign for the various outcomes {Xi}
that the face on top had i dots?

The information or conditions provided by the experiment is written
as a simple constraint equation

6X

i=1

i prob(Xi |I ) = 4.5

If we had assumed a uniform pdf, then we would have predicted a
different average

6X

i=1

i prob(Xi |I ) =
1
6

6X

i=1

i =
1
6
(21) = 3.5

which means the uniform pdf is not a valid assignment.

There are many pdfs that are consistent with the experimental
results.

Which one is the best?



The constraint equation above is called testable information.

With such a condition, we can either accept or reject any proposed
pdf.

Jaynes proposed that, in this situation, we should make the
assignment by using the principle of maximum entropy (MaxEnt),
that is, we should choose that pdf which has the most entropy S
while satisfying the available constraints.

Explicitly, for case if the die experiment above, we need to maximize

S = �
6X

i=1

pi loge (pi )

where pi = prob(Xi |I ) subject to the conditions



1. normalization constraint
6X

i�1

pi = 1

and
2. testable information constraint

6X

i=1

ipi = 4.5

Such a constrained optimization is done using the method of
Lagrange multipliers as shown below:

Define the functions

f (pi ) =
6X

i�1

pi � 1 = 0 ! @f

@pj
⌘ 0

g(pi ) =
6X

i=1

ipi � 4.5 = 0 ! @g

@pj
⌘ 0



The maximization problem can then be written

@S

@pj
+ �f

@f

@pj
+ �g

@g

@pj
= 0 j = 1, 2, 3, 4, 5, 6

where the constants �f ,�g are called undetermined multipliers.

We get the equations

� loge (pj)� 1 + �f + j�g = 0 j = 1, 2, 3, 4, 5, 6

We then obtain

� loge (pj+1)� 1 + �f + (j + 1)�g = � loge (pj)� 1 + �f + j�g

! loge
pj+1

pj
= �g !

pj+1

pj
= � = constant



and
� loge (p1)� 1 + �f + loge (�) = 0

�f = 1 + loge
p1

�

Therefore,

6X

i�1

pi = 1 = p1(1 + � + �2 + �3 + �4 + �5)

6X

i=1

ipi = 4.5 = p1(1 + 2� + 3�2 + 4�3 + 5�4 + 6�5)

or
1 + 2� + 3�2 + 4�3 + 5�4 + 6�5

1 + � + �2 + �3 + �4 + �5 = 4.5

1.5�5 + 0.5�4 � 0.5�3 � 1.5�2 � 2.5� � 3.5 = 0



Solving for � we get 1.449255 so that

p1 =
1

1 + � + �2 + �3 + �4 + �5 = 0.05435

p2 = �p1 = 0.07877

p3 = �p2 = 0.11416

p4 = �p3 = 0.16545

p5 = �p4 = 0.23977

p6 = �p5 = 0.34749

is the MaxEnt assignment for the pdf for the outcomes of the die
roll, given only that it has the usual six faces and yields an average
result of 4.5.

Why should the entropy function

S = �
6X

i=1

pi loge (pi )

specified above be the choice for a selection criterion?



Let us look at two examples that suggest this criterion is highly
desirable and probably correct.

Kangeroo Problem(Gull and Skilling) The kangeroo problem is
as follows:

Information: 1/3 of all kangeroos have blue eyes and 1/3 of all
kangeroos are left-handed

Question: On the basis of this information alone, what proportion
of kangeroos are both blue-eyed and left-handed?

For any particular kangeroo, there are four distinct possibilities,
namely, that it is

1. blue-eyed and left-handed
2. blue-eyed and right-handed
3. not blue-eyed but left-handed
4. not blue-eyed but right-handed



Bernoulli’s law of large numbers says that the expected values of
the fraction of kangeroos with characteristics (1)-(4) will be equal
to the probabilities (p1, p2, p3, p4) we assign to each of these
propositions. This is represented by a 2 ⇥ 2 truth or contingency
table as shown below:



Although there are four possible combinations of eye-color and
handedness to be considered, the related probabilities are not
completely independent of each other.

We have the standard normalization requirement

4X

i=1

pi = 1

In addition, we also have two conditions on the so-called marginal
probabilities

p1+p2 = prob(blue & left|I )+prob(blue & right|I )�prob(blue|I ) = 1/3

p1+p3 = prob(blue & left|I )+prob(not�blue & left|I )�prob(left|I ) = 1/3

Since any pi � 0, these imply that 0  p1  1/3.



Using this result we can characterize the contingency table by a
single variable x = p1 as in the table below:

where we have used



x = p1

p1 + p2 =
1
3
! p2 =

1
3
� p1

p1 + p3 =
1
3
! p3 =

1
3
� p1

p1 + p2 + p3 + p4 = 1 ! p4 =
2
3
+ x

All such solutions, where 0  x  1/3, satisfy the constraints of
the testable information that is available.

Which one is best?

Common sense leads us towards the assignment based on
independence of these two traits, that is, any other assignment
would indicate a knowledge of kangeroo eye-color told us something
about its handedness.



Since we have no information to determine even the sign of any
potential correlation, let alone its magnitude, any choice other than
independence is not justified.

The independence choice says that

x = p1 = prob(blue & left|I ) = prob(blue|I )prob(left|I ) = 1
9

In this particular example it was straightforward to decide the most
sensible pdf assignment in the face of the inadequate information.

We now ask whether there is some function of the {pi} which,
when maximized subject to the known constraints, yields the
“independence” solution.

The importance of finding an answer to this question is that it
would become a good candidate for a general variational principle
that could be used in situations that were too complicated for our
common sense.



Skilling has shown that the only function which gives x = 1/9 is
the entropy S as specified above or

S = �
4X

i=1

pi loge (pi ) = �x loge (x)� 2
✓

1
3
� x

◆
loge

✓
1
3
� x

◆

�
✓

1
3
+ x

◆
loge

✓
1
3
+ x

◆

The results of Skilling’s investigations, including three proposed
alternatives,

S1 = �
4X

i=1

pi loge (pi ) ! MaxEnt

S2 = �
4X

i=1

p2
i / S3 = �

4X

i=1

loge (pi )

S4 = �
4X

i=1

p
pi

are shown in the table below:



Clearly, only the MaxEnt assumption leads to an optimal value with
no correlations as expected.

Let us look at another example that lends further support to the
MaxEnt principle.



The Team of Monkeys

Suppose there are M distinct possibilities {Xi} to be considered.
How can we assign truth tables (prob(Xi |I ) = pi ) to these
possibilities given some testable information I (experimental
results).

What is the most honest and fair procedure?

Imagine playing the following game.

The various propositions are represented by different boxes all of
the same size into which pennies are thrown at random.

The tossing job is often assigned to a team of monkeys under the
assumption that this will not introduce any underlying bias into the
process.



After a very large number of coins have been distributed into the
boxes, the fraction found in each of the boxes gives a possible
assignment of the probability for the corresponding {Xi}.

The resulting pdf may not be consistent with the constraints of I , of
course, in which case it must be rejected as a potential candidate.

If it is in agreement, then it is a viable option.

The process is then repeated by the monkeys many times.

After many such trials, some distributions will be found to come up
more often than others.

The one that occurs most frequently (and satisfies I ) would be a
sensible choice for (prob(Xi |I ).

This is so because the team of monkeys has no axe to grind (no
underlying bias) and thus the most frequent solution can be
regarded as the one that best represents our state of knowledge.



It agrees with all the testable information available while being as
indifferent as possible to everything else.

Does this correspond to the pdf with the greatest value of

S = �
X

i

pi loge (pi ) ?

After the monkeys have tossed all the pennies given to them,
suppose that we find n1 in the first box, n2 in the second box, and
so on.

We then have

N =
MX

i=1

= total number of coins

which will be assumed to be very large and also much greater than
the number of boxes M.

This distribution gives rise to the candidate pdf {pi} for the
possibilities {Xi}:



pi =
ni
M

, i = 1, 2, ...,M

Since every penny can land in any of the boxes there are MN

number of different ways of tossing the coins among the boxes.

Each way, by assumption of randomness and no underlying bias by
the monkeys, is equally likely to occur.

All of the basic sequences, however, are not distinct, since many
yield the same distribution {ni}.

The expected frequency F with which a set {pi} will arise, is given
by

F ({pi}) =
number of ways of obtaining{ni}

Mn

The numerator is just the number of ways to distribute N coins in a
distribution {ni} which is given by

number of ways of obtaining{ni} =
N!

n1!n2!....nM !



Putting everything together we have

F ({pi}) =
N!

n1!n2!....nM !

Mn

log F ) = �N log (M) + log (N!)�
MX

i=1

log (ni !)

Using Stirling’s approximation log (n!) ⇡ n log (n)� n for large n,
we find

log F ) = �N log (M) + N log (N)�
MX

i=1

ni log (ni )� N +
MX

i=1

ni

= �N log (M) + N log (N)�
MX

i=1

ni log (ni )

and thus



log F ) = �N log (M) + N log (N)�
MX

i=1

piN log (piN)

= �N log (M) + N log (N)�
MX

i=1

piN(log (pi ) + log (N))

= �N log (M) + N log (N)� N
MX

i=1

pi log (pi ) + N log (N)
MX

i=1

pi

= �N log (M) + N log (N)� N
MX

i=1

pi log (pi ) + N log (N)

= �N log (M)� N
MX

i=1

pi log (pi )



Maximizing log (F ) is equivalent to maximizing F , which is the
expected frequency with which the monkeys will come up with the
candidate pdf {pi}, that is, that is, maximizing log (F ) will give us
the assignment prob({Xi}|I ) which best represents our state of
knowledge consistent with the testable information I .

Since M and N are constants, this is equivalent to the constrained
maximization of the entropy function

S = �
X

i

pi loge (pi )

and so we recover the MaxEnt procedure once again.



Group Theory and Elementary Particles Introduction to
Group Theory

The theory of finite groups and continuous groups is a very useful
tool for studying symmetry and invariance.

In order to use group theory we need to introduce some definitions
and concepts.

A group G is defined as a set of objects or operations (called
elements) that may be combined or multiplied to form a
well-defined product and that satisfy the following four conditions.

If we label the elements a, b, c , .......... , then the conditions are:
1. If a and b are any two elements, then the product ab is an

element.
2. The defined multiplication is associative, (ab)c = (a(bc)
3. There is a unit element I , with Ia = aI = a for all elements a.
4. Each element has an inverse b = a�1, with a�1 = a�1a = I

for all elements a.

Introduction to Group Theory



In physics, these abstract conditions will take on direct physical
meaning in terms of transformations of vectors and tensors.

As a very simple, but not trivial, example of a group, consider the
set {I , a, b, c} that combine according to the group multiplication
table below.

Clearly, the four conditions of the definition of group are satisfied.

The elements {I , a, b, c} are abstract mathematical entities,
completely unrestricted except for the above multiplication table.



A representation of the group is a set of particular objects
{I , a, b, c} that satisfy the multiplication table.

Some examples are:

{I = 1, a = i , b = �1, c = �i}

where the combination rules i ordinary multiplication.

This group representation is labelled C4.

Since multiplication of the group elements is “commutative”, i.e.,
ab = ba for any pair of elements, the group is labelled
“commutative or abelian”.

This group is also a “cyclic” group, since all of the elements can be
written as successive powers of one element. In this case,

{I = i4, a = i , b = i2, c = i3}

Another representation is given by the successive 90� rotations in a
plane.



Remember the matrix that represents a rotation through angle � in
2-dimensions is given by

R =

✓
cos� � sin�
sin� cos�

◆

With � = 0,⇡/2,⇡, 3⇡/2, we have

I =

✓
1 0
0 1

◆
, a =

✓
0 �1
1 0

◆
, b =

✓
�1 0
0 �1

◆
, c =

✓
0 1
�1 0

◆

Thus, we have seen two explicit representations.

One with numbers(complex) using ordinary multiplication and the
other with matrices using matrix multiplication.

There maybe a correspondence between the elements of two groups.

The correspondence can be one-to-one , two-to-one or, many-to-
one.



If the correspondence satisfies the same group multiplication table,
then it is said to be homomorphic.

If it is also one-to-one, then it is said to be isomorphic.

The two representations that we discussed above are one-to-one
and preserve the multiplication table and hence, are isomorphic.

The representation of group elements by matrices is a very powerful
technique and has been almost universally adopted among
physicists.

It can be proven that all the elements of finite groups and
continuous groups of the type important in physics can be
represented by unitary matrices.



For unitary matrices we have

A† = A�1

or, in words, the complex conjugate/transposed is equal to the
inverse.

If there exists a transformation that will transform our original
representation matrices into diagonal or block-diagonal form, for
example,

0

BB@

A11 A12 A13 A14
A21 A22 A23 A24
A31 A32 A33 A34
A41 A42 A44 A44

1

CCA )

0

BB@

P11 P12 0 0
0 0 0 0
0 A32 Q11 Q12
0 0 Q21 Q22

1

CCA

such that the smaller portions or submatrices are no longer coupled
together, then the original representation is said to be reducible.



Equivalently, we have

R = SAS�1 =

✓
P 0
0 Q

◆

which is a “similarity” transformation.

We write
R = P � Q

and say that R has been decomposed into the representations P
and Q.

The irreducible representations play a role in group theory that is
roughly analogous to the unit vectors of vector analysis.

They are the simplest representations – all others may be built up
from them.



If a group element x is transformed into another group element y
by means of a similarity transformation involving a third group
element gi

gixg
�1
i

= y

then y is said to be conjugate to x .

A class is a set of mutually conjugate group elements.

A class is generally not a group.

The trace of each group element (each matrix of our
representation) is invariant under unitary transformations. We
define

Tr(A) =
nX

i=1

Aii = Trace(A)

Then we have



Tr(SAS�1) =
nX

i=1

(SAS�1)ii =
nX

i=1

nX

j=1

nX

k=1

sikakjs
�1
ji

=
nX

j=1

nX

k=1

akj

nX

i=1

s�1
ji

sik =
nX

j=1

nX

k=1

akj(S
�1S)jk

=
nX

j=1

nX

k=1

akj(I )jk =
nX

j=1

nX

k=1

akj�jk

=
nX

j=1

ajj = Tr(A)

We now relabel the trace as the character.

Then we have that all members of a given class (in a given
representation) have the same character.

This follows directly from the invariance of the trace under
similarity or unitary transformations.



If a subset of the group elements (including the identity element I )
satisfies the four group requirements (means that the subset is a
group also), then we call the subset a subgroup.

Every group has two trivial subgroups: the identity element alone
and the group itself.

The group C4 we discussed earlier has a nontrivial subgroup
comprised of the elements {I , b}.

The order of a group is equal to the number of group elements.

Consider a subgroup H with elements {hi} and a group element x
not in H.

Then xhi and hix are not in the subgroup H.



The sets generated by

xhi , i = 1, 2, ... and hix , 1 = 1, 2....

are called the left and right cosets, respectively, of the subgroup H
with respect to x .

The coset of a subgroup has the same number of distinct elements
as the subgroup.

This means that the original group G can be written as the sum of
H and its cosets:

G = H + x1H + x2H + ......

Since H and all of its cosets have the same order(same number of
elements), the order(number of elements) of any subgroup is a
divisor of the order(number of elements) of the group.



The similarity transformation of a subgroup H by a fixed group
element x not in H

xHx�1

yields a subgroup.

If this subgroup is identical to H for all x , i.e., if

xHx�1 = H

then H is called an invariant, normal or self-conjugate subgroup.

In physics, groups usually appear as a set of operations that leave a
system unchanged or invariant.

This is an expression of symmetry.

A symmetry is usually defined as the invariance of the Hamiltonian
of a system under a group of transformations.

We now investigate the symmetry properties of sets of objects such
as the atoms in a molecule or a crystal.



Two Objects - Twofold Symmetry Axis

Consider first the two-dimensional system of two identical atoms in
the xy -plane located at (1, 0) and (�1, 0) as shown below.

What rotations can be carried out (keeping both atoms in the
xy -plane) that will leave the system invariant?

The only ones are I (always works) and a rotation by ⇡ about the
z-axis.



So we have a rather uninteresting group of two elements.

The z-axis is labelled a twofold symmetry axis, corresponding to
the two rotation angles 0 and ⇡ that leave the system invariant.

Our system becomes more interesting in 3-dimensions. Now
imagine a molecule (or part of a crystal) with atoms of element X
at ±a on the x-axis, atoms of element Y at ±b on the y -axis, and
atoms of element Z at ±c on the z-axis as shown below:

Clearly, each axis is now a twofold symmetry axis.



The matrix representation of the corresponding rotations are:

Rx(⇡) =

0

@
1 0 0
0 �1 0
0 0 �1

1

A ,Ry (⇡) =

0

@
�1 0 0
0 1 0
0 0 �1

1

A

Rz(⇡) =

0

@
�1 0 0
0 �1 0
0 0 1

1

A , I =

0

@
1 0 0
0 1 0
0 0 1

1

A

These four elements {I ,Rx(⇡),Ry (⇡),Rz(⇡)} form an abelian
group with a group multiplication table:



The products in this table can be obtained in either of two distinct
ways:
(1) We may analyze the operations themselves - a rotation of ⇡

about the x-axis followed by a rotation of ⇡ about the y -axis is
equivalent to a rotation of ⇡ about the z-axis

Ry (⇡)Rx(⇡) = Rz(⇡)

and so on.
(2) Alternatively, once the matrix representation is established, we

can obtain the products by direct matrix multiplication.

This latter method is especially important when the system is
too complex for direct physical interpretation.

This symmetry group is often labelled D2, where the D
signifies a dihedral group and the subscript 2 signifies a
twofold symmetry axis (and that no higher symmetry axis
exists).



Three Objects – Threefold Symmetry Axis

Consider now three identical atoms at the vertices of an equilateral
triangle as shown below:

Rotations (in this case we assume counterclockwise) of the triangle
of 0, 2⇡/3, and4⇡/3 leave the triangle invariant.



In matrix form, we have

I =

✓
1 0
0 1

◆

A = Rz(2⇡/3) =
✓
cos (2⇡/3) � sin (2⇡/3)
sin (2⇡/3) cos (2⇡/3)

◆
=

✓
�1/2 �

p
3/2p

3/2 �1/2

◆

B = Rz(4⇡/3) =
✓

�1/2
p

3/2
�
p

3/2 �1/2

◆

The z-axis is a threefold symmetry axis.

{I ,A,B} form a cyclic group, which is a subgroup of the complete
6-element group that we now discuss.

In the x � y plane there are three additional axes of symmetry -
each atom (vertex) and the origin define the twofold symmetry axes
C , D, and E .

We note that twofold rotation axes can also be described via
reflections through a plane containing the twofold axis.



In this case, we have for rotation of ⇡ about the C -axis.

C = RC (⇡) =

✓
�1 0
0 1

◆

The rotation of ⇡ about the D-axis can be replaced by a rotation of
4⇡/3 about the z-axis followed by a reflection in the y � z plane
(x ! �x) or

D = RD(⇡) = CB =

✓
�1 0
0 1

◆✓
�1/2

p
3/2

�
p

3/2 �1/2

◆
=

✓
1/2 �

p
3/2

�
p

3/2 �1/2

◆

Similarly the rotation of ⇡ about the E -axis can be replaced by a
rotation of 2⇡/3 about the z-axis followed by a reflection in the
y � z plane (x ! �x) or

E = RE (⇡) = CA =

✓
�1 0
0 1

◆✓
�1/2 �

p
3/2p

3/2 �1/2

◆
=

✓
�1/2

p
3/2p

3/2 �1/2

◆



The complete group multiplication table is:

Notice that each element of the group appears only once in each
row and in each column.It is clear from the multiplication table that
the group is not abelian.

We have explicitly constructed a 6-element group and a 2 ⇥ 2
irreducible matrix representation of it.

The only other distinct 6-element group is the cyclic group
{I ,R ,R2,R3,R4,R5} with



R =

✓
cos (⇡/3) � sin (⇡/3)
sin (⇡/3) cos (⇡/3)

◆
=

✓
�1/2 �

p
3/2p

3/2 �1/2

◆

The group {I ,A < B ,C ,D,E} is labeled D3 in crystallography, the
dihedral group with a threefold axis of symmetry.

The three axes (C ,D,E ) in the x � y plane are twofold symmetry
axes and, as a result, (I ,C ), (I ,D), and (I ,E ) all form two-element
subgroups.

None of these two-element subgroups are invariant.

There are two other irreducible representations of the symmetry
group of the equilateral triangle.

They are
1. the trivial {1, 1, 1, 1, 1, 1}
2. the almost as trivial {1, 1, 1,�1,�1,�1}

Both of these representations are homomorphic to D3.



A general and most important result for finite groups of h elements
is that X

i

n2
i = h

where ni is the dimension of the matrices of the i th irreducible
representation. equality is called the dimensionality theorem and
is very useful in establishing the irreducible representations of a
group. Here for D3 we have

12 + 11 + 22 = 6

for our three representations.

This means that no other representations of the symmetry group of
three objects exists.

We note from the examples above that for the transformations
involving rotations and reflections, the transformations involving
only pure rotations have determinant = 1 and the those involving a
rotation and a reflection have determinant = �1.



Continuous Groups

The groups that we have been discussing all have a finite number
of elements.

If we have a group element that contains one or more parameters
that vary continuously over some range, then variation of the
parameter will produce a continuum of group elements (an infinite
number).

These groups are called continuous groups.

If continuous group has a rule for determining combination of
elements or the transformation of an element or elements into a
different element which is an analytic function of the parameters,
where analytic means having derivatives of all orders, then it is
called a Lie group.



For example, suppose we have the transformation rule

x 0i = fi (x1, x2, x3, ✓)

then for this transformation group to be a Lie group the functions
fi must be analytic functions of the parameter ✓.

This analytic property will allow us to define infinitesimal
transformations thereby reducing the study of the whole group to a
study of the group elements when they are only slightly different
than the identity element I .

Orthogonal Groups

We begin our study by looking at the orthogonal group O3.

In particular, we consider the set of n ⇥ n real, orthogonal matrices
with determinant = +1 (no reflections).



The defining property of a real orthogonal matrix is

AT = A�1

where T represents the transpose operation.

In terms of matrix elements this gives
X

i

(AT )jiAik

X

i

(A�1)jkAki = Ijk � �jk =
X

i

AijAik

The ordinary rotation matrices are an example of real 3 ⇥ 3
orthogonal matrices:

Rx(�) =

0

@
1 0 0
0 cos� sin�
0 � sin� cos�

1

A , Ry (✓) =

0

@
cos ✓ 0 � sin ✓

0 1 0
sin ✓ 0 cos ✓

1

A



Rz(�) =

0

@
cos � sin � 0
� sin � cos � 0

0 0 1

1

A

These matrices follow the convention that the rotation is a
counterclockwise rotation of the coordinate system to a new
orientation.

Each n ⇥ n real orthogonal matrix with determinant = +1 has
n(n � 1)/2 independent parameters.

For example, 2-dimensional rotations are described by 2 ⇥ 2 real
orthogonal matrices and they need only one independent parameter
(2(2 � 1)/2 = 1), namely the rotation angle.

On the other hand, 3-dimensional rotations require three
independent angles (3(3 � 1)/2 = 3).



Let us see this explicitly for the 2 ⇥ 2 case: Suppose we have the
general 2 ⇥ 2 matrix ✓

a b
c d

◆

where all the elements are real.

Imposing the condition determinant = +1 gives

ad � bc = 1

Imposing the condition that the transpose is the inverse gives
✓
a b
c d

◆✓
a c
b d

◆
=

✓
a2 + b2 ac + bd
ac + bd c2 + d2

◆
= I =

✓
1 0
0 1

◆

These equations imply the solution



✓
a

p
1 � a2

�
p

1 � a2 a

◆

which shows that there is only one independent parameter.

Special Unitary Groups, SU(2)

The set of complex n ⇥ n unitary matrices also forms a group.

This group is labeled U(n).

If we impose an additional restriction that the determinant of the
matrices be +1, then we get the special unitary group, labeled
SU(n).

The defining relation for complex unitary matrices is

A† = A�1

where † represents the complex-conjugate-transpose or adjoint
operation.



In this case we have n2 � 1 independent parameters.

This can be seen explicitly below: Suppose we have the general
2 ⇥ 2 matrix representing the transformation U

✓
a b
c d

◆

where all the elements are complex.

Imposing the condition determinant = +1 gives

ad � bc = 1

Imposing the condition that the adjoint is the inverse gives
✓
a b
c d

◆✓
a⇤ c⇤

b⇤ d⇤

◆
=

✓
|a|2 + |b|2 ac⇤ + bd⇤

a⇤c + b⇤d |c |2 + |d |2
◆

= I =

✓
1 0
0 1

◆



These equations imply the solution
✓

a b
�b⇤ a⇤

◆

where
|a|2 + |b|2 = aa⇤ + bb⇤ = 1

Since each complex number has two independent components, this
shows that there are three (22 � 1) independent parameters.

For n = 3, there will be eight (32 � 1) independent parameters.

This will become the famous eightfold way of elementary particle
physics(later).



An alternative general form is for the 2 ⇥ 2 case is

U(⇠, ⌘, ⇣) =

✓
e i⇠ cos ⌘ e i⇣ sin ⌘
e�i⇣ sin ⌘ e�i⇠ cos ⌘

◆

Now we will determine the irreducible representations of SU(2).

Since the transformations are 2 ⇥ 2 matrices, the objects being
transformed (the vectors or states) will be a two-component
complex column vector (called a spinor):

✓
u0

v 0

◆
=

✓
a b

�b⇤ a⇤

◆✓
u
v

◆

or
u0 = au + bv , v 0 = �b⇤u + a⇤v



From the form of this result, if we were to start with a
homogeneous polynomial of the nth degree in u and v and carry
out the unitary transformation given by the last two equations, we
would still have a homogeneous nth degree polynomial.

To illustrate what happens we use the function (due to Wigner):

fm(u, v) =
uj+mv j�m

p
(j +m)!(j �m)!

The index m will range from �j to j , covering all terms of the form
upvq with p + q = 2j .

The denominator makes sure that our representation will be unitary.

Now we can show that

Ufm(u, v) = fm(u
0, v 0)

which becomes

Ufm(u, v) = fm(au+bv ,�b⇤u+a⇤v 0) =
(au + bv)j+m(�b⇤u + a⇤v)j�m

p
(j +m)!(j �m)!



We now express this last equation as a linear combination of terms
of the form fm(u, v).

The coefficients in the linear combination will give the matrix
representation in the standard way.

We expand the two binomials using the binomial theorem:

(au + bv)j+m =
j+mX

k=0

(j +m)!

k!(j +m � k)!
aj+m�kuj+m�kbkvk

(�b⇤u+a⇤v)j�m =
j�mX

n=0

(�1)j�m�n
(j �m)!

n!(j �m � n)!
b⇤(j�m�n)uj�m�na⇤nvn

Upon rearranging and changing some dummy indices we get

Ufm(u, v) = fm(u
0, v 0) =

jX

m0=�j

Umm0 fm0(u, v)

where the matrix element Umm0 is given by



U
mm0

=
j+mX

k=0
(�1)m

0�m+k

p
((j + m)!)2((j � m)!)2

k!
p

(j � m0 � k)!(j + m � k)!(m0 � m + k)!
a
j+m�k

a
⇤(j�m

0�k)
b
k
b
⇤(m0�m+k)

The index k starts with zero and runs up to j +m, but the factorials
in the denominator guarantee that the coefficient will vanish if any
exponent goes negative (since (�n)! = ±1 for n = 1, 2, 3, ...).

Since m and m0 each range from �j to j in unit steps, the matrices
Umm0 representing SU(2) have dimensions (2j + 1)⇥ (2j + 1).

If j = 1/2, then we get

U =

✓
a b

�b⇤ a⇤

◆
=

✓
Um=1/2,m0=1/2 Um=1/2,m0=�1/2
Um=�1/2,m0=1/2 Um=�1/2,m0=�1/2

◆

which is identical to the earlier equation.



SU(2)� O3 Homomorphism (for the mathematically inclined)

The operation of SU(2) on a matrix is given by a unitary
transformation

M 0 = UMU†

Now any 2⇥ 2 matrix M can be written in terms of I and the three
Pauli matrices

I =

✓
1 0
0 1

◆
, �1 =

✓
0 1
1 0

◆
, �2 =

✓
0 �i
i 0

◆
, �3 =

✓
1 0
0 �1

◆

that is, these four matrices span the 2 ⇥ 2 world; they are a basis.

Let M be a zero-trace matrix(then I does not contribute) so that in
general

M = x�1 + y�2 + z�3 =

✓
z x � iy

x + iy �z

◆



Since the trace is invariant under a unitary transformation, M 0

must have the same form

M = x 0�1 + y 0�2 + z 0�3 =

✓
z 0 x 0 � iy 0

x 0 + iy 0 �z 0

◆

The determinant is also invariant under a unitary transformation.

Therefore
�(x2 + y2 + z2) = �(x 02 + y 02 + z 02)

or x2 + y2 + z2 is invariant under this operation of SU(2) (same as
with O3, the rotation group). SU(2) must, therefore, describe some
kind of rotation.

In fact, it is easy to check that the square of the length of a spinor
(2-element column vector)

s†s =
�
u⇤ v⇤

�✓u
v

◆
= u ⇤ u + v⇤v

is invariant under the transformation U.



This suggests that SU(2) and O3 may be isomorphic or
homomorphic.

We can figure out what rotation SU(2) describes by considering
some special cases.

Consider

Uz(↵/2) =
✓
e i↵/2 0

0 e�i↵/2

◆

Now we carry out the transformation of each of the three Pauli
matrices.

For example,

Uz�1U
†
z =

✓
e i↵/2 0

0 e�i↵/2

◆✓
0 1
1 0

◆✓
e�i↵/2 0

0 e i↵/2

◆
=

✓
0 e i↵

e�i↵ 0

◆



or
Uzx�1U

†
z = (x cos↵)�1 � (x sin↵)�2

Similarly,
Uzx�2U

†
z = (y sin↵)�1 + (y cos↵)�2

Uzx�3U
†
z = (z)�3

Our earlier expression for M 0 then gives

x 0 = x cos↵+ y sin↵

y 0 = �x sin↵+ y cos↵

z 0 = z

Thus, the 2 ⇥ 2 unitary transformation using Uz(↵/2) is equivalent
to the rotation operator Rz(↵).



The same correspondence can be shown for

Uy (�/2) =
✓

cos (�/2) sin (�/2)
� sin (�/2) cos (�/2)

◆

Ux(�/2) =
✓
cos (�/2) i sin (�/2)
i sin (�/2) cos (�/2)

◆

In general, we have

Uk(�/2) = I cos (�/2) + i�k sin (�/2)

The correspondence

Uz(↵/2) =
✓
e i↵/2 0

0 e�i↵/2

◆
, Rz(↵) =

0

@
cos↵ sin↵ 0
� sin↵ cos↵0

0 0 1

1

A

is not a simple one-to-one correspondence.



Specifically, as ↵ in Rz(↵) ranges from 0 to 2⇡ the parameter in
Uz(↵/2), ↵/2, goes from 0 to ⇡.

We find
Rz(↵+ 2⇡) = Rz(↵)

Uz(↵/+ ⇡) =

✓
�e i↵/2 0

0 �e�i↵/2

◆
= �Uz(↵/2)

Therefore both Uz(↵/2) and Uz(↵/+ ⇡) = �Uz(↵/2) correspond
to Rz(↵).

The correspondence is 2 to 1, or SU(2) and O3 are homomorphic.

The establishment of the correspondence between representations
of SU(2) and those of O3 means that the known representations of
SU(2) automatically provide us with representations of O3.



Combining the various rotations, we find that a unitary
transformation using

U(↵,�, �) = Uz(�/2)Uy (�/2)Uz(↵/2)

corresponds to the general Euler rotation Rz(↵)Ry (�)Rz((�)
(studied Advanced Mechanics and Quantum Mechanics courses) .

By direct multiplication we get

U(↵,�, �) = Uz(�/2)Uy (�/2)Uz(↵/2)

From our alternative original definition of U, using

⇠ = (� + ↵)/2 , ⌘ = �/2 ,  = (� � ↵)/2

we identify the parameters a and b as

a = e i(�+↵)/2 cos (�/2) , b = e i(��↵)/2 sin (�/2)



Finally the SU(2) representation of Umm0 becomes

Umm0(↵,�, �)

=
j+mX

k=0

(�1)k
p
((j +m)!)2((j �m)!)2

k!
p
(j �m0 � k)!(j +m � k)!(m0 �m + k)!

⇥ e im�(cos (�/2)2j+m�m
0�2k(� sin (�/2)m�m

0+2ke im
0↵

Here the irreducible representations are in terms of the Euler angles.

This result allows us to calculate the (2j + 1)⇥ (2j + 1) irreducible
representations of SU(2) for all j (j = 0, 1/2, 1, 3/2, ...) and the
irreducible representations of )3 for integral orbital angular
momentum j (j = 0, 1, 2, 3, ....) (in Quantum Mechanics course).



Generators

In all cases, rotations about a common axis combine as

Rz(�2)Rz(�1) = Rz(�1 + �2)

that is, multiplication of these matrices is equivalent to addition of
the arguments.

This suggests that we look for an exponential representation of
the rotations, i.e.,

exp (�2) exp (�1) = exp (�1 + �2)

Suppose we define the exponential function of a matrix by the
following relation:

U = e iaH = I + iaH +
(iaH)2

2!
+ .......

where a is a real parameter independent of matrix(operator) H.



It is easy to prove that if H is Hermitian, then U is unitary and if U
is unitary, the H is Hermitian.

In group theory, H is labeled a generator, the generator of U.

The following matrix describes a finite rotation of the coordinates
through an angle � counterclockwise about the z-axis:

Rz(�) =

0

@
cos� sin� 0
� sin� cos�0

0 0 1

1

A

Now letRz be an infinitesimal rotation through an angle ��.

We can then write
Rz(��) = I + i��Mz

where

Mz =

0

@
0 �i 0
i 0 0
0 0 0

1

A



Similarly, we find

Mx =

0

@
0 0 0
0 0 �i
0 i 0

1

A , My =

0

@
0 0 i
0 0 0
�i 0 0

1

A

A finite rotation � can be compounded out of successive
infinitesimal rotations ��

Rz(��2 + ��1) = (I + i��2Mz)(I + i��1Mz)

Letting �� = �/N for N rotations, with N ! 1, we get

Rz(�) = lim
N!1

(I + (i�/N)Mz))
N = exp (i�Mz)

This implies that Mz is the generator of the group Rz(�), a
subgroup of O3.

Before proving this result, we note:



(a) Mz is Hermitian and thus, Rz(�) is unitary
(b) Tr(Mz) = 0 and det(Rz(�)) = +1
In direct analogy with Mz , Mx may be identified as the generator of
Rx , the subgroup of rotations about the x-axis, and My as the
generator of Ry .

Rz(�) = exp (i�Mz) = I + i�Mz +
(i�Mz)2

2!
+

(i�Mz)3

3!
+ ......

=

0

@
0 0 0
0 0 0
0 0 1

1

A+

0

@
1 0 0
0 1 0
0 0 0

1

A

+ i�Mz +
(i�)2

2!

0

@
1 0 0
0 1 0
0 0 0

1

A+
(i�)3

3!
Mz + .....



=

0

@
0 0 0
0 0 0
0 0 1

1

A+

0

@
1 0 0
0 1 0
0 0 0

1

A (1 � �2

2!
+ ...) + i(�� �3

3!
+ ....)Mz + ....

=

0

@
0 0 0
0 0 0
0 0 1

1

A+

0

@
1 0 0
0 1 0
0 0 0

1

A cos�+ i sin�Mz + ....

=

0

@
cos� sin� 0
� sin� cos� 0

0 0 1

1

A

where we have used the relations

M2
z =

0

@
1 0 0
0 1 0
0 0 0

1

A , M3
z = Mz , , etc



and we recognized the two series as cos� and sin�.

Thus, we get the same matrix Rz(�) as earlier.

Other relations we can write are:
1. all infinitesimal rotations commute

[Ri (��i ),Rj(��j)] = 0

2. an infinitesimal rotation about an axis defined by unit vector n̂
is

R(��) = I + i�� n̂̇~M

3. the generators satisfy the commutation rules

[Mi ,Mj ] =
X

k

i✏ijkMk

This will turn out to be the commutation relations for angular
momentum operators in quantum mechanics.



In a similar way the elements (U1,U2,U3) of the two-dimensional
unitary group, SU(2), may be generated by

exp (a�1/2) , exp (a�2/2) , exp (a�3/2)

where �1,�2,�3 are the Pauli spin matrices and a, b, and c are real
parameters.

We note that the �’s are Hermitian and have zero trace and thus,
the elements of SU(2) are unitary and have determinant = +1.

We also note that the generators in diagonal form such as �3 will
lead to conserved quantum numbers.

Finally, if we define si =
1
2�i then we have

[si , sj ] =
X

k

i✏ijksk

which are the angular momentum commutation rules implying that
the siare angular momentum operators.(Quantum mechanics
course)



SU(3) and the Eightfold Way of Elementary Particles

The basic elements of a group are unitary operators (matrices of
determinant = +1 or unimodular matrices) that transform the basis
vectors |qi i (we switch to Dirac notation which you learned in
Quantum class for convenience) among themselves as

��q0j
↵
=

nX

i=1

uji |qi i

We assume that the observed elementary particle states or
vectors, as linear combinations (or composites) of these basis
vectors also transform into one another under the unitary
operations of the group. It is most convenient to work with
infinitesimal unitary transformations where

U = exp

0

@ i

2

X

j

✏j�j

1

A = I +
i

2

X

j

✏j�j

where the ✏j are infinitesimal.



Now

det(U) = 1 = det

0

@I +
i

2

X

j

✏j�j

1

A = det(I )+
i

2

X

j

✏jTr(�j)+O(✏2)

Therefore we have, in the general case,
X

j

✏jTr(�j) = 0

We can satisfy this condition by choosing matrices �j such that

Tr(�j) = 0

for all j .

For n ⇥ n matrices, there are n2 � 1 linearly independent traceless
matrices.



Since these matrices now have all of the properties of the
generators of a group as discussed in the earlier parts of these
notes, we will make that designation. The �j ,j = 1, 2, 3, ...., n2 � 1
are the generators of the group.

We need, therefore, only study the commutation relations among
the generators in order to understand all of the group properties.

To see how this all works and to connect it to earlier ideas we will
now use SU(2) as an illustration.

As we stated earlier, the algebra is defined by the commutation
relations among a certain group of operators(the generators).

In order to find
1. all the operators, and
2. the defining commutation relations of the algebra we start

with the simplest physical realization of this algebra.



We assume the existence some entity with 2 states (we end up with
the 2-dimensional representation) and represent it by a 2-element
column vector, i.e.,

✓
a
b

◆
=

✓
amount of “upness”

amount of “downness”

◆

The example we will use is a quantity called isospin (I1, I2, I3) and
the “upness” and “downness” will refer to the values of I3 = Iz , i.e.,

|protoni = |pi =
✓

1
0

◆
, |neutroni = |ni =

✓
0
1

◆

The operator (2⇥ 2 matrix) which converts a neutron into a proton
(a raising operator) is given by

⌧+ =

✓
0 1
0 0

◆

where
⌧+ |ni = |pi , ⌧= |pi = 0



Similarly, its Hermitian adjoint (a lowering operator) is

⌧� = ⌧ †+ =

✓
0 0
1 0

◆

where
⌧� |pi = |ni , ⌧� |ni = 0

Note that ⌧+ “annihilates” protons and ⌧� “annihilates” neutrons.

Forming their commutator we find that

[⌧+, ⌧�] = ⌧3 =

✓
1 0
0 �1

◆

and
⌧3 |pi = |pi , ⌧3 |ni = � |ni



We also find that
[⌧3, ⌧±] = ±2⌧±

We then set
I ! (I1, I2, I3) ! Isospin

⌧ ! (⌧1, ⌧2, ⌧3)

and then define

I =
1
2
⌧ ) (I1, I2, I3) =

1
2
(⌧1, ⌧2, ⌧3)

so that the “upness” values are given by ±1
2 . i.e.,

I3 |pi =
1
2
|pi , I3 |ni = �1

2
|ni

That completes the discussion of the 2-dimensional representation.



The same commutation relations are also used to derive higher
order representations.

Note that these three commutators only involve the same three
operators.

This means that these three commutators complete the
commutation relations (all further commutators can be expressed in
terms of these three operators or we have a closed commutator
algebra).

The three operators ⌧+, ⌧�, ⌧3 are the basic set for SU(2).

An equivalent set is

⌧1 = i(⌧+ � ⌧�) , ⌧2 = i(⌧� + ⌧+) , ⌧3

This also correlates with the earlier statements that we would have
n2 � 1 = 3 generators for SU(2).



To obtain the other representations of the SU(2) algebra, we must
only use these defining commutation relations.

It is clear from the commutators that only one of the Hermitian
operators ⌧1, ⌧2, ⌧3 can be diagonalized in a given representation of
the space(using a given set of basis vectors).

We will choose a representation in which ⌧3 is diagonal (this was
the choice in the 2-dimensional representation above also).

Remember that these diagonal elements are the eigenvalues of ⌧3.

We label the state by the eigenvalue m of ⌧3, i.e.,

⌧3 |mi = m |mi

Now let us use the commutation relations.

⌧3⌧+ |mi = (⌧+⌧3 + 2⌧+) |mi = (m + 2)⌧+ |mi

This implies that
⌧+ |mi = c |m + 2i



In a similar manner, we can show that

⌧� |mi = c 0 |m � 2i

Now, if we start with any state in a given representation, we can
generate states with higher eigenvalues, until we reach the state
with maximum eigenvalue M (which we assume exists).

Since we cannot go any higher, this state must have the property
that

⌧+ |Mi = 0

This was the case for the 2-dimensional representation where

⌧+ |pi = 0

We now start with this highest weight state, which it turns out is
unique for an irreducible representation.

We then have
⌧� |Mi = �1 |M � 2i

which implies that (assuming �1 is real)



hM| ⌧+ = �1 hM � 2|

You can make sense of this by thinking in terms of matrices.

As usual, we choose to normalize our basis states to 1, i.e.,
hm |mi = 1 and we then obtain

hM| ⌧+⌧� |Mi = hM � 2|�1�1 |M � 2i = �2
1 hM � 2 |M � 2i = �2

1

= hM| ([⌧+, ⌧�] + ⌧�⌧+) |Mi
= hM| [⌧+, ⌧�] |Mi+ hM| ⌧�⌧+ |Mi
= hM| ⌧3 |Mi = M

where we have used

⌧+ |Mi = 0 , [⌧+, ⌧�] = ⌧3 , ⌧3 |Mi = M |Mi

So we get
�2

1 = M



We also note that

hM � 2| ⌧� |Mi = �1 = hM| ⌧+ |M � 2i

which implies that
⌧+ |M � 2i = �1 |Mi

Now consider
⌧� |M � 2i = �2 |M � 4i

which gives (same algebra as before)

�2
2 = hM � 2| ⌧+⌧� |M � 2i = hM � 2| ([⌧+, ⌧�] + ⌧�⌧+) |M � 2i
= hM � 2| [⌧+, ⌧�] |M � 2i+ hM � 2| ⌧�⌧+ |M � 2i
= hM � 2| ⌧3 |M � 2i+ hM|�2

1 |Mi = �2
1 +M � 2



In general, we can state..... if

⌧� |M � 2(p � 1)i = �p |M � 2pi

we get
�2
p = �2

p�1 +M � 2(p � 1)

Now �2
0 = 0 (from definition of maximum eigenvalue and also see

below).

Thus, we have

�2
1 = �2

0 + 1(M � 1 + 1) = M as before!

�2
2 = �2

1 +m � 2(2 � 1) = �2
1 +M � 2 = 2(M � 2 + 1)

�2
3 = �2

2 +M � 2(3 � 1) = 3(M � 3 + 1)



or generalizing
�2
p = p(M � p + 1)

When �2
p = 0 (p 6= 0) we reach the minimum eigenvalue.

This gives
p = M + 1

which implies the minimum eigenvalue is �M, that is,

⌧� |M � 2(p � 1)i = ⌧� |M � 2(M + 1 � 1)i

= ⌧� |�Mi = 0 (�M+1 = 0)

! ⌧� |�Mi = 0

The total number of states contained in this set is

p = M + 1 = multiplicity



Let us represent the states by a linear array

The operators ⌧± represent steps between equally spaced points.

There is only one state for a given value of m and only one set of
states (an irreducible representation) is generated from a given
maximum state |Mi .



This result implies that there exists one independent operator that
can be constructed from ⌧± and ⌧3 which commutes with ⌧± and ⌧3
(has simultaneous eigenstates with ⌧3 and thus can simultaneously
label the states) and which serves to distinguish representations.

We consider the operator (the square of the isospin)

� =
1
2
(⌧+⌧� + ⌧�⌧+) +

1
4
⌧2
3 =

1
4
(⌧2

1 + ⌧2
2 + ⌧2

3 ) =
1
4
⌧2

We have
[�, ⌧i ] = 0

which implies that

� |mi = c |mi for all m

or
hm| � |mi = hM| � |Mi = c



Using the commutation relations we have

� =
1
4
⌧2
3 +

1
2
⌧3 + ⌧�⌧+

which gives

c = hM| � |Mi = 1
4
M2 +

1
2
M =

M

2

✓
M

2
+ 1

◆

If we let t = M/2 then we have c = t(t + 1).

This means that

p = M + 1 = 2t + 1 = multiplicity

where 2t + 1 is an integer.



We note the connection to ordinary Isospin I :

I3 =
1
2
⌧3 , I 2 = � =

1
4
⌧2

Now to delineate the representations.

First, the 2-dimensional representation (so that we can see the
general stuff give back the specific case that we started with).

This is the smallest or lowest representation.

We choose M = 1 corresponding to

t = 1 and p = multiplicity = 2

We are most interested in finding the basis states or the
simultaneous eigenvectors of I 2 and I3 since these will turn out to
represent elementary particles.

We have (as before)



where we have used

I3 =

✓
1/2 0
0 �1/2

◆
, I+ =

✓
0 1
0 �0

◆
, I� =

✓
0 0
1 0

◆



Therefore the state diagram for the 1
2 -representation

(representations are labeled by I value) is given by

where

M = 2I3(maximum) = 1 , p = multiplicity M + 1 = 2



We now define a weight diagram for SU(2) by the following symbol:

Generating the 1-representation is just as easy and leads to a
general graphical method for generating higher representations via
the weight diagrams.



Generalizing, the I -representation (M = 2I ) has a multiplicity
2I + 1 or 2I + 1 equally spaced points (�I3 = constant)
representing states in the representation.

We now consider the higher representation generated by combining
two 1

2 -representations.



The formal name for this product is a direct product and it is
written

1
2
⌦ 1

2
The rules for using the weight diagrams are as follows:

1. draw the first weight diagram
2. superpose a set of weight diagrams centered at the arrow

tips of the first weight diagram
3. allowed states are at the final arrow tips

For the case we are considering this looks like:



We observe that

In words we say, the direct product of two 1
2 -representations is

equal to the sum of a 0- and a 1-representation.

In a similar manner we can generate the representations for
1
2
⌦ 1

2
⌦ 1

2



The superposed weight diagram picture looks like:

Note how multiple arrow tips require multiple weight diagrams in
the next stage and multiple arrow tips at the end imply multiple
states with that value of I3.



Rearranging we have

which gives the result

1
2
⌦ 1

2
⌦ 1

2
=

1
2
� 1

2
� 3

2



Another way to think about it is to write

1
2
⌦ 1

2
⌦ 1

2
= (0 � 1)⌦ 1

2
= 0 ⌦ 1

2
� 1 ⌦ 1

2

0 ⌦ 1
2
=

1
2

, 1 ⌦ 1
2
=

1
2
� 3

2
1
2
⌦ 1

2
⌦ 1

2
=

1
2
� 1

2
� 3

2
where we have used the fact that the 0-representation represents no
additional states

0 ⌦ 1
2
=

1
2

and
1 ⌦ 1

2
=

1
2
� 3

2
as can be seen from the weight diagrams below:



This will all reappear in a Quantum mechanics course because it is
exactly the same as the angular momentum coupling rule
(remember the homomorphism).

We have the general rule:

I1 ⌦ I2 = |I1 � I2|� |I1 � I2|+ 1 � .....� I1 + I2



Now if SU(2) were the correct group for describing the real world,
then all possible states (all known particles) should be generated
from the 1

2 -representation (most fundamental building block), i.e.,
from |pi and |ni as the fundamental building blocks.

We know this is not possible, however, because:
1. we have not included any anti-baryons, which implies that we

cannot have any states (particles) with baryon number B = 0.
2. we have not introduced strangeness (or hypercharge) so our

states cannot represent the real world
Let us correct (1) first, within the context of SU(2), and then
attack (2), which will require that we look at SU(3).

Let us now add particle labels to our weight diagrams.



The weight diagram for the 1
2 -representation or as we now rename

it, the pn weight diagram is given by

where we assumed Baryon number = B = 1 for each particle.

We also assume that Baryon number is additive.



We then define the 1
2
⇤-representation by the weight diagram

where we assumed Baryon number = B = �1 for each antiparticle.

Now let us see the effect of this assumption on higher
representations.



Remember
1
2
⌦ 1

2
= 0 � 1

Now we would have



Now consider

The isospin structure is the same as

1
2
⌦ 1

2

but B = 0 (these could be mesons!).



The original identifications were a “triplet” of mesons (⇡+,⇡0,⇡�)
and a “singlet” meson ⌘0.

The mesons would somehow be bound states made from the
baryon-antibaryon pairs! It was the correct idea but the
wrong baryons!

In order to include hypercharge Y or strangeness S into our
structure, we must start with three basic states (no identification
with any known particles will be attempted at this point).

We choose:

|q1i =

0

@
1
0
0

1

A , |q2i =

0

@
0
1
0

1

A , |q3i =

0

@
0
0
1

1

A

Since we will be working with vectors containing three elements and
our operators will be 3 ⇥ 3 matrices, there will be 32 � 1 = 8
independent matrices representing the generators of the
transformations (this is the group SU(3)).



These 8 operators will :
(1) represent I3
(2) represent Y
where we will want [I3,Y ] = 0 so that our states can be
simultaneous eigenstates of both operators and hence our particles
can be characterized by values of both quantum numbers.
(3) represent |q1i ! |q2i
(4) represent |q1i ! |q3i
(5) represent |q2i ! |q1i
(6) represent |q2i ! |q3i
(7) represent |q3i ! |q1i
(8) represent |q3i ! |q2i
which correspond to raising and lowering operators. I will now write
down(just straightforward algebra) the shift operators, the isospin
and hypercharge operators and a whole mess of commutators and
state equations.



After that we will discuss their meanings.



It is clear from the commutators that we have a closed algebra, i.e.,
all of the commutators among the 8 operators only involve the
same 8 operators.

We note that |q1i , |q2i , |q3i are eigenstates of both H1 and H2
simultaneously, which suggests that we will be able to use H1 and
H2 to represent I3 and Y .



Now we have

H1 |q1i =
1

2
p

3
|q1i , H1 |q2i = � 1

2
p

3
|q2i , H1 |q3i = 0

H2 |q1i =
1
6
|q1i , H2 |q2i =

1
6
|q2i , H2 |q3i = �1

3
|q3i

Thus, if we define I3 =
p

3H1, Y = 2H2 we get



Construction of Representations

We define eigenstates |m1,m2i where we assume

H1 |m1,m2i = m1 |m1,m2i , H2 |m1,m2i = m2 |m1,m2i

Now
p

6E1,
p

6E�1, 2
p

3H1 obey the same commutation relations
as ⌧+, ⌧�, ⌧3 – in fact, they form a sub-algebra of the closed algebra
of the 8 operators.

Therefore, we construct the operator

I 2 = 3(E1E�1 + E�1E1) + 3H2
1

in analogy to

� =
1
2
(⌧+⌧� + ⌧�⌧+) +

1
4
⌧2
3

Since [I 2,H1] = [I 2,H2] = 0 the states |m1,m2i are also
eigenstates of I 2 or

I 2 |m1,m2, ii = i(i + 1) |m1,m2, ii



We note that
[I 2,E±1] = 0

but
[I 2,E±2] 6= 0 , [I 2,E±3] 6= 0

Which implies that I 2 is not an invariant operator or that it can
change within a representation.

This suggests the following possible picture:

where each line is the same as in our earlier discussion (I 2 =
constant), but there are many different lines (values of I 2) in the
representation.



It is not difficult to deduce the following table:

This table implies relation like:

H1E1 |m1,m2i = E1

✓
H1 +

1p
3

◆
|m1,m2i =

✓
m1 +

1p
3

◆
E1 |m1,m2i

or
E1 |m1,m2i = constant

����m1 +
1p
3
,m2

�



Graphically, this table is represented by the diagram below.

Let us now represent our states on a Y � I3 diagram and indicate
the effect of the operators



I± = E±1 (�I3 = ±1,�Y = 0)
V± = E±2 (�I3 = ±1/2,�Y = ±1)
U± = E±3 (�I3 = ±1/2,�Y = ±1)

Remember that I3 =
p

3H1 and Y = 2H2.

This gives the simplest representation of SU(3):



and suggests a weight diagram as shown below:

We have other related quantum numbers:

Q(charge) = I3 +
Y

2
, Y = B + S



This leads to the table below:

The baryon number of each of these states or particles is B = 1/3
and they represent the original three quarks.....up, down and
strange.



Another way of visualizing the shifts (shift operators) is the
diagram below:

These shift operator transform quarks into each other.

They will turn out to represent gluons later on.

It turns out that there exists an equivalent simple representation.



It is shown below:



It corresponds to the weight diagram below:



It is the 3̃⇤ representation and the particles or states are the
anti-quarks.

The corresponding table looks like:

We now use these simplest representations or simplest weight
diagrams to build higher representations.

We note that 3̃ ⌦ 3̃⇤ will have B = 0 (quark + anti-quark) and
should represent mesons and 3̃ ⌦ 3̃ ⌦ 3̃ will have B = 1 and should
represent baryons.

So we now consider 3̃ ⌦ 3̃⇤ using the weight diagrams as shown
below:



where the black dots represent the final states of the new (higher)
representations.



Looking only the states we have



The I -values associated with a line are determined by the
multiplicity of a line (remember each line is a different I -value).

Note that there were three(3) final states at the same point.

Symbolically we have

3̃ ⌦ 3̃⇤ = 8̃ � 1̃ = octet + singlet

We now look more carefully at the OCTET representation.

If we label the states as



We get the table



Our SU(3) scheme has produced the known mesons (including the
strange particles) as linear combination of quarks and anti-quarks.

Let us push it even further and consider the baryon states.

This means we look at the 3̃ ⌦ 3̃ ⌦ 3̃ representation.

Using weight diagrams we get



These states separate as follows:

or symbolically we have

3̃ ⌦ 3̃ ⌦ 3̃ = 1̃0 � 8̃ � 8̃ � 1̃

that is, we end up with a decuplet, two octets(turns out to be two
ways of representing the same one) and a singlet.



The particle identifications are given in the table below (only partly
filled in):

Consider the DECUPLET representation.



All of the particles had been previously observed except for the ⌦�,
which we will discuss further later.

We end up with two OCTET representations.The first is
antisymmetric in the second and third quarks and the second is
symmetric in the second and third quarks. They are completely
equivalent representations within SU(3) and represent the same
physical particles.

The Mass Formula

We will simply state and discuss the mass formula here. The most
general form for the mass formula is given by (from group theory
arguments):

M = A+ BY + C

✓
I (I + 1)� 1

4
Y 2

◆
+ DI3



where the A, B , and C terms represent the average mass (within a
row) and the D term represents electromagnetic splittings.

Some OCTET experimental data implies that:

M8 = 1109.80 � 189.83Y + 41.49
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which gave the following table(decades ago - it is even better
agreement now) :



This is an average error of only 0.19%.

The experimental data in the table below was also available.

As we said above, the ⌦� particle had not yet been discovered.

This data gives the DECUPLET mass formula below:

M10 = 1501.8 � 58.5Y � 58.4
✓
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The mass formula then allows us to predict the mass of the ⌦�

particle (SU(3) also predicts all of the other quantum numbers).
The prediction is M⌦� = 1677 (1685 was observed or about a 0.5%
error (even better agreement now)).



Introduction of Color We now know there are 6 quarks.

u(up),d(down),s(strange),c(charm),b(bottom),t(top)

Let me discuss a few of the reasons why the other quarks had to
exist.

A basic problem with the quark model of hadrons is with the wave
function antisymmetry.

Consider the ⌦� state.

It is strangeness S = �3 baryon with isospin I = 3/2.

In the 3 quark model we have been discussing
��⌦�↵ = |si |si |si

Each of these quarks has the following states
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and, thus, the final state is symmetric in all of its quantum
numbers (the orbital angular momentum states are also symmetric
when one solves the bound state problems), which violates the Pauli
Principle for fermions - they must have antisymmetric states.

The solution to the problem was to generalize the definition of the
quarks such that each quarks can have one of three colors (r=red,
b=blue, g=green) or
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The associated observable is called flavor.

Quarks now are assumed to come in three flavors, namely, red, blue
and green.

The problem with the ⌦� state is fixed by assuming that it is
completely antisymmetric in the flavor space or we write it as



��⌦�↵ = |sr i |sbi |sg i � |sr i |sg i |sbi � |sbi |sr i |sg i+ |sbi |sg i |sr i
+ |sg i |sr i |sbi � |sg i |sbi |sr i

It is equal parts red, green and blue!

Another type of problem was that certain reactions were not
occurring when SU(3) said they were allowed. This usually signals
that an extra (new) quantum number is needed to prevent the
reaction.

The new quantum number would have a new conservation law that
would be violated if the reaction occurred and hence it is disallowed.

The new quantum number introduced was charm. In the quark
model this is treated as the appearance of a new quark.

I will delineate only the starting point of this discussion below. It
leads to the formalism of SU(4) if we carried out the same steps as
we did with SU(3).



Quark states:
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We now have

Q = I3 +
B + S + C

2
, C = charm

The four quarks then have quantum numbers



The charm quark is the same as the up quark except for the charm
value.

The corresponding lowest representation weight diagram is

This is the 4̃ representation.



The typical particle diagrams (now in 3 dimensions) look like

That concludes the discussion of the Eightfold Way and we end the
course.


