Mathematical Methods of Physics

John Boccio



Why a mathematical methods Course? This Mathematical
Methods in Physics course was designed for one purpose only,
namely, to supplement standard mathematics courses normally
taken by physics majors with an extensive discussion of the
theoretical and computational methods and techniques that
are needed for studying advanced physics.

Specifically, we decided to forego extensive proofs in favor of
presenting the details of methods and techniques, presenting lots of
examples and making some connections to physics and astronomy.

Often, a procedure will be defined or a method proposed without
any justification (and certainly without any proof). This is being
done on purpose. We simply do not have the time to do both the
methods and the proofs. Often the only justification required for
using a particular mathematical procedure or making a particular
mathematical definition in physics or astronomy is that it works,
that is, it gives results (solutions of equations) that agree with
experiments in the real world.




Mathematicians are able to create (choose the relevant axioms or
postulates) their own worlds and then proceed to investigate their
properties.

Physicists must derive their axioms and postulates from the real
world systems under investigation. This can only be done via
experimentation. Based on the axioms and postulates so derived
from experimenting with the real world, we then make definitions,
design methods and techniques and invent theories.

For example, when studying partial differential equations (PDEs),
the mathematician will spend most of the time understanding
existence and uniqueness properties of solutions. The physicist,
on the other hand, spends almost no time in these areas. We
know the solutions exist because we can set up real systems in the
laboratory and experiment on them. We know the solutions are
unique because the experimental results are reproducible.



More important to the physicist are the equations representing
the system, the solution methods, the exact or approximate
particular solutions we can find when applying the solution methods
to the equations and the physical properties of the solutions.

he question “why we make certain choices” is really not
relevant. The answer will always be simply “that is the way the

real world seems to work’’.

This is the approach | will take in lectures and your questions,

etc, should also take into account this approach to the
mathematics. In this way, we will have harmonious and efficient

classroom lectures and discussions.



Inroduction Space of Physics
Scalar = a number (temperature, minutes after noon, ...... )

Vector = set of 3 numbers (characterizes a point in the
3-dimensional world)

The vector representing the location of a point in 3-dimensional
space relative to a given origin is called the position vector.

It is represented by the 3-tuple
r=I(x,y,z)=(x1,x2,x3)
This is a shorthand notation for
F= xi+ yf+ zk = X161 + X026 + x363

which are equivalent representations of the position vector.



he three(for 3 dimensions) vectors
@1, @2, é3 or i,j, K

are unit vectors (length = 1) defining a right-handed coordinate
system as show below:
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The numbers (x, y, z) are called the components of the vectors
with respect to the chosen unit vectors.

The unit vectors are chosen to be orthogonal (perpendicular) for
convenience as we shall see.

he length of the position vector is given (Pythagorean theorem) by

r:|F]:\/x2+y2+22

We define a vector product operation (symbol = -) called the
scalar or dot or inner product by the following relations among
the unit vectors:

1 i=]

é - & = 0jj = Kronecker delta = _
0 otherwise



In terms of the scalar product we have

3 3
I’2:I7-I7: ZX,'@,‘ y ZXjé\j
=1 J=1
3 3 3
— Z X,'X_,'é\,' y éj — Z X,'Xj5,j = ZXIZ

ij=1 ij=1 i,—1

We now define the Einstein summation convention, which assumes
a summation anytime that a repeated index appears in the same
term.

Using this convention the above derivation looks like

rP=F F= (xiéi) - (xi&) = xix;é; - & = xix;j0jj = XX



We define a unit vector in the direction of the position vector by

— s F = ré,
r

é‘r:é‘(F):F:

This rule generalizes to an arbitrary vector as follows:

r o X;é
r

A = A;é = A8(A)

Vector Algebra

— M = VA& — C: = M\A;

C
5: —I—B_):(A,'—I—B,')é\;—)C,’:A,'—I—B;
C
0 = (0,0,0) = zero or nuII vector
= (=



Geometry of Space

For general vectors A and B, the scalar product gives

/T- é = A,‘Bj@,‘ - éj — AiBj5ij — AiBi

and the length squared of a vector is A-A

In 2-dimensions (completely general result because any two vectors
form a single 2-dimensional plane) using the diagram below

Ay

e(A)




we have

—

é(A) = coslp, é +sinfs é, = cosllp é + coslp é,
These components are called direction cosines.

In general,
E(A) - éx = cosly, and so on.

So, in general we have

— —

é(A) = costla, é +cosls, é, + cosllp,é = (E(A)- &)é

For a general vector

—

A= Aé(A) = A- & = ith component = A&(A) - & = Acosfs



This leads to the general rule

— —

A-B = ABé(A) - é(B) = ABcosfag

where

—

Oap = angle between A and B

So if two vectors are perpendicular or orthogonal, then their scalar
product is equal to zero.

Another way of writing relation this (using the diagram below)

Ay

!

>|




gives
A-B = ABcos (8 — a) = AxBx+A, B, = AB(cos a cos f—sin asin [3)
This implies that
cos (B — a) = cosacos 3 — sinasin
which we know to be correct!

Vector Product

We define the term permutation as a rearrangement of the elements

of a set of numbers. The word permutation also refers to the act or
process of changing the linear order of an ordered set; even/odd =
even/odd number of moves in rearrangement.



Then, we define the vector product(symbol = x) of two vectors in
terms of the standard cartesian unit vectors as follows:

€ X € = €ijk €k

where €;j is the totally antisymmetric tensor (we will define all of it
properties in detail later in the course) in 3-dimensions and is given

by
1 if ijk = even permutation of 123
ejk = —1 it jk = odd permutation of 123

0 otherwise

Let us work out some properties of vectors derivable from this
vector(or cross) product definition involving €;j.



For two arbitrary vectors we have
AX B = (A,’é,') X (Bjéj) = A,'Bjé,' X éj = EUkAiBjék — EUkAjBkéi
In 2-dimensions(for simplicity) using the diagram above we have

Ax B=(A16 + A8) x (B1é1 + B:&)
= A1B18; X &, + A1Boéy X & + AxB1& X & + ArBoé X &
= (A1By — A3B1)é; X & = (A1Bo — AxBy1)é3
= AB(cos a:sin B — sin a.cos 3)é;
= ABsin (8 — a)é;

So if two vectors are parallel, then their vector product is equal to
Zero.

The relation

/TX é — EUkAjBké; — (A_)X é), — E,'jkAjBk



Why should we introduce € ?

(1) It is the easiest way to do complicated vector algebra in
3-dimensions

(2) For higher dimensions ¢y it is the only way.

(3) It makes for a natural transition to other areas of mathematics
(tensors) that are used in more advanced courses.

Properties

Emnk€ijk = OmiOnj — 0niOmj
Emjk€ijk = 20 mi

G;J'ke,'J'k =33



Example of use in complex vector identity:

Ax (B x C) =€ Ai(B x C)é;
— 6ijkAj(Ekman Cn)éi

€ijk€mnkAj Bm Cré
— (5im5jn — 5in5jm)Aij Cnéi
— AjB,'Cjé\,' — AjC,‘Bjé,’
— B(A-C)— C(A- B)

The Rotation Matrix

We will designate a matrix (rectangular array of numbers) by the
symbol

M =3 -4 5



The individual elements are written with subscripts, i.e.,
M12 = (= Mrow,column

The matrix product of [M] and [N], where

30 7 1
N=|8 1 7 4
6 2 -5 -9

is written as [M][N] = [P] where we must have the number of
columns in [M] must equal to the number of rows in [N] and the
number of rows in [P] is equal to the number of rows in [M] and the
number of columns in [P] is equal to the number of columns in [N].

In the summation convention we write

Pij = Mik Ny



Vector Rotation

Consider a vector

—

A= A161 + Aré& = Acosfé; + Asinfé&

Now rotate the vector through an angle ¢ as shown:

AY
R
Al

>|

We then have

A = Al & + ALé, = Acos (6 + ¢)é + Asin (0 + ¢)é



Therefore we have that the components transform as

7 = A1 cos ¢ — Apsin g
/2:A1$in¢—|—A2COS¢

Using matrix notation we have
[A'] = [R(&)][A]
A _ [cos¢ —sing\ (A
Al sing  cos o A
The matrix [R(¢)] is called the rotation matrix and is defined by
(for a rotation about the z-axis Or 3-axis) as

ROL= (e ars )

In summation notation we have

A; — R,JAJ — A/ — RUAJéZ



The rotation matrix is an orthogonal matrix since

ROIR@)] = (20 e ) (©o0 ~on?)

—sin¢g cos phi CoSs ¢
_ (L 9 _ [l = identity matrix
0 1

This says that the length of the vector does not change under the
rotation transformation, i.e.,

A)/ - A)/ = (RUAJé,) '(RmnAném)Z AjAnRURmnéi ‘ é\m — AjAnRURmnéim
— AjAnRinin — AjAn([RT])jiRin — AJA”([RTR])J”
= AiAnjn = AJA;
=A-A



Partial Fractions

It is very useful to be able to express a function that is the ratio of
two polynomials

-5

in a form that easier to work with.

The critical behavior of f(x) is determined by the location of the
zeroes of its denominator, that is, where h(x) = 0.

Later, when we study complex variables we will call these points the
poles (or singularities) of f(x).



To make the behavior of f(x) at the poles explicit we try to write
f(x) as a sum of terms of the form

A
(x —a)r

where « is one of the zeroes of h(x), that is,h(a) =0 and A is a
constant.

his expansion is called writing f(x) in partial fractions.

Example: Consider the expression

g(x)  Ax+2
h(x) ~ x2+3x+2

f(x) =

Rules:

(1) The number of distinct terms on the RHS is equal to the
number of distinct roots of h(x) = 0.



(2) Each term having a different root a; has a denominator
(x — ;)"

(3) If «; is a multiple root, then the value assigned to n; = value
of exponent when h(x) is expressed in terms of its roots, that

| A(x) = (x — 1) (X — 02) oo

and ny + ny 4 .... = n = highest power in h(x).

If n; > 1, then A must be replaced by and n; — 1 degree
polynomial.

Applying these rules to our example we have:

h(x) has 2 roots — 2 terms in expansion.

Roots come from:

h(x) =x*+3x+2=(x+1)(x+2)=0— a3 = —1,
ar =—2,nn=1,n=1

n+n=n=>2



hus, we write

(X) Ax + 2 B A1 A>

h(x)  x243x+2 x+1 x=2

f(x) =

We determine A; and A, using algebra as follows:

4x +2 = A1(x +2) + Ax(x + 1)
4=A1+ A

2 =2A1 + As

Al =—-2.A, =6

so that

B h(x) T x24+3x+2 x+1 x=2



Complex Numbers
The crucial quantity here is the number /.

It has the property

=1 =—ii*=41.07°P =1 ...

We represent a complex number z as a 2-component object in a
cartesian basis as

z=(x,y) = x4+ iy = Real(z) + ilmag(z)
Alternatively, we can represent it with a plane-polar basis as

x=rcos) , y=rsinf , 0<r<oo, <0<

r=x>+y)Y2 | §=tan"?

X <

z = r(cosf + isinf)



Now using

sinf =0 ..., cosf =1 S

we get

-0} 2 :0\3 _
z=r(cosf +isinf)=r (1 + 16 ('gl) | ('gl) ..... ) = re'

This generalizes to let us write

(imf)? | (im)3
21 3l

<1 + im0+ —— + ~—— ... ) — ™ — cos mO + isin mé

We can also write

e = cos m + isin mh = (€'%)™ = (cosf + isin6)™



which can be used to get expressions for cos mé, sin mf, etc since
cos 26 + i sin 20 = (cosh + isin #)? = cos® f — sin®  + 2i sin H cos #

s c0520 = cos® 0 — sin® 0
—sin20 = 2sinf cos

We define the complex conjugate of z by
¥ =x—iy=re'? = r(cosh — isin6)

zz* — 7%z = r* = |z|?



Note a few special results:

e2™ =1 — e = &/0+20m) h — integer

el — _1 | emr/2 —

Using the standard definitions of some mathematical functions we
get:

/2 _ VZ = (rei9)1/2 _ \/Feie/z _ (rei(6—|—2n7r))1/2 _ \/Fei(9/2—|—n7r) n= integer

log z = log re’? = log r+i6 = log re’\*2"™) = |og r+i(0+2nm) n = integer

This means that these functions are multi-valued, that is, the
square root has 2 values for each (r, ) pair and the log has an
infinite number of values for each (r, ) pair.

The ambiguity is avoided by agreement.

We choose n = 0 as the principal value of multi-valued functions
and restrict —m < 0 < 7.



More Functions:

_ 2/(01+62) 1 _ N1 Li(61-62)

Z122 — nr )
Z2 r2

Z1/m = plingif/n — (1/n(cos (0/n) + isin (0/n))
0 —if 10 —1i6
sinf = © 2ie , cosf = © +2e

This last expression also works for complex angles

—y y —1 1
° ;._ — isinhy — cos (i) = © 2+ 154
j

cos(iy) =

e_y _ ey
2

sin (iy) = = cosh y

Complex Roots and Powers:



Y 9% ln _9; i(mw/242nm) _9; .
Ly 2i __ e 2ilni __ e 2ilne — e 2i(In1+i(7/242nm)) _ ew:|:4n7r

eTTANT — @O o737 Q9T — 2314,

Inverse functions:

/X X . ec — e
7z = sinh 1(—)%—:5mhz:
a a 2
2X 1
Let € = u — —u— = S aqu®—2xu—a=0
a U
5 x::\/x2+32
u—=e =
a

The above formula must be valid for all z.

Now for real z, e > 0 which means we must use the + signh or
g

z=1In(e%) = x+ Vx2+ a2 — In(a)



Partial Differentiation

Given the relationship y = f(x), which represents a curve in
2-dimensions, then

Q B df (x)
dx  dx

= slope of the curve y = f(x) or the rate of change of y wrt x

Now, if instead, we are given the relationship z = f(x, y), which
represents a surface in 3-dimensions, then differentiation is a bit

more complicated.

Suppose x = constant, which is a plane intersecting the surface as

shown:



™

- N w v"v'
¥y = constant / < L(X,V)

The points satisfying z = f(x, y) and x = constant lie on a curve
(as shown in the figure).

To learn about this curve, where z = g(y), we might write dz/dy,
but this does not indicate that z really is a function of 2 variables

and we are temporarily holding one of the variables constant.



So, instead, we write

0z . C
— = partial derivative of z wrt y
dy
where ] . A r
y=f(x) = 2L = lim (x + Ax) — f(x)

ax Ax—0 N\ X

Z:f(X,)/)%(%> = lim fixt+ Axy) = flx.y)

Ax—0 A Xx

If the subscript indicating which variable(s) are constant is left off,
then it means that all other variables are constant.

It is important to understand that the notation means z has to be
written as a function of x and y only and then differentiated wrt x
holding y constant (last equation).



Notation
0 0z 0%z 0 0z 0%z 0 0%z 03z

OxOx _ Ox2 ' Ox0y _ 0Oxdy = Ox0xdy _ 0x20y

Some examples:

(1)

z:><2—y2
Using
x=rcosf , y=rsinf , x>+ y>=r’
we have
2 2 2 2 2 . 2 0z 2 . D
z=x"—y =r“cosf—r°sin“d — | — | = 2r(cos”f —sin“0)
or /,
9,
Z:2X2—I’2%<—Z> — —2r
or )
o
z:r2—2y2%<—z> = 2r
or y



(2)

Suppose that g = xy, then we have
z=f(x,y) =xy +x°

z=h(x,g) =g+ x°

ory _(oh) _,
8Xg_ 8Xg_X



We now digress to look at total differentials and find some
interesting facts.

Af(x,y) = f(x + Ax,y + Ay) — f(x, y)
= f(x+ Ax,y + Ay) — f(x+ Ax,y)+ f(x + Ax,y) — f(x,y)

aking the limit as

Ax -0 and Ay —0

of of
df (x,y) = ($> dx + ((9_)/) dy
y X

This result easily generalizes to any number of cartesian
coordinates.

we get



Now for some function g(x, y), pick dx, dy s.t. g(x,y) = constant
as (x > x+ Ax,y — y + Ay).

This implies that
g(x + Ax,y + Ay) = g(x,y)

which in turn implies that
(o) () @
dx dg—0 Ox y dx dg—0 oy ), dx dg—0
~(5),- (), (5).(3)
Ox g Ox y dy ). \ Ox g

Going back to our old example we have




fzxy+X2 , g =Xy

(5),~(5),+ (5). (&)
Ox g Ox y dy ) . \ Ox g

—y+2x —y = 2x as before



Chain Rule

Suppose we have a function u(x(t), y(t)).

For example,

ot

u=xy , x(t)=t , y(t)=ce
This implies that

d d
d’: dt(teat) — eat ‘|‘ Cu_eozt

Nothing new arises if we use the chain rule

9, 0
du(x,y) = (a—i> dx + (5;) dy
y

du(x,y):<@) dx (@) dy  dx | dy

4 =y ¢ — e + ote™!
dt ox /), dt dy ), dt

dt dt



But what if

u=xy , x(t)=t , e’ —y=t

his is an implicit rather than explicit equation for y(t).

Using the chain rule we now get

du(x, y) ou\ dx ou\ dy dx dy dy
dt Ox /), dt dy /), dt dt dt dt
We have
_ _ dy 1
dt=d(e” —y)=(—e? —1)dy — —
(e —y)=(—e¢ )y = = T
and therefore
du _ 9y L
dt 7 Tdt 7 ev i



We now plot as shown below

A

e ™Y versusy

t + yversusy

since eY=Yy +t

which gives us y(t) and we thus obtain

du

— at t
dt



General Chain Rule

Given u(x,y), x(s,t), y(s,t) we have

du = <@> dx+<
Ox y

Ox
dX— (E)tds_F(
Oy
(a)td”<

dy

which gives



(@),
).

Since we can also write

dt

@
Ot

ou
dU — (E



we have

(5:).~ (3),(3).+ (5).(%),
(5),~(5),(5).(3).().

Example:
U:X2—|—y,X:S—|—t,X—y:S2
These give
S+ t+s? S+t—s2
X —= 7y:
2 2
and
Ox\ 1+2s dy\ 1-2s
os), 2 2 \os), 2
ou 1+ 2s 1 —2s 1
(55) =@+ 57 = (s 129+ 5 -5

1
:§+t_2t5_252



Taylor Series

If a function f(x) in 1-dimension has a power series expansion

o0
— g anx"
n=0

we then find that

1
f(O):ao ] f’(O):al ] —f”(O)—32 5 eeeeeencecaes

or, in general,
1
mf(n)(O) = dp

and thus

=3 00,

n=0

This is also called the Taylor expansion for f(x) about the origin
x = 0.



A Taylor series, in general, means a power series in powers of
(x — a) where a = some constant.

The derivation of the coefficients is identical to the last derivation
except that we use x = a instead of x = 0.

Let -
F(x) =) an(x—a)"
n=0
We then have

or, in general,

and thus




Let us now determine f(x 4+ h) using a neat method.

Consider the following construction for an infinitesimal displacement

f(x + dx) = f(x) +Ax3—i = (1 +Axdix> f(x)

where we have used the definition of the derivative(exact only in
the limit of course).

Now make another displacement

f(x + 20x) = (1 + Axdi) f(x + 6x) = (1 + Axi) 2 f(x)

X dx

Since a finite displacement h can always be constructed from an
infinite number of consecutive infinitesimal displacements, we have

n— oo n dX

F(x+h) = lim (1 + ﬁi)n F(x) = exp (h%) f(x)



where we have used the interesting result that

lim (1 + g@) = exp (hQ)

n— o0
d
h—
=P ( dx)

is called the displacement operator.

The differential operator

Since the exponential function has the power series representation

= (ax)*
exp (ax) = Z ( k!)

k=0

we can write

> Lk
f(x 4+ h) = exp (h%) F(x) =Y %f(k)(x)

k=0



Example:

sinw(t + 7) = exp (Tﬁ> sin (wt)

1

sin (wt) 4+ wT cos (wt) —

sin (wt) _1 —

d
d 1 ,d* 1 ;d°
- T | T | T ot
dt 21 dt?2 31 dt3
1

1
-3l

+ cos (wt) |wT — =

1
2

= sin (wt) cos (wT) + cos

which we know to be correct.

(wT)?> cos (wt) +

—(wT)? + ... _

N

j(w7)2 sin (wt)

wt)sin (wT)

sin (wt)



These results generalize easily to 3-dimensions as

®.@,

fF(F+a)=>)_ %(5- V)f(7)

n=0
and also can be used for displacements in time

®.@,

,7_k
f(t+7) = exp @%) F(t)> Hf<k>(t)

k=0

Binomial Series

Consider the following function



If we expand this out we get

f(x)=(1+x)" =1+ nx n(n—l)X2

21
-2 I 2 ()"

this is called the Binomial series and the symbol (:7) is the
Binomial coefficient.

For n = integer, the series terminates at m = n.

In a similar way we can write(for n = integer),

pray =3 =3 ()
PHa)' =2 i mnP 9T L
m=0 m=0

This has an interesting interpretation in the following example.



Suppose we have n coins that we will flip onto a table and we
count the number heads and tails.

Suppose the probability of getting a heads = p and the probability
of getting a tails is g.

Hence p+ g = 1.

This means we have
n n - n m __.N—m
prar = =1=3 (7)o"
m=0
Now the probability of throwing m heads and n — m tails is given by

m

pmqn—
and the number of indistinguishable ways we can do this is

n!

m!(n — m)!



herefore the total probability of throwing m heads and n — m tails
is given by

P(n, m) = n

m_n—m __ m _.n—m
oy ey = C(n,m)p"q

Since the probability of something happening is sum of all of these
probabilities, the sum must = 1 as we have already seen above.

Does this really work? Consider n = 3, so we can actually do it.

For n = 3, the number of possible outcomes =2 x 2 x 2 = 8 and
we have

PPP =1=1((3,3)-P(3,3)=1/8
pPq, Pap, Gpp =1=0C((3,3)-P(3,2) =3/8
qqp, 9rq, pqq =1=0((3,2)-P(3,1) =3/8
elele =1=((3,0)-P(3,0)=1/8

So it does work!



Octave Program for case n = 64

\’% m-file coinsl.m
\7% 64 coins with p = q = 1/2
p=0.5; N=64; pn=[];
for m=-N:2:N
pn=[pn, (prod(1:N)*(0.5)"N)/ ...
(prod (1: ((N+m)/2))*prod(1: ((N-m)/2)))];
end
bar (pn)
title(’Probability of m heads out 64 tosses’);
xlabel (’Number of heads’);
ylabel (’Probability’)

See diagram below.



Probability of m heads out 64 tosses

0.1

0.08

o
(0]
I

Probability

0.04

0.02 -

0 10 20 30 40 50 60 70
Number of heads

We note that the quantity n! that we have been using is usually
defined only for positive integers.

As we shall later in the course, there is a more general definition of
this function, which reduces to the same values when n = integer.



It is given by
O
sl = / xe Xdx=T(s+1)
0
for all s not equal to negative integer. It is the gamma function.

Taylor Expansion in more than 1 variable

We now generalize the Taylor expansion to more than 1 dimensions:

f(x,y) =f(a,b) + (x — a)fi(a, b) + (y — b)f,(a, b)

# o1 — @), 5) + o (x = )y — b)fy (3. )

+ %(y — b)zfyy(E’» b) + %(X - 3)3fXXX(a’ b)

+ 206 — @2y = D)y (3. ) + 5 (x — 3)(y — D)*fuy (2. )
— %(y — b)3fyyy(a, b) + .......

and so on.



Curvilinear Coordinates

First we mention cartesian coordinate systems.

We have
basis vectors = ¢ , i=1,2,3
These systems have intuitive appeal since they
(1) make use of straight lines
(2) make use of perpendicular(orthogonal) directions of flat space
(3) vector differential /integral operators take their simplest forms

However, many physical systems are not naturally rectangular, i.e.,
the surface of a sphere.

In this case the rectangular coordinates of a point on its surface are
changing from point to point, but in spherical polar coordinates the
surface is specified simply as a surface of constant radius r.



Thus, the choice of coordinate systems can be important in the
description of a physical system.

A good choice may lead to greater simplification and insight in the
description of the physical system.

There is, of course, a price to pay for this improvement.

Coordinate systems other than rectangular are less intuitive and
harder to visualize.

Integral and differential operators have more complicated forms.

We now show that the task is quite tractable, perhaps even
enjoyable, when approached from the right point of view.

It turns out to just be a matter of changing directions and changing
scales as we shall now see.



Generalized Coordinates

We begin by noting that any 3 independent variables (u1, up, u3)
can be used to form a coordinate system if they uniquely specity
the position of a point in space.

For convenience we start with the familiar rectangular coordinates
(x,v,z) = (x1, X2, x3) and specify the new generalized coordinates
by the relations u; = uj(x, y, z).

For the transformation between these two coordinate systems to be
well-defined and unique, it is necessary that the inverse relations
xj = xij(u1, uz, u3) also exist, and that all of these relations are
single-valued functions.

Example: spherical polar coordinates r,0,¢) : See diagram
below.



1)

r/ z=r cosf

)i

X=r siné cos@

y=rsint sing

Here we have the relations

(X2 _|_y2)1/2
Z

r=(x*>+y*+z2)/2 | 9 =tan™!

and the inverse relations

X =rsinfcosp , x =rsinfsing , z=rcosf



A coordinate axis now becomes a coordinate curve along which
only one of the coordinates is changing (same as in the cartesian
case). The coordinate curves in spherical polar coordinates are:

radii (only r varies, 8, ¢ = constant)
longitudes (only @ varies, r, ¢ = constant)
latitudes (only ¢ varies, r,6 = constant)

It is easy to find explicit algebraic expressions describing these
coordinate curves because by definition only one of the coordinates
changes along such a curve, while the others remain unchanged.



For example, if = ré, = ré(r) represents a coordinate curve, then

the equations
or . or 0é, or 0é,
— =& , — =r , — = r
or 00 00 0J0) 0J0)

describe the vectorial changes along this coordinate curve.

We state a rule:

Each of these derivatives is a vector in space; it has a length h; and
a direction &; , where i = r, 0 or ¢.

We can readily obtain their explicit forms with the help of
rectangular coordinates, where the basis vectors are constants:



or
(xeX + yé, + zé&,)

or

= sin  cos péx + sin 0sin &, + cos0é, = h,é,
(9_/7 8(xe + yé, + zé&;)
9g gy x Ty Tt

r cos 6 cos péx + rcoslsin pé, — rsin0é, = hyéy

g—; aa¢(xex + yé, + z&,) = —rsinfsin ¢é; + rsin cos pé, = hyé,

We then have (taking scalar products)
h? = sin® @ cos® ¢ + sin®fsin® ¢ + cos?0 =1 — h, =1
hg = r° cos® 0 cos® ¢ + r° cos? @sin® ¢ + —r?sin®f = r> — hg = r

hé = r?sin®fsin ¢ + r’sin® 0 cos® ¢ = r’sin® 0 — hy = rsin6



Now

L, or or or

= h.é dr + hyéydb + hyéydo
= dré, + rd0é&y + rsin 0d¢é,;

which should look familiar from our earlier discussions.

In the general case (u1, up, u3) we have

or or
dr = —du - dus d
’ 8u1 = (9U2 H2 (9U3 13

where



or o , ~ ~ ox | oy . | 0z
o = o (xé« + yé, + z&;) = Xé, - -é)

ou; ou; ou;

= vector (actually the tangent vector)

= hi(r)é&(r)

N\

€z

so that

- 41/2

- [(5)+ (3)"+ ()

and the displacement vector is

dr=") hi(N&(F)du; = &(Ads; , ds; = hidu;

Thus, é;(r) defines the coordinate curve since it gives the unit
vector tangent to the curve at r.



The infinitesimal scalar displacement ds; = h;(r)du; gives the
displacement along this coordinate curve.

he function h;(r) is a scale factor.

It ensures that the displacement has the dimensions of length,
independent of the dimensions of the u;.

All other geometrical quantities can be calculated readily in terms
of these scale factors and unit tangent vectors.

The infinitesimal scalar displacement ds along a path in space is
(d5)2 =dr-dr= Z(h;é;du;) y (hjédej) = Zg,-jdu,-duj

where gj; = hjh;é; - & gives the so-called metric coefficients of
the generalized coordinate system.



The differential elements of surface and volume can be written

down as
- . or or
dA,'j — dO‘,’j — (a—UidUi) (auj duj>

— h,'hj(é,' X éj)dU,'de — (e,- X ej)dS,'de

(Think of the Cartesian case to understand this result. What does
the direction mean?) and

dT = dV = dsidsyds3é; - (& X &)

where the last factor is the volume of a unit parallelpiped.



Orthonormal Curvilinear Coordinates

If at every point r, the three unit tangents &;(r) are orthogonal to
one another(mutually orthogonal), that is, if

() &(7) = 5
or equivalently, if
or or
: X
ﬁu,- Guj
then the generalized coordinates u; are said to form an orthogonal
curvilinear coordinate system.

0jj

In this system, the unit tangents é;(r), &(r), é&(r) form a cartesian
coordinate system at every point r (not the same one at different
points).



The only complication is that their orientation changes from point
to point (different than in the case of a cartesian system) in space.

In such orthogonal systems, the metric coefficients

. = h?0:: — diagonal and h? = Ox 2—|— Oy 2—|— 0z \*
g’J_ 1~ g I~ an an 8U,’

and the squared length
(ds)® = ds®> =) hi(duj)* =) (ds;)’

contains NO CROSS TERMS (so things can get worse!).



The differential surface/volume elements are

dO_-)U = dS,'de E eijké\k
k

dr = dSl d52 dS3

Thus, the ds; are very much like the rectangular coordinates dx;.

However, the tangent directions change from point to point, except

in the case of rectangular coordinates for which they are constant
unit vectors.

Examples:

Spherical polar coordinates (orthogonal)
hr=1, hg=r , hy=rsinb

. _lor . 1oF . 107
T he00 0 T hy 0




See figure below

r
(radially outward and

tangent to r line) \\

&
(east along and

/tangent to a latitude)

A

e

B
{south along and
tangent to a longitude)

Then

sin 6 cos é + sin fsin gpé, + cos e, = &
cos 0 cos pé, + cos b sin pé, —siné, = &y

N\

— Sin Q& + cos pé, = &,



where

B8g =685 =858 =0, &,x8 =83 , ;%8 =& , &xby =&

In addition,
dr'= h.dré + hyd0&y + hydpé,
ds, = dr , dspg =rd0 , dsy = rsintdo
ds® = dr® + r°d6? + r?sin® 0d >

and

d&rg — I’dl’d@é}b — —d(?gr
dgs = r’sin0d0dgé, = —dd s
ddty, = rsinOdrdpéy = —d,g

dT = ds,dsydss = r*sin 0drdfd ¢



The volume element looks like

volune
elemnent

—, . rd8

&, )aﬁ.

L rsinfdd

~dr

Does it work for the cartesian coordinates (x,y,z)?

g’
Ox

8(xé 8, + z8,) = é o _o I _s
- % Z > p— X — . e S — >
Ox et oy 7 0z
or. or, Or
h, =1 — dr = dxé+dyé,+dzé, = —é+——8,+—
r = axex+dye,+dadze I © +8yey+8z

N\

€z



dsy = dx , ds, =dy , ds, = dz — ds* = dx* + dy* + dz°

do,, = dxdyé,x é, = dxdyé, , do,, = dydzé, , do, = dxdzé,
dT = dxdydzé, - (é, x é;) = dxdydz

Clearly it does!

Finally, remember that the coordinate r{(t) of a physical event is a
function of the time t.

It can be differentiated wrt t to give

L dr 4 dv  d*r
Vv=— and a=—=—
dt dt  dt?
It cartesian coordinates are used, then their will only be
contributions from the time derivatives of the components and not

the unit vectors (since they are constant in time).



But for curvilinear coordinates we get contributions from both, i.e.,

d d

components unit vectors
g (comPp dt

because the unit vectors are also changing in time.
Vector Differential Operators in Curvilinear Coordinates

It we define the differential operator symbol V (called the
"gradient" or "del") as

o, 0 4 0
V = (&GX @ Eez)

then we can ask, what do Vo, V. \7 and V x V look like?

We have r= (u1, up, u3) = position in space and a scalar field
¢(u1, up, uz) and a vector field V(uq, uo, u3).



The quantity V®(uq, up, u3z) describes at every point r, a vector
that can be decomposed into components along the local unit
tangents &(r), that is,

VO(R) = 3 &(A(Ve) = 3 &(A(ve - &(7)

If we expand the gradient in rectangular coordinates(we can use
any) then we get

From earlier we have

dF = Z hi(P)&(F)duj = ~ &(F)ds;

/

and then



. . . Or _ Oxé+yé +z&  Ox
Ex € — € 7 = € —

0s; 0s; B 8—51

Therefore,

(Vo) — 0P dx 0P8y 0Pz 0P
"\ Oxds; Oy ds; Oz ds;) s

or
1 0

VO (uy, up, u3) = Z e,(F) (95, Z (_)h, ou;

I /

This implies that the u; in V®(uy, up, u3) can be treated as if they
were rectangular coordinates if the local tangents &;(r) are used
together with local displacements ds; = h;du;.



Example:

00 100 1 90
VO(r,0,¢) = (efar I e¢rsin95¢)

In general,

ZCEDSLICE S SRR

]

which implies that a generalized coordinate curve has a natural

curliness of
1

V X éj — —th (h—J> X é\j(F)

Summarizing, we get(algebra is nasty) for vector operators in
orthogonal curvilinear coordinates uy, us, uz, hy, ho, hz, with @ a
scalar field and V a vector field



where

190

Ve = i h,' 8u,- i
1 0
— I\/I
Y Z TG
h1hs h3
pi = —




Jacobians

For different coordinate systems we have

cartelan dV = dxdydz
cylindrical polar dV = rdrdfdz
spherical polar dV = r’sinfdrdfdd

How do we convert between area and volume elements in different
coordinate systems?

he rules are:

if (x,y) — (q,t), then dA = |J|dqdt
if (x,y,z) — (q,t,w), then dA = |J|dqdtdw

where J is a determinant of partial derivatives called the Jacobian.



(x,y) &= o
J= J( ’ ) — 2; g; in 2-dimensions
(q,t) 9q Ot
and
Ox Ox  Ox
g Ot Ow
X
J=J <( ,y)) — g)c; g{ % in 3-dimensions
(g,1t) oz 9z Oz
g Ot Ow
Examples:
gq=1r,t=2~0
cos@ —rsind
—> J p— . = r
sinff rcosé@

5 dA = dxdy = rdrdf



q:r7 t:97 W:¢

sinfcos¢p rcosfcosg —rsinfsing
— J =|sinfsing rcosfsing rsinfcosep | =r"sinb
cos 6 —rsinf 0

— dV = dxdydz = r°sin 0drd0d¢

Eigenvalues/Eigenvectors of Hermitian Matrices

Many matrices that appear in quantum theory are Hermitian
matrices where

H' = H*T = H
Some properties of Hermitian matrices are:
e all eigenvalues are real
e eigenvectors belonging to different eigenvectors are orthogonal

e eigenvectors belonging to degenerate eigenvalues (A1 = Ap)
can be made orthogonal using the Gram-Schmidt process



In quantum physics these matrices or operators representing
observable quantities, so it is necessary that all the eigenvalues,
which will correspond to the possible values of a measurement of

the observable, are real.

The orthogonality properties mean that the eigenvectors of any
Hermitian operator can be used to define a cartesian coordinate
system(orthonormal) or basis in the space of the n-dimensional

vectors.

This is very useful for doing calculations.

Let us see how some of these properties arise:
Hu,- — )\,-u,-

(uj)"u;j = (length)? of the vector >0



If (u;)Tu; = 0, then u; and u; are orthogonal.
j j

Now
(u) Huj = Xj(u;)'y;

If we digress for a moment to derive a property of the transpose
operation, we find

C=AB - C" =(AB)"

(CH); = Ci = (AB)ji = ZAjkBki = Z(BT)ik(AT)kj
k k

(€= B"A");
S~ CT=BTAT

that is, the order reverses!



This implies that
Cl = BTAt

Using this result we have
()" Huy) ™ = (N () Tuy) T = () () )t = Aj(un) 'y
= ((u)"H ui)" = ()" Hu)" = ()" Njwi)’
= A7 ()T up)!
Thus,
)y = () )| = X ()

or
(A — A (i) uj =0



If we set i = j, then since (u;)Tu; # 0, we have
Ai — A7 =0 — the \; are real

In addition, we find that if \; # )\, then (u;)Tu; = 0 or the
corresponding eigenvectors are orthogonal.

Diagonalization of Matrices

()1 (w1 - o+ (ua)1)

(u1)2

\(t1)n -+ o o (un)n)
where (u;); is the j* component of the i*" eigenvector of the

Hermitian matrix H, i.e., the columns are constructed from these
orthonormal eigenvectors.



If we evaluate the matrix product

UTU =
(u1)] (un)z - - (u)p\ [(u)r (w1 - - (uah
/(UQ)l S /(Ul)z \
\(un)’{ e ()t \(ul)n (un)n/

it is clear that
(UTU); = (uj)Tu; = 6;; = UTU = I — U is a unitary matrix
Now consider

D= U'HU — D; = (UTHU);; = Z(UT) icHim Ui = (u;)T Hu;

= Aj(ui)‘LUj = Ajojj



Note that this calculation involves the it row of U and the ;&
column of U.

This means that D is a diagonal matrix containing the
eigenvalues of H on the diagonal.

The matrix UTHU is a unitary transformation of H that
diagonalizes it.

We also see that
(H=Xa)ta =0=UT(H = \)ua = U'(H = X\)lua
= UT(H — X\)UU T uy = (UTHU — M\ UTU)UT g,
= (D — )\Q)UTua = (D — \o)U,



Since D in the above equation is diagonal, the new eigenvector
Utu, = u., must be a unit vector along the coordinate axes, i.e.,

(2

U = 1. the 1 is in the j*" component

5

.~

Example:

Consider
1 1
=3 1)

and let us diagonalize H, H?, H", e".



The eigenvalue problem is:
Hu; = A\ju; , uj = (ai) : a,g+b,-2:1

The characteristic equation is

1—A 1

and

o=alna) 7ol

which contains the eigenvectors as columns should diagonalize H.



1/1 -1\ /1 1\/1 1
THU = =
UHU_2<1 1)(1 1)(-1 1

We also have

I /1 -1\ 1 1
Uty = o' =

as expected. Now
UTH?U = UTHUU'HU = D? = (

and
UH"U=D" = (

0 0
0 4

AT0

0 )\5)

):

(

A2 0
0 A

)



Now for the function of H, e, we get
UTe"U = i L UtHY = i Lpn_ el
: n! : n!

Now since D is diagonal and since the product of diagonal matrices
is also diagonal

D\ _ 1] . D _
(e )”_Zn!]:eDii " _<0 e2>

n=0

In general, for n X n matrices

/ea/\l 0 0 0 --- 0

0 e%2 0 --- 0
UtgeH | — gaD _ | O 0 e¥ 0 .-~ 0
\ 0 0 0 ... ... ¥\




det (UTe*U) = det (e*" UUT) = det (e*) = det (e*P)

a1 ea)\z eoz)\3 L a a()\1+)\2—|—)\3—|—---—|—)\n) — eaTrD

—= € e""=e

and

Tr(UTHU) = Tr(HUU') = Tr(H) = Tr(D) = ) A,



Fourier Series Introduction
Many complicated functions can be represented by power series.

Another powerful way of representing such functions is using a sum
of sine and cosine terms, which is called a Fourier series.

Unlike Taylor series, a Fourier series can describe functions that are
not everywhere continuous and/or differentiable.



Derivation

The world is full of vibrations. The sound we hear is an acoustic
wave, the things we see are electromagnetic waves and the surfers

in Santa Cruz, CA ride on gravity waves of the ocean.

he simplest wave motion in 1-dimension is described by the
1-dimensional wave equation

(‘92 : az)u(x,t):O

Ox%  v2 Ot?

Let us assume a solution (we will see why this is a solution later
when we study partial differential equations))

Iwt

u(x,t) = x(x)e

Substitution into the full wave equation gives an equation for the
wave amplitude x(x).



d?x(x) w? i d? w2
< 02 | 2X(X))e t=—0— (dx2 | k2>x(x):0 , ?:kz

This new equation(an ordinary differential equation) is easily
solved(we will see why later) by the function

X(x) = acos kx 4+ bsin kx

which gives the shape (at fixed time t) of the vibrating system (say
a string).

This is like taking a photograph of the vibrating string at one
instant of time.

Let us choose a string of length 7 fixed at both ends.



We then have the boundary conditions:
x(0) = 0 = x(=)
which implies that
x(0)=a=0 and x(m)=0=bsinkr — k =n= integer

so that

x(x)=bsinnx , n=1,273,....

which is called the n®" normal mode of the string (given by its
shape).

Each such mode has a different frequency and shape.

Historically, the wave equation was first studied in the 1700s.



In 1742, Bernoulli showed that
vibrations of different modes (frequency) could coex-
Ist in the string

In 1753, D'Alembert, Euler and Bernoulli showed that
all possible shapes of a vibrating string, even when
the ends were not fixed, were representable by the
series

There was great dispute about this result.... what about the cosine
series, i.e., how does one represent even functions of x?

Even though f(x) solves the wave equation, others disputed the
claim that this was the most general solution.



In 1807, Fourier (in a paper on heat conduction) showed that
every function in the closed interval

[—m, 7] or —am<x<nm

could be represented in the form

1 @)
f(x) = »0 + Z(an cos nx + by, sin nx)
n=1
He re-derived integral formulas for the coefficients a,, b, had

already been obtained by Euler in 1777.

Fourier, however, broke new ground by pointing out that these
integral formulas were well-defined even for arbitrary functions and
that the resulting coefficients were identical for different functions
that agreed within the interval, but not outside it.



he paper by Fourier was rejected by Lagrange, Laplace and
Legendre on behalf of the Academy of Sciences on the grounds that
it lacked mathematical rigor.

A second version of the paper won the Academy’s Grand prize in
1812.

This work has had a great impact on the development of
mathematical physics in the 1800s and it is still influencing things
now.

The Sine-Cosine Series

The general Fourier series expansion is sum of sine and cosine
terms of the form

O O
f(t) = % + zzla,, cos wnt + nz:l b, sinwut
n=— —

where the frequencies



27N
To

are integer multiples of a fundamental frequency

Wn —

27T

wo — —/—
To

and Ty is determined either by the natural periodicity of f(t) or
possibly by an enforced periodicity of some sort.

Different treatments of this subject can have definitions of Ty
which differ by various factors.

The results of all calculations are the same.

The assumed form guarantees that f(t) has periodicity Ty, i.e.,

f(t)=f(t+ To) forall t



In terms of the independent variable t, f(t) has this periodicity for
the entire interval
—o0 <t <O

as shown below

The typical Fourier series problem is such that we are given a
function g(t) and we then determine both Ty and the a, and b,
coefficients so that the series expansion is equal to g(t) for all t.

This requires that

g(t)=g(t+ Tg) forall t

The smallest value of Ty that satisfies this equation is the period
of g(t).



What if g(t) is not periodic?

In this case we cannot use a general Fourier series to represent g(t)
for all t.

On the other hand, we can make the series equal to g(t) for some
finite interval as shown below

\
s

Clearly, g(t) above is not periodic.

Suppose however we define the basic period for the Fourier series to
be Tg = to — t1 where the interval t; < t < t» is as shown.



The Fourier series f(t) can then be made identical to g(t) in that
interval.

Outside the interval, the Fourier series f(t) is periodic and will not
match g(t) as shown.

Digression: The formal mathematical requirements that a function
f(x) must satisfy in order that it may be expanded in a Fourier
series are known as the Dirichlet conditions, which are
summarized as follows:

the function must be periodic

it must be single-valued and continuous, except possibly at a
finite number of finite discontinuities

it must have only a finite number of maxima and minima
within one period

the integral over one period of |f(x)| must converge



The Orthogonality Conditions

We can determine the coefficients a, and b,, using so-called
orthogonality conditions (proved using calculus)

to+To 27Tn 2mTm To
dt sin| —t|sin| —t | =0, —

/to ( To ) ( To ) 2
to+To 2 2 T
/ dt cos (Lnt> COS <7T—mt> — 5nm—0
to TO TO 2

to+To _ 271N 2Tm
dtsin| —t)|cos| —t | =0
to To To

for integer values of m and n.

In addition we have

to+ To 2 to+ To 2
/ dt sin (int> =0 |, / dt cos (int> — 0n0 0
to TO to TO



We can now evaluate the coefficients as follows.
a oo 0,
—_— O .
f(t) = ) + 231 an coswnt + nzjl b, sin wnt
n=— —

The integral operation

to+ To to+ To a0 > to+ To
/ dtf(t):/ dt——l—Zan/ dt coswpt
t t 2 1 to

0 0

e to+ To

Z bn/ dt sinwnt
n=1 to

B /to+To dta_ B a0 To
to 2
determines ag, i.e.,
2 to+ To
ap = — dt f(t)



The integral operation

to+ To to+ To a0
/ dt coswmtf(t) = / dt coswmt—
L

0 to 2

o0 to+ To
+ E a,,/ dt coswm,t coswnt
n=1 to
S~ to+ To

+an/t dt coswmtsinw,t
n=1

0

o~ to+ To
— E an/ dt coswmt coswnt
to

n=1

p— - a 5 —TO p— a —TO
E nYnm 2 m 2
n=1

determines a,,, m > 0, i.e.,
2 to+ To

= — dt coswmtf(t
To /. (t)

dm



The integral operation

to+ To to+ To a0
/ dt sinwntf(t) = / dt sinwmt—
t

0 to 2

o0 to+ To
+ E a,,/ dt sin wpt coswput
n=1 to

o0 to+ To
+an/t dt sinwm,tsinwnpt
n=1

0

o0 to+ To
— Z bn/ dt sin wtsin w,t
n=1 L

0

- To To
= b0 pm— = byy—
n; nm 5 2

determines b,,, m > 0, i.e.,
2 to+ To

bm = —
To J4,

dt sinwmtf(t)



Several questions arise:

(1) Do these Fourier coefficients exist?

(2) Is the Fourier series convergent?

(3) Does it converge to the original function?

The answer is YES for all physically realizable systems!!!!

Examples:

(1) The function f(t) is
f(t) =sin(t)

This function is periodic with period Tg = 27 — w, = n.
Therefore the Fourier series looks like
3 O O
f(t) = EO +Z:lansin nt+nZ:1b,,cosnt
n— —

This example requires no calculations. It is clear that

an=0 forall m, b,=0 forall m#1 , by =1



(2) The function f(t) equals the periodic triangle wave shown
above.




Once again the basic period is Tg = 27 which again gives w, = n.

We have

2 3m/2

am dt cosw,tf(t) =0 forall m

B ?0 —7r/2

since the integrand is the product of an odd and an even
function.

We also have

2 [37/2 _ 8 . nm
dt sinw,tf(t) = —5 55N —

b = —
TO —7 /2

Therefore, we get

8 nm
f(t) = Z 5 SiN —— sin nx
n:1,odd7T m 2




lllustrate in class with Octave program:

% illustrate Fourier Series
% triangle wave
% gives sequence of images building
% up to final curve
X==pi/2:p1i/100:3%pi/2;
val = zeros(1,length(x));
figure(1);
for m=1:2:100
=8/ (m*pi)~*2xsin(mxpi/2)*sin(mx*x) ;
val=val+f; m
ol & -
plot(x,val, '-k');
axis([-pi/2 3%pi/2 -1.5 1.51);
hold on;
pause(1);
end

(3) f(t) is the square wave function

f(t)
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In the interval [—7, ] we have

(

1 0<t<m
\—1 — < t<O0

f(t) = <

Once again the basic period is Tg = 27 which again gives w, = n.

Again this is an odd function so all the a, = 0 and we find

o 2 n=1,3,5,6,...
" l0 n=246.8,....

which gives

F(t) = ﬂ Z sinnt

n
n=odd



lllustrate in class with Octave program:

% illustrate Fourier Series for square wave pulse
% gives sequence of images building up to final curve x=-pi:pi/100:pi;
val = zeros(1,length(x));

figure(1);

for m=1:2:500

f=4/(m*pi)*sin(mxx);

val=val+f;

m

clf;

plot(x,val, '-k');

axis([-pi pi -1.5 1.5]1);

hold on;

pause(1);
end

It looks like the figure below after including a 100 terms in the
sum....

We will do better in class.
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Even and Odd Stuff

We can always rewrite any function as:

F(x) = H1F(0) +

dl

0]+ HlF(x) -

We can then use Fourier series to write:

even

E anp CosS nx

odd

F(—x)] =

where we have assumed that the function has a perlod To =271 .

Example:




Now we allow for an Arbitrary Interval.

If f(x) is defined for an interval [—L, L] of length(period) 2L
instead of the standard interval of length (period) 27, then a simple
change of variable and integration range deals with the problem.

We have
ao = 2Tn | = 27N
f(t):E—l_nz::lanCOS Tot i nz::]-bnﬂn?ot
with
2 [To/2 2 [To/2 2mnt
ap = — dt f(t), an = — dt cos T f(t)
To J 14,2 To J_1y/2 To
2 [To/2 27 nt
by = — dt sin T (1)
To J 15,2 To

We let Tog = 2L to get

o0
a
— §O+n§:1ancos7lnx | Zb S|n7T—Lnx




with

1 [t 1 [t T™NX
0 =7 /L x f(x), a 7 /L X cos — (x)

1 L
by = 7 /_de sin 7T—fo(x)

Another Example:

Suppose

0 — 0
f(X): T X<
h 0<x<m

The is a square pulse(wave).

We might imagine this is a signal being sent into some electronic
apparatus.



We can calculate its Fourier coefficients

30:1/ dxf(x)l/ hdx = h
T J—rx T Jo

1 70
a,,:—/ dx cosnxf(x) =0 forall n

T —TT
1 (" h 2h dd
b, = —/ dx sin nxf(x) = —(1 — cos n) = < fnmn o
T J_r nm \O n even
which gives

h 2h[sinx sin3x sinbx
f(x)=== | | ..
2 T 1 3 5

We note that the terms fall off only as 1/n, which implies physically
that a square wave contains lots of high frequency components.

This implies that if an electronic apparatus does not pass
high-frequency components well, the square wave input will emerge
with corners rounded off in the best case and, possibly, an
amorphous blob in the worst case.



Complex Fourier Series and Return of the Dirac Delta
Function

Let us rewrite our Fourier representation for f(x) using
e'Pt = cos Bt + isin Bt
as follows (using the interval [—L, L]):

intx /L + e—in7TX/L o intx/L __ e—imrx/L
f(x)

d( > € | e
2 2::1 an 2 | 2::1 br 2
_ icneimrx/L

Note the change of limits on the summation.



The new coefficients are given by:

ao 1 _ 1 1

=75 Cn>0= 5(3n_’bn) y Cn<0 = §(a|n|+ib|n|) = 5(3—n+ib—n)

and in general, using the formulas for the a and b coetfficients, we

have:
1 L

_ ﬂ » f(X)e—imrx/LdX

Cn
This is called the complex Fourier representation.

Example: Let us repeat an example from earlier.



Let g(x) be the square wave function

+1 for 0< x<r
g(x) =
—1 for —7<x<0

We have L = 7, so that

1 [T . 1 [T 1 /9
n — —InXd — InXd L —InXd
y 27’(’ / gix)e T o ~ T o "

—1
[e_’”ﬁ—l—l—e —1] — Icosmr
27’('[7 ni

{{T n odd
Cn —

0 n even

or



This gives

0@ .
| T
__ inx __ - inx
g(x) = E Che g _mre

n——00 n=[—o0,00]| odd
| i 4 sin nx
_ 2 : _(emx_e mX):_ 2 :
n 4 n
n=[0,00] odd n=[0,00] odd

which, of course, is the same as the earlier result.
Clearly, this calculation was more complicated.

The usefulness of the complex Fourier series comes when doing
theoretical derivations.

Digression : The Dirac Delta Function

Let us substitute the expression for ¢, back into the Fourier series.



We get:
f(x) =D o™/t = eIt / Lf(x’)e—"””/ dx’

) i ]
1 - /

/ int(x—x")/L /

/ f(x') 7 _g e dx

where we have defined

P -
O(x — x') = 5T Z e =x)/L1 — Dirac delta function

This expression has all the standard properties of the Dirac delta
function(listed below) and is a very important representation of
the delta function.



Dirac Delta Function

Dirac, when faced with a mathematical dilemma during his
development of quantum mechanics, solved his problem by
introducing a new ‘function” defined by

/ O(x — x")dx' =1

o(x —x")=0 if X' #x

/OO f(x")o(x — x")dx" = f(x)

— OO

Clearly, this is not an ordinary “function” in any sense.



Some Properties:

(1)
—0+

0+
/ dt'5(—t)F (') = — / dt'5(¢)F(—t)

_é)__ 0+

_ / dt'5(t')F(—t") = / dt'o(t')f(—t')
0+ 0—

= 1(0)

which implies that §(—t) = 6(t) if we are using it inside integrals,
l.e.,

£(0) = /5(—t)f(t)dt _ /5(t)f(t)dt



(2)
/O+ dt'd(at’)f(t') = 1 /OHa dt"5(t")f(t"/a) = if(O)
0— a 0—/a a

which implies that
1
d(at) = —o(t)

El

if we are using it inside integrals, i.e.,

L )= / 5(at)f(t)dt

|
N
~~
~
~—
—h
~~
~
—
Q
~

(3) 0+
/ dt't'5(Y)F(t) = F(0)(0) = 0



If £(0) # 0, then this relation implies that
to(t) =0

if we are using it inside integrals.
(4)
L 0 L
/ f(x)d(x* — b?)dx = / f(x)d(x* — b?)dx + / f(x)d(x* — b?)dx
L 0

—L

0 L
= / f(x)o((x — b)(x + b))dx + / f(x)o((x — b)(x + b))dx
—L 0

L

0
_ / F(x)5((—2b)(x + b))dx + / F(x)5((x — b)(2b))dx

b)dx A
2|b\/ oL 2|b|/

—b) +f(b))

2|b\



which implies that

6(x? — b?) = —(6(x — b) + 6(x + b))

2\b|

Example: if a > 0, then

/a e X(x* — a%)dx = /a e_X2i(5(x —a) + d(x + a))dx

_; _; a
a a 1
_e e — cosh (a)
2a a

Fourier Series Extended.........
| et us extend Fourier series somewhat ......

Remember a vector A in n-dimensions has n cartesian components

ZA e,—z /T)@,

=1



he Fourier series has a similar structurel

Consider
0

f(X) — Z ann(X)

n=——oo

This is also a sum of terms, each of which is made up of a Fourier
coefficient ¢, (the analog of the vector component A;) and a
unique (basis) function

wn(x) _ ein7TX/L

which plays the role of &;. The functions 1,(x) satisfy the integral
relations



L L
/ wz?(x)wn(X)dX :/ ol (n—=m)x/L 4o

2L m=n

- (n_zﬁq)ﬂ sin(n—m)m m%#n
= 2L mn

which corresponds to the inner product relations of the unit vectors

€m - €n — (Smn

Note the different normalizations. The coetficients ¢, are given by
L L
/ Y (x)f(x)dx = ¢, / Y (X)n(x)dx =~ cn2L0mn = 2Lcm
—L . —L -

which corresponds to the component relations A; = A&



We can make the agreement exact by defining a unit function
(equivalent to a unit basis vector) as

en(x) = ! e

V2r

This unit function has the inner product

inttx /L

L
(em,en) = / e (x)en(x)dx = dmn

—L

which then gives

Zfen - f, —(e,,,f):/ e* (x)f(x)dx

—L
in direct analogy to the relations

ZA e,—z /T)é\,'

=1



The unit functions are a set of orthonormal basis functions.

They are a basis because they span the space of all functions (since
that is what a Fourier series is designed to do).

The Dirac delta-function is given by

®.@,

o(x —x") = Z en(x)el(x")

n=——oxo

— /f(x’)c?(x—x’)dx' = Z en(x)/e,’,k(x’)(S(X-X’)dX/ = Z fnen(x) = f(x)

n——oo0 n——oo

as it should.

The number of basis functions is infinite, so we have an infinite
dimensional space.

Since an inner product is defined it is an inner product space.



For regular vectors, a different choice of axes implies a different set
of unit basis vectors.

In the case of functions, a different choice of coordinate axes
implies the use of a different set of “orthonormal” functions.

For the complex Fourier series in the interval [—1, 1] corresponding
to L = 1, the basis functions are

27N 27N

Yn(z) =™ Wn:?ozjzﬂn
where .
e =1+ (inmx) + E(imrx)2 + e

which is a convergent infinite power series in x.



Since powers of x are much easier to work with than exponentials,

let us attempt to use the powers of x, instead of the ¢,(x) as our
basis functions for a generalized Fourier series.

L et us take the first two basis functions to be

Po(x)=1 , Pi(x)=x , intherange [-1,1]

The orthogonality relations are

1
(Po, P()) — / dX = 2

—1

1

(Po, Pl) — (Pl, Po) — / xdx = 0
—1

L D
(PrPr) = | xdc =3
1 3



2

he next power x< is orthogonal to P (x)

1

(P1,x%) = (x°,P1) = / x3dx = 0
~1

but not to Py(x)

1
(PO,X2) — (Xz, Po) = / x2dx = %
1

This implies that x> cannot be one of the set of mutually
orthogonal functions that is to be used as a basis for our so-called
generalized Fourier series.

Let us now use the Gram-Schmidt(GS) orthogonalization
procedure to create an orthogonal function.



If x? is not orthogonal to Py(x), then part of it must be parallel to
Po(X).

Indeed the parallel component is given by
(P())Xz) — 5

The GS procedure creates an orthogonal function by subtracting
off the parallel part as follows

P>(x) = X2

We then have the orthogonality relations
(P2, P1) =(P1,P2)=0 , (P2,Py)=(Po,P2)=0

(P2, Py) /1 2 _ 202 1)y
— X" — =X —lax = —
S 37 o 45



Now
(X2, P2) — (X3, Po) =0 but (X3, Pl) #+ 0
Pi=x"— =
(P1,P1) " SR
It is customary to normalize all basis functions to 1, which entails
multiplication by the factor

P3(x) = x3

1
\/(’Div ’Di)

or by defining their value at a point, say Po(x =1) = 1.

This gives (using the latter normalization procedure) us a set of
orthonormal basis functions (polynomials in this case) which are
identical to the Legendre functions or Legendre polynomials.



'DO(X):]- ; 'Dl(X):X : P2(X):§X2—1

2 2
5 3 35 15
P3(x) = §X3 — 5% Psi(x) = §x4 — Ixz + frac38
63 35
Ps(x) = §x5 — IX23 + fracl58x and so on

where we have

1
2

ny " m) — n m — mn ml =1
(Pr, Prn) /_1P(x)P (x)dx = 50+ Pm(1)

We then have using these as basis functions

F(x) =  cnPn(x)
n=0



— /1 Pr(x)f(x)dx = nZ:Oc,,/l Pm(x)Pn(x)dx

—ic 2 o P— 2 C
_n:O "op+1 ™ oma1 ™"

or

2n+1 (1
e ”; / P, (x)F(x)dx
—1

Example:
(+1 for 0 < x<1

f(x) =<
() \—1 for —1<x<0

Now f(x) is odd, which implies that all n = even terms will = 0.



For odd n we have

3 (1 : 3
C1:—/ Xf(x)dX:3/ xdx = —
2 /|, ) 2

7 (Y /55 3 7 (/53 7
= — —x> — =x | f(x)dx = = - — dx = ——
3 = 5 /1 <2X 2X> (x)dx 2/0 (X 3X> X .

11 .
s = 7z andsoon
The Legendre series is then
3 7 11
f(x)==P — =P —Ps(x) + .......
(x) = SP1(x) = £ Pa(x) + 1< Ps(x) +

The corresponding Fourier series in the interval [—1, 1] is given by

1 1
4
an=0, b= —/ f(x)sin(nmx)dx = 2/ sin (nx)dx = —
0

ni



and the corresponding Fourier series is

4 4 4
f(x) = - sin (7x) 3 sin (37x) = sin (bx) + ......

Such expansion can also be made in terms of other special
functions such as Bessel functions, etc and we will use this fact to
great advantage when solving partial differential equations.

Fourier Transforms
Transforms The complex Fourier series has an important limiting
form when the period approaches infinity, i.e., To — 00 or L — 0.

Suppose that in this limit
(1) k= 5 remains large (ranging from —oo to co ) and

(2) ¢n, — 0 since it is proportional to L, but

L 1 > Cikx g g
g(k) = LI|_>mOO —Cn = T /_oo f(x)e""™dx = finite

cn—0



then we have
f(x) = E C,,ei = Iim — E k)e™
() £ é : /—2 g()

where k — 7.
The sum over n is in steps of An=1.

Thus, we can write using

Ak = —An

-
[
which becomes infinitesimally small when L becomes large, as a
sum over k, which becomes an integral in the limit

mAn tkx __ 1kx
f(x) = lewmz g(k)e —AI;(mO—ZAkg(k)e

c,,—>0

= \/—27 /_ g(k)e™ dk



We call g(k) the Fourier Transform of f(x)

1 > :
ky=—— [ f(x)e™dx=F(f
g = —= [ () (f
and the last equation is the so-called Fourier inversion formula.

We can now obtain an integral representation of the delta-function.

his corresponds to the orthogonality condition for the complex
exponential Fourier series.

We substitute the definition of g(k) into the inversion formula to
get



1 > :
f(X) — \/—2?/ g k)elkxdk

1 o

= — dke™ —_ / F(x"e * dx’

\/277/ \/27‘(‘ ( )

:/ dx'f(x") 21 e/k(x= X/)dk
— OO n d — -

_ / T A F(x)0(x — X')

— OO

where

1 [~ . /
O(x — x') = 27?/ k=X gk

Properties

The evaluation of the integrals involved in many Fourier transforms
involves complex integration, which we shall learn later.



We will just state some properties
Examples:

(1) The Fourier transform of the box function

(1 x| < a
f(x) =« _
\O x| > a
IS
FF) == | " f(x)e P dx = / " ey
= X X = —— X
V2T J -0 V21T J—3
1 e kx)? 1 2sinka

V2m Ik |, \2m K




(2) The Fourier transform of the derivative of a function is

_ —ikx | _(— ~ X e—ikx X_
m_f(x)e o k)/oof() e
1k >

Ver

where we have assumed that f(x) — 0 as |x| — oc.

f(x)e "™ dx = ikF(f)

This generalizes to

F (S ) = ()




(3) Other useful properties of the Fourier transform are:

F(f(x)) = g(k) . F(f(x—a)) = e "g(k) , F(f(x)e™) = g(k+ia)

A short table of Fourier Transforms is shown below:

f(x) g(k)
|
o) N




Convolutions
In general, we define the convolution integral by
t
h(t) = / f(t —7)g(m)dT = f * g = convolution integral
0

Now, the Fourier transform of the product of two functions can be
given in terms of the Fourier transforms of the individual functions.

FIF(D)e(t)] = T dte “(1)g(t)

1
V 2T /oo
1 > - 1 / "
= — dt e_’wt—/ dw’e"‘"tG / W'Y tF
\/ 2T /_oo V2T J_ \/277 ( )
1 3 o0 o0 - / /7
= (—2> / dw’/ dw”[G(w’)F(w”)]/ dt e/ (W Hw —w)t
o

:< 2W> / de / do" [G (W) F(W")]276( + " — w)
| G )F(w = o) = G) * F()

E\H
N



This just the convolution of the Fourier transforms G(w) and F(w).

It is the fundamental construction needed to solve ODEs using
Green's functions later, as we shall see later.

Clearly, it gives a measure of the overlap of two signals as a
function of t.

The symmetry of the Fourier transform and its inverse operation
gives the results

FUG(w)F(w)] = ZIG(w)F(w)]
= = F(0) +£(t) = T[F(1) » £(0)] = V2RF(@)G ()

Correlation

The correlation process gives a measure of the similarity of two
signals.



One of its most important applications is to pick a known signal
out of a sea of noise.

The cross-correlation between f(t) and g(t) is defined as

o) = | " dr f(n)glr —

— OO

The cross-correlation of a function with itself

Yr(t) = /OO dr f(r)f(r —t)

— OO

is called an autocorrelation.

This operation is similar to the convolution operation except that
the second function is not inverted.

It is just as tricky as the convolution operation.



We can write

Fol = F | [ drfr)a(r — 1)] = VarF()6(-)

LJ — OO

Fourier Transform Examples:
(1) The Square Pulse - Consider the function

1 —T/2<t<T/2

f(x) =<
() 0 otherwise

\

f(t) is absolutely integrable so it has a valid Fourier transform.

It is given by

Flw)=— dte "' =4/ = 2
( ) 2T /—T/2 ™ W




which looks like (for T = 1)




In the limit T — oo we have (T = 50, in fact, here)

30 I I Ll |l I L\l

2S5t -

20+ -

1S+ -

10} -

_‘0 | | | | | | | | |

-10 -8 -6 -4 -2 0 2 4 6 8 10

We get a sharp spike, but the area remains constant.



This implies that as T — ¢

F(w) — d(w)
Formally, we have
T/2 .
Flw)= | e Wt — / dt e ' = V27mo(w
= 5 = et

(2) Transform of a Delta-Function - Consider the function
f(t) = ot
The transform is

Flw) = dt e '“t§(t) =

7l 7



The inverse transform is

dt et — §(t)

1 > 1
\/ 2T /oo \/ 2T
Now

df

F (E) = iwF(f) = iwF(w)
Therefore for the square pulse we have

df

= 0(t+ T/2) = 5(t—T/2)

7 (Z—’;) — T(5(t + T/2) — 8(t — T/2))

But |
F(f(t—tg)) = e "YOF(f(t))



Thus,

el R iw(—T/2) _ —iw(T/2) I B Y
F ( t) = (e e F(6(t)) = /\/75|n 5 = jwF(w)

2 |sin«l
— F(w) = sqrt— 2
T w

for the square pulse ( as before)

Remember this only makes sense inside an integral.

(3) Transform of a Gaussian - Consider the function

84 242 . .
f(t) = —e *" = normalized Gaussian pulse

ﬁ

We choose oo = 1.

The peak is at o/ .



The 1/2 maximum points are separated by At =1/a.
The area under the curve is = 1.

The Fourier transform is

2t2

1 > @7 - 84 > 2.2 | -
Flw) = — dt —e ¥ e Iwt — —/ dt el t"Hiwt)
( ) \V 2T /oo \/E \V/ 27 — 00

We complete the square to evaluate the integral. We have
a2t2+iwt:a2t2—|—iwt—|—7— v = (ozt—l—ﬁ)Q —

%2aﬁ:iwt%5:;ﬁ
s

w2

42




We thus have

Let

then

1 w2 [° 2 1 w?
F(w):ﬂ\ﬁem/ dxe * = me_m

which is a different Gaussian.



An important feature is

1
f(t) » At = —

o
F(w) « Aw = 2«
— AwAt = 2

In general for any f(t) we have AwAt ~ ¢ = constant .

In the wave theory of quantum mechanics, this corresponds to the
Heisenberg Uncertainty Principle.



The Laplace Transform
Another important integral transform is the Laplace transform.

For a function f(t), we define the Laplace transform by

F(s) = / dt e*tF(t) = L(F(1))
0
The Laplace transform is a linear operator so that

L(af(t) + bg(t)) = aL(f(t)) + bL(g(t))

The Laplace transform has a first shifting property expressed as

If L(f(t)) = F(s), then L(e?*f(t)) = F(s — a)



The Laplace transform has a second shifting property expressed as

fL(F(t)) = F(s)
and g(t) = {g(t —2) :z z then L(g(t)) = e *F(s)

If we let t = 7/a, then

F(s) = /OOO dte " f(t)= 1/OOO dTe_ST/af(T/a)

d

and if aoc = s we get

aF(ac) = /OOO dre ?"f(r/a)

! / dTe_ST/af(T/a)
0

d



Examples:

(1) Heaviside unit step function

1 t>0
H(t) = B
0 t<0

L(H(t)) = /OOO dt e "' H(t) = /OOO dtest— 1 _ F(s)

S

Since integration is only between — o0, this also says that

©.@) o0 0O 1
L(H(t)) = / dt e St1 = / dt e 5t1 = / dte St — =
0 0 0 S



(2) Exponential function f(t) = e

1
s—a

L(e") = / dt ela=s)t — = F(s — a)
0

or by first shifting
L(e®f(t)) = F(s — a)
1

L(1) = -

[(e71) = L(et) =

S—4d




(3) Shifted Step function

(

1 t>a

H,(t) = <
(2) 0 t<a

\

Note original Heaviside function is then Hy(t)

By second shifting

e—as

L(Hy(t)) = L(Ho(t — a)) = e”**L(Ho(t)) = —




(4) Euler function e'? — cosh + isinf.

From (2) we have

1

L(e'?) = — = [(coswt + isinwt) = L(coswt) + iL(sinwt)
S — jw
1 s+ iw S Y,
p— — I /
S—iws—iw s?4w? s2+4w?
— L(coswt) >
W —
s% + w?
— L(sinwt) = “




(5) Power function t*

0 1 ©@)
L(tF) = / tke™Stdt = / xKe™Xdx  using x = st
0 0

k1
1 k!
— Gkt1 M(k+1) = ok+1

(6) Power series
F(t) =) ant”
n=0

F(s)=L(F(£)) =) anl(t") =) a,,sl’;’il
n=0 0)

n=—




(7) Bessel Function - we will see later that the Bessel function of

zero order can be written as

Jo(t) = kio;) 22/(((_/(!1));2[( = Bessel function of order 0
We have
50 k 00 )k
L(Jo(1)) = ; 2§k(1k), 2% K Sifl)l
Now
(2k)!'=1-2-3---2k=2-4-6---2k-1-3-5.--(2k — 1)
—2Kkl1.3.5...(2k — 1)

SO



2k)_§: (1)K (2k)!

— 22k(k!)2 c2k+1
k=0

L(Jo(t)) Z 22k(k|)2

k:O

1 ( 1)k1'3°5°°°(2k—|—1)_
g 1+222kk| 52/(

Now using the binomial theorem

(14x)" = 1- 1”!X : n(nzg_ D2,  nn=1)..(n—k+1) ,




or

Wowl! !l

(8) Dirac Delta Function

L5(t — to)] = / 5(t — to)e Stdt — o5t
0
There exist extensive tables of Laplace transforms

More examples - Some typical electric circuit input functions:



(1) Consider the square pulse (height=A), i.e.,

0 t<a
f(t)=q1 a<t<b
0 t>b remember
| | | H, (1) = {1 t>a
We rewrite this function as 0 t<a

f(t) = AH,(t) — AHp(t)

and then using linearity and example (3) above we have

—as e—bs A

L(F(t)] = A—— = A=— = C[e > —e "]




(2) Consider the time-dependent pulse

0 O<t«l
f(t)=<t2 1<t<?
0 t>2

We rewrite this function as
f(t) = Hi(t)t* — Ho(t)t?
g(t) = t? is not in the proper form to use the second shift property.

We fix it by the following algebra

f(t) = Hi(t)[(t—1)2+2(t — 1)+ 1] — Ho(t)[(t —2)° + 4(t — 2) + 4]



Now using the second shift property and linearity we have

L(f(t)] = L (Hi(&)[(t — 1)* +2(t — 1) + 1])
— L (Ha(0)[(t — 2)° + 4(t — 2) + 4])

— /OO[(t — 1) +2(t — 1) + 1]e *tdt
— /OO[(t —2)% +4(t —2) + 4le tdt

O ©.@,
= e_s/ [x? 4 2x + 1]e " dx — e_25/ [x? + 4x + 4] dx
0 0

2 2 11 L. [2 4 4
S

=e " -+ - —e -+ -

Finally, let us use a table to find the inverse Laplace transform. (1)

Consider
2s

F(s) =
(5) s’ + 4




Now
2s

[(coswt) = 214

5 L(2cos2t) =

s?2 4+ w

2
— f(t):2cos2t:L_1( 5 > )
sc+4

(2) Consider
bs

F(s) —
(s) s2 +4s + 13

6s s

Fle) = $2+45+13  (s+2)2+9

6L(e_2t cos 3t)—4L(e_2t sin 3t)

— f(t) = 6e %t cos 3t — 4e %tsin 3t



(3) Consider

4e—2s | 4
Fls) = 216 52— 16
Now
. 4 1 4 .
L(sinh4t) = 2 16 L <52—16> = sinh 4t

The second shift property then gives

4
L(sinh4(t — 2)) = e *°L(sinh 4t) = e~ *° 216

or

) 1 4 _<’sinh4(t—2) t > 2
B s2—-16) |0 t <2

\




Other Properties of the Laplace Transform

Laplace Transform of Derivatives and Integrals

| will just quote some results here without proof.
L(f") = sL(f) — £(0)

L(FMY = s"L(Ff) — s"7LF(0) — s"2F(0) — .... — FI"=1)(Q)

L (/Ot f(T)dT) = 1(f)

(1) Consider f(t) = tsint. We have

Examples:

f'(t)tcost =sint and f"(t) = —tsint+2cost



Now
L(f") = s*L(f) — sf(0) — f’(O) = s°L(f)

1
L(tsint) = —L(2cost — tsint) = =2 [L(2 cost) — L(—tsint)]
1 1 2 2 s
(1 + ) L(tsint) = 2L(2cos t) = S—2L(cos t) = 2211
. 25
— L(tsint) = (521 1)
(2) If
2
L(tsin2t) = >

(52 + 4)2



3
(52 + 4)2

L(f) = F(s) = S _ !

F(s) =

3s

(s2+4)2 s (s2

E

L (/Ot f(T)dT) _ %L(f) Ny (/OthinZTdT>

1 1

2s

= —L(tsin2t) =

S s (s% + 4)°

or

L(f) = 4L (/Othin27'd7'>

t
— f(t) = 4/ Tsin27dT = —2tcos 2t + sin 2t
0



Derivatives and Integrals of the Laplace Transform

L(t"f(t)) = (—=1)"F")(s)

f(t >
L(Q) :/ F(o)do
t S
Laplace Transforms of Periodic Functions
We now consider functions that are periodic with period a, i.e.,
f(t)=f(t+na) n=1,23, ...

The transform is



L(f(t)) = /OOO f(t)e > dt = /a f(t)e *tdt

0
2a 3a
+/ f(t)e_Stdt—l—/ f(t)e *'dt + .......
a da
:/ f(t)e—stdt+/ f(t + a)e S{tTa) gt
0 0

+ / f(t+2a)e st g 4 ..
0

— / f(t)e *tdt + / f(t)e stHa) gt

0 0

1 a
= / f(t)e *dt

] — e—54 0



Inverse Laplace Transforms
Partial Fractions

(1) Consider two polynomials P(s) and Q(s) such that
degree(Q) > degree(P)

and Q(s) =(s—a1)(s —a2)(s — az)--eeeeeeee. (s — an) with all the

roots a; distinct.

We saw earlier that we can then write

_ P(s) A A> As A,

F
() Q(s) s—a s—a s— a3 S — an

We then have



P(s)

Jm Q) ) = A

= |im (s — a) s) = P(ax) IIm (S_ak)— ar) lim %(S_ak)
_sl—>ak Q(s) P( )_ P( k) s|—>ak Q(S) - P( k) sl—>ak %Q(S)
L : 1 _ P(ak)

_ P(ak)s|'_>”;k Q) Q(ar)

Example:

Suppose we know

s3+ 35— 25+ 4
s(s—1)(s —2)(s? +4s+ 3)

F(s) =

then what is f(t) or how do we find the inverse Laplace
transform?

We have



s+ 35— 25+ 4

F(s) =
(5) s(s—1)(s—2)(s+1)(s+3)
A A A3 A As
s s—1 s—2 s41 s+43
Using
A, — P(ax)
k_
[Q(s)/(s — ak)]s=a,
we get
2 3 2 2 1
Al=—=—. Ab=—_, A3=— . A1 = —— . A = —
S T A R S T S T D>
so that
2 4 2 2 1/12
o 23 3423 23 Y

S s—1 s-—-2 5+1'5+3



Using

1
L at:
(e™) p—
we have
2 3 2 2 1
Flpy = 2 _ 2ot 4 2g2t _ 20—t = -3t
()=3 -3¢ 3¢ —3¢ T3¢

When the roots of Q(s) are not all distinct we get a different result.

Suppose there is a repeated factor (s — a1)7, i.e.,

RQ(s) =(5s—a1)"(5s—a2)(5 — 33).cevereerrvneeennnnn.

We then get



Q(s)
 Bm . Bma
(s—a))™  (s—ay)m1
g2 B A A
(s—a1)? (s—a1) (s—a) (s— a3)
where P(ar)
d
106G — s
and . 1 d(m—l) - P(S)
- (m =1V dstm=1) | [Q(s)/(s — a1)™] | ,_.,
B — P(a1)

[Q(s)/(s — a1)™]s=ay



Two final cases are:

B P(S) - Bls BQ | Al | A2 |
Fo)— g = et P A B
B P(ak)
=1/ — a0l
Bi(a;jb) + By = P(s)

| Q(s)/(s = a)> + 2] | s—aiv

and

Q(s) = ((s —a)* + b?)*(s —a1)(s — @)(5 — @3)ceeeeeeeecrannn



P(s) Cis+ G -~ Bis+ B

A1 A

F(s) =

A =

C1(a -+ I'b) + G =

Bl(a,-b) + By =

P(ak)

[Q(s)/(s — aK)ls=a

g0

P(s)

| Q(s)/[(s — a)* + b7]_
P(s)

ds

A Convolution Theorem

| Q(s)/[(s — a)* + b%]_

Q(s) ((s—a)2—+b2)2 (s—a)2+ b2 I S—a; S— a

s=—a-+ib

s—a-+ib

Suppose that we have two functions f(t) and g(t). We define the

integral

t
h(t) = / f(t —7)g(7)dT = f x g = convolution integral
0



It
L(f(t)) = F(s) and L(g(t)) = G(s)

then we have

H(s) = /oo dt e **h(t) = F(s)G(s) = L(f x g)



Ordinary Differential Equations(ODE)

ODEs are equations involving derivatives in various ways. The
highest derivative specifies the order of the equation. Single
variable equations are ODEs and multi-variable equations are
Partial Differential Equations(PDE)s.

An ODE
L(y(x)) = R(x)

is linear if the differential operator L is a linear operator satisfying
the linearity property



L(a1y1(x) + az2y2(x)) = a1L(y1(x)) + a2L(y2(x))

where a; and a, are constants.

Examples:

The 1st order ODE

Is linear since

L(ay(x)) = =

but the 1st order ODE

Ly(x)) =/ 2




Is nonlinear since

L(ay(x)) = \/d(ail/)gx)) _ ﬁ\/d):,g() 4 a\/d);lix)

he 2nd order ODE

d?0(t)

e & sinf(t) =0

L

which describes the large amplitude motion of a pendulum is
non-linear because

sin ()\91 —+ ,u92) # Asin ((91) -+ 1 sin ((92)
We note that if 6 is always small, then sin ~ 6 and the new ODE

d*0(t) g,

dt? [

(t)=0

is a |inear O D E It describes the small amplitude motion of a pendulum.



All physical systems not far from EQUILIBRIUM (small
displacements)are linear systems.

Linear ODEs are simpler to solve than non-linear ODEs.

This is a consequence of the following two superposition principles
which apply only to linear ODEs:

(1) If y1(x) and y»(x) are any two solutions of a homogeneous
linear ODE

L(y(x)) =0
then

)/h(X) — C1)/1(X) + C2y2(X) C1, C» = constants
Is also a solution, i.e.,

Lyn(x) = L(ciy1(x) + caya(x)) = c1l(y1(x)) + c2L(y2(x)) = 0



(2) If yn(x) is a (i.e.,any) solution of the homogeneous linear
ODE, L(yn(x)) = 0 and yp(x) is a solution of the
inhomogeneous linear ODE

L(yp(x)) = R(x)

then the linear combination
y(x) = yp(x) + Ayn(x) A = constant

is a solution of the inhomogeneous linear ODE

e,

L(y(x)) = Llyp(x) + Ayn(x)) = L(yp(x)) + AL(yn(x)) = R(x)



Solutions of ODEs

1st order ODEs can be solved by direct integration if the
equation is SEPARABLE:

% _ p(x) >/q(y)dy:/p(x)dx

q(y)

Example:

——X\/l—y =0 — ay = xdx

V1-y?
d 1 1
/\/1iy2:sin_1y /de—§X —I—C%y—sm<2 2+C>

This works for both linear and nonlinear ODEs.




It is not always easy to separate the variables.

Sometimes a change of variables helps.

Example:
%—Z(X—y+3)2
Z=X—y+3 >Z)Z<:1_%:1_22
/1izz2 :tanh_lz:/dxzx+C%z:tanh(x+c)

y=x4+3—z—=>y=x4+3—tanh(x+ ¢)

The next best thing one can do to a nonlinear ODE is to change it
into a linear ODE by a change of variable.

This is because (as we shall see later) linear ODEs can ALWAYS be
solved in closed form.



Example:

% * f(x)y — g(x)y” n 7é 1 — nonlinear in y(X)
yln Zﬁ | f(X)yl_n = g(x)
/) =) = o= (L=
> :,; (1 —n)f(x)v(x) =(1—n)g(x)

which is linear in v(x).

Now consider the following general form for a 1st-order
inhomogeneous linear ODE:

(5 +P00) ¥ = R0



which is homogeneous if R(x) = 0.

We can solve the homogeneous form of this equation formally as

follows: dy (x) (5 +p(0) 0 = RE9)
— —p(X) ax R=0
y(x)

/ax dyy((XX)) ) /ax diny(x) = = /a P )

Iny(x) —Iny(a) =In yx) /X p(x")dx’

)f(a) a

— / p(x")dx’
a

The number y(a) = boundary condition at the point y = a.

y(x) = y(a) exp

Example:
d i x ]
<— + X) y(x) =0 — y(x) = y(0) exp —/ x"dx’
dx L Jo i

— y(x) = y(0)e /2




Now, given a solution yp(x) of the homogeneous equation, a
particular solution of the inhomogeneous equation can always be

obtained as follows:

Let
Yp(x) = c(x)yn(x) multiply by a function c(x)

Substituting we get

L(p0) = RO) = (51 ) 1) = (52 + ) )

dc(x)

R =) S50 ) (5 +x) ) = ) %

since the last term



This implies that

de(x) _ R(x) > c(x) = c(a ’ X'
i SR GRLORY B L

his means that

Yp(x) = _C(a) ™ / i dX/_ yh(x)

and

V() = An) + 1) = Ana() + | () + [

= A'yn(x) + /X

| J a

Be.

o

=

where
A = A+ c(a)

Yh(x)



This method is called variation of constants since y,(x) is
proportional to yu(x), but the proportionality constant is itself a
function of x.

Example: Consider the 1st-order linear ODE
iJrs (x)=e™ ™ t#s
dx YA =

(1) get a homogeneous solution

d d
(& + 5) yn(x) =0 — )th = —sdx — yp(x) = e~

(2) get the proportional function c(x)

dc(x) _ R(x) _ e X
dx  ya(x) e

s c(x) = C(O)—I—/ o (t=5)x" g/
0

(x) = €(0) ~ (e 1)



(3) get final answer

yo(x) = c()ya(x) = |€(0) (e~ 9% _ 1)] yu(x)

— ! e ™ 4 (c(o) | S) Yh(x)

t—s

(4) check answer

V) = Ane) — e+ (0 + ) o)

= A'yp(x) e

(S+s)r=a (S+s)mb0— (5 +5) ™

1
= [—t+s]le ™ =™
t—s

as it should.



Uniqueness of Solutions

The solution of an n®” order linear ODE is uniquely determined by
n boundary conditions that can be taken to be

y(b),y'(b),y"(b), ..., y'" "D (b)

at any point x = b.

In the example above, the 1st-order linear ODE required only the

value of y(b) for a complete solution, i.e.,
1 1

—tx b :A/ b
¢ 7 y(b)=Ay(b) - —e

y(x) = A'yp(x)
which determines the unknown constant A’.

You are also familiar with the physical fact that a 2nd-order linear
ODE like those that come from Newton's laws, requires 2 boundary
conditions y(b) and y’(b) or that we specify both the position and
the velocity at some instant of time.



1st order Equations - Integrating factors

Now suppose we have the differential equation

It is called exact if

p(x,y)dx + q(x,y)dy =0

% _ g
Oy  Ox

This implies that there exists a function f(x, y) such that

and in physics

of of

p(x,y)= B ,q(x,y)= 3y

op  f  0q  O*f

\
4

Jy - dydx = Ox  Oxdy



0% f B 0% f
OyOx  OxOy

always! Therefore we get

f f
p(x,y)dx + q(x,y)dy = %dx + g—ydy = df

We then have the solution

df =0 — f(x,y) = constant

An equation that is not exact may often be made exact by

multiplying it by an appropriate factor called an integrating
factor.

For example:
xdy — ydx =0

IS not exact.



But the equation

xdy — ydx

X2

Is exact, and its solution is

f(va) —

1
:—dy—LdX:O

X X2

X — constant
X

Integrating factors can sometimes be used to solve linear,
inhomogeneous first-order ODEs of the form

dy(x)
ax

We seek an a(x) such that

a(x)

or

dy(x)

- dx

POy ()

a(x)P(x)

- P(x)y(x) = G(x)

= % fa()y()] = a(x)6(x)

_ da(x)
dx



"= %a o ) Plaldr= / do?(f)) = Ina(z) = a(z) = ¢ PO

We then have /
all steps

P(x)dx = djzg) s a(x) = exp / dx P(x):
Finally, )
= [a(x)y(x)] = a(x)6(x)
) a(x)y(x) = / o(x)G(x)dx + Go

y(x) = fO‘(X) i((i())dx + Co

() —e ([ ox) =&




_erXdX—I—Co_].

y(x) " —§eX+Coe_X
(0)=1=+GCC=-12
yY&W)=:=+=75 0 0= 75

— y(x) = cosh (x)

2nd-Order Homogeneous ODEs with Constant Coefficients

Consider the ODE




If we let

then we have the equation

(D* +5D +4)y =0

These equations can be solved by substitution(guessing) and
converting the ODE into an algebraic (quadratic) equation.

We choose(guess) the solution
y = ce

Substitution gives the allowed values of a (corresponding to
possible solutions)

(a° +5a+4)ce®™ =0—>a’+5a+4=0—-a=-1 and a=—4



The most general solution is a superposition of all possible solutions

with arbitrary multiplicative constants (number of possible solutions
= order of ODE) so

y =cie X 4+ e ¥

he arbitrary constants ¢; and ¢; are determined by boundary
conditions where we specity

dy(Xo)

- , Xp = arbitrary point
X

y(xo) and

For example suppose,

dy(0) _

ax -3

xo =0 and y(0) =2 and

then we have
y(O):2:C1—|—C2



dy(0)
dx

= —3 = —C1 —4C2

5 1
%Clzg and C2:§

and the general solution with these boundary conditions is

5 1
y(x) = ge_x + §e_4x

The solutions for a can be imaginary numbers (trigonometric
solutions) or complex numbers (mixed trigonometric and
exponential solutions).

Example: Simple Harmonic Oscillator

In this case:




Choosing

y=cqet 5 a*+w' =0— a=+tiw

which gives the general solution
y(t) _ Cleiwt + C2€—iwt

With boundary conditions

dy(0 .
y(0) =0 and );(t ) = 4w  (what is the oscillator doing?)
we get
ci+c =0
iw(cl — C2) — 4w —cg —cp=-—-4
—c1=—2I and ¢c—2=2j

so that



y(t) = —2i(e"™t — e ") = 4sin (wt)

Example:Equal Roots
Suppose we have
(D> —6D+9)y=0—a=3,3
— These solutions are linearly dependent.
The rule is then to choose a solution of the form
y(x) = (Ax + B)e>*

since we must have 2 constants because it is a 2nd-order ODE.



Clifford-Euler Equation

We have a homogeneous equation of the form

d?u du
2 I —_— p—
X 12 ade—I—bu 0

The solutions take the form

Substitution gives
[Im(m—1)4+am+ b|x"=0— m(m—1)+am+ b=0

— 2 roots m; and mo

and the solution is

u(x) = Ax™ + Bx™?



Second-Order Homogeneous ODEs in General

Suppose yi(x) and y»(x) are two solutions of the homogeneous
equation with boundary conditions

yi(a)=1, yi(a)=0, y(a)=0, ys(a) =1

It is clear that y;(x) and y»(x) can never be proportional to each
other, since they already differ at the boundary x = a. This means
that they are linearly independent.

They are also the only linearly independent solutions because
2nd-order ODEs have only two independent boundary conditions

y(a) and y'(a).
A general solution satisfying the boundary conditions
y@=a , y(a=o

is given by
y(x) = ayi(x) + c2y2(x)



Test of Linear Independence of Solutions: The Wronskian

How do we determine the linear independence of 2 given
homogeneous solutions? In the simple case, it is easy, just look ...
if they are not proportional, then they are linearly independent.
This simple procedure cannot be used for n given homogeneous
solutions of the nth-order linear ODE when n > 2.

We need a more general procedure, applicable to an ODE of any
order. | will illustrate the method in the 2nd-order case for
simplicity.

If y1(x) and y»(x) are linearly independent, then it turns out that
any solution y(x) of a 2nd-order linear ODE

2
(5 +PL05 + ) ) ¥ = R(9)

(where we assume R(x) = 0 for now) and its slope y’(x) can be
written as



c1y1(x) + cyo(x) = y(x)
c1y1(x) + cya(x) = y'(x)

with unique linear coetficients ¢; and o».
Let us write these equations in matrix form
(y}(X) y%(X)> (C1> _ (y/(X)) S MC =Y
yi(x) ya(x)) \e y'(x)
A solution of these equations is given by C = M~1Y.

A unique solution requires that the determinant

 yi(x) ye(x)
WO =100 va(x)

does not vanish, where W(x) = Wronskian.



This requirement corresponds to the existence of the inverse M~1.
Now suppose W(x = a) # 0.

Then we can determine the coefficients ¢; and ¢ at x = a, which,
in turn, implies that W(x) # 0 at all other x.

We show this as follows:

dW (x d / /
d>£ ) = %(ylyz — y23/1) = Y1Yo +Y1Ys — Ya¥1 = Y1¥s — Yey1
= —y1(p(x)ys + q(x)y2) + y2(P(x)y1 + q(x)y1) = —p(x) W(x)
Therefore,

W(x) = W(a) exp <— / ’ p(x’)dx’)



This implies that

(1) if W(a) # 0, then W(x) # 0 everywhere
(2) if W(a) =0, then W(x) = 0 everywhere

For higher order linear ODEs

Y1 Y2
1 Y3
W(x) = % %4

An Example: Consider the equation

(n—1) y2(n—1) y?En—l)

Y3 o Yn
y3 Y
!/

yé’ « o yn

(CZ; | k2) y(x) =0

This has two linearly independent solutions given by

yi(x) = coskx

1

y2(x) = — sin kx

k




The 1/k factor in the second solution is necessary for these
solutions to agree with the solutions when kK =0, i.e.,

(%Z) y(x) =0

which has the two linearly independent solutions

yl(X) =1 y2(X) = X

which are the limits of the first solutions as kK — O.

The Wronskian, in this case, is

cos kx % sin kx

W(x) = —ksin kx cos kx




The 2nd Homogeneous Solution

Now, if one solution y;(x) of a 2nd order homogeneous linear ODE
is known, a second solution y»(x), linearly independent of the first,
can be constructed with the help of the Wronskian:

d 2| _yip—yy1 _ W(x)
dx | n yi yi(x)

A simple integration then gives

Rl)_n(B) [
b

i) )  Jy yi(x)
1) = glalo) + 2 20

Now we can drop the last term since it is proportional to y;(x) and
we already have a term proportional to y;(x) in the general solution

y(x) = ay1(x) + bya(x)



Therefore, we have

Since
W (x) = W(b) exp (—/b ,D(X/)dX/>
we get
e W(X/)d Wi x exp (— f;/ p(x”)dx”)d /
)= |, i & = WO [ o

Does this procedure work?

A Simple Example:
d2
WWX) =0

If one solution is 11(x) = 1, then we can find a second linearly
independent solution by

ha(x) = g(x)¥1(x) = g(x)



We choose b = 0 and get (since p(x) = 0 in this case),
W(x) = W(0) and

*W(0
8() = [ Topdk = W(O)x = o) = x
0
— correct second linearly independent homogeneous solution.

Inhomogeneous Solutions

The solution of the inhomogeneous 2nd order linear ODE

Ly(x) = R(x)

has the general form

y(x) = yp(x) + [cry1(x) + caya(x)]

where
¥p(x) = any particular solution

[c1y1(x) + c2y2(x)] = complementary solution



The complementary solution is a combination of 2 linearly
independent solutions of the homogeneous equation.

Why do we bother creating y(x) if we already know y,(x)?

The reason is that y,(x) satisfies the boundary conditions y,(a),
yp(a) (a) at x = a.

Suppose instead that we want a solution satisfying the boundary
conditions y,(a) = «a, yp(a) = 5.

We do not want to spend time looking for a particular solution with
JUST the right boundary conditions because they are very hard to
obtain in general. Anyway we are unlikely to find one with exactly
the correct boundary conditions.

The complementary function now comes to our rescue.



Using it we can change the boundary conditions without
contributing anything to the inhomogeneity of the ODE(i.e.,
without changing the fact that we have a solution of the
inhomogeneous ODE).

So we choose
ciy1(a) + cy2(a) = o — yp(a)

c1yi(a) + cayd(a) = 6~ yj(a)

The existence of the coefficients ¢; and ¢ is guaranteed by the
linear independence of the homogeneous solutions y; and y», since
then the Wronskian W/(a) # 0 and the inverse matrix needed to

solve »
(2)-Cia %) Gd)

exIsts.



A Particular Solution: Method of Variation of Constants

We still need one (any one) particular solution y,(x) of the
inhomogeneous ODE.

To obtain this, we first observe that the function y,(x) contains 2
degrees of freedom in the sense that at a point x = xq, its value
¥p(x1) and its slope y,(x1) can be chosen arbitrarily.

These two arbitrary numbers may be expressed in terms of the
values and slopes of the two linearly independent homogeneous
solutions y;(x), i = 1,2

Yp(x) = viy1(x) + vayo(x)

yp(X) = viyi(x) + vays(x)

because the RHSs also describe a system with 2 degrees of
freedom, as represented by the 2 linear coefficients v; and ws.



However, these linear coefficients v; and v» cannot be constants
independent of x, for then y,(x) solves the homogeneous linear
ODE, not the inhomogeneous equation.

We therefore must have (need)

vi=vi(x) , i=1,2

his method is called variation of constants.

However, by direct differentiation we have

dy,(x d
YZ>(< ) — y;,(X) = &[VlYl(X)+V2)/2(X)] = viy1+vayst+[viyi+vays]

which is not correct unless [.....] = 0.

It turns out that this single requirement is insufficient to determine
the 2 unknowns v/.



We need another relation, which we can obtain from the original
ODE:

2
(5 +PL0 + ) ) ¥0) = R(9)
As before, using
Yp(x) = viy1(x) + vayo(x)

yp(X) = viyi(x) + vays(x)

we get
Yp(X) = viys + viy1 + vay2 + vays
d2)/P /" /1 /" 7 . 7
2 N +2viy Fviyr Vo Yo + 2vays + vays

or



vi'y1 4+ 2viy 4+ viyy + v ye 4+ 2vhys 4+ woys + p(viy 4+ Vi
+voy2 + vays) + q(viyi + v —2y) = R

[viyr + pviyi + quayi] + [vays + pvays + qvays] + [pviyi + pvaye]
+ vyt +2viyi +viye +2vay5 = R

[0] + [0] + [O] + vi'y1 + 2viyi + o y2 + 2voy5 = R
[vivi +viyi + voyo + voys]l + viys + voyo = R
» _
dXx

(vivi + voy2) | + viy1 + vays = R

0] + viy1 + voyo = R

and we thus get a second relation.



These two relations
v1(x)y1(x) + va(x)y2(x) = 0
v (X)y1(x) + va(x)ya(x) = R(x)
along with W(x) = y1(x)y5(x) — y2(x)yq(x) # 0 give the results

V1(X) _ /aX )/2(\)/?;)(5/())(/) dx’

vo(x) = /a N (‘j‘; )()/j’/()xl) g/

where integration constants have been chosen arbitrarily to give
vl(a) — v2(a) = 0.

With this choice, the particular solution satisfies the boundary
ConditiOnS yp(a) p— y;)(a) — (. any choice works!



An Example:

d2
(dx2 | k2> y(x) = Asin gx

We know the 2 homogeneous solutions from our earlier discussions

1

)/1(X) — cos kx , yQ(X) — ; sin kx ; W(X) — 1

This gives
~A _ A [sin(k—q)x sin(k+ q)x}

vi(x) = — — sin kx sin gxdx = — — -C
0 /—Lk ! k { 2(k — q) 2(k + q)

X A (A |cos(k—qg)x cos(k—i—q)x} _C Kk
Va(x) = / — cos kxsin gxdx = { K L 2(k=a) 2(k+q) 7 4q

L K k%sinsz—FC k=g



Thus, a particular solution is, for kK # g

A
Yp(x) = 2k(k — q) [sin (k — q)x cos kx — cos (k — q)x sin kx|
A
I 2k(k + ) [sin (k 4+ q)x cos kx — cos (k + q)x sin kx|
A Sin A Sin A Sin
— N gx - INn gx = INn gx
2k(k—q) " T 2k(k+q) T T k=g
For k = q,
A A
Yp(x) = —7 €os kx T sin> kx
A
= X cos KX T [cos?® kx + sin? kx] sin kx
A A
= —ﬂxcos KX Y. sin kx



where we can drop the last term because it is proportional to y»(x)
which is already included in the solution. Similarly for the extra
Integration constants.

The general solution is then

A

y(x) = — X cos kx 4+ ¢y cos kx + ¢ sin kx

and any boundary conditions can be met by adjusting the two
arbitrary constants.

Now consider again the Heaviside step function defined by

H(X—a)—{o x < a

1l x> a



Now since

/ T AR = 3) 5oy F(x)dx

oo dx

= H(x — a)f(x)|>, — /OO H(x — a)df (x)

= F()(1) ~ F(-o)(0) — [ df()
— £(00) — F(00) + f(a) = £(a)

- /_ Z 5(x — a)f(x)dx

we have
dH(x — a)

dx
Therefore, when we have an inhomogeneous equation with

= §(x — a)

R(x) = 6(x — x")

we have



_ye(X) / _ nx) /
vi(x) = V‘Z/(X/)H(X—X) , w(x) = V‘l/(X/)H(X—X)

This solution of an inhomogeneous ODE with a delta-function
iInhomogeneity is called a Green Function.

We have
G(x,x") = Gp(x,x") + c1y1(x) + cay2(x)

where

—y1(X)y2(x’) + y1(x)y2(x) Hx — x)

Gp(x.x") = W(x)

More about Green functions later.



Series Solution of Homogeneous 2nd Order Linear ODEs:
Method of Frobenius

We have seen

(1) given one solution of a homogeneous 2nd order ODE we can
generate a second linearly independent solution integration

(2) if we are given both solutions, then a particular solution of the
inhomogeneous ODE also can be calculated by integration

Thus, it remains for us to obtain at least 1 solution for the

homogeneous equation.

A method, with which it is usually possible to do so, is to obtain
the solution y(x) of the homogeneous ODE

Ly(x) =0

using a power series in x.

We choose



We then have

dy i A+s—1
— = a,\()\ -+ S)X
ax =
d? =
o2 S
A=0

Substitution back into the homogeneous ODE produces a powers
series which sums to zero.

In this case, because each term in the series is linearly independent,
each coefficient must separately = 0.

his allows us to determine the values of s and the a-coefficients
and hence the solution to the problem.

Let us illustrate the method with some examples.



Consider the equation

d?u

02 - x?u =0
Let us first use the simpler method which is valid for certain
equations where s = integer.

o0
_ y(x) = XSZa)\xA
In this case, we can choose 3—0

u(x) = Z ayx” ag # 0
A=0

i.e., we can use the simpler series when s = integer.

We then have
d?u > A_D
5 = Y a(A) (A= 1)x
A=0

Substitution gives

Y a (M)A -1+ M =0
A=0 A=0

30750



or

22(1)(2)x” + a3(2)(3)x” + [24(3)(4) + a0]x*

+ ot Ao+ akpo(k+2)(k+ D]x = ... =0
We then have
a0 # 0
dl 7& 0
dp = 0
d3 — 0
ai T+ ak+4(k + 3)(/( —+ 4) =0
a — Tk
T (k£ 3)(k + 4)
3220%36:310:314:---:0

a3=0—>a7=a311=a915=...=0



Starting with ag we get

and the general solution is

1 1
: 1 - - 4 I 8 - o o 0o o -
u(x) = ¢ ( 5% 1 erpX )—I—Cz <X




Let us now do this same equation with s left in (more general).

We choose

u(x) = Z ayx s ag # 0
A=0

We then have

d? -~
dT;’ =) a(s+A)(s+A—1)x 2

A=0

Substitution gives

Y ar(s+A)(s+A—DXMT LY oI =0
A=0 A=0

or



aos(s — 1)x* 2 4+ ais(s + x> 1 + ap(s + 1)(s + 2)x°

+ az(s + 2)(s + 3)x° "}

+ [aa(s +3)(s +4) + ao]x*T% + ...........

+ [ak—o + akso(s + k +2)(s + k + 1)]xTF +

We then have
aps(s—1)=0—a #0,s=0,1
a1s(s+1)=0—a1#0,s=09 and a;=0,5s=1
a(s+1)(s+2)=0—>a=0
az(s+2)(s+3)=0—a3=0
l[ak_o + akio(s+ k+2)(s+ k+1)=0



dk

a p—

T s+ k+3)(s+ k+ 4)
H»=0—>3=a9g=914=....=0
33:0%3723112315:....:0

Starting with s = 0 and choosing ag = a; = 1 we get

B d( 2o — d4 _ d(
TR T ME B@mmE) T
di ds d1
dy — —

@E)F T ®0)  @E)E)e) T

The case s = 1 does not generate any new series (always happens if
s = integer).



The general solution is the same as earlier

1 1 1 1
— 1 — —x*4 5 .. — —x° 4 S
ulx) = @ ( 127 T e72” ) e (X 20" " 1440”7 )

We now consider the equation

,d?u du

8x dx? I6Xd><

(x —1)u=0

Assume

U(X) — x° Z a)\X)\ d0 7& 0
A=0

Substitution gives

8 Z an(A+s)A+s—1)x* +6 Z ax(A 4 s)x s + Z ayx st
A=0 A=0 A=0

0O
— E a>\x>‘+5:
A=0



[8aps(s — 1) + 6ags — ag]x® + [8a1s(s + 1) + 6a1(s + 1) — a + ag]x*H*
+ [8ax(s + 1)(s +2) + 6ax(s +2) —as + a1 x4 + ...
+[8ap(s+n—1)(s+n)+6a,(s+n)—ap,+an1]x "+ ...=0

The coefficient of x° is called the indicial equation.
It determines the allowed values of s.
We choose ag = 1 for simplicity.

We get

24+ 4+ 32 1 1
8s(s—1)+6s 0=8s"—25s—1—s T > "2

These two allowed s values will generate the two linearly
independent homogeneous solutions.



We have from the other coefficients

8an(s+n—1)(s+ n)+6a,(s+n)=a,+an—1 =0

8(s+n—1)(s +n;) +6(s+n)—1

his last relation is a recursion relation and determines all higher
order coefficients(for each allowed s value) in terms of ag.

dn =

We get
B 1
> T
R 1 3/2
u{x) = x 8(1/2)(3/2) + 6(3/2) — 1"
1 5/

" (8(3/2)(5/2) + 6(5/2) — 1)(8(1/2)(3/2) + 6(3/2) — 1) "
1/2 LX3/2 | 1 5/2
14 616

— X



s = ——
4
up(x) = x4 — 1><3/4 + iX7/4 — s
2 40

and the most general solution is
u(x) = aui(x) + buy(x)

A second example is slightly trickier(even though equation is
simpler).

Consider the equation

(;fz | k2> y(x) =0

Remember we already know the solutions to this equation and that
will help us to figure out what is going on with the method.




Substitution gives

Z ax(A+s)( A+ s — 1)x/\+s_2 + k? Z ax M =0
A=0 A=0

or

aos(s — 1)x* 2 4+ ais(s + x>t 4+ [agk? + ax(s +2)(s + 1)]x° + ........
+[ayk? +ayio(s +FA+2)(s+ A+ 1)]x*T+....=0

Since the coefficient of each power must separately be = 0, we have
30s(s —1)=0—s=0 or 1 since ay #0
This is always STEP #1: determine the possible values of s.

It is at this point that we use the assumption ag # O.



Then look at next coefficient

if s =0, then a; can be nonzero

ais(s+1)=0—
151 ) {ifs—l,thenal—O

In general, the coefficient of the other higher powers are given by

k2
(s+A+2)(s+A+1

d 42 =

)

This is a recursion relation, which allows an ordered step-by-step
determination of all coefficients in terms of ag or aj i.e.,

k2

2T T 1) s+ )™
k2

BT T 51 3)(s+2) ™

and so on.



The particular recurrence relation for this equation contains the
special feature that it steps A by 2.

As a result, the coefficients a) are separated into two disjoint
groups, one with even \ and another with odd .

For the even chain we find

(a) Fors =10
k? k? k?
2= T57A0 AT 5@ T 4730 5 e
(b) For s =1
k? k? k?
2= 3730 5 3= 558 = £ra0 e

or we get solutions



k2 5 k2 4
)/1(X) — )/even(X) =1 — ax -+ ﬂx — ... = Ccos kx

(b)

k2 5 k2 4
V2(X) = Yodd(X) = x (l TR + X )
1 k2 k2 1
:;<X—§X3 5| 5— ):;SinkX

where we have used ag = 1.

What about the odd chain of coefficients? There is no solution in
that case for s = 1, since a; = 0 and therefore all higher order odd
coefficients vanish.



For s = 0 however, a; # 0 and this gives

k? k? k?
d3 = —aal , dp — —%33 = aal 5 eeseesenees

which is the same solution as y,q4q(x) from before, so we get
nothing new.

In fact, we should not have expected anything new since we already
have found the 2 allowed linearly independent solutions.

The solutions are, of course, the same as we found earlier.



Parity Property even parity

It can easily be seen that odd parity

Yeven(—X) = Veven(Xx) — even function — even parity

Yodd(—X) = —Yodd(x) — odd function — odd parity

For a solution of a linear ODE to have a definite parity, the linear
operator L must be even (or invariant under inversion or parity

operation x — —Xx or
L(—x) = L(x)

An example is a classical oscillator with damping

L(e)(0) = (G + 285 +48 ) ¥() =0 L(e) # L)

which means that solutions do not have definite parity.



For practice, let us do another example where s = integer.

Consider the equation

. d?u
X
dx?

16 F3(1+ x)u=0

Assuming

O
u(x) = x° Z ayx”
A=0

Substitution gives

16 Z ax(A+s)(A+s—1)x 543 Z ay)x stiys Z ay)x s =0
A=0 A=0 A=0

[16as(s — 1) 4+ 3ag]x® + [16a1s(s + 1) + 3ag + 3a1]x* "
+ [16ax(s + 1)(s + 2) 4+ 3a; + 35)2]str2 + .....
+ [16an(s + n + 1)(s + n)3as-1 + 33" 4 .....




We choose ag = 1 for simplicity. We get

16 4+ /256 — 192 3 1

16s5(s—1)+3 = 0 = 165°—165+3 — 5 = =4+ 4=
s(s—1)+ s s s 2 +4,+4

These two allowed s values will generate the two linearly
independent homogeneous solutions we need.

We have from the other coefficients

16a,(s+n—1)(s+ n)+3a,-1+3a,=0
3
16(s +n—1)(s+n)+3

The recursion relation determines all higher order coefficients (for
each allowed s value) in terms of ap = 1.

an — an—l

We get

1 i 3 1
Szzéul(x):xl/4 °




3 i 1 3
S:Z%UQ(X):X3/4 x?

and the most general solution is
u(x) = aui(x) + bun(x)

Legendre Equation This ODE arises in many physical systems
that we shall investigate later

d?u du

(1 —x?) > 2X& + /4l +1Du=0

We choose

O
u(x) = x° Z ayx”
A=0



We then have
du

dx

fu
dx?

Substitution gives

=) ay(A+ )M

A=0

— Z ax(A+ s —1)(A + s)x 572
A=0

i A+ ) A +s—1)x 72 - i ax(A+8)( A+ s — 1)x M

A=0

A=0

— 2 Z ax(A + s)x S + (0 + 1) Z ax =0

A=0

[ags(s — 1)]x572% +

A=0

a1s(s + 1)]x° 1

+ [a2(s + 1)(s+2) — ap(s(s — 1) + 25 — £(£ + 1)]x°
l[ant2(s+n+2)(s+n+1)—an((s+ n)(s+n—1)
+2(s+n) =L+ D]x*T"+....=0



or
as(s—1)=0—-s=0,1

a1s(s=1)=0—-s=1,a3=0 and s=0,a1 #0
ani2(s+n+2)(s+n+1)—an((s+n)(s+n—1)+2(s+n)—~4({+1) =0

> (1) -+ 1)
2 (n+3)(n+2) i
The even and odd solutions are then
() = 1 (f+1) , (L=2)l+1)l+3) 4
1(x) = ST X 2i Xt — ...
in(x) = x (£ — 1)+ 2)X3 I (£ —3)(£—1)(¢+2)(4+ 4)x5 o

3! 5!
As before the other case does not contribute anything new.

It £ is an integer, then the series terminate at a finite number of
terms and the solutions are polynomials.



We have

(=0, ui(x)=1, wux(x)= infinite series
¢ =1, ui(x)= infinite series , wuy(x) = x
(=2, u(x)=1-3x*, w(x)= infinite series
¢ =3 , ui(x) = infinite series , wux(x) = x — §X3
(=4, u(x)=1-10x"+ 3?5X4 , ux(x) = infinite series
(=5, wnix)=1, u2(x)zx—%x3—|—25—1x5

It we multiply a solution by a constant, then it is still a solution.

It we multiply each polynomial above by a constant so that they
have the value 1 at x = 1, then they are called the Legendre

polynomials P;(x), where



P>(x) = %(3)(2 — 1)

P3(x) = %(5)(3 — 3x)

1
Pa(x) = §<35X4 — 30x% + 3)

1
Ps(x) = é(63><5 — 70x> + 15x)

In general we write

N
B . (2¢ — 2n)! _op
Pilx) = ;)(_1) 26nl (€ — n)! (¢ — 2n)!X€ 2




where
N — % ¢ even
E_Tl ¢ odd
The infinite series and the polynomials generate Legendre’s
functions of the second kind Qy(x) where

- Ju(Dua(x) £ even
Qulx) = {u2(1)u1(x) ¢ odd

and the most general solution of Legendre's equations is
U(X) — C1Pg(X) -+ CQQg(X)

All Legendre's functions of the second kind are singular (diverge)
at x = 1; this will be important in physical problems.



It we make the substitution x = cos 8 Legendre's equation becomes

1 d (. du
i <S|n9@> + /(4 1)u=0

which is the form that will arise most often when we solve problems
in spherical-polar coordinates later.

Hermite Equation

Now we turn our attention to Hermite's equation

d?u du L
2x— +2au =0 , «a = nonnegative integer
dx? dx

As we shall see, the solutions are polynomials called Hermite
polynomials.

Legendre and Hermite polynomials are the first two examples of a
large class of special functions that play a major role in the
solutions of partial differential equations representing physical
systems.



We choose

u(x) = x° Z ayx”
A=0
We then have
d ©.@)
d_)’“: _ ZaA()\ 4 S)XA+5—1
A=0
d?u =

Substitution gives

Z ax(As—1)(A+s)x 5722 Z ar(A+s)x T 42a Z ax e =0
A=0 A=0 A=0

[ags(s — 1)]x°7% + [a1s(s + 1)]x° !
+ [a2(s + 1)(s + 2) — ag(s — 2a)]x° + ........
lano(s+n+2)(s+n+1)—an((s+n)—2a)]xT"+ ... =0




or
aps(s—1)=0—-s=0,1

a1s(s+1)=0—-s=1,a3 =0 and s=0.a1 #0
ania(s+n+2)(s+n+1)—a,((s+n)—2a)=0

or
(s + n) — 2«

dn
(s+n+2)(s+n+1)

dn4+2 —

For s = 0 we have

n— 2o
dn+2 — ( dn

For s = 1 we have

(1 4+ n) — 2« ,
(n+3)(n+2)"

dn4+2 —



The even and odd solutions are then

20x 2°a(2 — a
u(x)=1-— ?Xz | (4| )X4 — e
2(1 — o 22(1-a)3—a
ur(x) = x ( 3 )x3 | ( 5?( )X5— .....

As before the other case does not contribute anything new.
Clearly the infinite series terminate if « is an integer.
The Hermite polynomials are

Ho(x) =1

Hi(x) = 2x



Ho(x) = 4x* — 2
Hs(x) = 8x> — 12x

or in general
N
_ (_1)k n—2k
Ho(x) =t ) Ki(n — 2k)1 )
k=0
where
L n even
N=/<>72
{”21 n odd

The Hermite polynomials appear in the harmonic oscillator solution
of the Schrodinger equation as shown below.



The Schrodinger equation for the 1-dimensional harmonic oscillator
with a potential function

V(x) = %kx2
is given by .
hs d 1
om i§°=§wwwo=5wm

The standard ODE solution of this equations goes as follows.

Let
s Mk

g

OF AL
vo 2B wO:(_>



This gives the new equation

d?a

dfz | ()\—52)19 =0

It we consider the behavior of the equation as & — +o0o we can
neglect \ and the equation becomes

24
de?

& =0

which says that the large & behavior of the solution is
) = o—E%/2

This suggests that we try a solution of the form

) = H(¢)e &/

which should remove the large £ behavior from the equation.



We get the equation
H" —2¢H +(A—1)H =0

This is Hermite's equation. If we do not terminate the series
solutions then the solutions are not square-integrable and cannot

represent wave functions.

his can be seen as follows:

he series solutions we found earlier have the recursion relation
2k +1— M\
dk4+2 — (k—|—2)(k—|— 1)3k
If the series does not terminate, then its dominant asymptotic

behavior can be inferred from the coefficients of its higher order

terms.

We have
: dk+2 2
lim s —

k—oo dk k




This ratio is the same as that of the series for f”e52 with any finite
value of n.

Thus, the solution ¢ = H(&)e ¢/2 will not be square-integrable
unless the series is terminated.

Therefore, we choose A\ = 2n + 1 and the solutions are the Hermite
polynomials H,,.

For this choice of A we get energy eigenvalues

1
E, = hwg (n+ §>

with associated wave functions

Wn(x) = Ho(ax)e /2



That is why we are studying all these special equations - we will
then recognize them when we solve the equations for real physical
systems and can just quote our earlier results to get solutions!

Gamma or Factorial Function

Consider the integrals below:

or




where we have defined
nl=n(n—1)(n—2)...(2)(1) and 0'=1
Generalizing this result we have the Gamma Function
[(p) = /OOO xP7le™dx for p>0
and for n = integer
[(n) = /OOO x"teXdx=(n—1)l = T(n+1)=n
Now

F(p+1):/ xPe ™" dx for p> —1
0

O
— —Xpe_X‘go +p/ xP~Le™dx = pl'(p)
0



This is a recursion relation for the I function.

What about negative numbers? We can use the recursion relation:

(p) = SF(p+1)

which gives
1
[(~05) = — (0.5 +1) = —2r(0.5)
M(—15) = —=T(—15+1) = —2T(—05) = ~1(0.5)
/15 ' 3 TS 3N
Now



F(0.5)]? = 4 / T e dx / h e Y dy

—4/ / (X2+y2)dxdy—4/ / e " rdrd0
—27'('/ _rl’dl’—27'('/ d(——er>
0 0 2

=7 —T(05) =+«
In addition, since (1) = 1 we have
[ 1
lim (p+1) =00 — [(p) = o0 for all negative integers
p—0 P

Laguerre Equation

The Laguerre equation takes the form

d2

(1—X)——|—Nu—0



We choose
0
u(x) = x° g ayx”
A=0

We then have

J 00
d_u _ E :a)\()\—I—S)X)\_I_S_l
X
A=0

ZaA()\—Fs—l)()\—l—s)x)‘Jrs 2
A=0

Substitution gives

Z ax(A+s)(A+s—1)x Mt - Z ax( A + s)x*°
A=0 A=0

o o
+ Z a( A+ s)x 4N Z ax T =0
A=0 A=0



[ags(s — 1) + ags]x® !
+ [a1s(s + 1) —ags + a1(s + 1) + Nag]x® + ......
+ [an+1(s + n+ 1|(s + n)—

or

as(s — 1) +a,s=0—s"=0—>5=0
ant1(s+n+1)(s+n)—an(s+n)+apr1(s+n+1)+ Na, =0

or

i = (s+n)—N ] C(s+n)—N
(s+n+1)(s+n)+(s+n+1) n_(5_|_n_|_1)2a”




For s = 0 we have

_ n—N
dn+1 (n—|- 1)2 dn
v 1-N N(N —1
dl = (_1)1(1!)2 , dy = > a] = (_1)2 ((2|)2 ) Cap=1
—7 dk = (_10k N(N _ 1)(k|()/2v — Kk + 1)
N! N
= 1)kkl KI(N — k)! (—1)k%

It is clear that if Kk > N, then a, = 0.

Thus we get

u(x) =Ly (X)—l—I—Z( 1)k(—N)X —Z( 1)kﬂx — polynomial



These are the Laguerre polynomials:

2

Lo(x) =1, Li(x)=1-x, Ly(x)=1—2x+ %

They will appear in the hydrogen atom solution of the Schrédinger
equation.

Before proceeding to the final example, namely, Bessel's equation,
let us digress to study generating functions.

Generating Functions
Legendre Polynomials Redux

| et us consider the function

¢(X7 h) — :

(1— 2xh + h2)1/2

= Z h'f)(x)  (power series)
(=0

h| <1



Differentiation gives

0*(h¢)

O 0

02 ¢
Ox? zxa +h O h?

(1- )

If we substitute the power series we get

(1 — x?) i hE[f) (x) — ZXEOE htf)(x) + iﬁ(ﬁ + 1A f(x) =0
(=0 =0 =0

= ) (L = XY (x) = 2xF/(x) + €(£ + 1)fo(x)] = 0
¢=0

This says that the coefficient of each power of h must separately
equal zero.

We get
(1= x)f"(x) — 2xF/(x) + £(£ + 1)fy(x) = 0

This is Legendre’s equation.



So the solutions are
fo(x) = Py(x) = Legendre polynomials

and thus

14
o) = T h2)1/2 Z h P

¢(x, h) = generating function for the Legendre polynomials.

Let us generate the first couple of polynomials. Let y = 2xh — h° .

Then
1 1 3 5
¢(x,h)_(1_y)1/2—1+§y+§y -+ .....
3 1
— 1+ xh “x2— VR
+ X —|—(2X 2) -+



or
Po(x) =1, Pi(x) =x , Pax) = X 75

We can also write

Putx) = 1 (ttnh))

Recursion Relations

Legendre polynomials of different ¢ (degree) are related to each

other, i.e.
P1(x) = xPy(x)

via recursion or recurrence relations.

Now consider

o) = (1—2xt—|—t2 12 Zt Pl



We have

8¢(X3t)__ X —1 __Cm n—1
at o (1 — Oxt + t2)3/2 o nEZ:O nt Pn(X)

(x—t)p(x,t) = (1=2xt+ ) » nt" " Py(x) = (x—1) ¥ t"Pn(x)
n=0 n=0

Rearranging we get

D (2n+1)xt"Py(x) = Pi(x)+ Y t"(nPp_1(x)+ (n+1)Pnr1(x))
n=0

n=1

Equating coefficients of t” we have
(2n + 1)xPp(x) = nPr_1(x) + (n 4+ 1) Prr1(x)
Therefore, given that Py(x) =1 and Pi(x) = x we get (for n = 1)

3xP1(x) = Po(x) + 2P>(x) — P(2(x) = 3x* — 1



In a similar manner we can find
1Pa(x) = xPin (x) — Ph_1(x)
Orthogonality Relations

We have

/1 d?(x, t)dX:/l(l—th t?) " tdx = %[(In (1
— 2

2k

t
— 2k + 1

=33 e [ Pu(x)Pa(x)dx

n=0 m=0

where we have used

In(1+ h) = i(—l)””%

) — In (L — t))]



Equating coefficients we get orthogonality relations

1
2
Pn Pm — nm
/1 (X) Pm(x)dx 2n—|—15

Thus, it is clear that generating functions are very powerful
tools.

Hermite Polynomials
As we have seen, families of functions can be defined by DiffEQs.

We have also seen that they can be defined by means of a
generating function.

Finally, they can be defined by a differential formula of the form
such as the Rodriguez formula for Hermite polynomials.



We have

H,(x) = (—1)"¢e" > e , n=1,2,3, ...
which gives
Ho(X) =1
Hi(x) = 2x

Ho(x) = 4x* — 2

We can get the generating function from this formula by
introducing a dummy variable t as follows:

H,(x) = X ( J ne(Xt)2> = ( J neQth)
ot 0 ot (0

Earlier we saw that

Therefore, by analogy, we have

et — Z H (X)— = ¢(x, t) = generating function



In the same way as before we can derive recursion and
orthogonality relations.

Hos1(x) = 2xHn(x) — 2nHy 1 (x)
Hp(x) = 2nHp—1(x)
Hpi1(x) — 2xHp(x) + H (x) = 0
It we differentiate this last relation, we get
n1(x) = 2Hn(x) — 2xH, (x) + Hy (x)
H"(x) — 2xH](x) — 2nH,(x) = 0
which is the Hermite DIffEQ.

The solutions are the Hermite polynomials.

We also have the orthogonality relations

1
/ e Hn(X)Hm(x)dx = 2" nl\/T6nm

—1



Laguerre Polynomials

A similar procedure gives

L

Lo(x) = —
()= 21€ o

(e x")

1 xt_ = n
0lx.t) = T = 3 Lol

(n=1)Lpr1(x) = (2n 4+ 1)Lp(x) — xL,(x) — nL,_1(x)
xL' (x) = nLp(x) — nL,_1(x)
Differentiation then gives the Laguerre DIiffEQ

xL7(x) + (1 —x)L"(x)+ nL,(x) =0

and finally, we have the orthogonality relations



Bessel's Equation

We now consider the one of the most important equation in physics.

L(x)u(x) = (x2 ijz | XCZ( - (x2 — MQ)) u(x) =0

L(x) = L(—x) — exists even and odd solutions

We choose

®.@,
u(x) = x° Z ayx”
A=0

We then have



d? -~
d7‘2’ =) ax(A+s—1)(A+s)xM=3
A=0

Substitution gives

Z ax(A+s) (A +s5—1)x M + Z ax(A + s)x s
A=0 A=0

00 00
+ E a>\x>‘+5+2 — ,u2 E a,\x)”LS +....=0
A=0 A=0

or

[ags(s — 1) + aps — p?ag]x®
+[a1s(s + 1)+ a1(s + 1) — plaq x4+ ...
+[ap(s+n)(s+n—1)+ ap(s+ n) + an_o — plan]x""" +



or

aos(s—l)+aos—,u2.ao20%52—,u2:O%s:::,u

[a15(s+1)+a1(s+1)—p?a; = 0 — (s62+42s5+1—p?)a; =0 — a3 = 0
an(s+n)(s+n—1)+an(s+n)+ an_n — p?a, =0
or

1 1

T s (st (st @2 (st 2 p

2 3n—2

Since a; = 0 this last relation implies that all odd coefficients = 0.

For s = 1 we have




or after some algebra

(—1)" 1

“2n = (2)2#nT (1w + n+ 1) 0 = 21T (e + 1)

and the solution is

Ju(x) = i L) g2nth

“ (2)2m#nlT (pu + n + 1)

which is the Bessel function of the first kind of order u.

For s = —u we have




and the solution is

B o0 (—1)” 2n— L
J_plx) = ;) (2)2n=#nll(n — 1)5

which is the Bessel function of the second kind of order .

It is singular at x = 0, which will be important in many physical
problems.

The most general solution is then
u(x) = aJd,(x) + bJ_,(x)

Bessel functions appear in a staggering number of physical systems.
Bessel Function Properties

Orthogonal polynomials such as Legendre, Hermite and Laguerre
polynomials are well-suited (can be used as basis functions) for
expansions of functions or the description of physical system that
are localized near the origin of coordinates.



The Bessel function J,(x) of integral order n satisfies the DIiffEQ
x? I (x) + xJh(x) 4+ (x* — n?)Ja(x) = 0

The generating function for Bessel functions is

G(x,t) = exp %x (t — E) = i t" Jn(x)

t
n——0o0

To explicitly obtain the J,(x) we expand G(x, t) in powers of t.

e _1 t 1 _ e -1 t_e _ Xl_
Xp|l=x|t—— || =exp|=xt|exp|—=—
P15 t) PP T2
= xN\ "t X\ t—>
_(Z(z) r!) (Z(z) su)




We change the summation indicesto n=r —sor r = n+ s and
r +s = n+ 2s which gives

Z Z * (3 )MS (n+tns)!5! = 2 t"h(x)

n=—o0 s=0 n—=—oo

or

I(x) = (3) ,i! 211| (nil)! ' (XZ> 21! (nj2)! """

For n < 0 a similar analysis gives

since ﬁ — 0 for the negative integers.



We also have
J_jn(x) = (=1)"Jjp (X)

for integer n.

The generating function gives the recursion relations

1 n
§(Jn—1 + Jp11) = ;Jn

1

§(Jn—1 — Jnt1) = J;

Adding and subtracting we get the ladder operators

Ran — (ﬁ — i) Jn — Jn—|—1

X dx

Nan — <ﬁ + i) Jn — Jn—l

X dx



Since
Ln—l—l Ran — Ln—|—1Jn—|—1 — Jn

we get
(Ln_|_1Rn — ].)Jn — O

which is Bessel's equation.
One can easily verify that the expansion for J,(x) can have v
substituted for n where v is any real number and then direct

differentiation shows that J,(x) satisfies Bessel's equation with v in
place of n.

The factorials in the expansion do not present a problem since they
are defined for non-integer values by

zZl =T(Z+1) = / e "tidt
0



In many cases, instead of the J_,(x) functions, one uses the
Neuman functions defined by

cosvm Jy,(x) — J-v(x)

N,(x) =

SIN V7T

N, (x) is linearly independent of J,(x).

This means it is also a solution of Bessel's equation. It is the
second linearly independent solution, i.e.,

oy /
W = Wronskian = J,N,, — J\N,, = oy £ ))

sin VT

The result is independent of v. This also holds for v = n which
says the two solutions are linearly independent.

We also have the relations

< (x Jp()) = xP Jp1(



/01 xJp(ax)Jdp(bx)dx = {O . 270

12,1(a) = 32 1(a) = L0'2(a) a=b

Relationship of the Cylindrical and Spherical Bessel Functions

The spherical Bessel functions are defined by:

Jje(z) = (%)1/2 Jot1/2(2)
(@) = ()" Nisajal2)

Some simple ones are:
sin z

Jo(z) =

no(z) = —cosz



sin Z COS Z

j1(2) = —jj(2) =

Z
. 1. 3 1) . 3
J2(z) = %J{(Z) = (; = ;) sinz — — cos 2
In general:
. . 2041 .
Jo—1 Tt Joy1 = p—

Uip—1 — (£ + 1)jpp1 = (20 + 1)},
Some Odd Topics

Beta Function

1
B(p,Q)z/ xP71(1 - x)9tdx p>0,9>0
0



Other Forms:
B(q,p) = B(p, q)

X=wda%f%mq%=/®ﬂ%Wa—yW”dy
0)

/2
x =sin°f — B(p, q) = 2/ (sin8)P~1(cos H)91db
0

—1 p—1
y
X = >Bw4%i/ 4 -dy
0

1+y (1+y)a-
['q
B L p
(p, q) o+ )
Error Function , 5
erf(z) = — [ e tdt



Stirling’s Formula (Factorial function for large arguments)

From the definition
[(p+1)=p! :/ Xpe_XdX:/ eP 1IN X=X gy
0 0

Now let

X=p+yy/p:x=0—=y=—/p , dx =+/pdy

We then have

p! :/OO eP'ﬂ(Per\/ﬁ)—P—y\/ﬁ\/Edy
—VP




For p very large

In(p+ y+/pP) ~ Inp- \yf o

so that

o0 o0 —+/P
pl = eplnP—P\/E/ e—y2/2dy _ pPe—P\/ﬁ |:/ e—y2/2dy _/ e_yz/zdy]
_\/5 — 00

— OO

— ppe_p\/ﬁ/ e_y2/2dy = pPe P\/2np for large p

or more exactly

1
[ 1) = p! = pPePy/2 1 | ..
And now for something completely different....

Expansions in Orthonormal Functions Gram-Schmidt in place
of DiffEQs - (partial repeat of earlier material)



Definitions:

1. Expansion interval [a, b]: the variable x is confined to the
interval a < x < b

2. Given two functions f(x) and g(x) defined on the interval
[a, b], the inner product of f and g is denoted by (f, g) and is
given by

b
(f.8) = | F (e
Over the space of complex functions.

Note that order is important since (f,g) = (g, f)*.
3. If (f,g) = 0 the functions f and g are orthogonal.

4. The norm of a function is (f, f).
If the norm is finite, the function is square-integrable.

If the function has norm = 1, then it is normalized.



In addition we have Any square-integrable function can be
normalized by multiplication by a constant.

A set of functions ¢1(x), @2(x), .eeen... defined on the interval [a, b]
is said to be orthonormal if

(@ia%pj) :5[/' alli, |

If we have an orthonormal set of functions on the interval [a, b]
then we can write any other square-integrable function f(x) in
terms of that set by

f(X) = Z djQj where (gpk, f) — Z aj(gpk, gpj) — Z aj5jk — d

J J J

I this is true for any function f(x), then set of functions
01(x), V2(X), eevvenn.. is complete and is called a basis set.



Gram-Schmidt Orthogonalization Method.

It turns out that to be a basis set, a set of functions only has to be
linearly independent.

Linear independence implies that there exists no relation

Y ah(x)=0
A=1

valid for all x, except the trivial one of all ¢y, = 0.
They do not have to be orthonormal...that is only a convenience.

Suppose we have a set of n linearly independent, square integrable
functions

A(x) A=1,2,3,4,....n

on the interval |[a, b].



How do we construct an orthonormal set 1(x), p2(x), ........ ©wn(x)?
There is a systematic process for doing this.

It goes as follows:

1. Choose

1
QY1 = \/—W where N1 = (f]_, fz)
1

2. Choose ¢ asa linear combination of f; and £, that is
orthogonal to ¢ and normalized to 1.

1
p2 = ——[fh — (¢1, L)1) where Ny = (f,5H)—|(p1,H)°

v N>

We have just subtracted off the non-orthogonal part!

3. This generalizes as

k—1

=) (@) fi)ej] where Ny = (fi, fi)—| (5, fie) I
j=1

1
Pk =
v N



Legendre Polynomials Redux Redux

Consider the set of linearly independent functions which are the
non-negative integral powers of x on the interval [—1, 1]

Alx)=x* A=0,1,2,3,4,....,n

Using the orthogonalization procedure above we get the new set of
functions
1 1 !

1
= ——fy= —— where N = (fo, :/ dx =2 — pg = —
Y/ IR/ -l = [ ARV

1 1 1 /1 1° %
Y1 = JTTVl_QOO, fl)SOO] — \/—N—l _X — (ﬁ /_1 XdX) ﬁ_ = \/—/\Tl
where

1

2 3

Ny = (1, ) — (g0, A)* = / x*dx — (0)° = 3 — 1 >
1

]
|
X



and in the same manner

_ 53,21
2=\ 5\ 2% T3

(55 3
—/= | =x> — =x
P3=\5 2% 73

a2 (B D2 3
1= Vo s A 3

Apart from normalization these are the Legendre polynomials, i.e.,

000 =y 2 A0

hus, we can construct the orthogonal polynomials using linear
algebra instead of DiffEQs.




Finally, let us look at some weird numbers that have a habit of
popping up in real world systems.

Bernoulli Numbers

Consider the series

We can use the relation
g y _

B, =
1 - dx” <eX — 1)_

to determine the Bernoulli numbers B,

This is a difficult direct process, however.

An easier method is to use the uniqueness property of the power
series expansions.



We can write

e —1 X+3x°+3x>+.. 1 1, 14
x X B T TR TS

We then get

1 1 , 1 4 1 5 B
(1—|—2—!X—|—§X —|—4—!X —|—...>(<BO—|—B]_X—|—2—!BQX —|—> =1

which gives(by uniqueness or equating coefficients of like powers of

X)
By = 1
1 1
EBO‘I_B]_:O%B]_:—i
1 1 1 1
iBO‘Fz_!BlI |2|B2:O%82:6

and so on....



In general we have,

We obtain
an_|_1 — O n = ]., 2, 3, .....

Byy = D 12(2'7)'2/0

(27)2"

These numbers are very dlvergent, e,
820 = —5.291 X 102 X BZOO = —3.647 X 10215

The Bernoulli numbers appear all over the place, i.e.,

1 2 1)~ 122n 22n
tanx = x+ x3—|——x —+ .. ( ) (

) 2n—1
Box®™ 1 4 ...
6" 15 (2n)! 20X




Bernoulli Functions

The functions are defined by

xe*s X VL
eX - 1 — ZO Bn(S)F
n—

It is clear that
B, = Bernoulli number B,(0)

Other useful properties are:

B (s)=nB,_1(s) , n=1,2,3,....

Bn(1) = (=1)"B,(0) , n=1,2,3,....



Solving ODEs using Fourier Transforms

The formulas for derivatives are particularly useful because they
reduce ODEs to algebraic expressions.

Consider the following ODE q
d? d
| | = —00 < x <
(dx2 e q) f(x) = R(x) 00 < x < o0

where p and g are constants.

Transform both sides of the equations

" (ddi(f ) =pdi,(;) - q )=<(ik)2+p(ik)+q)f(k>

= F(R(x)) = R(k)

where ~ denotes the Fourier transform.



We then have ~

R(k)
—k?2 4+ ipk + g
so that the solution (particular) is

(k) =

~

=7 LT [ e

This very formal solution to the problem is called the integral
representation of the solution.

lkx f

f(x) dk

In general, we need complex integration techniques to evaluate
these integrals.

We will see how later.
Solving ODEs with the Laplace Transform

We now have all the necessary tools to solve ODEs using the
Laplace transform.



We consider an ODE with constant coefficients

d’y  dy

12 | a_ - by = r(t)

Now if

we then have

2
L (‘:jlj | a% + by) — L(r(t)) = R(s)

Our rules then give
[5°Y(s) — sy(0) — y'(0)] + a[sY (s) — y(0)] + bY(s)

which is now an algebraic equation.



The solution is

~(s+a)y(0)+y'(0)  R(s)
Y(s) = s24+as+ b " s24as+ b
and
y(t) = L7H(Y(s))
Examples:

(1) Consider the homogeneous ODE

with initial conditions y(0) = 2, y’(0) = 0.

We have

Y(s) =

2s + 8 2(s + 2) 4

2 +4s+8 (s+2)24+4 (s+2)2+4



Now

a ' >
L(e?*f(t)) = F(s —a) and L(coswt)= 2+ o)
or + 2
—2t _ __°
L(e " cos2t) = L(cos2(t + 2)) = (s+2)2+4
and W
L(e®f(t)) = F(s—a) and L(sinwt= 2 + w2)
or 9
—2t - L - —
L(e “"sin2t) = L(sin2(t + 2)) = (s +2)2 + 4
Therefore
V(is)= 252 (et cos2t)12L (e 2 sin2t)

(s+2)2+4 (s+2)2+4



Thus,
L(y(t))= L(2e %% (cos 2t + sin 2t)) — y(t) = 2e%(cos 2t + sin 2t)
(2) Consider the nonhomogeneous ODE

d2
2=3 +50q = 100sin wt

with initial conditions g(0) =0, 24 — j(0) =

This ODE arises from a series circuit with an AC voltage source, a
capacitor and an inductance.

We have
Qs) — (s +a)q(0) +i(0) = L(50sinwt)
N s2 4+ 25 . 52425
- L(50sinwt) 50w

s24+25  (s2+ w?)(s2 + 25)



or using the partial fraction rules when a quadratic remains

50w B Ai1s + As | Bis + B>
(2 + w?)(s2+25) s24+w?2 = s2425

Q(s) =

Now for this form

g [P
Bl T e ez

or
- 50w 50w 50w
Wl tAe =\ o758 =g M0 AT T
- 50w ] 50w 50w
B1(5i)+B> = = »B1=0, Ay =
1(51)+ 5z 24wl | o w?2—25 0T TP 205




Therefore,

50w W W
Qs) = 25 —w? |s°+w?  s2425
or -
q(t) = o5 _wwz [sinwt — sin 5t]

Clearly, this form of the solution is valid only if w #£ 5 since the
amplitude becomes unbounded.

This corresponds to resonance in the circuit and we have an
unbounded amplitude because there is no damping in this circuit
(no resistors).

If w =15, we go back to Q(s)
50w B A1s + Ar | Bis + B> . 250
(s2425)2  (s2425)2 52425 (524 25)2

which using the same procedure gives

Q(s) =

q(t) = 250[sin5t — 5t cos5t] — unbounded as t gets large



Green Function and Convolution

Consider the special equation shown below:

d? d , ,
3 IdeIq G(x —x") =d(x—x") —00 < x <00

In this equation the inhomogeneous function is a delta-function, x’
is an arbitrary point, and we denote this special solution as G(x).

It is called the Green function.

We now show that the solution of the equation

(;fz pi{ q> f(x) = R(x)

is easily expressed in terms of the Green function.



We now show that the solution of the inhomogeneous ODE can be
written as the expression

f(x) = /OO G(x — X' )R(x")dx’

— OO

Substituting into the ODE we get

d2 d > / / /
3 | P> - q G(x — x")R(x")dx

:/_C: (c;f? | pz | q) G(x — xX')R(x")dx’
_ /_ Z 5(x — x')R(x')dx' = R(x)

as it should! So the Green function representation of the solution is
valid.

This means if we solve for G(x — x) for a particular differential
operator, then we have solved for all inhomogeneous solutions of
the ODE given by that particular differential operator.



As we saw earlier, an integral of the form above involving G(x — x’)
is called a convolution, and is denoted by the symbol (x).

®.@,

f(x) = / G(x — X' )R(x)dx" = (G * R)

— O
The Fourier transform of a convolution is always the product of the
transforms(same as for Laplace transforms)

—ikx

F((G* R)yx) dx e

x — X' )R(x")dx’

e ]

— \/277 \/27T / dx / dx’ e G(x — xX"YR(x)
¢27T Yo / dx / dx’ e~ k=X o= G (x — X )R(X')

X/e—/kx X Xe—lk(x —x") X — x
= 5 [ R i [ Clx=x)
= F(G)F(K)




In Linear Response Theory, the inhomogeneity function R(x) is
called the input to, the solution f(x) is called the output from,
the system, while the Green function is called the response
function, since it describes how the system responds to the input.

Examples:

Consider Newton's 2nd law,

d’x(t
m d);g ) = F(t) = force function
This is a 2nd-order inhomogeneous ODE with p = g = 0 and

R=F.

The Green function satisfies this equation with the force function
replaced by a delta-function.

A delta-function force is called an impulsive force.

Thus, the Green function also describes the response of a
mechanical system to an impulsive driving force.



Now let us consider a damped, driven oscillator
X(t) + 28x(t) + wix(t) = R(t)

The solution will be of the form

X(t) = /OO G(t — t)R(Y)dt
where
d2G(t — ¢ dG(t — ¢ , ,
g; t):2ﬁ (Zt £ FWgG(t —t') = 0(t — t')

Let the Fourier transform of G(t — t') be given by

F(G(t— ') = C(w) = % / () G (¢t — ¢)d(t — ¢)



Now take the Fourier transform of the Green function ODE

d?2G(t — t dG(t —t’
or we have 1
~? + 2if + B 6(w) = ——
or

- 1 1
Gw) = V2 (Wi — w?) + 2iBw

Finally we compute the Green function itself by taking the inverse
Fourier transform

1 [ .. 1 <. 1
G(t) = — lth dw = Iwt d
(2) 27T /_OOe (w)d V2 /_OOe (wg — w?) + 2ifw “




Complex integration(we will do this later) gives the result

1

G(t) = —e Plsin (wit)H(t)
Wi
where
1 t>0
w1 =+/w?— B2 and H(t) = ¢ — step function
1= /g — B ()= = ster

\

Finally, the solution of the original equation is

1 >C /
x(t) = ™ e A=) sin (w1 (t — tYH(t — t)R(t)dt’
]. t _B(t_t/) . / / /
= — e sin(w1(t —t")R(t")dt
W1 J—_00



Note the interesting feature that the integral over t’ takes into
account the effects of all driving forces occurring in the past
(t’ < t) due to the presence of the step function.

It contains no effect due to the driving force in the future (t' > t),
because these forces have not yet occurred.

Hence, the result is explicitly consistent with the physical
requirement of causality.

Is the answer correct?
Let us choose a driving force where we know the answer.

In the Introductory Mechanics course, we discussed sinusoidal
driving forces; so we choose

R(t) _ eiQt



Direct integration of the x(t) equation then gives the result
o—iQt

)= 2 =) 1250

which corresponds to the resonance amplitude formula of the
damped, driven oscillator and agrees with the earlier result.

More details of these integration techniques later.

Examples:

Consider the equation

d? d
M dt;< | ozd—); + Kx = d(t)

Assume the Fourier transform of d(t) is D(w) and that

X(w) = \/% /OO dt e "“ix(t) = x(t) = \/% /OO dw 't X (w)



Substituting we get

(—Mw? + icw + K)X(w) = D(w)

or
—D(w)/M
XW) = o /M — KM
Now defining
i \/K a2
YV VY VE
we have
1 > i —D(w)/M
x(t) = \/—27/00 dw e tw2 — iozw(//\)ﬂ/— K/M

1 DM
‘m/ood (0w )(w —w)

where x(t) is the response of the oscillator to the forcing function
d(t).

Iwt




Response to a Delta-Function Impulse

Consider
1

d(t) = lpdt - D(w) = lo\/7

This gives

_ i > W —Io(w)/M eicut“
x(t) = 27 /_OO d (w—wi)(w—w_)

Using complex integration techniques which we learn later we get

0 t <0

_at 2
\/K/\I;—o@e 2M5|n\/,\§ ezt t>0

x(t) =




The solution looks like
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We note that the solution obeys causality, i.e., there is no motion
until after the impulse is applied.

A delta-function impulse implies that

x(0) =0 and v,(0) #0



Notice, however, that we have a solution with no unknown
constants.

We started with a second-order equation.

Normally, that means we need to use 2 boundary conditions to
completely define the solution.

Somehow we have already imposed them.

Where?

It turns out that the choice of integration path in the complex
integration was the place!

We will see that later.



Effectively, we have done the following:
causality — x(0) =0
o-function impulse — v, (0) = lh/M

Fourier methods fail where the response diverges(unstable systems).
In this case we must use the Laplace transform.

Example - Unstable Electric Circuit




This circuit has a negative resistance (a theorist’s circuit) and is
therefore unstable.

We let
0 t <0
VS(t) — {

Vosinwgt t >0

For t < 0, all voltages and i(t) = 0.

We have for t > 0 the integral-diffEQ

1 . . di
Vs(t) = V(t) + Vi(t) + Vi(t) = —/dtl(t) — Roi(t) + Lo
Co dt
Taking the derivative wrt t we have o
1S
d?i di 1 dVs

Lo

Ro 4+ = i(r) =
dr2  Vdt Co'(t) dt

which is a second-order non-homogeneous diffEQ where i(t) =
dependent variable and dV;/dt isthe driving term.



Neither Vi nor dV;/dt have a valid Fourier transform.
Thus, we use Laplace transforms.

We get

s2Lol(s) — sRol(s) + Ciol(s) = sVi(s)
where

I(s) = L(i(t)) and Vs(s)= L(Vs(t))

The initial conditions (due to causality) are

y
i(0)=0 and —| =0
dt | —o

Now
\/() W0

(S —+ iw())(S — I'wo)

Vs(s) =

which gives



\/owoS
(S -+ iwo)(S — in) (LQS2 — Rps + Cio)

_ \/ow()S
(s + iwp)(s — iwg)Lo(s — s+ )(s — s_)

Ro , .| 1 R2
S+ = — | 5
21, LoCo  4L2

Note that R = —Ry — negative resistance — Real(s + +) > 0.

I(s) =

where

Inverting(using complex integration methods) we have

( t) 1 / ds \/owo seSt
/ — : :
270 Jpath (S + iwo)(s — iwg)Lo(s — s+ )(s — 5-)

For simplicity we choose wg = 1, Ly = 1 so that

1 : Viysest
i(t) = D /path d (s+i)(s—1i)Llo(s—14+2i)(s—1—2i)




For t < 0 we get i(t) = 0.

For t > 0 (closing the contour to the left), we get

, Vo Vo .
I(t :—cos t +0.157) — — et cos (2t + 0.27
(t) = 5 75 o5 ) — et cos( )

The first term is a result of the driving voltage at wg = 1.
It persists at a constant amplitude for all t > 0.

The second term is the characteristic response of the circuit
(determined solely by Ry, Lg, Co).

It grows exponentially in time because of R < 0 (an unstable
circuit).

It looks like(where we have enhanced the initial interference terms
by replacing et with €%-1t)






Partial Differential Equations (PDEs) In Physics, there are
differential equations of motion that describe the response of
systems to external disturbances.

These are called ordinary differential equations (ODEs).

There are also differential equations of states, or field equations,
whose solutions give the space-time dependence of physical
properties.

These are called partial differential equations (PDEs) in the 4
variables x, y, z, t.

In general, the PDE's we will discuss describe three-dimensional
situations. The independent variables are the position vector r and
the time t.

The actual variables used to specity r are dictated by the
coordinate system in use, i.e., (x,Vy,z), (p, 9, z), (r,0,®), etc.



The most important PDEs are:

(1) The wave equation

1 O%u
c? Ot?

Viu =

This equation describes as a function of position and time the
displacement from equilibrium, u(r t), of a vibrating string or
membrane, or a vibrating solid, gas or liquid.

he equation also occurs in electromagnetism, where u(r, t) may be
a component of the electric or magnetic field in an electromagnetic
wave, or the current or voltage along a transmission line.

The quantity c¢ is the speed of propagation of the waves.

We now derive the wave equation in a special case.



We consider the small transverse displacements u(x, t) of a uniform
string of mass per unit length p held under uniform tension T,
assuming that the string is initially located along the x-axis in a
Cartesian coordinate system.

The figure below shows the forces acting on an elemental length ds
of the string.

X+AX

X

If the tension T in the string is uniform along its length, the net
upward vertical force on the element is

AF = Tsinf>, — T sin 64



Assuming that the angles 61 and 6, are both small, we may make
the approximation sin =~ tan 6.

Since, at any point on the string the slope is

ou
tané’ — &

the force can be written as
Ou(x + Ax,t)  Ju(x,t)\ _ Tﬁzu(x, t)
Ox Ox -~ Ox?

where we have used the standard definition of the partial derivative.

O X

AFzT(

The upward force may be equated, by Newton's second law, to the
product of the mass of the element and its upward acceleration.

The element has mass pAs, which is approximately equal to pAx it
the vibrations of the string are small, and so we have
O%u(x, t O%u(x, t

(. t) _ L 0Pu(xt)

Ot? O0x?

pAX



\ 0%u(x, t) 1 0%u(x, t) 2 _ T
C9t2 2 9x2 ’ P

which is the one-dimensional form of the wave equation.

(2) The diffusion equation

1 0u

" Dot

This equation describes the temperature u(r, t) in a region
containing no heat sources or sinks.

VZu

It also applies to the diffusion of a chemical that has concentration
u(r,t).

The constant D is called the diffusivity.

We now derive now derive the diffusion equation satisfied by the
temperature u(r, t) at time t for a material of uniform thermal
conductivity k, specific heat capacity s, and density p.



Let us consider an arbitrary volume V' lying within a solid, and
bounded by a surface S.

At any point in the solid the rate of heat flow per unit area in any
given direction r is proportional to minus the component of the
temperature gradient in that direction and is given by

(—kVu)-r

The total flux of heat out of the volume V per unit time is given by

H —kVu) - AdS = va —kVu)dV

where Q is the total heat energy in V' at time t, and 7 is the
outward-pointing unit normal to S; note that we have used the
divergence theorem to convert the surface integral into a volume
integral.



We can also express @ as the volume integral over V,

Q= J[] souav

and so its rate of change is given by

& =l srgrev

Comparing the two expressions for dQ/dt and remembering the
volume V is arbitrary, we obtain the three-dimensional diffusion

equation

1 Ou k
Viu=——— D=—
"“ Dot sp



(3) Laplace equation
VZu=0

This equation is obtained by setting

@
Ot

in the diffusion equation and describes (for example) the
steady-state temperature of a solid in which there are no heat
sources - i.e., the temperature after a long time has elapsed.

Laplace’s equation also describes the gravitational potential in a
region containing no matter, or the electrostatic potential in a
charge-free region.

It also applies to the flow of an incompressible fluid with no
sources, sinks or vortices - in this case u(r,t) is the velocity
potential, from which the velocity is given by v = Vu .



(4) Poisson equation

V2u = p(7)
This equation describes the same physical situations as Laplace’s
equation, but in regions containing matter, charges, or sources of
heat or fluid. The function p(r) is called the source density, and in

physical applications usually contains some multiplicative physical
constants.

For example, if u is the electrostatic potential in some region of

space, in which p(r) is the density of electric charge, then
1
Viu = ——p()
€0
where ¢ is the permittivity of free space.

Alternatively, u might represent the gravitational potential in some
region where the matter density is given by p(r); then

V2u = 4w Gp(F)

where G is the gravitational constant.



(5) Schrédinger equation

h2
2m

—Veu+ V(Au = /h%

his equation describes the quantum mechanical wave function
u(r, t) of a non-relativistic particle of mass m; A is Planck’s
constant divided by 27. All of these equations are linear, They are
all 2nd-order in the space variables and of 1st- or 2nd-order in time.

The use of these differential operators guarantees several things:

(1) differential operators imply invariance with respect to space
and time translations and hence conservation of energy and
momentum

(2) the differential operator V2 is the simplest operator that will
be invariant under the parity transformation (inversion)



(3) equations that are 2nd-order in time are invariant under time
reversal (t — —t) and hence, a movie of the system in time
should represent a real physical system whether it is run
forwards or backwards.

For example, the wave equation might have a solution
representing a wave propagating to the right and if we run the
movie backwards, we get a wave propagating to the left, which
is also a valid solution.

In the diffusion or heat conduction, the field equation (for the
density or temperature fields) is only 1st-order in time.

The equation does not, and should not, satisty time-reversal
invariance, since heat is known to flow from high temperature to
low temperature and NEVER the other way around.

A movie of a pool of water solidifying into a block of ice on a hot
day has obviously been run backwards.



The Schrodinger equation is a sort of diffusion equation with an
imaginary diffusion constant; the wave function is a complex
function.

There are many general methods for studying and solving for
general aspects/properties of PDEs and their solutions.

We will concentrate in this course on one solution method, namely,
separation of variables.

Separation of Variables and Eigenfunction Expansions

Under certain circumstances the solution of a PDE may be written
as a sum of terms, each of which is the product of functions of only
one of the variable.

This is called solution by separation of variables (SOV).

Let us illustrate the procedure by an example:



Consider a 1-dimensional wave equation describing the transverse
vibrations of a string

O*u(x,t) 1 0%u(x,t)
otz 2 9x?

In the SOV method we simply look for a solution of the form
u(x, t) = X(x) T(t)
Direct substitution then gives

0? d’X(x) 1 d’T(t)
ﬁU(X, t) — T(t) dX2 — ?X(X) dt2

or
1 d’X(x) 1 1 d°T(t)

X(x) dx2 2 T(t) dt?

It is clear that we have separated the variables.




Since the LHS is a function of x only and the RHS is a function of
t only, both sides of this equation must be equal for all x and t.

The only way this is possible is for both of them to be equal to the
same constant, say A.

1 d2X(x)_)\_ 1 1 d?T(t)
X(x) dx2 7 c2T(t) dt?
which gives
d? X (x) d?T(t) 5
X p— T p—
Tt () =0 2 = APT (1) = 0

These are two separated ODEs (single variable).

They are not completely independent of each other since the same
separation constant A must appear in both.

They are both eigenvalue/eigenfunction equations.



The general solutions of these equations are:
X(x) = Acos (v —Ax) + Bsin (v —Ax)
T(t) = Dcos (v —Act) + Esin (v —\ct)

As a rule, all possible values of the separation constant A are
allowed unless explicitly forbidden by the physics of the system.
l.e., certain values of A\ can be forbidden when the corresponding
solution X(x), which depends on )\, does not have the correct
properties.

The properties in question, are the boundary conditions imposed
by the physics of the system.

It may happen that one or more of these boundary conditions can
be satisfied only when the separation constant takes on a set of
special values. This set then contains the only permissible values,
or eigenvalues, for the problem.

The corresponding solutions are called eigenfunctions.



Let us illustrate this with a particular example:

Suppose, as in the case of the Fourier series, we are interested in
solutions with a period of 27 i.e.,

1 , cos(nx) , sin(nx) , n>0 integer
This implies that the only permissible constants are

N = —n? n=1,23,4,...

For each A = )\, we then get a wave solution of the form
Xn(x) Th(t) = (Ancos(nx) + Bpsin (nx))(D, cos (nct) + E,sin (nct))

= a, cos (nx) cos (nct) + b, sin (nx) cos (nct)

+ dp, cos (nx) sin (nct) + e, sin (nx) sin (nct)



Since the 1-dimensional wave equation is linear, the general solution
periodic in x with period 27 is then the linear superposition

u(x, t) = %ao + Z Xn(x) Th(t)
n=1

of all possible solutions.
Note that this is a double Fourier series.

Boundary and Initial Conditions

he complete determination of a solution of the PDE requires the
specification of a suitable set of boundary and initial conditions.

The boundaries may not be just points, but, depending on the
dimension of the system they can be lines or surfaces.

Let us return to the wave equation.



We now specialize the problem and consider the 1-dimensional
vibrations of a string rigidly attached to a support at the points
x=0and x = L.

Xn(x) = Apcos (v/—Anx) + Basin (v/—Anx)
or
Xn(x) = Apcos knx + Bpsin kox  where  k, = \/—7)\,,
These boundary conditions then mean that

X(0)=0—A,=0 foralln

ni

X(L):O%Bn#O%sinknL:O%kn:T for all n



This gives as a solution

X,(x) = B, sin (”WTX)

where

C

nm\ 2 _
Ap = ( i ) — allowed separation constants

"he eigenfunction X,(x) belongs to the eigenvalue A, and
escribes the nth eigenmode (or normal mode) of the vibration of

the string (fixed at both ends)(see figure below)
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These represent the fundamental vibration along with the first
and second harmonics.

Note that there are points given by

mlL
Xm=— m=1234,...n—1
n



where the displacement v =0 or

Xn(x) = Bjsin (nLLX> = B,sin(mm) =0

which are called nodal points of the wave.
The time factor T,(t) associated with X,(x) is given by
Th(t) = D, cos (wpt) + Epsin (wnt)

where

is the frequency of vibration of the nth normal mode of the string

(fixed at both ends).

Hence, the general wave amplitude function (shape) of the
vibrating string fixed at x = 0 and x = L is the general
eigenfunction expansion (superposition of all solutions)



1

u(x, t) = Zap + D Xn(x) Ta(t)

1 =, . /nmx .
= 5 + Zsm (T)(Dn cos (wnpt) 4+ E, sin (wpt))

n=1

If we pluck the string at time t= 0, which mode(s) will be excited?

The answer depends on how we pluck the string or on the initial
conditions at t = 0.

Since PDE is 2nd order in time, we need 2 initial conditions to
completely specify the solution.

We usually choose them to be

u(x,0) = ug(x) = initial displacement of the string at t = 0

Ou(x, t)
ot  |,_o

= vp(x) = initial velocity profile of the string at t =0




or we have

u(x,0)= ug(x) = i D, sin (nLLX)
n=1

Ou(x, t = .
ug; ) B = vo(x) = Z Enwp sin (HLLX)

n=1

which implies that

2 [t /m
Dy = —/ sin (LX) up(x)dx
0

L L
2 L m
E., = ol . sin (%X) vo(x)dx

hese coefficients determine which normal modes are excited and
with what strength.




Real example of a vibrating string(we go back through
everything again for practice):

vy 17y
Ox2 2 Ot2
gives
y(x,t) = X(x)T(t)
X" 5, 1T
X YT aeT
X'"+a’X=0 , T+a°c’T=0
Define
2 2
AC = w = 2TV = ZC >a:7ﬂ:k: wave number

The solution is (as before)

y = (asin (kx) + bcos (kx))(d sin (wt) + e cos (wt))



The string is fastened at x =0 and x = L , so that
y(0) = y(L) = 0, which gives

y(0,t) = b(dsin(wt) + ecos(wt))=0— b=0

y(L,t) = asin(kL)(dsin (wt) + ecos (wt)) =0
— sin (kL) =0 — kL = nm

and
( t) B _ (IT]TX) (d _ <n7rut) n COS(MTV?E))
Vn(x, t) = a,sin / nSin . e, i
Now choose initial conditions at t = 0
x/2 0<x<L/2

y(x,0) = f(x) = {L/QX/2 L/2<x<L



and

dy(x, t)
=0
ot |i=
The condition
dy(x, t)

=0
ot  |,_g
oo ein (MTX) nmwv (d .in (mwt) L e cos (mwt>)

n Sli n Sl n
[ [ [ [ t=0
0 = a, sin (”LLX)”LL”(d,,) ~d, =0

This means we physically pull the string into a triangular shape and
let is go from rest.

The most general solution is then is

y(x,t) = (2 Ap sin (TX)) cos (nLLVt)



Now using the other initial condition, we have

®.@,

y(x,0) = f(x) = ZA” sin (nTﬂx)

n=1

or the A, are the Fourier coefficients of the sine series for the
triangular pulse.

We have
2 [F 1 [t
Am = Z/O sin (?X) f(x)dx = z/o sin (?X)de
1 L
+ Z/O sin (?X)(L — x)dx

1 L2 mm /2 | 1 L2 mTt |
= : y sin ydy — [ 22 y sin ydy

[ m?m?

mm /2
L mit
| / sin ydy
Mm Jmmr /2



L : mm /2 L

L

(COS)/)|m7T/2
= m2L7T2 (sin (n;T) n;T COS (%) —sin (0) 4 (0) cos (O))
- (sin (mm) — mm cos (mm) — sin (mﬂ) -7 cos (@))

m2 72 2 2 2
L

— (cos (mm) — cos (n;T>)

o {<néaz>sin () m ode

0 m even

or

and so on.



The other possible initial condition is

and

Oy(x, t)

Ot

t=0

y(x,

= f(x) = 4

0) =0

(X/2 0<x<L/2

L/2—-x/2 L[/2<x<L

which corresponds to hitting the string when it is flat.

This gives

dy(x, t)
ot =0

f(x) = ign sin (”iLX

n=1

— initial velocity profile

N———



For each n (in either case) there is a different frequency

f_wn_mw_nu
" or  2mL 2L

which are the normal mode frequencies.

These frequencies can be excited separately and would be
stable.

The string would vibrate in a single mode or one term of the
general sum
. /NTX\ . [NnmU
SIn (T) SIn (Tt)
If we took a photograph at any given value of t, we get a picture of

the string
_ (nWX)
—sin [ —
4 L
which are the shapes shown earlier.



At a fixed point x,

. ( Ny t)
— SI _—
Y L

or a particular x point oscillates up and down with the normal mode
frequency.

Fast Image Sequence (like a movie)

function z=acoeff(m,L)
if (2xfloor(m/2) == m)
z=0;
else
z=(2%L/ (m"2%pi~2) )*ksin(mkpi/2);
end
endfunction

function z=aterm(m,L,v,X,1t)
z=acoeff(m,L)*ksin(mxpikx/L).%cos(mkpikxvkt/L);
endfunction

-file wavegxt.m

m—

13

1 -

0:0.01:1;

Fj = 1:201

t=(j-1)%0.01; sum=0;

for k=1:100
sum=sum+aterm(k,L,v,X,t);

end

plot(x,sum, '-k');

axis([-1 2 -.5 .5]);

pause(0.01)
end Run code....



Vibrations of a Rectangular Drum

We now choose to look at a rectangular drum because we can
handle this boundary easily with a simple extension of our
1-dimensional solutions in cartesian coordinates.

We will look at a circular drum later.

The vibration of a 2-dimensional membrane fixed at the boundaries
x=0,x=a,y=0,y=0

can be described as follows:

0%u | 0%u 1 O%u

Ox2  dy? 2 Ot2

We choose
u(x,y,t) = X(x)Y(y) T(t)



SOV substitution gives

19°X 10°Y 110°T

X ox2 Y Oy2 2T ot

The separation constant assignment goes like

182X_)\ 182Y_)\ 1182T_)\
Xox2 "7 Yoy V7 2T otz
with
A+ Ay, =X , all constants

The solutions are
X(x) = Acos kyx + Bsinkyx k2= =)\,

Y(y) = Ccoskyy + Dsink,y k? = —Ay

T(t) = Ecosat + Dsinat , o®=—\



with
2

2 2
kX—|_ky:?

The boundary conditions give

X(0)=0—-A=0 , Y0)=0—-C=0

X(a):O%kX:?:km C Y(b) =0k, = — =k,
a

or

m?m?  n?m? o? w,2ﬂ . m?  n?
I — — > wmn = CTT |
PY: c2 c? PY: PY:

The general solution is then a sum of all possible solutions (all m, n)

©.@)
. mMTX . NTmy _
u(x,y,t) = E Sin p Sin T(Cnm” COS Wmnt + Cmn SIN Wmpt)
m,n=1



where wm, = frequency of the (m, n) normal mode.

Some examples of modes are shown below:

b

|
I
|
|
I
I
|
|
I
!
1

0

(1.2) mode (1.1) node (2.3) node

dotted lines = nodal lines all boundaries are nodes

As always, the strength with which various normal modes are
excited depends on the exact initial conditions.

The OCTAVE program below sq-drum.m shows the (n, m) modes
of the rectangular membrane (image sequence type movie).



sqdrum.m
Xx=-1:0.05:1;
y=-1:0.05:1;
c=l:a=2:b=2:
% (1,2) mode
sm=1;n=1;
% (1,1) mode
ym=2;n=3;
% (2,3) mode
m=2;n=3;
w=ckpixsqrt(m”~2/a”~2+n~2/b"2);
Z=sin(mxpixX/a).*ksin(nxpixY/b);
lim=[-11-11 -1 1];
figure('Position', [200 200 400 400])
for j=1:500
t=(j-1)*.01;
mesh(X,Y,Zxcos (wkt))
axis(lim);
colormap(waves) ;
pause(0.01);
end

Run code....



An image from the sequence for the (2,3) mode looks like




Diffusion Equation

The 1-dimensional diffusion equation is

Ou(x,t) 1 du(x,t)
Ox2 D Ot

Using SOV we have
u(x, t) = X(x) T(t)

19°X 1109T
X 0x2 DT ot
We get equations and solutions

— A\ = separation constant

d?X .
AX =0 — X(x) = Acos kx + B sin kx
dx?
dT
“r —ADT =0 T(1) = Qe P + R0

with
k* = —\



The positive exponential solution is not allowed physically since it
would imply that, as

t—>o00= T —

which makes no sense in a heat diffusion problem.

On the other hand for the negative exponential solution
t—-o00=T =0

which does make physical sense.

This is just an example of the “physics of the problem” restricting
or modifying the strictly mathematical solution.

Therefore, we have .
T(t)=e <Pt



Special case:

Consider a 1-dimensional rod of length a, at temperature Ty, which

has both of its ends placed in contact with a heat reservoir at
T =0.

We have the possible solutions
u(x,t) = (Acos kx 4+ Bsin kx)e_kth
Boundary Conditions
x=0—u(0,t)=0— (Ae ¥Pt=05 A=0

x=a— u(a,t) =0 — (Bsin ka)e_kth =0

_ nm
—sinka=0— k=k, = —
a
Therefore, a solution is given by
—k2Dt

un(x,t) = Bpsin kyxe



so that the most general solution is

u(x,t) = Z B, sin koxe ki Dt
n

Initial Conditions At t = 0, we were in equilibrium such that
T = Ty everywhere.

This means that

ou
ot |
so that
2
1
0 L(;(;;’ 0) =5 ﬁu(a);, 0) — 0 — meaning of equilibrium or steady-state
d?u(x,0)

3 =— u(x,0)=F+Gx=Tgforall x - G=0,F =Ty
X



This gives
u(x,0) = To = Z B, sin k,x

i 2Ty (4T, dd
B, = —/ To sin 7% dx = (1 — €os nw) = 4 o/nm 10
0

a a nm \ 0 n even

he final solution is then

2 2
. nimwx _n°m Dt
u(x, ) =To 3 —sm—e .
nodd

The OCTAVE program diffl.m, which generates a sequence of
temperature profiles (in time), is given by
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S S —h

kk=100;
tdel1=0.005;
x=(a/kk)*(1:kk);
numterms=500;
for 1=1:201
t=tdelx(i-1);
2=0.0;
for j=l:numterms
11=2%]j-1;
z=z+T0x(4.0/(jj*pi) )xsin(jjxpixx/a).*kexp(-(jjxjj*xpikpi/a~2)*Dxt);
end
plot(x,z,'-k"');
axis([-0.1 1.1xa -10.0 1.1xT0]);
pause(0.05);
end

Another example:

We consider a slab, as shown below, which is infinite in the
y-direction.



This means we only need to worry about the x and t variables.

¥ slab

conslider heat flow
in the slab




We assume that initially (t = 0)
I'=0 at x=0

I =100 at x=1L
and for t > 0 we assume

I =0 at x=0

I'=0 at x=1

and ask what happens in time?

The T(t) solution is the same as before, namely,

T(t) = e kot

where D = o?.



For the x solution, first we find the initial steady-state T
distribution.

We have only x to worry about (everything must be uniform in y).

Now, steady-state means

ou
0
ot
or 4¥(x. 0)
d(;;’ =0— u(x,0) =ax+b
u(0,0)=0— b=0
100
U(L,O) — ].OO — a = T
so that

1
u(x,0) = %



For t > 0 we use the diffusion equation which gives

u(x, t) = (acos kx + bsin kx)e_kth

u(0,t) =0—b=0
nm

u(L,t):O%sinkL:O%k:kn:T

Therefore the most general solution is

nro 2 nNmX
) =S ape ()t sip X
u(x,t) n:1a e sin —
Now
100 >
u(x,0) = TX = nE_l ap sin nLLX

which gives



dn
T n
and the solution
200 = (=1)""1 /a2
U(X,t):TnZ—dl( r)) e_(L)tSinniLX

Heat conduction example:

We consider a long rectangular metal plate which has the
steady-state configuration as shown in the figure below:

—— 10 cm —¥

T = 100



We are looking for a solution of the 2-dimensional steady-state
diffusion equation

o*°T O0°T 10T

2
T — | — —
VT y) Ox2  0y? D ot )
We assume
T( ) = X(x)y(y) a>X i k2 k>0
X — X > — —
Y y\y 2 dy? ; -~

The solutions are
X(x) = acos kx + bsin kx

Y(y) = ce® + de™ ™

We made this particular choice of signs for the separation constant
because we need X to be trigonometric functions and Y to be
exponential functions for physical reasons,



i.e., X being trigonometric is the only way for us to be able to have
X = 0 at both x =0 and x = 10.

Therefore, the solution is
T(x,y) = (acos kx + bsin kx)(ce® + de ™)
The boundary conditions give

T(0,y)=0—b=0

T(lO,y):O%sinlok:O%k:kn::—g =123, ...

which gives the most general solution (sum of all possible solutions)

as
T(x,y) = Z sin knx(cne® 4+ d,e™ )



Now, if we let the far end be at y = 30, then we have

T 30) = 0 — : kn 30k, d —30kn _ & __ ,—60kj
(x,30) Zsm x(ce””" + de ) T e

herefore

T(Xa )/) — Z d, sin an(e_6Ok”ek”y + e—kn)/)

= Z d, sin —(e_3””e'{_g(y—30) 4+ e—'{—g(y—30))

Finally, we have

T(x,0)=100=— %" D,,sin'T—OX sinh 3n7



Solving for D, we finally get

400 nmXx ni
T _ in 27 cinh 27y — 30
(x¥) ) sinh3nm 5" 10 Snh o —30)

n odd

A OCTAVE program that plots the steady-state solution as a
surface image is given by

function z=ssfuncl(x,y.n)
z=(400.0/(nxpixsinh(3.0xnxpi)))*xsin(nxpixx/10.0).* sinh(nxpix(30.0-y)/10.0);
endfunction

% m—file diff2.m
X=0.0:0.2:10.0;
y=0.0:0.5:30.0;
[X,Y]=meshgrid(x,y);
sum=zeros(length(y), length(x));
for 1i=1:30
jij=2%ii-1;
sum=sum+ssfuncl(X,Y,iji);
end
figure
mesh(X,Y,sum);
colormap(waves) ;
view(120.0,30);
figure
pcolor(X,Y,sum);
colormap(hot);
shading interp
figure
contour(X,Y,sum,40, '-k');
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Dealing with the Laplacian

To deal with other equations we must work with the full Laplacian
operator. The first step is always to separate out the t dependence
using the SOV procedure.

So we always assume
u(7,t) = u(AT(2)

Most of the PDEs of interest then reduce to the form
(V2 + K2)u(7) = 0

where
k? =0 for the Laplace equation
k? > 0 for the helmholtz equation

k? <0 for the diffusion equation



The Schrodinger equation is an exception to the rule because of the
appearance of an extra term due to the potential function

The Laplacian in Different Coordinate Systems

Cartesian:

Cylindrical Polar:
1 9% 0?

010 (0
MYy (pﬁp) p2 09?022

Spherical Polar:

1 0 0 1 0 0 1 07
2 _ — 7 2 7 | ' _ |
Ve = r2 or (r 8r) " r2sin6 00 (sm@(%) © r2sin? 6 0¢?




Cartesian SOV Solution: assuming

u(r) = X(x)y(y)Z(z)

1 d°X 1d2Y 1d%Z7

| | - k% =
X dx?2 Y dy? Z dz? 0
We then choose
1 d?Y 5 d?y 5
Y dy? = —m, — 0,2 | myY—O
1 d?Z 5 d?Z 5
Zdz M2 g2 mz2 =
which gives
d? X 5 5 5 d2 X 5
vl (k —ky—kZ)X:O: 2 Fme X

so that we end up with three separate ODEs.



Cylindrical Polar SOV Solution: assuming

u(F) = R(p)®(6)Z(2)

L 0 (O0RY 1 0% 10 5,
Rop\"op) " 2o0ase T Zo2 T T
We then choose
1 d?¢ ,  d’d
odpz T de2
1 d? ,  d? ,
Z7d2 =Y T gp 4=l
which gives
d’R  dR
2 2 2 2 2 2
—m’)R=0 — k
gz TP (B°p" — m") , B

Again, we end up with three separate ODEs.



Spherical Polar SOV Solution: assuming
u(r) = u(r,0,¢) = R(r)©(0)®(¢)

2
1 6‘<r28R>I 1 9 (SM@)I 1 Po L,

r2or or r’sin © 90 00 r2sind® 92
We then choose
1 d?® , d*® 5
> do? m e m 0
1 d d© m?
inf— Q@ =—
sinf © db <Sm do ) sin® 0 -
1 d d© m?
> In 6 — — 0
sin 0 df (S'” do ) g O
which gives
1 d [ ,dR C >p
r’R dr (r E) _ﬁR_i_k "=0

Again, we end up with three separate ODEs.



Solutions

Cartesian

The three ODEs for X, Y, and Z are all solved either by
trigonometric functions or exponentials.

Cylindrical Polar The Z and & equations are solved either by
trigonometric functions or exponentials.

The R or radial equation is

(5 d? d 2 2
2 Izdz F(z2—m")| dn(2) =0 |, z=0p

where J,(z) is the cylindrical Bessel function of order m.

It is the solution of this equation that behaves like

(2)

as z — 0.



Spherical Polar

The & equation is solved either by trigonometric functions or
exponentials.

The equation for 6 is familiar.

Putting x = cos we get

:(1—x2) 4 2zi—<c m’ ) P(x) = 0

dx? dx 1 — x?

which is the Associated Legendre equation.

The ODE Legendre equation we studied is a special case of this
equation with m = 0.

This equation can be solved by a power series using the standard
Frobenius method.

The infinite Frobenius series is only convergent for |x| < 1.



The solution at x = 1 is infinite(not good) unless
c=//{+1) , £=0,1,2,3, ...

With this choice of ¢ the Frobenius infinite series terminates as a
polynomial, which is called the associated Legendre polynomial
P (x).

Since physical solutions must be bounded, we choose always to
terminate the series and get associated Legendre polynomials as the
solutions with £ non-negative.

i d? d m?>
2 . me,\ _
_(1—X )dX2 223—6(64—1) i 1_X2)_ Pg (X)—O
The r or radial equation is then
2 I _— 2 _ ] J—
_z — 5 2z = +(z° — 44 + 1))_ Je(z) =0

where jy(z) is the spherical Bessel function of order ¢ and

jo(z) = \EJeH/z(Z)



These Bessel functions are among the most useful of the so-called
“higher transcendental functions”.

A transcendental function is one that is not “algebraic”.

An algebraic function of x is one that can be generated from x by a
finite number of algebraic operations like 4+, —, x, /.

For example, a polynomial is algebraic but log (x) is not.

The elementary transcendental functions are exp, log, sin, cos, sinh,
cosh, ....

Each of these equations has a second linearly independent solution
Q,'(z) = associated Legendre function of the second kind

N.,,(z) = associated Bessel function of the second kind

n¢(z) = spherical Bessel function of the second kind



They generally have divergent properties at the origin and are only
included in the most general solution to a problem if the origin is
excluded from the system under consideration.

The properties of the Bessel function, the Legendre polynomials,
the Laguerre polynomials and the Hermite polynomials are available
at https://dlmf .nist.gov and earlier in my class notes.

The important properties are:

(1) which ODE they solve

(2) recurrence formulas

(3) indefinite and definite integrals
(4) orthogonality relations

You will need to use all of these results to solve PDEs.

In addition, as you solve more problems, including those we will
solve together in these notes later, you will learn how to use various
other properties of these functions.



Now the special case kK = 0 gives Laplace equation

1 d 2dR> c )
. . . = (P ) - SR+ KR=0
We get in this special case r2Rdr( dr) 12

R

dr |

1 d (,dR €@+1h{_0_d”?lgﬁ? 0(£+1)
r’R dr r2 T dr? r dr r2

We consider the solution R = r9 where g is to be determined.

Substitution gives
(g(g=)+29g—L(L+1NrT 2 =0—>¢°+qg—L(l+1)=0
—qg=4{ —(L+1)
Therefore the most general solution is

R(r) = air® + apr—(¢+1)

where the second term must be excluded if the origin (r = 0) is in
the system.



All this theory can fry the brain....... so let us do a few
examples.

Vibration of a Circular Membrane (drumhead)
The circular membrane is fixed at the rim(circular boundary).

We want to determine the characteristic frequencies and vibrational
normal modes.

The membrane is in the x — y or r — 6 plane and z represents the
vibration amplitude.

We choose the coordinate origin at the center of the membrane.

We have the wave equation

1 0°z
2
Voz(p, ¢, t) = 2 §¢2



1 d°T

1o 2
z=F(p,¢)T(t) — FV F = pripreaie —k
V2F + k*F = 0 — Helmholtz equation

T+ kT =0

If we choose

F(p,¢) = R(p)®(¢)

we can separate the Helmholtz equation as

1 0 [/ OR 1 9°d "
p - — k=0
pROp \" 0p )  p*® 0¢°
We then let , 0
= —n° — Fn°® =0
a2 de?
to obtain
,d?’R  dR

| Ik22—2R:O
gz TP (k“p”™ —n%)



We have solutions
T(t) = csin kvt + dcos kvt
d(¢p) = asin np + bcos ng
where n must be an integer so that
®(¢) = P(¢ + 2m)

i.e., it makes no physical sense to get a different solution (different
physics) if we change ¢ by 27 , and

R(p) = Jn(kp)

There is no contribution from the N,(kp) solution because it is
singular at p = 0 which is the center of the membrane.

Thus, a solution for the circular membrane is

z(p, ¢, t) = Jy(kp)(asin ng + bcos ng)(csin kvt + d cos kuvt)



At p = 1 we have the boundary condition z = 0 for all ¢, t.

This implies that
Ja(k) =0 = k = kpn = m*" zero of J,

The most general solution is then

z(p, ¢, t)
— Z Jn(kmnp)(@mn sin ng + bmp cos nd)(Cmn Sin kmp/t + dmn €0s kmp/t)

m,n

To completely solve this problem, we would need to use a double
Fourier series in ¢ and t to determine the allowed (n, m) values and
the corresponding coefficients given appropriate initial conditions on
the position and velocity of the membrane.

This is very tedious so, instead, we will look at some properties of
the solutions.



With the circular membrane we also get normal modes with
characteristic frequencies

Wmn kmnV

Umn =— —
27 27

There is a doubly infinite set of such modes and frequencies.

All frequencies are different and not equal to multiples of a
fundamental as with a vibrating string.

This is the reason why a drum is different from a violin!

The OCTAVE program below generates the normal modes of the
drumhead.



% m—file drumhead.m

Q=input('[m,n.ampll :' )

m=Q(1);

n=Q(2);

ampl=Q(3);

kval=zeros(3,3);
kval(1,:)=[2.40483,5.52008,8.65373];
kval(2,:)=[3.83171,7.01559,10.17347];
kval(3,:)=[5.13562,8.41724,11.61984];

[TH,R] = meshgrid((0:5:360)%pi/180,0:.05:1);
Z=amp Lxbesselj.(n,kval(m+1,n+1)*R).*cos (nxTH);
(X,Y,Z] = pol2cart(TH,R,Z);

surf(X,Y,Z)

axis([-1 1 -11 -1,11)

Some images are below:



>> drumhead

[m, n,ampl] : [0,0,0.5]
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>> drumhead

0,1, 0.5]

[m, n, ampl]
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» drumhead

[m, n,ampl] : [2,0,0.5]
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>> drumhead

[m, n,ampl] : [2,2,0.5]
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Steady State Temperature in a Cylinder

In this example, we have a semi-infinite cylinder of radius r = 1 in
the r — 6 plane with one cap at z = 0 and extending to z = oc.

The cap at z =0 is kept at T = 100 and the cylindrical surface is
kept at T = 0.

We also assume that because this is a steady-state problem

or

ot 0

and thus we have the equation

10 [ 0T 1 0°T 0°T
T=0==-—(p5- ] |
v ) p Op (p 3/)) p? 0¢?  0z?




We substitute the SOV solution

1 [ OR 1 0%¢0 10%°Z
T(p602) = ROOOZ() e (057 )+ 50 50+ 5 58 =0

We choose

1 d?Z e A
= k% — Fk°Z =

7 dz? dz? 0
1 d?® 5 d2o 5
 do? n 52 n 0

which leads to
d’R dR
y) 2 2 2
| - (K — R =



We then have the solutions
Z(z) = e Kz

where we only include the negative exponential solutions since the
positive exponential solutions make no physical sense for this
system since T — 0 as z — 00, and

d(¢p) = asin np + bcos ng

where we must choose n = integer so that

®(¢) = ®(¢ + 2m)

i.e., it makes no physical sense to get a different solution (different
physics) if we change ¢ by 27, and

R(p) = Jn(kp)

where we have not included the other solution N,(kp) because it is
singular at p = 0 which is the center of the cylinder.



The boundary condition on the cylindrical surface gives
R(1) = J,(k) =0

so that the possible k-values are the zeroes of the Bessel function
of order n, i.e., k = k,, = m™ zero of J,.

Thus, a solution for the cylinder is

Trn(p, @, 2) = Jo(kmnp)(@mn sin ng 4+ by, cos n¢)e—kmnz

If we turn the cylinder through any angle, the boundary conditions
on the top and bottom caps are the same (independent of ¢).

Therefore, the solution cannot depend on ¢.
This means that the only allowed value of n = 0.

The solutions are then

Tm(p: ¢, 2) = bmJo(kmp)e ™"

h root of Jp.

where k,, = m*®



The most general solution is the superposition

T(p,¢,2) = >  bmo(kmp)e™"m?
m=1

In this case, the b,, are determined by the exact temperature value
on the bottom cap.

We have the boundary condition on the bottom cap

T(p,$,0) =100 = »  bmJo(kmp)

m=1

This should remind you of a Fourier series.

However, instead of expanding in trigonometric function, here we
expand in Bessel functions.

Remember the earlier example where we expanded both in a Fourier
series and in Legendre polynomials.



From the properties of the Bessel function we can determine the
coefficients as follows:

100 = )  bmJo(kmp)

m=1

1 OO 1
/ 100pJo(knp)dp = )  bny / pJo(knp)Jo(kmp)dp
0 0

m=1

1
0

— Z bmémn/ p[JO(knP)]zdP

= by [ plkap)odp = LLs(kn )

or
200

1
bo = GGl olbor)




Now,

%[XJl(X)] — XJ()(O) > /3- ddp[knpjl(knp)] — kanO(k”p)

n

which gives

: 1 /! 1 S
| phthap)dp =i [ dlph kel = o phlknn)| = (k)
0 n Jo n 0 n

and
200 1 200

p— . kn p—
(k)R Kt k) =
We finally get the solution

o

= 200 e
T(p6.2)= ) 1y Jolkmp)e ™™

m=1




Steady State Temperature in a Sphere
We have a sphere of radius r = 1.

The upper hemisphere is kept at T = 100 and the lower
hemisphere is kept at T = 0.

We now know the process so we will just write down all of the steps.

Equations:
VAT =0

T(r,0,9) = R(r)0(0)®(s)

19 (,0R 1 0 (. 00 1 9%d
—— P+ = sinf— | + — =0
or sin 60 00 00 sin b D2

We choose



10°¢ , d°®

2
_ — ? | (D — O
T
1 0 00 m?
inf— = —k
sin 00 00 (S'” ae) sin2
1 d d© m?
> in 60— ©+ kO =0
sin 6 do (S'” d9> sin20 -
which gives
d [ ,dR
Solutions:
First,

d(¢p) = asin m¢p + bcos mo

where m = integer so that

®(¢p) = (¢ + 2m)



We then choose k = ¢(£ + 1) to get convergent polynomials, i.e.,
©(0) = P, (cos )

We neglect the Legendre functions of the second kind because they
are singular at cosf = 1.

Finally, we have
R(r) = cr’ + dr~F+1)

We must, however, choose d = 0 or the solution diverges at r = 0.
General Solution
T(r,0,¢) = r*P"(cos 8)(asin m¢ + bcos mo)

We have boundary condition that are independent of ¢.



Therefore we can have m = 0 only and our
becomes

general solution

T(r,0,¢)= Z ber* Py(cos 6)
¢=0

where Py(cos ) = Legendre polynomial.

We determine the coefficients by using the boundary condition

T(1,0,¢) = Z byPy(cosf) = f(0) = <

(100 0<6<n/2

¢=0

0 m/2<60<m

\

This is always possible to do because the Legendre functions are an

orthonormal basis on the interval [0, 1].



We finally get

/1 dXPn(X)ibng(COSQ) :/

1 dxPp(x)f(x) = 100 /1 dxPp(x)
0

-1 /=0 -1
0 1 1
Zbé/ dxPp(x)Pm(x) = 100/ dxPp(x)
(=0 -1 0
N 2 : 2 50(2n + 1
Z byOny — ].OO/ dXPn(X) — : 1bn s b, = 1( n —+ )
— 2n + 1 0 n+ Jo dxPn(x)

Therefore,

S 1
5?(26 1) r*Py(cos 6)
=0 Jo dxPu(x)

T(r,0,¢) =50



Now,

1 1 1 1 .
/ dxPo(x) = / dx =1 / dxP1(x) = / xdx = =
0 0 0 0 2

1 1 1
/ dxP,(x) = —/ dx(3x* —1) =0
0 2 Jo

1 1 1 1 1
/ dxP3(x) = = | / dxPs(x) =0 / dxPs(x) = —
0 8 0 0 16

so that we get the final answer

T(r,0,0)
1 3 { 11

= 100 _EPo(cos 0) + ZPl(cos 0) — 1—6P3(cos 0) + 3—2P5(cos 0) +




Nuclear Fission example

Assume that the neutron density n inside U>3s obeys the differential
equation

1 0n(r,0,¢,t)

K ot

Vzn(r, ‘97 gb? t) + )\n(r, ‘97 Qba t) —
with n = 0 on the surface of the sphere.

Find the critical radius Ry such that the neutron density inside a
U»3s sphere of radius Ry or greater is unstable and increases
exponentially with time (called nuclear fission).

We have

1 0 (9n 1 0 on 1 8%n 10n
— — | _ sinl— FAnD = ——
2or\" or r2sin 6 00 00 r2 sin? 0 O¢? Kk Ot

We make the standard SOV substitution

n(r,0,,t) = R(r)0(0)®(¢) T(t)



to get

2
1 d(r2dR>l 1 d(siw@)I L &

r’R dr dr resin 0© d6 do r2sin2 b do?
1dT
— -k
Kk dt
Thus,
ar ke T =0 — T:e_k’{’t
dt
We choose
1 d? d>?
® dgbg =—m’ = d¢g - m*® =0 — ®(¢) = asin m¢ + bcos mg

Since there is no ¢ dependence in the system, we must choose
m = 0 so that

d(¢) = b



We choose

1 d do©
S0 40 (sm 9%) —c=—V{+1) = O(0) = Py(cosb)

Since there is no 6 dependence in the system, we must choose
¢ = 0 so that

©(0) = Py(cosh) =1

This leaves us with only the radial equation remaining

d?R dR
2 2

- 2r—— A+ KR =
. rdr+r(+) 0

1d(dR

) Atk =
P2Rdr \| dr) A e

Remember the full solution for this system is

n(r,t) = R(r)e <rt



We can change the radial equation to

°R R
2d I2zd——|—zR—O o z=V\+ kr
dz?2 dz

which is the spherical Bessel function equation

2 —
d
72 d - 2z— 4+ 22— (0 +1)] jo(z) =0

dz? dz

for / = 0.

The solution in this case is

- sinz  sinyV/ A+ kr
z VA + kr

The general solution is then

n(r,t) = Slr\]/\){i\r—;kre_k“t
r




The boundary condition is

n(Ro,t) =0 —=sinvVA+ kRy =0 — /A + kn,Ro = mm

so that

m2772

i = A
R

herefore our solution is

. mit
SIN mt
B ()t
Nm(r,t) = ——e \Fo

Ro

The full general solution is a superposition of these solutions for all
m values.

n(r,t) = Z - %Z’T e_(n*%_g_ )m

m7
m Ro




It

m27.‘.2

k., = A<O0
Rs

then the solution is unstable (grows exponentially with time).

This condition becomes, if

mait
Ro > =~

then we have unstable behavior.
The minimum value of mis 1.

Therefore, we have unstable behavior if

-
R0>X

or we get a nuclear explosion if we bring too much Us3s together.



The actual critical mass of Usss is 52 kg.
The density of Usss is 19.1 g/cm3 = 19.1 x 103 kg/m?.

52 kg corresponds to a sphere of radius

4
§7TR3,0 = M = b2kg

v 13
Ry = (3—> = 0.8/m = 8.7cm
41 p

or

and the parameter \ would be

A > Rio — 0.115 cm™1

Worrying About the kK = 0 Solutions

We consider a plate, 10cm by 30cm, with two insulated sides, one
end held at 7T = 0 and the other held at a given temperature

T =1f(x) =100 or T = f(x) = x (two different cases).



Insulated sides means that

oT .
By = 0 at x = 0 and x = 10 (the sides)

The plate looks like

Jloje|nsul
Jloje|nsul

T=0

x=0 x=10



As before we have the general solution
T(x,y) = ae™ sin kx + be ™ sin kx + ce™ cos kx + de™ cos kx

Boundary conditions:

or
Ox
oT n

8X(X 0)=0— T

T(x,y =30) =0 — (ce®®*+de ™) cos kx = 0 — ce3%%+de™3% =0

(x=0)=0—>a=b=0

Thus, we have

30 —
T(x,y) = ZA” sinh i 10 2 cos nliox




Thus, we have

30 —
T(x,y) = Z A sinh i 2 cos X

10 10

For T = f(x), when y = 0, we expand f(x) in a Fourier series on
the interval [0, 10].

Note, however, that there are no constant terms in the solution
since for n = 0 has sinh(0) = 0. Now putting

ni

k:—:
10

0

in terms like e**¥ cos kx gives a constant as a possible solution of
Laplace’s equation.

We cannot, however, just add a constant to our solution because
then T £ 0 when y = 30. We must go back to the original
equation and set kK = 0 to determine what to do.



We have

d? X dX
W:O >dX:constant — X = a+ bx
d?y dY
—dy2 —0— a — constant — Y =c+ dy

Therefore, we must add

Tsdd = @+ bx + cy + dxy
to our general solution for k = 0.
We were not careful enough in the kK = 0 case.

Often this is a troublesome case and must be looked at with care.



Now
O T add

Ox

(x=0)=0—>b=d=0

Tada = a+cy
Tadd(x,y =30)=0—>a+30c=0
Tadd = c(30 — y)
and thus,

30 —
T(x,y)=c(30 —y) + ZA” sinh i T ) cos /7177_0X

Now we can impose T = f(x) at y = 0 and get

nmx

f(x) = 30c + ZA sinh 3n7 cos -~ = 30c + Z ap COS ——



which says that

d( dn
_ — An = —
¢ 60 sinh 3n7
Case #1: f(x) =100
> 10 10
- — 100dx =200 — ¢ = —
d( 10 | X C 3
2 10 200 n
an = — 100 cos ﬂdx = — cosudu =0
].O 0 ].O nir 0

Therefore, 0
T(va) — ?(30 _y)



Case #2: f(x) = x Same analysis as Case #1 except

2 10 1

agzﬁ : xdx =10 — ¢ =

2 10 nwxd 2 (10 2[ nmTtx  NTXxX . n’ﬂ'X}lo
an = —— COS ——ax = COS | SIn ——
10 J, 10 10

n 10 10 10 Jo
20 0 n even
— cosnm — 1) =
n27T2( ) { n§22 n odd
Therefore,

1 40 1 ., (30 —y) nmx
T(x,y) = 2(30—y)—— 3 h omx
(x.7) 6( ) g nZsinh 3nm 10 “>710



Examples, Examples,, Examples, ...........

#1 - A string of length L is initially stretched straight; its ends are
fixed for all t.

At time t = 0, its is given the the following velocity profile:

9 0 0<x<L/2—w
v(X):<6—);> =qh L2—w<x<L/24+w
F=0 0 L/24+w<x<L

which is a square pulse.

Determine the shape of the string at time t, that is, find the
displacement y as a function of x and t in the form of a series.



As before the most general solution is of the form
y(x,t) = (Asin kx + B cos kx)(C sinwt 4+ D cos wt)

where
y(x,0)=0—-D=0 , v(x,0)=v(x)

The ends are fixed so that

y(0,t)=0— B=0

y@ﬁ%ﬂ%%ﬂML:O%k:kM:%[
Therefore,
- t
y(x,t) = ZA” sin nLLX sin mTLV



Using the initial(t = 0) velocity profile we have

-~ t
v(x) = ZA” mTLV sin niLX
n=1

sin—dx = — | —— cos ——

nmut /L/2+W . onTXx 2h ( L NXx
— h
L/2—w L / nm L

)

2h nmT  NTwW nmT  NTwW
- —— (cos ( | ) cos(

ni 2 L 2 L

4h " (mr) r (MTW)
— —sin|{ — | sIn
ni 2 L

AhL  /nm\ . /nNTW
An= sy sin () sin (<)

or

L/2+w

L/2—w

)



( t)—4hL§: 1 (n7T> _ (MTW) _ mTXs'n nmyt
y(x, =3 ;" sin > sin 1 sin 1 | 1

n=1

or since

ni

sin (%T) =0 for neven and sin (7) = (=1)""Y/2 for n odd

we have

4hl N (=1)=1D/2  nrwN | nmx . nmut
y(th):—Z( ) sm( )

sin —— sin
L

T2y n? [ [

n odd



#2 - Find the steady-state temperature distribution in the sector of
a circular plate of radius 10 and angle 45° if the temperature is
maintained at 0° along the radii and at 100° along the curved edge.

As before these are the solutions of Laplace’s equation:

1o (ou) , 1%
ror \C or) = r?20¢?

u(r, ) = R(r)®(¢)

1 O OR 1 0%
R or (r5> Y
We choose | 26 e 2
b do? = —n° = e Fn“® =0
which gives
r2d2R | rdR n’R = 0

dr?



We assume that

R=r?—r(qg—1)+qg—n°)=0=qg°—n° = qg==+n
We have the general solution
un(r,¢) = (Ar" + Br~")(Cpsin ng + D, cos n¢)
Since r = 0 is on the plate we must choose B = 0 so that
un(r,¢) = r"(C,sin ngp + D, cos ng)

At 6 = 0 we have u(r,0) = 0, which says that we must choose
D, = 0.
un(r,¢) = Cpr" sin ng

At 0 = /4 we have u(r,m/4) = 0, which says that we must choose

n .
— =mm , m,n= Integers — n=4m
4 ) )



Thus the most general solution is then

Finally,

C,10%" =

or

W—/4

©.@,

u(r,o) = Z Crnt*™ sin 4m¢
m=1

u(10, ¢) = ZCmr sin 4ma

200 [T/ 2
sin4nopdop = —E(cos nr—1) = <

u(r, ) =

400 1 (r

4dm
- 10) sin 4m¢

m odd

0

400
. N7

n even

n odd
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# 3 - Find the steady-state temperature distribution inside a sphere
of radius 1 when the surface temperature is given by

The general solution is
T(r,0,¢) = r*P"(cos8)(Asin m¢ + B cos m¢)

No ¢ dependence means that we must choose m = 0 to get

T(r,0,0)= ZAgI’EPg(COS 0)
(=0

Now -
-
T(1,0,0) = ;_%Ang(cos 0) = 5~ 0

or
T 1

ZAng(X) =5 = cos tx =sin"1x
¢=0



We have
1

3 A 1 Py(x)Pn(x)dx = sin™ ! xPp(x)dx
>4, /

—1

O

2 2
= > AgOne = An
2n + 1 2n + 1
/=0
or 1
2 1
A, = N / sin~ ! xPp(x)dx
2 ~1

Now

sin~! x is an odd function of x

P,(x) is odd for n odd and even for n even

Therefore,

2n+1 (!
Ap = n2+ / sin~! xPp(x)dx = 0 for n even
~1

1
A, = (2n+ 1)/ sin~! xP,(x)dx for n odd
0



Now from the tables

. 1
xMtlgin=1 x

1
|
sin” ~ xPn(x)dx = ax
/0 (x) n+1 0 n+1/ \/1_X
1 /
- n+1) \/1—x
To evaluate
1 Xn—l—l
/ ax
0 V1 — x2
we let
X = sinf
to get
d
S — dh
V1 — x2
1 n+1 /2 1.3. ..
/ = dx:/ (sin 0)"1dg = L
0 V1— x? 0 2-4.6---(n+1)2



Finally,

or

ZAng(X) —sin"!ix =
/=0

so that

sin~1 xP1(x)dx = ?%T
sin~! xP3(x)dx = %
117
~1
P =
sin” ~ xPs(x)dx T
{ 11

3'Dl(X) —|— P3(X) —I— P5(X) -+

I’ 9 ¢) ZA@F Pg(X)

T

8

= — 3I’P1(X) + — 7

,
3 11
6

3(x) + =r’Ps(x) + ..... |




#4 - Find the electrostatic potential outside a conducting sphere of
radius a placed in an originally uniform electric field and maintained
at zero potential. HINT: Let the original field E be in the negative

z-direction so that
E = —Eyk

Then since E = —V &, where & is the potential, we have
O = Egz = Egrcosf
You then want a solution of Laplace's equation
VZu =0

which is zero at r = a and becomes v =~ @ for large r (far away
from the sphere).

Select the solutions of Laplace's equation in spherical coordinates
which have the right 6 and ¢ dependence (there are just two such
solutions) and find the combination that reduces to zero for r — oc.

Viu=0, ulr=a,0,¢)=0, u(r— 00,0,¢)= Eyrcosf



The general solution is
u(r,0,¢) = (Art + Br— )P (cos 0)(C cos mp + D sin mg)

No ¢ dependence means we must choose m =0 .

®.@,

u(r,0,¢) = (Aer’ + Bor= D) Py(cos )
/=0

We keep both radial solutions since r = 0 is not in system.
The boundary condition
u(r = a,0,¢) =0 — Aja’ + Bpa= ") =0 — B, = —a%" 14,

so that

u(r,0,¢) = > Al(r’ — ) Py(cos 6)
/=0



The boundary condition
u(r — 00,6,¢) = Egrcosf

says that
Ag:O f#l and A1:E0

Finally we have

u(r,8,¢) = Eo(r — a>r 2)P1(cos )



#5 - A hollow split conducting sphere of radius a is placed at the
origin.

If one half of the surface is charged to a potential vy and the other
half is kept at zero potential, find the potential inside and outside
the sphere.

We choose the top hemisphere to be charged to vy and the bottom
hemisphere at zero potential with the plane where the two
hemispheres meet perpendicular to the polar (z) axis.

The boundary conditions are then

vo 0< 0 <m/2 (1>cosf >0)

Ve 0o)= {O m/2<f<m (0>cosf > —1)

This implies that the potential is independent of ¢ so that we
choose m = 0 in the solution

d(p) = Asin m¢p + B cos m¢
and the 6 solution is given by Py(cos8).



Therefore, Aga’ Py(cos 0)
(r,0,0) = Z (Aer® + Ber= 1)) Py(cos 0)
¢=0

Inside the sphere r < a (r = 0 in this region) so that we must
choose By = 0 and therefore

Vinside (3,6, 0) = Aga’Py(cos 0)
=0

or using the orthogonality of the Legendre polynomials we have

2041 (1
Aa® = ; / Vinside(a, 8, ®) Py(cos 8)d(cos 6)
~1

20 + 1 1
— 5 VO/O Pg(,u)d,u Aga,g

which gives the results




Ao=— , Ai=— , Ay = A3 = —— ...
0 5 1 4 2 0 ) 3 1633 '
and
) ) 3r 7[’3 ]
Vinside(r, 0, d) = > _1 + 2—aP1(cos 0) 53 P3(cosf) + ....

Outside the sphere (r > a) the solution must approach zero as
r — 00, which implies that Ay = 0 and thus

Voutside(aa ‘97 ¢) — Z Béa_(e—i_l)’Df(Cos 9)
/=0

and similar to above we have

—(6+1) _ 20+ 1

1
Bya > Vo/ Py(p)dp
0




Voa 3vpa? {vpab4
By = — B = B> = By = ——M ...
0 9 9 1 A 9 2 0 9 3 16 ’
and
voa | 3a 733 |
Vioutside(r, 0, @) = % _1 + EPl(cos 0) 3.3 P3(cos ) +

On the equator (r = a,0 = 7/2)

V(a,7/2,6) = 2

or halfway between the top and bottom hemisphere values (the
average).



Relaxation Methods

This is a way to approximate the Laplace Equation by finite
differences and produce an iterated solution for the potential.

_ . u(zr+ Az,y, 2) Fulr — Az, y, z) — 2u(z,y, 2)
Cartesian Coordinates - (Ax)?

02 u | 0% u | 0% u B
Ox2  Oy?2  9z2
We approximate the derivatives by

Ou u(x+Ax/2,y,z) —u(x — Ax/2,y, z)
&(vaaz) — A x

0

Vu(x,y,z) =

&(x B %(X—I—AX/Z,)/,Z)—%(X—AX/Q,)/,Z)
ax2 Y 2 0X
ulx+Ax,y,z) —u(x,y,z) u(x,y,z) —u(x — Ax,y,z)
- (Ax)? (B)°
u(x + Azx,y, z2) + u(z — Az, y, 2) — 2u(x, y, 2)
(Az)?




and so on for y and z .....

We then have (choosing Ax = Ay = Az = A) the finite difference
equation

VZu(x,y,z) =0
= ——Slux+A,y,z) +ulx—A,y,z) +u(x,y + A, z)

T U(va_Aaz)_l_ U(X7y72—|_A)+ U(X,y,Z—A)]

6u(x,y,z)
A2

or in 3 dimensions
u(x,y,z)

1
= - lu(x +A,y,z) +u(x —d,y,z) + u(x,y + A, z)
+u(x,y — A, z) +u(x,y,z+ A) + u(x,y,z— A)]



and in 2 dimensions
1
u(x.y.2) = 3 [ux+ Boy) + u(x— A y) + ulx,y +A) + u(x,y — A)]

The proceess (in 2 dimensions) is as follows:

1. Define a grid

2. Define the potential on the boundaries of the grid (boundary
conditions)

3. Iterate the equation for u(x, y, z) until the potential stops
changing

4. The final configuration is the solution to the Laplace equation



Example 1: We start with these boundary conditions:

200 x 200 grid size
potential = 0 on the edges
potential = +15 on a line

potential = -15 on a parallel line

potential = +15 at a point
We are attempting to model a parallel plate + a point charge.

OCTAVE program relaxl.m shown below.



n = 200;
pin=zeros(n); p=pin; b=pin;
pin(16%n/20,14%n/20)=15 ;
pin(6xn/20:10%n/20,6%n/20)=15%0ones(size(pin(6xn/20:10%n/20,6%n/20))) ;
pin(6xn/20:10%n/20,12%n/20)=-15%ones(size(pin(6%n/20:10%n/20,12%n/20)));
b(:,[1,n])=1%ones(size(b(:,[1,n])));
b([1,n],:)=1%ones(size(b([1,n],:)));
b=b+(pin ~= 0);
p=pin;
for 1=1:5000

p=0.25x(p(:, [n, [1:(n-21)]11)+p(:,[[2:n],1]) ...

+p([n, [1:(n-1)11,:)+p([[2:n],1]1,:));

p=p.*(1-b)+pin;
end
figure('Position', [300,300,600,600]);
axis square;
colormap(waves);

00000000



The final potential configuration is shown below.

200




The code below(relax1mov.m) does the same calculation but show
all the intermediate configurations leading to the final configuration.

n = 400;
figure('Position', [200,200,800,800]);
pin=zeros(n); p=pin; b=pin;
pin(16%n/20,14%n/20)=15 ;
pin(6%n/20:10%n/20,6%n/20)=15%0ones(size(pin(6%n/20:10%n/20,6%n/20))) ;
pin(6xn/20:10%n/20,12%n/20)=-15%0ones(size(pin(6%n/20:10%xn/20,12%n/20)));
b(:,[1,n])=1xones(size(b(:,[1,n])));
b([1,n],:)=1xones(size(b([1,n],:)));
b=b+(pin ~= 0);
p=pin;
for 1=1:5000

if mod(i,100) == 0

i
endif
p=0.25%(p(:, [n, [1:(n=-1)]])+p(:,[[2:n],1]) ...
+p([n, [1:(n-1)]1],:)+p([[2:n],1],:));

p=p.*(1-b)+pin;

pcolor(p);

axis square;

colormap(waves);

shading interp;

pause(0.001)
end



10000 steps
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400

50000 steps

300
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100000 steps

300

200
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400

500000 steps

300
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50000 steps 100000 steps

500000 steps




Plane-Polar Coordinates We now do the same derivation but in
plane-polar coordinates.

10 ([ Ou 1 9%u
2 ouy _
Viulr,6) = ror (r8r> - r2 962 )

0%u | lﬁu | 1(’92u_0
or2  ror r2002

We approximate the derivatives (as earlier) by

@(r 9) — u(r+ Ar/2,0) — u(r — Ar/2,0)
or 7 Ar
82u(r 9) — u(r+ Ar,0) 4+ u(r — Ar,0) — 2u(r,0)
or? (Ar)?
0% u u(r,0 + A0)+ u( 7,0 — AB ) —2u(r,0)

g2 \"+?) = (A6)2



This gives the finite difference equation

1

i) = (AR + 2(00)

(r2(A9)2(u(r + Ar,0) + u(r — Ar,0))

r(6r) (A0 (u(r + Ar,0) — u(r — Ar,6))
(Ar)*(u(r,8 + AB) + u(rf — AB)))

The OCTAVE program relax2.m (below) iterates these equations
(can you guess the boundary conditions?).



n=60;m=10;steps=1000;

dth=2.0%pi/59;dr=1.0/9;

theta=(0:59)*dth; r=(0:9)xdr;

pin=zeros(10,60); b=pin;

pin(1:2,:)=0.0;pin(3,:)=10.0;

pin(9,:)=100.0;

b(1:3,:)=1;b(9,:)=1;

p=pin;

for i=l:steps

i

for j=3:8
for k=1:60
coef=1.0/(2.0%((dr*2)+(r(j)”2)*(dth~2)));
a2=((r(j)~2)x(dth”2))x(p(j+1,k)+p(j-1,k));
a3=(drxr(j)*x(dth~2)/2.0)x(p(j+1,k)-p(j-1,k));
ad4=(dr*2)*x(p(j, fixerp(k+1,n))+p(j,fixerm(k-1,n)));
p(j,k)=coefx(a2+a3+a4);

end

end

p=p.*(1-b)+pin;
end
TH=zeros(10,60) ;R0=zeros(10,60);
for j=1:10

TH(j,:)=theta;
end
for j=1:60

RO(:,j)=r;
end
[X,Y,Z] = pol2cart(TH,R0,p);
figure;
contour(X,Y,Z,40);

colormap(hsv);
axis square
figure
pcolor(X,Y,Z);
shading interp;
colormap(hsv);
axis square

function z=fixerp(m,n)
if (m == (n+1))
2=1;
else
Z=m;
end
endfunction

function z=fixerm(m,n)
if (m == 0)
Z=n:
else
Z=m;
end
endfunction
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Changing the boundary conditions (Octave code relax3.m):

n=60;
m=10;
steps=1000;
dth=2.0%pi/59;
dr=1.0/9;
theta=(0:59)*dth;
r=(0:9)xdr;
pin=zeros(10,60); b=pin;
pin(1:2,:)=0.0;
pin(3,:)=10.0;
pin(9,1:30)=100.0;
pin(9,31:60)=200.0;
b(1:3,:)=1;
b(9,:)=1;
p=pin;
for i=1l:steps
i
for j=3:8
for k=1:60
coef=1.0/(2.0x((dr*2)+(r(j)*2)x(dth”2)));
a2=((r(j)”2)x(dth”2))*(p(j+1,k)+p(j-1,k));
a3=(drxr(j)x(dth*2)/2.0)x(p(j+1,k)-p(j-1,k));
ad4=(dr~*2)x(p(j,fixerp(k+1,n))+p(j,fixerm(k-1,n)));
p(j,k)=coefx(a2+a3+a4);
end
end
p=p.*(1-b)+pin;
end
TH=zeros(10,60);
RO=zeros(10,60);

for j=1:10

TH(j,:)=theta;

end

for j=1:60

RO(:,j)=r;

end

[X,Y,Z] = pol2cart(TH,RO0,p);
figure;

contour(X,Y,Z,40);

colormap(hsyv) ;
axis square
figure
pcolor(X,Y,Z);
shading interp;
colormap(hsyv) ;
axis square
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Complex Variable — Existence of a Derivative

For a complex function of a complex variable given by

f(z) = u(z) + iv(z) where z = x + iy and u, v are real functions,

the derivative of f(z) is defined by
df of(z)

f! = — = | = |
(2) dz 52@0 0z 52@0 0z

provided that the limit is independent of the particular approach
to the point z in the complex plane.

This is always true provided the following Cauchy-Riemann(C-R)
conditions are satistied:

ou Ov ou ov

ox "y ' Oy ox
If these conditions are true at some point z and in the
neighborhood of z, then they are necessary and sufficient conditions

for the existence of the derivative of f(z) or we say the function is
differentiable in this region of the complex plane.



Analytic Functions

If f(z) is differentiable at z = zp and in some small region around
Zp, then we say that f(z) is analytic at z = z.

Example:
w(z) =2z° = (x + iy)* = x* — y* + 2xyi
u(x,y) =x>—y> , v(x,y) =2xy
ou Ov ou Ov
—:2)(:— ] —:—2y:——
Ox oy oy Ox

This is true everywhere in the complex plane and thus w(z) is
analytic and differentiable everywhere and

dw
7 9
dz ‘

Another example: Define z* = x — iy = complex conjugate.



1 12 X — 1y
@) == 5=,
V4 ZZz X4y

X . Yy
X2_|_y2 y V(Xay)_

he Cauchy-Riemann conditions are satisfied everywhere but at
z=0.

U(va):

Thus, the function 1/z is analytic everywhere but z =0 and its

derivative is
d(1/z) 1
dz z2

in the analytic region.
Define a Contour Integral

The integral of a complex function over a contour(path) in the
complex plane is defined in close analogy with the standard integral
of a real function integrated along the real x-axis.



Divide the contour zy — z) = z, into n intervals by picking n — 1
intermediate points z;, 22, .... on the contour (see figure)

y A

<V

Now consider the sum

n

Sn = Z f(a)(zj — zj—1)

j=1

where g; is a point on the curve between z; and z;_;. Now let
n — oo with



zj = 2j1| = 0

for all .

If the lim,_o S, exists and is independent of the details of
choosing the points z; and g;, then

im > F(a)(z—z1) = [ F(2)ez

n—oo
1 0

The RHS is called the contour integral of f(z) (along the
specified contour C from z = zy to z = z].

Cauchy Integral Theorem

Now let w(z) be a complex function which is analytic in some
region of the complex plane and consider this integral

7{ w(z)dz

C



along a closed contour C which lies entirely within the analytic
region as shown below:

A
imag z-plane

real

Since w(z) is analytic and obeys the C-R conditions, we have

74 w(z)dz = j[ (u(2) + iv(2))d(x + iy)
C

C

— j[(udx — vdy) + ijI{(va’XﬂL udy)

C C



:DJ](” )ww—qj<8” )ww:o

where R is are area inside the curve C and we have made use of

dr Oy

Green's theorem. [ 0Q P
Pdx + Qdy = //( )(IA.
So we have the Cauchy Integral Theorem:

If £(z) is an analytic function whose derivative f'(z) exists and is
continuous at each point within and on the closed contour C, then

!%ﬂngo

C

We note that all integrations traverse the contour counterclockwise
unless otherwise stated.

Contour Deformation

An important consequence of the Cauchy integral theorem is that



any contour of such complex integrals can be arbitrarily deformed
within the analytic region without changing the value of the

integral.

We can see this as follows: the integral

| — /CO w(z)dz

is along the contour Cy from ato b

A

real



We now add an integral with the same integrand but a different

contour C
/ :/ w(z)dz + 7{ w(z)dz
Co

C

imag z-plane

>

real

The value is still / since w(z) is analytic and thus

%Wwwzo

C
Notice, however, that two parts of the paths overlap.



The integral is the same over both of these paths but we are
traversing them in opposite directions so they cancel out.

herefore

| = /C w(z)dz /Cé w(z)dz

where C] is shown below:

A
imag z-plane

real



This means we can freely deform the contour in analytic regions.

An important example is the contour integral:

/ z"dz
C

where C is a circle of radius r > 0 around the origin z =0 in the
positive mathematical sense (counterclockwise).




In polar coordinates we can parameterize z by

z=re' - dz = ire"df ( on the circle where r = constant)

For n # 1, we get

n+1 2T
i Ny — r / ei(n—|—1)9d9 _
0

27Ti C 27'('

while for n = 1 we have

1 1 2T
— [ = dz/ do =1
0

21l Jo  2m z

Both results are independent of r.
This is an example of the Cauchy integral theorem.

The Cauchy integral theorem is the first of two basic theorems in
the study of complex variables.



Let us elaborate on our earlier definition:

Statement of the Theorem

If a function f(z) is analytic (therefore single-valued) and its partial

derivatives are continuous throughout some region R as shown in
the figure,

p o p IS LIS L1 2 2 2 2P b RSP ILIAALLASLLLS,
‘ i /.:;2:///%,.—.—"'2’/.,@%%?fg%’z:’ LA,
I i s oy
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then for every closed path C in R the contour integral of f(z)
around C is zero

f(z)dz=0



The Cauchy Integral Formula

Consider a function f(z) that is analytic on and within a closed

contour C.
f
7{ (2)
Z — 20

C

L et us evaluate

where zy is some point in the interior region bounded by C.

Although f(z) is analytic, the integrand

f(2)

Z — 20

is not analytic at zp unless f(z) = 0.

If the contour is deformed as shown in the figure,



cO
.""

s T, /Contour Tine

then Cauchy’s integral theorem applies and we have

7{ Zf Ezio dz — 7{ Zf Ezio dz = 0

C Co

where C is the original outer contour and (; is the circle
surrounding the point zy (traversed in a counterclockwise direction).



If we let

z = z9+ re'’

on C, where eventually r will go to zero, then we have

7{ 2) 4, :7{ f(2) 4, - S (20 +T6w)z‘rei9d9

Z — 2 Z — 2] )
- & Co re'd

Taking the limit r — 0, we get

1) 4, — if( — 2rif (z
7{ d f(o)CZ{de 27if (20)

Z — 20
C

which is the Cauchy integral formula.
Here is a remarkable result.

The value of an analytic function f(z) is given(by the formula) at
an interior point z = zy once the values on the boundary C are
specified. If zy is a point exterior to the region bounded by C , then
the integral equals zero.




Summarizing the theorem:

Let f(z) be be an analytic function within a closed contour C and
continuous within and on C.

It a is any point within C, then

f(a) = 7{ "2) 4,

zZ—a
C
If ais any point outside C, then
1 f
O - — (Z) dZ
271 Z— a

C
Derivatives of a Complex Function

fz) = o 7{ c;((—q)z 7

C
where z is any point interior to C.

We can write




We then have

-
f h) —f 1 ==
f'(z) = lim (z+h)=Hz) _ — — |im &
h—0 h 271 h—0
1 gf(q) (q—i—h qiz) dq
271 h—0 h

. $f) (@) 9o

= —— |Im
271 h—0

“5im 70

f(q)
~ omi 7{ (g — Z)2

In a similar manner we have

Fin(z) =

h
1

(g—z—h)(g—z

f(q)
ori 7{ (g — Z)”+1

))""



Taylor Series

We have

() = 5 f — g

2w ) g—=z
C

where C is a circle centered at a and of radius r < 6 and z lies
inside C.

0 is the distance from a to the nearest point of C.

This means that

z—a| <r
Now let
p 2o
qg—a
Then
] k=21"¢

q—a4a



This implies that

1_12032—3"_1Iz—alI(z—a))”I
iz a-a2\q=a) “qat@map @

Since, on the circle C

Z—a _r<1
g—al o

k| =

this series converges uniformly on C.

This means that we can multiply by

f(q)

271

and integrate term by term around C.



f;(q)ququ;(ql | quf(q)(;__:)g

C
+ ... —I—%dqf(q) (;Z__a;zﬂ -

C

(2) = § dg 2 4 (z—a>j5dqf(q)(q_a)2
C

1

+....+(z—a)n7{dqf(q) ...

(q . a)n—l—l |
C

F(2) = £(3) + F1(a)(z — a) + . (’;)!(a) (z— a)"

which is the Taylor series.




Laurent Series

We assume that f(z) is single-valued and analytic throughout the
closed annulus bounded by the outer circle (5 and the inner
concentric circle Cy.

Let z be a point inside the annulus.

Co




We then have

f(z) = _7{ fla)

C]—Z
C

where C is the total boundary of the annulus traversed so that the
interior of the annulus always lies to the left (counterclockwise
around C and clockwise around Cy).

This means that

- f e f 0

C2 Cl
Now
1 [ f(q) —
el da — (z — a)"
2wl ) q— Z 7 z%a(z 2
Co n=
where a is the common center of C; and G and
1 f
dn — ~— (q) dq

27i J (q — a)" !
Co



We note that a, is not in general equal to

f(7)(a)

nl

since f(z) is not necessarily analytic throughout the interior of (.

Now

1 1 q— a

- (g—a)"
z—q z—a (z—a)2 7 (z—atl T

This series converges uniformly on C;. Therefore

1 f(q) 1 1
—— d = dqgf
271 J ¢, qq—z 27?/’2—&77%1 af(q)
1 1
| , dqgf —
2mi (2 a) 7{_1 qf (q)(q — a)

1 1
. dqf —a)’ + ...
T 2ni (- 2y jgcl alla =2+




or

2mi Jo q—z ‘= (z—a)"
where .
by =5— ¢ daf(q)(q—a)""
T Cq

Putting this all together we get

f(z) =) an(z—a)"
where
. R G ()

for all values of n.



The contour C is any closed contour which passes around the
annulus and lies between the two circles.

Notice that when f(z) is analytic throughout the interior of the
inner circle Cy, all the terms with negative n are absent (use the
Cauchy theorem) and it reduces to a Taylor series.

Example: Let
1

Ha)= q(q — 1)

Choose a = 0. We then have r = 0 and R = 1 as the radii of the
two concentric circles defining the region of analyticity of f(q).

We then obtain

1 f(q) 1 1
h=— ¢ d — ¢ d
" 2 Je g - a)f'—l 2 "(q>"+2(q - 1)

2#/7{2(7 ”+2: 2#/27{ ”+2m




Now we use the polar form of g to integrate around the circle

0
ire'’do
I(n—|—2—m)9
— 5> f s 2 f
1 O

— : E 5n—m—|—2,1
21
m=0

This gives
(1 n>-1

anp = <
0 n< —1

\

The Laurent expansion becomes

1 1
— D 12 B = n
z(z—1) z £ ZZ

We have smashed a peanut with a sledgehammer, but the method
is clear and works very well when a real sledgehammer is necessary.

Let us look at all this another way.



Laurent’'s Theorem
Let C; and (G be two concentric circles with centers at zp.
Let f(z) be analytic in the region R between the circles.

Then f(z) can be expanded in a series of the form

b1 by

f(z) = ao+a1(z—zo)+az(z—zo)2+ ....... | p—— | RPN |

A Taylor series has only one circle about zg which implies that
b; = 0 so that

f(z) =ag+ ai(z — z0) + as(z — 20)° + .......

where

1 f(z) 1 f(z)

dn =

- b —
o2mi Je (z — )Y 7 " 27 Je (z — zg) L

and C = any closed curve surrounding zy in R.



Example: We consider

1 1 I 1 1
N = e = =) 2l =)

(a) Taylor series about z = 0: We have

o= Z (a )n+1 (z—2)" , 2zp= expansion point
z — — 20
Therefore,
n—|—1
(Z—|—I) Z(I—I—ZO)’H_l(Z_ZO)
1 > 1 .

(Z — I) - ;) (I. — Zo)n—l-]_ (Z — ZO)

so that

_ ] — [ (_1)n—|—1 1 - n
D=3 2 vy () G )

inside the circle |z| < 1.



For zg = 0 we have

1 1 ; ;
W(z) = =53 (1) +1]2
n=0
Now
1 1 n= even
—[(—1)" + 1] =
2[( )"+ 1] {O n = odd
so that

as expected.



(b) What is the Laurent series expansion of

1 1 1 1

f(Z):zz—Bz—i—ZZ(Z—z)(Z—l) (z—=2) (z—-1)

valid in each of the regions

(1)1<|zl<2, (2)2<|z| , (3)|z| <2

(1) To obtain a Laurent series expansion in this region, we expand
about the origin.

f2) =~ (1 —1z/2> . <1 _11/Z>

The first fraction has a singularity at z/2 =1 and can be expanded
in a Taylor series that converges if z < 2.

We write

The second fraction has a singularity at 1/z = 1 and can be
expanded in a Laurent series that converges if 1 < z.



The two fractions are expressed in the appropriate series are

() (e 0

where the first series is valid for |z| < 2 and the second series is
valid for 1 < |z|. Adding the two series we get the Laurent series as

f(2)

valid for 1 < |z| < 2.



(2) In this region we expand

and as above

1/ 1 \ 1 1 1 1
z\1-1/z oz Zz2 0 Z3 AT

which is valid for 1 < |z|.

However, we now write

1 1/ 1 \ 1 2 4 8
z—2 z\1-2/z oz Z2 0 3 LA

which is valid for 2 < |z|.

Thus we have the Laurent series

1 1 3 7 15

flz) = z2 — 3742 T 2" 3T 4TS5

valid for 2 < |z|.



(3) In this region, we expand about the point z =1 to get

- - () - ()

S S A G | RN C AN CA ) LR
1 (D)

valid for 0 < |z — 1| < 1.

Calculus Of Residues
Singularities: Poles

In the Laurent expansion of f(z) about z

®.@

f(z)= » an(z—a)"

n=—oo

It a, =0 for n < —m < 0 and a,, # 0, we say that is a pole of
order m.



For instance, if m =1, that is, if
a_i

Z — 20

is the first non-vanishing term in the Laurent series, then we have a
pole of order one, which is called a simple pole.

Residue Theorem

If the Laurent expansion of a function
O

f(z)= » an(z—a)"

n=—oo

is integrated term by term by using a closed contour that encircles
one isolated singular point zy once in a counterclockwise sense, we
obtain

(z — Zo)nle “

%Cf(z)dz: i a,,jfc(z—zo)"dz: i 3y -

n—=—oo n—=—oo z—1

for all n #£ 1.



However, for n = —1,

a_ 17{(2—20) dz = a_ 17{£d9—27ﬂa 1
C

rel?

Summarizing
1

f(z)dz =
27TIC(Z)Z -1

The constant a_1, which is the coefficient of (z — z) ™! in the
Laurent expansion , is called the residue of f(z) at z = z.

If we have a set of isolated singularities, then we can handle them
by deforming the our contour as shown in the figure




Cauchy’s integral theorem then gives

7{Cf(z)dz+7{:o f(z)der%C1 f(Z)der?{CZ f(z)dz +.... =0

The circular integral around any singular point is given by

7{ f(z)dz = —2mia_1,
C:

/

(negative sign from clockwise integration as shown).

Putting this all together we get,

7{ f(Z)dZ = 27Ti(a_120 +a_1z +d—1z T a—1z T )
C

= 2mi(sum of enclosed residues)

his is the residue theorem.



The problem of evaluating one or more contour integrals is replaced
by the algebraic problem of computing residues at the enclosed
singular points.

The residues are obviously very important.
We need a general way to calculate them.

If we know the Laurent series for a function, then the residue is
simply the coefficient of the (z — z) ™! term.

But, often, we do not know the Laurent series.

We can always, however, assume that a Laurent series exists and

then write
O

f(z)= ) an(z—2)"
1 f(Z')

— dz’
n 27i Jc (2 — z)n ‘




The coefficient a_1 or the residue for a pole of order n is then given
by

1

1= Gy i, G (e~ )

Examples:

First-order pole (n =1):

f(Z) — | ao—l—al(z—zo)+32(2—20)2+ ......

We have
limz — z[f(z)(z — z9)] = a_1
Second-oder pole (n = 2):

d2 d1

— | | 2
f(z) = z—2)7 z-z ao+ ai(z — z9) + ax(z — z)* + ......

We have

limz — ZO%[IC(Z)(Z — 20)%] = a_1



Eva I Uation Of DEfI n ite Integra IS now for the useful stuff after all those mathematical proof....

Integrals of the form
27
I:/ f(sin6,cosf)do
0

where f is a finite and single-valued function for all values of 8.

We let ]
: . dz
z=re? 5 dz=ire'? - df = —j—=

Z
—1 —1

Z — Z Z+ Z

sin @ = : cos ) =
2 ’ 2

The integral becomes (choosing r = 1)

/:—I% f<2_?172+21)%
unit 21 2 <

circle

with the new path of integration(as indicated) the unit circle.



By the residue theorem we get

| = (—i)QWI'Z(residues within the unit circle)

where we must find the residues of f(z)/z.

Example:
2
T do
/ :/ , le] <1
o l-+ecost
This becomes
7{ dz 2 7{
| = —i - Ty =1 >
unit < (1 + E(Z +Z )) € J iy Z°
circle circle

The denominator has roots

Zi:—lzz\/1—€2
€




Now zy is within the unit circle and z_ is outside.

The integrand looks like
1

(z =z )(z — z-)

near z = z,, and thus,

B 1 B €
(zr —z=) 2v1—¢2

he integral then becomes

a_1

2 2
| = —iZomi— i

e 2/1—e +J1—e

A truly amazing procedure!

e| < 1




Integrals of the form
= / f(x)dx

(a) f(z) is analytic in the upper half plane except for a finite
number of poles(no poles on the real axis)

where

(b) f(z) vanishes as strongly as

1

— for |z| w00 , 0<arg(z)<nm

With these conditions, we can take the contour of integration as
the real axis [—R, R] 4+ a semi-circle in the upper half-plane as

shown in the figure:



where we eventually let the radius R of the semicircle become
infinitely large.

Then we have

%f(z)dz: jim /R F(x)dx + lim /OW f(Re)d(Re'®)

R—oo J_ R R— o0

= 27?/'Z(sum of residues in the upper half-plane)

where the integral over the semicircle generally vanishes(see
example below) and we get

| = / f(x)dx = QWIZ(sum of residues in the upper half-plane)

— O



Example:

>~ d
| = /OO 1 _|_XX2 — 27T/'Z(sum of residues in the upper half-plane)

The first question is always...where are the poles?

1 1 1 5 cimpl | . .
— > simple poles at —— |
1+22 z4+i§ z—| PIE P

with
1

"2i

We then get(since only the pole at z = i lies within the contour)

d_1 = O

> 1
| = / f(x)dx =2wi— =

oo 21

Show once: Vanishing of integral on upper semi-circle in
limit R — .



On the upper semi-circle, z = Re'? so that

T dz T iRe'® 1 [T .
I — | _do=1ilim = | d7%9=0
Rl—r>noo/0 1+ 22 Rl—r>noo/0 1+ R2e2’9 I Rl—r>noo R 0

Integrals of the form

I:/ f(x)e'™dx , a real and positive

— OO

This is just the Fourier transform we defined earlier.

We assume two conditions:

(a) f(z) is analytic in the upper half plane except for a finite
number of poles(no poles on the real axis)
(b)
im f(z)=0 , 0<arg(z)<mw

| z| =00



We use the same contour as in the previous example(the real axis
plus a large semicircle).

The application of the residue theorem is the same as before,
except that it is more difficult to show that the integral goes to
zero over the large semicircle.

On the semicircle the integral becomes
7T . " . .
/R _ / f(Rele)e/aRcos 0—aR sin QI-ReIHdH
0

We let R be so large that
f(2) = |f(Re")| < e

Then we get

T _ /2 _
|IR‘ < ER/ e—aRsde(g:zeR/ eaRsmGde
0 0

Now in the range [0, 7/2], 20/ <sin§.



Thus, we have

] — e 3R
2aR /7

Ig| < eR / e 22R/m 49 = 2¢R
0

Finally,

im [Ig| < —¢—0 as ¢ — O(R — o)
R— o0 a

Using the contour we then have

I:/ f(x)e'®dx + lim |Ig]

0 R— o0

— 27T/'Z(sum of residues in the upper half-plane)

or fora> 0

/ f(x)e®dx = 277/2(sum of residues in the upper half-plane)

— OO

This allows us to evaluate many Fourier transform integrals.

Note that if a < 0, then we just close contour in lower half-plane.



Example:

I:/OOSiﬂdX
0 X

We use the contour shown in the figure below:

and evaluate

lzz%e—dz
Z

The original integral I is the imaginary part of /,.



The only pole is a simple pole at z = 0 which is outside the chosen
contour.

We therefore have

Iz —r X Iz R _ix Iz
%e—dZ:O:/ e—dx—l— e—dz+/ e—dx—l— e—dz
74 r

R X Clz X C22

As before, |
€ dz=0

C £

In the limits r — 0 and R — oo, we have

1 1z
I — —Zim [ S_dz
2 r—0 Cl 4

There are two ways to do the integral around the small semicircle.
First, it is

—mi (residue at z = 0) (1/2 full circle in wrong direction) = —i



or by explicit integration

o'z 0 gircosf—rsinf
— Iim/ —dz = Iim/ . ire'? dg
C1 T

r—0 Z r—0 re’9

0
—iIim/ elrcosﬁ—rsmede
-

r—0

0 0
— lim elrcosﬁ—rsm9d6) — dO — i
- r—0 .

© sin x 1 T
/0 X =5 mag( i) >

X

Thus,

Integrals of exponential form

If we have real exponentials in the integrand, then we must choose
a contour specifically for each separate problem.



We illustrate this with an example.

0 eax
I:/ dx , O<axl
oo L+ €%

The limits on a are necessary to avoid a divergent integral.

choose the contour

-R + 2ni R+2mni

and evaluate

a2 R PR R @ax
?{ dz = |Iim / dx—l—/ dx—l—/ 4
14 e* R—oo \ J_p 1+ &* _pl4 e C



The two vertical contours C; and (5 vanish exponentially as
R — oc.

We then have

o3z R edX _ R @ax
7{ dz = |im / dx — ezma/ dx
14 e? R—00 pl+ex pl+ex

— | 1_ 2mia
Rl—r>noo< © )/R1+ex )

= 27Ti2(residues inside the contour)

Where are the poles?

We have a pole when

ec=—1— poleatz=im

A Laurent expansion in powers of (z — im) is



: _ o \2
1+eZ:1—eZ_”T:(z—i7T)<1 z—im | (2= im) )

21 3l
and thus it has a simple pole with residue —e'™?

We thus get

R“_T)O ((1 _ ¢27ia) / e ) = 27 Z(readues inside the contour)

— 21i(—e'™?)
and finally
/OO e™ 2i(—e'™?) 2mi(—e'™?) 0
e 1 X (]_ _ e27rla) ema(e—ma _ ew:a) sin Ta

That is how many integrals are actually done!!!



Tensors

The quantitative description of physical processes cannot
depend on the coordinate system in which they are represented.

On the other hand, physical results are independent of the choice of
coordinate system.

What does this imply about the nature of the quantities involved in
the description of physical processes?

(1) Notation

Einstein Summation Convention — repeated indices are summed
over.

Examples:

djXj = E djXj = a1X1 + ax2x2 + azx3 + .....

J
ajibjx = E ajibjx = aj1bik + aiobok + ajizbzk + .....
J



8V,' 8v,~ (‘9v1 aVQ | 8V3

(9X,' N i 6X,' N 8x1 | 8X2 | 6X3 o

0%¢ ¥ % %9 Py  Po
aX;aX,'_ i (9 S

X,'(?X,' N aXlaXl | aXQaXQ | (9X3(9X3

Subscripts that are summed over are called dummy subscripts and
others are called free subscripts.

Defining the Kronecker Delta

(

1 =

O = 4
70 i #]

\

we then have

aU(Sjk — a,-jékj = djk
bj5jk — bk

aljbjk(ski — anj; — akjbjk



(2) Change of Basis

A vector A with components (A1, Az, A3) is written as

—

A = A;é
with respect to the basis vectors {é1, &, é3}.

We introduce a new basis {&], &, &} related to the old basis by the
relations

A/ A
ej — SU €

The coethicient Sj; is the ith component of the vector éj’- with
respect to the original basis.

We then have
A= Ae

or
ﬁ_ / A/ -_— / LA Al _— L] Al
A= A& = A5 = Aj§



Aj = Sj,'A;-
(S7H§SiAr = (S71)ijA;
(5719)iAr = ()i A} = (S71)ijA;
Ar = (S7H)iA;

where we have denoted the matrix with elements S;; by S.

In the special case where the transformation is a rotation of the
coordinate axes(as we saw earlier), the transformation matrix S is
orthogonal and we have

Ar = (ST)iA; = SjiA;

Scalars, for example, the scalar or “dot” product of two vectors

A - B (just a number), behave differently than vector under
transformations since they remain unchanged under any coordinate
transformation.

The behavior of linear operators is also different.



If a linear operator A is represented by some matrix A in a given
coordinate system, then in a new (primed) coordinate system it is
represented by the new matrix

A =S 1AS

We will now develop a formalism to describe all of these different
types of objects and their transformation properties.

The generic name tensor will be introduced and scalars, vectors
and linear operators will become tensors of zeroth, first and second
order (the order or rank corresponding to the number of
subscripts needed to specify a particular element of the tensor).

(3) Cartesian Tensors

We first confine our attention to rotations of Cartesian coordinate
systems.



We assume that the origin remains fixed and we define the
transformation in terms of the components of the position vector in
the old {é1, &, &} and new {é;, &}, &} bases.

We have
xj = Lijx;
In this case the transformation matrix L is orthogonal so that
L—l _ LT
or
LY =1"Tr=11"
LixLik = 0jj = LiiLyg

| |IiS a||ows us to write
! /



since

We then have the result

We note that the product of two rotations is also a rotation.

For example, suppose

I __
Xf_

L,JX_, and X,{/ — MUXJ/
X,{/ — M,'J'ijXk — (ML),'ka

which implies that ML is also a rotation.



Example:

Let us consider a rotation of the coordinate axes through an angle
0 about the és;-axis (or x3-axis) as shown in figure below.

et the vector be X.

Looking at the dotted lines we have

X1 = x1 €0s 6 + xa sin 6

Xy = —x15in 6 + xo cos 0

Xé — X3



Thus, we have (using x! = Lj;x;)

= cos) sinf
~ \—sinf cosb

The corresponding inverse relations are
X1 = X1 €0s 6 — x5 sin 6
Xo = xqsin 6 + x} cos
X3 — Xé

(4) First- and Zero-Order Cartesian Tensors

We now assume that any set of (three) quantities v;, which are
explicitly or implicitly functions of the coordinates x;, that
transform according to

vi = Lijvj

form the components of a vector or first-rank Cartesian tensor.

Clearly, the position coordinates are components of a first-rank
tensor.



Examples:

Which of the following pairs of quantities are components of a
first-rank Cartesian tensor in two dimensions?

(i) Suppose (vi, v2) = (x2, —x1) are the components relative to the
old axes.

We then have
V{ — [11v1 + Lipvo» = cos Q(XQ) + sin (9(—X1) = Xé

Vé — L>1v1 + Loovo = —sin Q(Xg) -+ COS (9(—X1) = —X{

Thus, (v1,v2) = (x2, —x1) is a first-rank tensor.

(ii) Suppose (vi, v2) = (x2, x1) are the components relative to the
old axes.



We then have
V{ — L11v1 + Lipvo = cos H(XQ) + sin H(Xl) # Xé

Vé — L21V1 -+ L22V2 — —siIn (9(X2) - COS (9(—X1) # —X{

Thus, (v1, ) = (x2,x1) is not a first-rank tensor.

(iii) Suppose (vi, o) = (x£, x?) are the components relative to the
old axes. We then have

V{ — [11v1+L1pv» = cos 9(x12)+sin 9(X22) # X/2 — (COS 9(X1)+Sin 9(X2))2

Vé — L>1v1 + Loovo = —siIn (9(X12) -+ COS 9(X22) # Xéz

= (—sin6(x1) + cos 9()@))2

Thus, (vi, o) = (x{, x?) is not a first-rank tensor.



Examples of first-rank tensors (vectors) are position, velocity,
momentum, acceleration and force.

We now consider quantities that are unchanged by a rotation of the
axes.

They are called scalars or tensors or rank zero.

They contain only one element.

An example is the square of the distance of a point from the origin

2 2 2 2
r :X1—|_X2—|—X3

Under a transformation we get

12 2

r :X{2 —|—X£2—|—X§2 =r
so the it is an invariant.

We note that r? is a scalar product, ie., r* =X X.



It is easy to show that any scalar product A - B is invariant under
the transformation and is a tensor of rank zero.

A B = AB] = LjjAjLuBx = L] LyAiBx = (LT L) A; By
— 0y AiBk=AB =A-B
We can use a scalar to generate a tensor of rank one.

Consider the new object (the gradient)

_8¢ L Vi
VI—8Xi /V—V¢

where ¢ is a scalar quantity. Under a rotation we get

<a¢>’_a_¢’_@_a>ga¢_L O

ox; | ox; N ox; N Ox; Ox; N Ua—xj

;) I B
Vi = = Ly,

so we have constructed a first-rank tensor.



Now let us consider the quantity (the divergence)

Ov;
s=V.-v= x
where Vv is a first-rank tensor.
Under a rotation we get
o <8v,-)/ _ ov; _ 0x ov! _ 0x O(Ljjvk) _ L--L-k%
OX; Ox!  Ox! Ox; OxI O s Ox;
_ L;L,-kg‘:; (LTL)J;((;Z 5 g‘;‘ - g—)‘z —s

so It IS an invariant or zero rank tensor or scalar.



(5) Second- and Higher-Order Cartesian Tensors

We now define a second-rank Cartesian tensor as follows: the
elements T;; form the components of a second rank Cartesian

tensor if
le — L,'ij/ Tk/ and T,'j — Lk,'L/j Tl/d

Generalizing, we say that the elements T}, form the components
of an n®" rank Cartesian tensor (where n = the number of indices) if

lek — L,'pqu ......... Lkr qu...r and T,Jk — Lp,'qu ...... er T/

h

In 3 dimensions, an n*" rank Cartesian tensor has 3" components.

Since a second-rank tensor has two indices, it is natural to display
its components in matrix form.

<
The notation [Tj] is used, as well as T, to denote the matrix having
T;; as the element in the i*" row and j* column. We also denote
the column matrix containing the elements v; of a vector by [v;].



<>
We can think of a second rank tensor T as a geometrical entity and

the matrix containing its components as a representation of the
tensor with respect to a particular coordinate system.

Let us look more closely at the transformation rule for second rank
tensors using 1ts matrix representation.

We have
Ti = LixKjTio = Lix TiLjy = L T (L"),

T =LTLT = 17171
Tj= L TLy T} = L Ti Ly = (LT ThyLys
T=L"TL=1L"1TL

Thus, the matrix representing a second rank tensor behaves in the
same way under orthogonal transformations as the matrix
representation of a linear operator.




Not all linear operators, however, are second rank tensors.

Examples

(i) The outer product of two vectors. Let u; and v;, i =1,2,3
be the components of two vectors (first rank tensors) o and v and
consider the set of quantities T;; defined by

Tij = ujv;

The set Tj; are called the components of the outer product of
and V.

Under rotations the components of T;; become
/ !/
T = uiv; = Liguk Ljjvi = LigLjjugvy = LigLji Ty

which shows that they do transform as the components of a second
rank tensor.



We denote the outer product, without reference to a coordinate
system, by the symbol

<

=0V

This tells us the basis to which the components T;; of the second
rank tensor refer.

Using

u= u;€ and v = Vjéj
we have
YR
T =ué ® Viej = UjVvj€i X € = T,'_,'e,' X €

Clearly, the quantities Té- are the components of the same tensor
T but referred to a different coordinate system, i.e.,

<
L / /\/ /\/



(i) The gradient of a vector. Suppose that v; represents the
components of a vector.

We consider the quantities generated by forming the derivatives of
each v;, i =1, 2,3, with respect to each x;, j =1,2,3, i.e,

o (9V,'
— 8XJ

Tjj

We then have

av-/ 8(L-kvk) 8vk aX/ 8vk
T/: L — : = L :Li —L :Li LT
Yo Ox! ox! 0x; Ox! g X J! K=k

J J

|
|
l\
-

<
which says that we have a second rank tensor T = Vv.

A test of whether any given set of quantities forms the components
of a second rank tensor can always be made by direct substitution
of the x! in terms of the x; compared with using the transformation
rule.



Example: Show that the elements Tj; given by

e X2 — X1 X2
I = [TU] — ( ' 2 )

— X1 X2 Xl
are the components of a second rank tensor.

Let us consider a rotation by 6 about the é&;- axis.

The direct substitution using
x; = x1 €086 + xpsin

Xy = —x15in 6 + xo cos 0



gives (using ¢ = cos# and s = sin 6)

T{{ = x? = (—sx1 + cx0)? = s°x7 — 2scx1%0 + X5
T/ _ I _ 2 2 2 2
(12) = =x1x0 = —(exit+sx2)(—sx1+cx2) = sexi+(s°—c”)xixa—scxs
T — I _ 2 2 2 2
1 = —X1Xp = —(cx1+5x2)(—sx1+cxe) = scxi+(s°—c”)x1x0—Sscx;
T}y = xi? = (cx1 + sx0)% = ¢°xP + 2scx1x0 + €25

he transformation equations using

cos sinf O
L =1 —sinf cosf O
0 0 1

give



Ti1 = Likly T = s°x¢ — 2scxix0 + €255

T(12) = Lyl Tiy = scxi + (5% — c?)xixa — scx3
/ 2 2 2 2
Ty1 = Lokl Th = sexy + (5 — C )X1X2 — SCX5

/ 2.2 2.2

T22 = Loglo Ty =c X1 + 2scx1 X0 4+ €7 X5

which are the same.
Thus, we have a second rank tensor.

The same result can be proved more easily by realizing that the Tj;
are, in fact, the components of the outer product of the vector

V = (x2, —x1) (we proved earlier that this is a vector or first rank
tensor) with itself, i.e.,

VRV = V,'Vjé,' X éj — T,'jé,'@ éj



Tjj = vivj
2
Ti1=vivi = X5 T = vivo = —Xx1x0
y
To1 = wV; = —x1x0 Too = vovp = X

Another example of the transformation of tensors:
Consider a rotation through 45°.
The transformation array is given by
3] = ( CO-S4500 sin 452) _ 1 ( 1 1)
—sin45®  cos4b V2 \—-1 1

Assume that we have a vector (tensor of rank 1)

(5



then
(V'] = [a][V] = V] = a3V,

or
2
\/1/ — a11 V1 +a1p V2 = 3%
2
V3 = an Vi + Vo = %

n-4(;

Now consider the transformation of the rank 2 tensor
4 6

[Tl = [allal[T] = T; = airajs Trs

We have

This is NOT matrix multiplication!



We can, however, cast the equation as a matrix multiplication by a
rearrangement

/ —1
Tij — djrdjs I = ajr 7_rsajs — djr Trs(asj)T — djr Trs(asj)

[7'] = [a][T][a]

This IS matrix multiplication!

We have
/
T11 = T11a11a11 + Tizpai1a12 + To1a12a11 + Txappan =7

/

T, = T11a11a21 + T12a11820 + T21310801 + T20310820 =0
/

T51 = Tqi1a01a11 + T12a01a12 + T21320a11 + T20a20a120 = —3

/
T5o = T11a21a21 4+ Ti0an1a20 + To1a00a21 + Tosanoagy = —2



or

7] = (—73 —02>

The matrix multiplication relation works also (but is not very
useful), i.e.,

m=EmE = () GG
- % (—11 D (140 —22> - % (i —O4> - (—73 —02>
as expected.

(6) The Algebra of Tensors
Addition and Subtraction

If two tensors have the same rank, then they can be added and
subtracted using their components



Sii.k = Vij.k + Wi«
Dij.x = Vij. .k — Wi«

The new objects are tensors of the same rank.
Switching Indices

If a pair of indices are switched the new object is a tensor of the
same rank, i.e., if Vj;_ x represents a tensor, then Vj;  represents a
tensor of the same rank.

It Vii .k = Vjj.. k tor all components, then Vj;  is said to be
symmetric with respect to that pair of indices (or simply
symmetric for second rank tensors).

It Vji .k = =V for all components, then Vj; , is said to be
antisymmetric with respect to that pair of indices (or simply
antisymmetric for second rank tensors).




An arbitrary tensor is neither symmetric nor antisymmetric, but can
always be written as the sum of a symmetric tensor S;;_ , and an
antisymmetric tensor A;; i, I.e.,

1 1
Tij. k= §(T/'j...k + Tji. k) + §(Tij...k — Tji k) = Sij. .k + Aij. k

The outer product discussed earlier is an example of a kind of
“multiplication” of two tensors producing a tensor of higher rank.

Our illustration had two first rank tensors producing a second rank
tensor.

h h

In general, the outer product of an n' rank tensor with an m?
rank tensor produces an (n + m)™ rank tensor.

We can produce a tensor of smaller rank from a tensor of larger
rank using the contraction operation.



The contraction operation consists of making two indices equal
(and thus summing over that index).

This reduces the number of indices (and hence the rank of the
tensor) by two.

h

Example: Let T /. m.x be the components of an n* rank tensor.

This implies that

/
Ulmk — LIPLJq ..... L/r ..... Lms ..... Lkn qursn

n factors

If we contract on the indices / and m (set them both equal to /) we
get

nfactors
— L/pLJq ----- Orsere. L kn qu....r....s...n
— LIPL_]q .......... Lkn qurrn
S —

(n—2) factors



which says that Tj; ;. ;. .k are the components of a different
Cartesian tensor of rank (n — 2).

For a second rank tensor, the process of contraction is the same as
taking the trace of the corresponding matrix.

Therefore, the trace T;; is a zero rank tensor (or scalar) and is
invariant under rotations.

The scalar product or two vectors can be recast in tensor language
as forming the outer product of two vectors (first rank tensors)

Ti; = u;vj and then contracting to form the scalar T;; = u;v; which
s invariant under rotation as we found earlier.

Another familiar operation that is a special case of the contraction
operation is the multiplication of a column vector [u;] by a matrix
[Bjj] to produce another column vector [v;], i.e.,

B,‘jUj — V;



We can think of this as the contraction Tiji of the third rank tensor
Tiik tormed from the outer product of Bj; and u;.

(7) The Quotient Law

< <>
If we know that B and C are tensors and also that

qu...k...mBij...k...n — Lpg...mij...m

does thE imply that the A,q. k...m also form components of a

tensor A?

< < <
Here A, B and C are respectively of m*, nt" and (m—+n— 2)”’

rank.

The subscript k that has been contracted can be any of the
< <
subscripts in A and B independently.



The quotient law states that if the above component relation holds
in all rotated coordinate systems, then the A,; «..m do form the
components of a tensor.

We will prove it for m = n = 2 only, but it should be clear that the
principle of the proof holds for arbitrary m and n (just the algebra
gets worse).

Suppose we start with
Apk Bik = Cp;

where Bjx and C,; are arbitrary second rank tensors.

Under a rotation the set A, (whether they are a tensor or not)
transforms to a new set A, as follows

Aok Bix = Cpi
= LpqLLijCqj = LpgLijAq Bii
= quLiqulejLnlBl/”nn — quLULmjLn/Aq/Br/nn
— qu5ian/Aq/B,/nn — quLn/Aq/Bl{n



This can be rewritten (changing dummy index labels) as

/ /
( pk — quLk/Aq/) ik —
Since Bjx and hence B/, is an arbitrary tensor, we must have
A;k = LpgLuiAqgl

which says that the A, are the components of a second rank
tensor.

The same result holds if we start with
Apk Bri = Cp;

Using the quotient law to test whether a given set of quantities is a
tensor is generally much more convenient than the direct
substitution method we used earlier.

A particular way in which it is applied is by contracting the given
set of quantities, having n subscripts, with some arbitrary n” rank
tensor and determining whether the result is a scalar.



Let us go back to an earlier example, namely,

X2 — X1 X2
I = [Tu] — ( ? 2 )

— X1 X2 Xl

The outer product x;x; is a second rank tensor.

Contracting it with the T;; we get
2.2 2.2
TiiXix; = x5X{ — X1XoX1X2 — X1 XoX1X2 + x{ x5 = 0

which is clearly invariant.

hus, by the quotient theorem T;; must also be a tensor.
Very powerful!
The Tensors §;; and ¢

Since
= LiiLjio;; = Lyl = 0gg



5,-j Is a second rank tensor.

Now consider the three-subscript Levi-Civita symbol ¢ where we
have

+1 if/,j, k is an even permutation of 1,2,3
eijk =4 —1 it i j, kis an odd permutation of 1,2 3

0 otherwise

We then have
/
€Cimn = L/iLmjLnkeijk

Before proceeding, we note that for a 3 x 3 matrix A, the
determinant |A| satisfies

|Al€imn = AliAmjAnk€ijk



Example: Evaluate the determinant of the matrix

2 1 =3
A=13 4 O
1 -2 1

Setting / =1, m= 2, and n = 3 we get
Ae123 = |A| = A1jA2jAzk€iik
= A11A20A33€123 + A11A23A32€132 + A12A21A33€213
+ A13A21A32€312 + A12A23A31€231 + A13A22A31€321
= (2)(4)(1) — (2)(0)(=2) — (1)(3)(1) + (—3)(3)(—2)
+(1)(0)(1) — (—3)(4)(1) =35
Now, using the above relation, we get
€imn = LiiLmjLnk€iik = |L|€imn

Since L is orthogonal, its determinant is 1 and thus we have

/ _
€imn — €Imn

Thus, we have a third rank tensor.



These two tensors also have exactly the same components in
every coordinate system.

Many of the familiar expressions of vector calculus can be written
as contracted tensors involving 9;; and €.

Examples:
(1) }
5’:b><5’%a,-:e,-jkbjck

so that the cross-product produces a vector.

(ii)

a-b= a,-b,- = 5,‘j3,’bj
(iii)
P _ . 9%

2 0 y
v ¢ N aX;aX,' ”6’x,-8xj




(iv)

~ OV
(V xv)i= €Ik
(V) a a 82
V- (V- V] = 52 ( o) ) O B Oxe
(vi)
_ ) (O OV
[V X (V X V],- — GUka—Xj <€klma—xl> — €ijk€kim an@X/

(vii)

(a X b) X C = 5,-jc,-ejk/akb/ — e,-k/c,-akb/

An important identity between the € and § tensors is

€ijk€kim = 0i10jm — OimOji



This says that the two fourth rank tensors have identical
components.

This allows us to find an alternative expression for

0%v,, 0% v,,
— 5i 5'm — 5im5'

Ox;0x (0110 Jl)@xjaxl

o (92\/1 32V,'

- Oxi0x;  Ox;0x;

[V x (V X V]; = €jjk€uim

=[V-(V-V]; — V3

or

Vx(VxV)=V-(V-V)-V?V

That would be very cumbersome to prove using standard methods!
We can also show that

€ijkEpgr = |0jp  Ojg  Ojr




The identity we derive above is then a special case where
(b, r) = (k,1,m).

If we contract the identity by setting j = / and using d,x = 3 we get
€ijk€ijm = 30km — Okm = 20km
and contracting once more by setting k = m we get
€ijk€ijk = 20k = 6

Improper Rotations and Pseudotensors

he kind of transformations we have been discussing are called
proper rotations(where |L| = 1).

Another kind of transformation is called an improper
rotation(where |L| = —1).



In general, we consider this kind of transformation as a proper
rotation plus an inversion of the coordinate axes through the origin
represented by the equations

/
X -

i = —Xi

An inversion changes a right-handed coordinate system into a
left-handed coordinate system (proper rotations do not affect
handedness).

The matrix corresponding to the inversion transformation is
Lij = —oj

A vector is a geometrical operator whose direction and magnitude
are not affected by describing it in different coordinate systems
(only it components change relative to new basis vectors).

Therefore the components of a vector v transform according to

/
Vi =

j LUVJ

under all proper and improper rotations.



Let us now define another type of object whose components can
also be labelled with a single index but which transforms as

, — L ] ]
vi = Ljjyj
under proper rotations and as
/ e L ] ]
vi = —Ljv

under improper rotations.
The new object is called a pseudotensor or pseudovector.

Pseudovectors should not be regarded as the same kind of
geometrical object as a vector.

Their directions are reversed under a transformation such as
inversion as shown below.



In a similar way we can define scalars and pseudoscalars, where
pseudoscalars are invariant under proper rotations but change sign
under inversion (or reflection).

We can extend this to tensors of rank greater than 1.

In general, we write

T P L,'/ij ........ Lkn T/m n for tensors

I....

Té'....k = |L|LjyLjm........ LinTim , for pseudotensors

For example, earlier we found that

L|€ijk = LitLimLkn€imn

Since |L| = 41 we can write this as

€iik = |L|LitLimLkn€imn



herefore, €jj is a third rank Cartesian pseudotensor.

Now consider the cross- or vector-product 3 = b x ¢ where b and €
are vectors.

We then have
d; = E,jkbjCk
Under a transformation, we write
/ / ! _/

— |L Lileijkanquelmnprq — ‘L|L,‘/(5mp5nq€/mnbpcq

= |L|Lij€jmnbmcn = |L|Lja;

which says that the cross-product is a pseudovector (not a vector!).



Now the quantities a; = €;jbjck are the components of the physical

vector 7= b x € provided we are using a right-handed Cartesian
coordinate system.

However, in a different coordinate system, which is left-handed, the
quantities a; = €}, bic, are not the components of the physical

vector. 3= b x & which has, instead, the components —a.

It is very important to note the handedness of a coordinate system
before setting out to write in component form the vector relation
a=>bxc.

The kind of transformations we have been using are called passive
transformations.

In passive transformations, the physical system is left unchanged
and only the coordinate system used to describe it is changed.

In active transformations, the system itself is altered.



As an example, let us consider a particle of mass m that is located
at a position x relative to the origin O and hence has a velocity X.

The angular momentum of the particle about O is thus

—

J=m(x x X)

It we merely invert the Cartesian coordinates used to describe the
system through the origin O, neither the magnitude nor direction of
the vectors will be changed since they may be considered simply as
arrows in space that are independent of the coordinates used to
describe them.

If we perform an active transformation such as inverting the
position vector through O, then particle velocity is also reversed (it
is the time derivative of the position vector).

The angular momentum vector, however, remains unaltered.



This suggests that vectors can be divided into two categories as
follows: polar vectors (such as position and velocity), which
reverse under an active inversion of the physical system through the
origin O and axial vectors (such as angular momentum) that
remain unchanged.

Note that we have specifically not introduced the concept of a
pseudovector to describe a physical quantity.

(10) Dual Tensors
Consider a second rank pseudotensor Aj; (in three dimensions).

For every such object, we construct the object

1

Pi = S€ijkAjk

which is called the dual of Aj;.

It is a pseudovector.



If we denote the antisymmetric tensor by the matrix

0 Ao —A3z;
[A,-j] = | —Ap 0 Ar3
A1 —Axz 0

then the components of the dual pseudovector are

(p1, P2, p3) = (A23, A3z1, A12)

We also have the result

1 1

€ijkPk = S€ijkekimAlm = 7 (0j10km = 0jmOki ) Aim = Aj



(11) Physical Applications of Tensors

Mechanics Example

Consider a system of N rigidly connected point particles each
characterized by a mass m and a position vector r; with respect to

an origin O.

We suppose that the system is rotating about an axis through O
with angular velocity @.

The angular momentum J about O of the system is given by

where



Substitution gives

N N
i E Mi€imnXimVin = E M;i€imnXim€npgWpXiqg

N N

= E M; € imn€npgXimXigWp = E m;(01pOmg — 01q0mp)XimXiqWp
N N

2

= E mi(XimXim(S/p — XipXi/)wp — E m,-((r,- )5/P o XiPXi/)wP
i—=1 =1

= ljpwp

where [, is a symmetric second rank tensor(by the quotient rule

since J and & are vectors) which depends only on the distribution
of the masses in the system and not on any properties of .

It is called the inertia tensor of the system with respect to O.



For a continuous distribution of mass this becomes

[(y?+ z%)pdV  — [ xypdV — [ xzpdV
I=[l]]= —[xypdV  [(z22+x*)pdV  — [yzpdV
— | xzpdV — [yzpdV  [(x* + y?)pdV

where p(x, y, z) is the mass density function and dV = dxdydz.

The diagonal elements are called the moments of inertia and the
off-diagonal elements without the minus signs are called the
products of inertia.

Similar algebra gives us an expression for the kinetic energy of the
system.



1L N
T = > g M;VipVin = E M€ njkWj Xik €npgWpXiq
N N
1

5 E M;€njk€npgXik XigWjWp = E :mi(5jp5kq o 5jq5kp)XikXiqijp
i=1 =1

;N N
_ A va K. vy — A(r2\S. v\
~ 5 E :m, (XikXik0jpOkg — XipXij )wjwp = E :m,((r,- )djp — XipXij Jwjwp
=1 i=1
1
— §ljpijp
1

— §Jpwp

This shows that the kinetic energy of the rotating body can be
expressed as a scalar obtained by twice contracting & with the
Inertia tensor.



Since / is a real, symmetric second rank tensor representable by a
real, symmetric 3 x 3 matrix(means it is always possible to
diagonalize it), it possesses three mutually perpendicular
eigenvectors (or principal axes) with respect to which the inertia
tensor is diagonal, with diagonal entries equal to the eigenvalues of
the matrix (one studies these tensors in in a second level mechanics
course).

(12) Non-Cartesian Coordinates

The position of an arbitrary point P in space may be expressed in

terms of the three curvilinear coordinates ul, u?, u3.

If A(ut, u?, u3) is the position vector of the point P, at every such
point there exist two sets of basis vectors
§=— and & =Vu
Lo
where the & (subscripts) are tangent to the coordinate curves (the
axes) and the &' (superscripts) are normal to the coordinate curves.



Thus, we can write a vector in two ways (we change our summation
convention so that we now sum over repeated indices only if one is
up and the other is down)

a—= a’é,- = a,-é’
The a' are called the contravariant components of the vector a
and the a; are called the covariant components of the vector a.

For cartesian coordinate systems there is no difference
between these two sets of basis vectors, which is why we
were able to only use lower indices.

The é; are the covariant basis vectors and the é' are the
contravariant basis vectors.

In general, the vectors in each set are neither of unit length nor
form an orthogonal basis.

The sets & and &' are, however, dual systems of vectors, so that

& & = ¢



We thus have
3-6é =

d- € =

./\. /\i
2é - é

ajéf y é,'

J6l = a

5 — 5.

It we consider the components of higher rank tensors in
non-Cartesian coordinates, there are even more possibilities.

For example, consider a second rank tensor T.

Using the outer product notation we can write T in three different

ways

T = Tijé\,'®é\j:7_jié\,'®é\j:7_,'jé\i®é\j

where TV, Tji and T;; are called the contravariant, mixed and
covariant components of T respectively.



These three sets of quantities form the components of the same
tensor T, but refer to different (tensor) bases made up from the
basis vectors of the coordinate system.

In Cartesian coordinates, all three sets are identical.
(13) The Metric Tensor

Any particular curvilinear coordinate system is completely
characterized (at each point in space) by the nine quantities

N\ N\

Bij = € €

Since an infinitesimal vector displacement can be written as
dr = du'é; we have these results

(ds)? = dF-dif = du'é; - dir & = du'di/ é; - & = g;:du’ du’

Since (ds)? is a scalar and the du' are components of a
contravariant vector, the quotient law says that the gj; are the
covariant components of a tensor g called the metric tensor.



The scalar product can be written in four different ways in terms of
the metric tensor

d - E: aié; y bjéj = é,' y éjaibj = g,-J-aibj
— a,-éi y bjéj — éi y éja,-bj — gUa;bj
— a,-éi y bj@j — éi y éja,-bj — 5ja,b] — a,-bi
— aié; : bjéj = & - éjaibj = 5{aibj = aibi
These imply that
gijbj — bi and g,be — b,‘

or that the covariant components of g can be used to lower in index

and the contravariant components of g can be used to raise an
index.

In a similar manner we can show that

é’:g’féj and é,-:g,-jéf



Now since & and é; are dual vectors, i.e.,

- & =/
we can always write
N é X & . . . .
8 =—2L " i k=123 and cyclic permutations
CH (ej X €
& x &k

N\

e =

5 (& % &F) I,J, k ;2,3 and cyclic permutations

We then have
5;'(ak _ i gUaj _ gUgJ'kak
or
g'gjk =9},

In terms of matrix representations this says that
G=lgl.G=[g". =[] > GG=1-G=6""

or the matrix formed from the covariant components is the inverse
of the matrix formed from the contravariant components.



The above relations also give the result

]

&

é - & = 0; — components are identical
Finally, we have

g — |g\ — det[g,-j] — 81i82j83k€jjk = (e)l ' (@2 X @3)

and

N\ N\

dV = ut(e): - (u°& x 1*&) = (€)1 - (& x &)dutdu®du’

or
dV = |g|du du?du’

(14) General Coordinate Transformations and Tensors

We now discuss the concept of general transformations from one

coordinate system ul, u?, u3 to another !, u'?, u'3. We can

describe the coordinate transformation using the three equations
= (a2, 03

for i = 1,2, 3 in which the new coordinates ¢/’ can be arbitrary



functions of the old ones u', rather than just represent linear
orthogonal transformations (rotations) of the coordinate axes.

We shall also assume that the transformation can be inverted, so
that we can write the old coordinates in terms of the new ones as

ui _ ui(ull, u/27 u/3)

An example is the transformation from spherical polar to Cartesian
coordinates given by
X = rsinf cos ¢

y = rsinfsin ¢
z =rcosf

which is clearly not a linear transtormation.



The two sets of basis vectors in the new coordinate system

u't, u'?, "3 are given by
or - -
& = —— and &' =V."
ou"

Considering the first set, we have from the chain rule that
or ou' or  ou" y
ow oW ou'’ (9uJ

so that the basis vectors in the old and new coordinate systems are
related by

N\

€ =

/1
ou o

5’uJ
Now, since we can write any arbitrary vector in terms of either basis
as

€ =

3 L
F=24" é afej — &
ow

it follows that the contravariant components of a vector must

transform as
/]
/i 8”

a'l = (?ulaj



In fact, we use this relation as the defining property that a set of
quantities @’ must have if they are to form the contravariant
components of a vector.

If we consider the second set of basis vectors, & = Vu''. we have
from the chain rule that

8_uj B o ou’
Ox  Ou' Ox

and similarly for v /0y and 0w /0z.

So the basis vectors in the old and new coordinate systems are
related by

- ou'l
For any arbitrary vector g,
~ . . o .
F=a,6" =a;&/l =a,—¢&"

@ u/i



and so the covariant components of a vector must transform as

. ou

di = ou'l
In a similar way to that used in the contravariant case, we take this
result as the defining property that a set of quantities ai must

have if they are to form the covariant components of a vector.

9

We may compare these two transtormation laws with those for a
first-order Cartesian tensor under a rigid rotation of axes.

Let us consider a rotation of the Cartesian axes x' through an angle
¢ about the 3-axis to a new set x",i =1,2,3

x] = x1 €os 0 + xosin 0

Xy = —x15in 60 + xo cos 0

Xé — X3



and the inverse transformation
x1 = x; €os 0 — x5sin 0

Xp = X1 sin 0 -+ x5 cos 0
/

It is then straightforward to show that

Ox’ B X"’ _ .
ox''  oxi Y
where the elements jL;; are given by
cosf sinf O
[ =1 —sinf cosf O

0 0 1



Thus, the new relations agree with the earlier definitions in this
special case of a rigid rotation of the Cartesian axes.

We now generalize these two laws for contravariant and covariant
components of a vector to tensors of higher rank.

For example, the contravariant, mixed and covariant components,
respectively, of a second-order tensor must transform as follows:

. . ou ou’
contravariant components T’V = - —— Tk
ou* Ou
: . od" o'
mixed components T’ = TK
I Quk Ou
covariant components T: = Tos

S ou oul
It is important to remember that these quantities form the

components of the same tensor T but refer to different tensor bases
made up from the basis vectors of the different coordinate systems.



For example, in terms of the contravariant components we may
write

IT=T"®§é§ = T;’fé,{®éj’-
We can clearly go on to define tensors of higher order, with arbitrary

numbers of covariant (subscript) and contravariant (superscript)
indices, by demanding that their components transform as follows:

Tk ou'" Ou” Ou'* du? Qu® ou’ Tab....c
Im....n — a b c /] m /n | de....f
ou? Ou ou€ ou'' Ou ou

Using the revised summation convention (matched contravariant
and covariant indices summed over), the algebra of general tensors
is completely analogous to that of Cartesian tensors discussed

earlier.



For example, as with Cartesian coordinates, the Kronecker delta is
a tensor, provided it is written as a mixed tensor ¢!, since

5 _ ou'" ou’ sk _ ou" ux  ou" 5i
S Quk oui Tt T Quk ou T ouli Y

where we have used the chain rule to prove the third equality.

Since we showed earlier that

]

g

Al oA i
2 -ej—5j

51’-' can be considered as the mixed components of the metric tensor
g.

In the new (primed) coordinate system, we have

ou* ou' ou* ou’

ou' oui < T Auri g 8K
which shows that the gj; are indeed the covariant components of a

second-order tensor (the metric tensor g).




A similar argument shows that the quantities g” form the
contravariant components of a second-order tensor, such that

i aU/i (9u/j k|
& ukau®

Earlier we saw that the components g;; and g¥ could be used to
raise and lower indices in contravariant and covariant vectors.

This can be extended to tensors of arbitrary rank. In general,
contraction of a tensor with gj; will convert the contracted index
from being contravariant(superscript) to covariant (subscript), i.e.,
it is lowered.

his can be repeated for as many indices as required.

For example,
Ti=guT; = gignT



Similarly, contraction with g¥ raises an index, i.e.,
TV =g*T] — g%/ Ty

That these two relations are mutually consistent, can be shown by
using the relation

) |
g gkj = 9;

(15) Derivatives of basis vectors and Christoffel symbols

In Cartesian coordinates, the basis vectors é; are constant and so
their derivatives with respect to the coordinates vanish.

In general coordinate systems, however, the basis vectors & and é'
are functions of the coordinates.

In order that we may differentiate general tensors, we must
therefore first consider the derivatives of the basis vectors.



| et us consider the derivative
0é;
ow

Since this is itself a vector, it can be written as a linear
combination of the basis vectors &, k =1, 2, 3.

If we introduce the symbol Ff-j- to denote the coefficients in this
combination, we have
0é;

k A
ow ik
O0E&;

The coefficient Ff-;- is simply the k™ component of the vector o

Using the reciprocity relation &' - é = 51’ these 27 numbers are
given (at each point in space) by

0é;
ow

&k .

__rmak 2~ __ rmgsk _ rk
=l;é" -én="To, =1}

Ij “m

0é;
ow

k _ sk
i=é" -



Furthermore, we then have

O(é' - &) i 08 08
— =0=€e - — 1 - - 6
ow ow  ow
0é' . 08 . .
g =—6 K =_17é.e,=—T
o~ ow & m &
Ai
~0é _ i gk
" oW K

The symbol I'fj- is called a Christoffel symbol (of the second kind),

but despite appearances to the contrary, these quantities do not
form the components of a third-order tensor.

In a new coordinate system




Using

we get

'k
[ =

B 5’u”e

.y O ou'
© Oul 8u’iel

ou'* o°u' . ou' 0§
| 0u’18’ie/ - Ou Ouli
ou'* 9%y’ ou'* ou'

/\n N

p— - _e o el
oun ou”ou’ | oun ﬁu”

ou'* 9% | ou'* ou' du™

n

~ ounr auiau T dur ol 8u’f

ou'* 9%y’ | ou'* ou' ou™

~ ou auiau T dun au' ouli

0é
Oul
0é

au/m




This result shows that the Ff-j- do not form the components of a
third-order tensor because of the presence of the first term on the

right-hand side.

We note that in Cartesian coordinates it is clear from the relation
0é;
ow

M =&~
that Ff-j- — 0 for all values of the indices /, j and k.

In a given coordinate system we can, in principle, calculate the I'f-j-
using the relation

0é;

ow

In practice, however, it is often quicker to use an alternative
expression, which we now derive, for the Christoffel symbol in terms
of the metric tensor g and its derivatives with respect to the
coordinates.

k _ 2k
r[j'—e *



First, we note that the Christoffel symbol Fg- Is symmetric with
respect to the interchange of its two subscripts / and J.

This is easily shown, since

08  PF PP 0§
ow  Owou Oudw  Ou

This gives
: = I',--ek — I'-,-ek = .
ow J J ou’
-k A Al rka N
i€k € =1lé-¢€
-l _ !
i =i

To obtain an expression for Fg- we then use g;j = & - & and consider
the derivative



ogij 08 0é
ej—l—e,- —_F,-ke/-ejJre,--ij-e/

ouk — Ouk Ouk
= Thegij + T gin

By cyclically permuting the free indices i,j,k in this relation we
obtain two further equivalent relations

Ogjk
85" = Tiigi + Migji
O8ki
6’qu = g + Tjigk

where we have used the symmetry properties of both I'f-j- and gj;.

Contracting both sides with g™ leads to the required expression
for the Christoffel symbol in terms of the metric tensor and its
derivatives, namely

e (22 4 D8 OB)

2 oul oW Ou




Example: cylindrical polar coordinates

(v, u?, u®) = (p, b, 2)
ds® = dp® + p?d¢?® + dz* = g;;du' dv/

This implies that the only non-zero Christoffel symbols are

These are given by

2 ul 280 Op 202 0p p
o gt Ogx _ 1 Og»n _ _15_92 _
22 2 oul 2811 Op 2 Op P

Alternatively, we can use



é1 = €, = Cos Pé, +sin Q@

& = €5 = —SIn P& + Cos Pé,
é\3 — é\z
- _@a > — —@ — r = — = — = I_
O 0 ¢ 9,2 gL 2 12 = 1 P 21
0€; 0& 1 1 1
— = —pé, — = —ué —l5%=—u =—
Do PEp 942 1 22 P

as expected.
(16) Covariant differentiation

For Cartesian tensors, we noted that the derivative of a scalar is a
(covariant) vector.

This is also true for general tensors, as may be shown by
considering the differential of a scalar

dp — 22

du’
ou’ .




Since the du' are the components of a contravariant vector, and d¢
is a scalar, we have by the quotient rule that the quantities

ol
ou'

must form the components of a covariant vector.

It is straightforward to show, however, that (unlike in Cartesian
coordinates) the differentiation of the components of a general
tensor, other than a scalar, with respect to the coordinates does
not, in general, result in the components of another tensor.

For example, in Cartesian coordinates, if the v' are the
contravariant components of a vector, then the quantities

o
OxJ

form the components of a second-order tensor.

In general coordinates, however, this is not the case.



We may show this directly by considering

ovi" oV aukoavi  auk o [out

0w ] ~ o ouiauk  auiduk \ aul
_oukau ovh | ouk ocu” Y
Oui Ou!l duk T Oul dukou!

The presence of the second term on the right-hand side shows that

the .
ov'
ow

do not form the components of a second-order tensor.

This term arises because the “transformation matrix”

ou' ]
O

changes with position in space.



This is not true in Cartesian coordinates, for which the second term
vanishes, and |

ov'

Ox/

IS a second-order tensor.

We can, however, use the Christoffel symbols to define a new
covariant derivative of the components of a tensor, which does
result in the components of another tensor.

Let us first consider the derivative of a vector v with respect to the
coordinates.

Writing the vector in terms of its contravariant components
vV = v'é;, we find
ov  ov' i 0&
o o Y Gu
where the second term arises because, in general, the basis &; are
not constant (this term vanishes in Cartesian coordinates).




Using the definition of the Christoffel symbol we can write

ov ov' -

A Ik -
— =_—6& +vi;é
o’ ouw ij =k

Since / and k are dummy indices in the last term on the right-hand
side, we may interchange them to obtain

ov. oV - ov' -
= —— € -+ Vkr;ge, — | Vkr;g €,

oW~ ow O

The reason for interchanging the dummy indices is that we may
then factor out é;.

The quantity in the bracket is called the covariant derivative, for
which the standard notation is
i _ oV  k

j— I LA
V. B m KV

where the semicolon denotes covariant differentiation: a similar
short-hand notation also exists for the simple partial derivative, in
which a comma is used instead of a semicolon.




For example

i ﬁvi

vV, = —

so that A
P i ko Y9YV A oo
V;j = V,j -+ rij 7 ﬁu./ — V;Je, = Vv

Using the quotient rule, it is then clear that the v’J are the (mixed)
components of a second-order tensor.

In Cartesian coordinates, all the Ffj- are zero, and so the covariant
derivative reduces to the simple partial derivative

o
ow

Example: cylindrical polar coordinates

Contracting the definition of the covariant derivative we have

ov'
ou'

. . . .
vii = Vit v = %



Using the Christoffel symbols we worked out earlier we find

; 1
=T+ T+ ==

0
i =1+ 5+ 133 =0
5 =T34+ 5 +33=0
and
i ovP Ov? Cov: 1 19(pvP) Ov® - Ov®
v = | F—vP = = |

o 0p op 0z  p o Op O = 0Oz

which is the standard expression for the divergence of a vector field
in cylindrical polar coordinates.

So far we have considered only the covariant derivative of the
contravariant components of a vector.

The corresponding result for the covariant components v; may be
found in a similar way, by considering the derivative of v = v;é’.



We obtain
(‘9v,-

ow
Following a similar procedure we can obtain expressions for the
covariant derivatives of higher-order tensors.

k
rUVk

Viij =

Expressing T in terms of its contravariant components, we have

oT 0

ar 0 oTY 0é; (?ej
ouk  Ouk

A ®éELTY TVé
ouk i @&+ ouk T i ouk

Using the definition of the Christoffel symbols we can write

(TUéi X éj)

ot _ oty
ouk  Ouk

Interchanging dummy indices / and / in the second term and j and
[ in the third term on the right-hand side this becomes

N\

& Q é + T 6 ® &+ TVé ® I &

oT (8T’f

T T 6w 6
ok~ \ ok ] ?kTJ+rJ/kT'>ef®ef



where the expression in brackets is the required covariant derivative

ijaTij.i/j J il ij i Tl J il
Ty = gk w7+ Dy T =T+ 7+ T
In a similar way we can write the covariant derivative of the mixed
and covariant components.

Summarizing we have
Ill il ] l. L) ll
T =T +TuT?+0T

Tl =T+ T T, —TpT]

7_ij;k — 7_ij,k — r?k T/j — rjl'k T"

We note that the quantities T.ij, 7'J-i.k, Tjj.k are the components of
the same third-order tensor T with respect to different tensor
bases, i.e.,

VTi=Tlgegee =T 5§0dce =Tjédzéd e



We conclude by considering the covariant derivative of a scalar.
The covariant derivative differs from the simple partial derivative
with respect to the coordinates only because the basis vectors of
the coordinate system change with position in space (hence for
Cartesian coordinates there is no difference). However, a scalar
function ¢ does not depend on the basis vectors at all, so its
covariant derivative must be the same as its partial derivative, i.e.,

(17) Vector Operators in tensor form

We now use tensor methods to obtain expressions for the grad, div,
curl and Laplacian that or valid in all coordinate systems.

Gradient. The gradient of a scalar ¢ is simply given by




since the covariant derivative of a scalar is the same as its partial
derivative.

Divergence. The divergence of a vector field v in a general
coordinate system is given by

. o
VvV =v;=——+1Tv

Using

The last two terms cancel because
i1 08Kk i08ki 108k

& o 8 ol 8 au
where in the first equality we have interchanged the dummy indices
i and /, and in the second equality we have used the symmetry of

the metric tensor.

We need one further result before we can simplity the divergence
expression.



Suppose A = [a;], B = [b"] and that B = A~1.
Let a = |A| = detA.

If we denote the cofactor of the element a; by AY, then the
elements of the inverse matrix are given by

i _ L Aji
a

in which we have fixed / and explicitly written the sum over j for

clarity.

Partially differentiating both side with respect to aj;, we then obtain

Oa

— AV
83,’1'

since a;; does not occur in any of the cofactors AY.



Now, it we suppose that the a; are function of the coordinates,
then so also will the determinant a, and by the chain rule we have
da  Oa 0aj - 0ajj . 0ajj

7 — AU U
duk — Ba; Ouk ok~ 2 Guk

Applying this result to the determinant g of the metric tensor and
using gV gjx = 0, and the fact that g¥ is symmetric we obtain

0g i O8ij
ok 88 5%
ou ou

Finally, we get

; _1 ,,(9g,/_ 1 0g 1 08
ki = 58 Huk 2g Ouk /g duk

which gives the result

V\?’:vii—av' 1(?\/_k 1
! V8 OuX \/_(9u

k(\/Evk)



Laplacian. If we replace v by V¢ in the above divergence result,
we obtain the Laplacian V?¢.

Now

i 09 09 .
= 5 78 — v; = —— = covariantcomponents
U

V = V¢ — V;€ 6’u’

However, we need the contravariant components v'.

These can be obtained by raising the index using the metric tensor,

to give
. . . O
J — oKy, — oIk

We then obtain

o de ()

For an orthogonal coordinate system (g diagonal since é; - & = J;;),
we have



h2 0 O
g=10 hs O
0 0 A3

so that

(no sum on /)

ds®> =) hidu'du’ and V' =

%
h;
Therefore, /g = hihphs  and gl = #5,1 and we get

1 0 [ hihyhs 09
2 . 1112113
v gb N h1h2h3 8Ui ( hj2 8u1'>

as expected.



Curl. The special vector form of the curl of a vector tield exists
only in three dimensions.

We therefore consider its more general form, which is also valid in
higher-dimensional spaces.

In a general space the operation curl v is defined by
(curl V)ij = vijj — v
which is an antisymmetric covariant tensor.
The difference of derivatives can be simplified since
Vi.j — Vj:ij = Vi j — rfjv/ — VT rjl-,'V/ — Vij — Vi
using the symmetry properties of the Christoffel symbols.

Thus,
(curl V)jj = vij = vj,i



(18) Absolute derivatives along curves

We now consider the problem of calculating the derivative of a
tensor along a curve r(t) parameterized by some variable t.

Let us begin by considering the derivative of a vector v along the
curve.

If we introduce an arbitrary coordinate system ¢’ with basis vectors
&, 1 =1,2,3, then we can write v = v'é;, and we have
dv  dv' N .dé&  dv' N 08 du*
— = —2¢& +tv = —& + v
dt  dt dt  dt Ouk dt
where we have used the chain rule to rewrite the last term on the
right-hand side.

Now, using the definition of the Christoffel symbols we obtain

dv  dv' 54 - duk
— = — € gV —
dt  dt k™ dt

N\

S



Interchanging the dummy indices / and j in the last term we get

dv dv' Coduk
E — ( | r'kV‘l—> €

he expression in the brackets is called the absolute (or intrinsic)
derivative of the components v’ along the curve r(t) and is usually
denoted by

5vi—dvi|rivjd_uk_ 8vi|rivj d_uk_vl-d_uk
ot dt T dt  \ouk ' Uk dt K dt
so that _
dv (5v’é ,-duké
— = —§& =V, —§
dt Ot K dt

Similarly, we can show that the absolute derivative of the covariant
components v; of a vector is given by




and the absolute derivatives of the contravariant, mixed and
covariant components of a second-order tensor T are

5TV du*
— TI_]

ot K dt

(5T’ _ i du*

5t Ik gt

5T,'j duk
— T, —

St UK gt

The derivative of T along the curve r{t) may then be written in
terms of, for example, its contravariant components as

dT 6TV du”
= —&®§= TJ

gt = ot kgr G198



(19) Geodesics

As an example of the use of the absolute derivative, we conclude
our discussion of tensors with a short discussion of geodesics.

A geodesic in real three-dimensional space is a straight line, which
has two equivalent defining properties.

First, it is the curve of shortest length between two points and,
second, its tangent vector always points along the same direction
(along the line).

Although we have explicitly considered only the familiar three
dimensional space in our discussions, much of the mathematical
formalism developed can easily be generalized to more abstract
spaces of higher dimensionality in which the familiar ideas of
Euclidean geometry are no longer valid.



It is often of interest to find geodesic curves in such spaces by using

the properties of straight lines in Euclidean space that define a
geodesic.

Consideration of these more complicated space is studied in a
general relativity course.

Instead, we will derive the equation that a geodesic in Euclidean
three dimensional space(i.e., a straight line) must satisfy, in a
sufficiently general way that it may be applied with little

modification, to find the equations satisfied by geodesics in more
abstract spaces.

_et us consider a curve r(s), parameterized by the arc length s
from some point on the curve, and choose as our defining property
for a geodesic that its tangent vector

o dr
ds



always points in the same direction everywhere on the curve, i.e.,

dt

b
ds

This is called parallel transport of the tangent vector, i.e., the
vector is always moved parallel to itselt along the curve, which is
the same as its direction not changing for a straight line.

see next slide for illustrations

If we now introduce an arbitrary coordinate system u' with basis
vectors &, i = 1,2, 3, then we can write t = t'é&;, and we have

ds_ kds T

Writing out the covariant derivative, we obtain

dt’ du”
_ r’ tJ A, —
(ds Tk ds ) & =0






But since

. d
tJ —
ds
we find that the equation satisfied by a geodesic is
d?u’ _, duw du”
u I rl_k / — O
ds? % ds ds
Example: Cartesian coordinates
All Christoffel symbols are zero.
Therefore, the equations of a geodesic are
d? d? d?
Ex o Ly oz
ds? ds? ds?

which correspond to a straight line.



Example: cylindrical polar coordinates
The only non-zero Christoffel symbols are

F%2 = —p and r%z — r§1 —

The geodesic equations are then

2
d?ut  _, du® du? 5 d?p , (@) 5

-1 >
ds? 2 ds ds ds? ds
fracd?uds® - 2I? du’ du’ 0 d2¢ 2dpd¢ 0
u = > - — =
12°ds ds ds2  pds ds
d?u3 _ 0 d?z 0

ds? ds?



On the surface of a cylinder given by p = constant we have

&
ds?

d?¢ B d?z

gz 00 gz 0

=0 .
which also corresponds to a straight line.
Think if unrolling the cylinder. It is then just a planel

Example: spherical polar coordinates

The metric tensor is



The non-zero Christoffel symbols are

(5o =—r , T33=—rsin°f , 3, =—sinfcosb

1 1
rlz—rzl—; 7 r13—r31:; 7 F23—F32_cot9

The corresponding geodesic equations on the surface of the sphere
r = constant are

d2
g
ds
d26 do
o2 sin & cos 0 <ds> =3
d2¢ do db
- 2
ds? cotd ds ds

which correspond to the equations of a great circle!



Parallel Transport and the Riemann Tensor

It a vector is parallel transported along a curve, the geodesic
equations tells us how the vector components change during the
transport.
d?u’ - dv’ du”
ds? K ds ds
It also can be shown that for a covariant vector field Ag we have
this result

=0

_ 87
Ay — ABip = RBWAQ
that is, in a general curved spacetime the covariant derivatives do
not commute (order is important).

In a Cartesian or flat space the difference would be zero.

Thus the fourth-rank tensor RE‘W, which is called the Riemann

curvature tensor is a measure of the curvature of spacetime.



It is given by
Rgﬁw — _rﬁﬂa T rﬁ”# - rBVrOé I_B,u ov

If a vector field is parallel transported around a closed path in a
curved spacetime, the vector components do not return to the
same values at the end (as they would do in flat space).

In fact, parallel transport around a parallelogram gives the result
AAY = R§,,A°dE” det
where the d&* represent the sides of the parallelogram.

Thus, once again the Riemann tensor serves as a measure of the
curvature of spacetime.



The second-rank Ricci tensor is defined by a contraction over the
first and last indices of the Riemann tensor

ACHES Rguoz
In addition we define the curvature scalar R by

R = RP = R

(87

Einstein Field Equations for Metric Coefficients

The gravitational field equations developed by Einstein are

1 81 G
R,LLV — §g,u1/R —

T
ct P
where the inclusion of the Riemann scalar term is necessary for
energy-momentum conservation, and where T, is a second-rank
tensor that gives the energy-momentum content of spacetime.

This equation represents 16 coupled differential equations for the
metric coefficients g,,,, .



An alternative form of these field equations originally proposed by
Einstein but later discarded by him (he described this action as his
worst mistake), is now coming back into favor.

It contains the so-called cosmological constant A.

1 8w G
R = §gWR + A\gu =

It predicts the existence of a repulsive gravitational force on a
cosmological scale and is of interest now that data seems to
indicated that the universal expansion is accelerating.

Schwarzschild Solution

For a spherically symmetric point mass at the origin, the field
equations are given by (for r > 0)

1
R’uy — QgHVR =0



Schwarzschild solved these equations in 1915.

His solution written as the square of the spacetime interval(which
involves the metric coefficients) looks like

2GM dr? _
d52:<1 ; )czdf2 (1 2GM) r?(d6? + sin® 0d¢?)

where M is the central mass.

This solution accounts for bending of light around the sun, the
advance of the perihelion of mercury, gravitational redshift, radar
time delays from signals bounced off of planets, the precession of
spinning satellites in earth orbit and black holes, where the radius
r = 2GM is the radius of the event horizon or the boundary where
nothing can escape the mass, even light.



Probability and Statistics — A Quick Introduction

The understanding of many physical phenomena depends on
statistical and probabilistic concepts. Statistical mechanics is the
physics of systems composed of many parts - gases, liquids, solids,
etc. 1 mole of anything contains 6 x 10% particles(Avogadro's
number).

It is impossible to keep track of all 6 x 1023 particles even with the
fastest computer imaginable.

Therefore, we must resort to learning about groups or clusters of
particles.

Probabilistic ideas dominate the theory.

Quantum Mechanics is the physics of atoms and all other
micro-physical phenomena.

Quantum phenomena are inherently probabilistic.



"he understanding/interpretation of experimental data
depends on statistical and probabilistic concepts to answer these

questions

How do we extract the best value of a quantity from a set of
measurements?

How do we decide if our experiment is consistent/inconsistent
with a given theory?

How do we decide if our experiment is internally consistent?

How do we decide if our experiment is consistent with other
experiments?

Definition of Probability
Suppose we have N trials and a specified event E occurs r times.

For example, rolling a dice and the event could be rolling a 6.



We define the probability P of an event E occurring as:

r

P(E):N when N — oo

Examples:
1. six side dice: P(6) =1/6
2. coin toss: P(heads) = 0.5

We note our expectation that P(heads) should approach 0.5 the
more times you toss the coin and that for a single coin toss we
never get P(heads) = 0.5 -we have P(heads) = 1 if we get heads
and P(heads) = 0 if we get tails; that is all that can happen in a
single toss.

By definition probability is a non-negative number bounded by

0<PLI1



Some properties:
(1) If P =0, then the event never occurs.
(2) If P =1, then the event always occurs.

(3) The sum (or integral) of all probabilities of mutually exclusive
(see (6) below) events = 1.

(4) Two events are mutually exclusive or disjoint if they cannot
occur at the same time.

(5) The probability that Events A and B both occur is the
probability of the intersection of A and B. The probability of the
intersection of Events A and B is denoted by P(AN B).

(6) Events are mutually exclusive (disjoint) if

P(AUB) =0 or P(AUB) = P(A) + P(B)



(7) The probability that Events A or B occur is the probability of
the union of A and B. The probability of the union of Events A
and B is denoted by P(AU B).

(8) Events are independent if
P(AN B) = P(A)P(B)
(9) Events are mutually exclusive (disjoint) if
P(AUB) =0 or P(AU B) = P(A) + P(B)

Probability can be a discrete or a continuous variable.

Discrete probability: P can have certain values only.

Examples:
1. Tossing a 6-sided dice:

P(X,') = P,' WnNere X3 — 1,2,3,4,5,6 and P,' = 1/6 for all X1 .

2. Tossing a coin:

P(x;) = P; where x; = heads or tails and P; = 1/2 for all x;.



For both of the above discrete examples (and in general) when we
sum over all mutually exclusive possibilities we have

» Pi=1

Continuous probability: P can be any number between 0 and 1.

We define a “probability density function”, pdf, f(x) such that
f(x)dx = P(x < a < x + dx)

with « a continuous variable.

Then the probability for x to be in the range a < x < b is given by

P(a < x < b) :/bf(x)dx



Just like the discrete case, the sum of all probabilities satisfy

that is, f(x) is normalized to 1.

We note that the probability for x to be exactly some number is
Zero since:

Examples of some common P(x)’'s and f(x)'s:

Discrete = P(x) | Continuous = f(x)
binomial uniform, i.e., constant
Poisson Gaussian

exponential

chi square




Formal Theory
Probability Concepts

We will be interested in understanding the quantity
P(A|B) = probability of event A given that event B is true

In essence, event B sets up the conditions or an environment and
then we ask about the (conditional) probability of event A given
that those conditions exist. All probabilities are conditional in this
sense.

In other words, we set up an experimental apparatus, which is
expressed by properties B and do a measurement with that
apparatus, which is expressed by properties A.

We generate numbers (measurements) which we use to give a value
to the quantity P(A|B).

We start with a mathematical formalism based on axioms.



We define these events

A = occurrence of A

~ A= NOT A = nonoccurrence of A

AN B = A AND B = occurrence of both A and B

AU B = A OR B = occurrence of at least one of the events A and B

and set up a theory of probability with these axioms:
(1) P(AJA) =1

This is the probability of the occurrence A given the occurrence
of A. This represents a certainty and, thus, the probability
must = 1. This is clearly an obvious assumption that we must
make if our probability ideas are to make any sense at all.

In other words, if | set the experimental apparatus such that
the meter reads A, then it reads A with probability = 1.



(2) 0 < P(A|B) < P(B|B) =1

This just expresses the sensible idea that no probability is
greater than the probability of a certainty and it make no
sense to have the probability be less than O.

(3) P(A[B) + P(~ AlB) =1 or P(~ A|B) = 1 — P(A|B)

This just expresses the fact that the probability of something
(anything) happening (A or ~ A) given B is a certainty (= 1),
that is, since the set A or ~ A includes everything that can
happen, the total probability that one or the other occurs must
be the probability of a certainty and be equal to one.

(4) P(ANB|C) = P(A|C)P(B|ANC)

This says that the probability that 2 events A, B both occur
given that C occurs equals the probability of A given C
multiplied by the probability of B given (AN C), which makes
sense if you think of them happening in sequence.

All other probability relationships can be derived from these axioms.



The nonoccurrence of A given that A occurs must have probability
= 0.

This is expressed by
P(~ AlA) =0

This result clearly follows from the axioms since
P(A|B) + P(~ A|B) =1

P(A|A) + P(~ A|A) = 1
P(~ AJA)=1— P(AJA) =1—-1=0

Example: Let us evaluate P( X N Y|C) + P(XN ~ Y|C). We use
axiom (4) in the 1st term with A= X, B=Y and C = C and in
the 2nd term with A= X, B=~ Y and C = C to get



P(XNY|C)+ P(XN ~ Y|C)

= P(X
— P(X
— P(X

and finally

C)P(Y|XNC)+ P(X|C)P(~ Y|XnNC)
CO)[P(Y|XNC)+ P(~ Y|XNC)
C)[1] using axiom (3)

P(XNY|C)+ P(XNn~Y|C)=P(X|C)

Now let us use this result with X =~ A, Y =~ B. This gives

P(~ AN ~ B|C) = P(~ A|C) — P(~ AN B|C)

— 1 P(A[C) — P(~ AN B|C)

Expanding the last term using X = B, Y = A we then have

P(BN ~ A|C) + P(BN A|C) = P(B|C)



i P(~ AN B|C) = P(B|C) = P(BNA|C)

which gives

P(~ AN~ B|C)=1- P(A|C) — P(B|C)+ P(AN B|C)
Now

P(AUB|C)=1—-P(~(AUB)|C=1-P(~ AN~ B|(C)

and since
(~(AUB))=(~ AN~ B)



l.e.,

A B (~(AUB)) (~An~B)
11 0 0
1 0 0 0
0 1 0 0
0 0 1 1

which is called a “truth table” and clearly shows the equality, we
finally get

P(AUB|C) = P(A|C)+ P(B|C) — P(AN B|C)

This is a very important and useful result.



If we have P(AN B|C) = 0, then events A and B are said to be
mutually exclusive given that C is true and the relation then

reduces to
P(AU B|C) = P(A|C)+ P(B|C)

This is the rule of addition of probabilities for exclusive events.

Some other important results are:
It ANB = BNA, then P(AIC)P(B|JANC) = P(B|C)P(ABNC(C)

P(B|C)
P(A[C)

If P(A|C)#0, then P(B|JANC)= P(ABN C)

which is Baye's theorem.

It relates the probability of B given A to the probability of A given
B.

This rule, which relates prob(A|B N C) to prob(B|AN C), allows us
to turn things around with respect to the conditioning symbol,
which leads to a reorientation of our thinking about probability.



The fundamental importance of this property to data analysis
becomes apparent if we replace A and B by hypothesis and data:

prob(A|B N C) « prob(B|AN C) x prob(A|C)

prob( hypothesis|datanl) o prob(data|hypothesisNl)x prob( hypothesis||)

Note that the equality has been replaced with a proportionality
because the term prob(data|l) = evidence has been omitted.

The proportionality constant is found from the normalization
requirement that the sum of the probabilities for something
happening must equal 1.

"he power of Bayes' theorem lies in the fact that it relates the
quantity of interest, the probability that the hypothesis is true given
the data, to the term that we have a better chance of being able to
assign, the probability that we would have obtained the measured
data if the hypothesis was true.

The various terms in Bayes' theorem have formal names.



The term prob( hypothesis|l) = prior probability represents our
state of knowledge(or ignorance) about the truth of the hypothesis
before we have analyzed the current data.

This is modified by the experimental measurements through the
term

prob(data|hypothesis &1) = likelihood function.

This product gives prob( hypothesis|data &) = posterior
probability representing our state of knowledge about the truth of
the hypothesis in the light of the data(after measurements).

In some sense, Bayes' theorem encapsulates the process of
learning.

When we say that B is independent of A, we will mean
P(B|An C) = P(B|C)

or the occurrence of A has NO influence on the probability of B
given C.



Using axiom (4) we then have the result:
If A and B are independent given C, then P(ANB|C) = P(A|C)P(B|C)

This is called statistical or stochastic independence.
The result generalizes to a set of events {A;,i =1,2,...., n}.

All these events are independent if and only if

P(A1 0 As (.. N Ap|C) = P(A1|C)P(As|C)......P(Am| C)

for all m < n.
How do we describe a probability distribution?

The main variables are the mean, mode, median and the
variance.

For a continuous distribution, these quantities are defined by:

®.@
mean = average :,u:/ xf (x)dx

— OO



Of (x)

mode = most probable = =0
Ox |,.—,
median = 50% point :O.5:/ xf (x)dx
variance = width of distribution = 0% = / f(x)(x — p)%dx

For a discrete distribution the mean and variance are defined by:

1 n
mean = U = — E Xj
n -
=1

variance = ¢ Z(X, 1)?



Some continuous pdf:

symmetric distribution (gaussian): in this case the mean, mode
and median are all at the same x. See figure below.

asymmetric distribution: in this (and most ) cases the mean,
mode, and median are at different x-values.

Symmetric Distribution Skewed Distribution
Mean i Mode
Median | Median
Mode Mean




Calculation of mean and variance:

Example: Given a discrete data set containing the three numbers
X = {]., 2, 3}

the average u is
S P
" i 3

A complication arises if some measurements are more precise than
others, that is, if each measurement x; has a weight w; associated
with it then we calculate the average using

n

1
a D i1 Wi ;

which is called a “weighted average'.

Wi X

So if the three data points are such that the value 3 is 10 times
more precise than the values 1 and 2 we have



Wi — {1, 1, 10}

and . 23
= (142 - 2
[ 12( + 2 + 30) e 75

The variance 02 (0 = standard deviation) or squared average
deviation from the mean is

i=1
It describes the width of the pdf. Expanding the summations we
can rewrite this expression in a more useful form:

n

0% = %z;[x,z — 2lmux; + p?] = %;X,z —ZN%;X;—I—Mz%;l

| =
1
(%7 average — 211(xi)average + —2(n)

(x%) = 2u(p) + p® = (x°) — 4’
) — (x)? where(---) = average



For our sample data set we have
o 1 2
% :5(1+4+9)—(2) — 4.67 — 4 = 0.67

and in the case of different weights for the data values we have

n

1 1 ke
7 S Y s e

=17 =1

95

=5 -2 75)> =7/92 — 7.56 = 0.36

Example: a continuous probability distribution

f(x)=sin’x , 0<x<2r



This distribution has two modes.

The mean and median are equal, but different from the mode as
shown below

1.2
mode mode
1 gy Imean g
08 {0 median |
' $ B P8
& N ,'|l '|l |'| "'|
: ool
0.4 "| \ l Il
I. | '
02 A N
d oo C
0 o - =
0 n/2 =« 2n



First, we note that f(x) is not properly normalized, i.e.,

27 27
/ f(x)dx = / sin® xdx = m # 1
0 0

Therefore, the normalized pdf is given by

sin® x 1 .,
= —SIn X

fOZW f(x)dx T

f(x) =

The actual values for this distribution are

1 2T
,u:—/ xsin® xdx = 7
0

T

0 3
&sin2x:0%x: 72T, ;: modes

1 (@7
—/ xsin®xdx = 0.5 — o = 7 = median
T Jo



Another continuous distribution example: a Gaussian: we have
(see figure below)

mode
median
mean
o
X
where ,
1 _&x=w*
f(x)= e 252

V2

and o = standard deviation and x = mean = mode = median = 7.

We note that 68% of the area under the curve lies within +o.



Accuracy and Precision

The accuracy of an experiment refers to how close the
experimental measurement is to the “true” value of the quantity
being measured.

The precision refers to how well the experimental result has been
determined, without regard to the true value of the quantity being
measured. Remember, just because an experiment is precise, it
does not mean it is accuratel

Measurement Errors (Uncertainties)

The most common quality indicator is the relative precision

defined by:

[uncertainty in measurement]

relative precision =
measurement

where the [uncertainty in measurement] is the square root of the
variance or the the standard deviation o.



This is usually calculated using “propagation of errors”.
Statistics and Systematic Errors

Results from experiment are often presented as:

N+ XXEYY

where

N = value of quantity measured (or determined) by experiment

XX = statistical error (usually assumed to be from a Gaussian
distribution).

With the assumption of Gaussian statistics we can say
(calculate) something about how well our experiment agrees
with other experiments and/or theories.

We are saying that we expect a 68% chance that the true
value is between N — XX and N + XX.

YY = systematic error; very hard to estimate since the
distribution of such errors is generally not know.



What is the difference between statistical and systematic errors?

Statistical errors are “random’ in the sense that if we repeat the
measurement enough times XX — 0 in the sense described earlier.

Systematic errors do not — 0 with repetition.

An example of a systematic error might be a poorly calibrated
voltmeter.

Because of systematic errors an experiment can be precise, but not
accurate!

How do we combine systematic and statistical errors to get one
estimate of precision?

This is always a big problem.

We have two choices:



Ototal = XX + YY add them linearly

or
Ototal = (XX2 + YY2)1/2 add them in quadrature.

Now let us now look in more detail at some discrete probability
distributions.

Binomial Probability Distribution

Consider a situation where there are only two possible outcomes (a
so-called Bernoulli trial), for example, flipping a coin (head or tail)
or rolling a dice (6 or not 6).

Label the possible outcomes by the variable k; we want to
determine the probability P(k) for event k to occur.

Since k can take on only 2 values we define those values as

k=0 or k=1



Let P(k =0) = g (remember 0 < g < 1).

Now something must happen (one of our postulates) so that we

must have
P(k=0)+Plk=1)=1

Plk=1)=p=1—Pk=0)=1—g
We can write the probability distribution P(k) as

P(k) = pXg'~* (Bernoulli distribution)

For the coin toss case, if we define the probability for a head as

P(1), then
P(1) = P(0) =0.5



For the dice roll case, if we define the probability for a 6 to be
rolled as P(1), then

P(1)=1/6; P(0)=5/6 = P(nota6) = p(1,2,3,4,5)
What is the mean p of P(k)?

_ YkokP(k) _Oxq+1xp p
>0 P(K) q+p 1

What is the variance o2 of P(k)?

v

_Zizokzp(k) Mz_oxq 1 xp 2
> ko P(K) q+p
=p—p>=p(l—p)=pq

02 = (K?) - (K)?

Suppose we have N trials (e.g. we flip a coin N times).

What is the probability of m successes (= heads). Clearly m < N.



Consider tossing the coin twice.

The possible outcomes are
no heads : P(m =0) = g?

one head : P(m=1) =qgp+ pg =2pq (tail/head + head/tail)
two heads : P(m = 2) = p?

Therefore, P(0) 4+ P(1) + P(2) = ¢° +2pqg+ p> = (g + p)* =1 as
expected.

We want the probability distribution function P(m, N, p) where
m = number of successes (number of heads)

N = number of trials (number of coin tosses)

p = probability of success (0.5 for head)



If we look at these three choices for the coin flip example, each
term is of the form:

C pqu—m
with m=0,1,.... N.

Now N = 2 for our example and g = 1 — p always. The coefficient
C, takes into account the number of ways an outcome can occur
regardless of order.

For m =0 or m = 2, there is only one way for the outcome (both
tosses give heads or tails) so that Co = C; = 1. For m =1 (one

head in two tosses) there are two ways that this can occur so that
C1 =2.

The so-called Binomial coefficients (introduced earlier) tell us the
number of ways of taking N things m at a time, that is,

Chm = (,/:/7) B m!(/vNi m)!




Note that we are assuming that order of things is not important so
that head followed by tail counts the same as tail followed by head.
Unordered groups such as this example are called combinations.

Ordered arrangements are called permutations.

For N distinguishable objects, if we want to group them m at a
time, the number of permutations is

N!
PN m =
A VY

Examples:

(1) If we tossed a coin twice (N = 2), there are two ways to get
one head (m =1).

(2) Suppose we have 3 balls, one white, one red and one blue. The

number of possible pairs we could have(keeping track of the order)
is 6 (rw, wr, rb, br, wbh, bw) and



3!
~ (3-2)

If order is not important (rw = wr), then the binomial formula gives

Cs.2 = (2) N 2!(331 o3

namely, (wr, bw, rb).

P3,2 =0

The binomial distribution in general: the probability of m successes
out of N trials is

N
m!(N — m)

m —m N m —m
P(m,N,p) = Cymp™q" =< )p g —m =

m

Now consider a game where a player bats 4 times and
p = probability of a hit =1/3

g =1 — p = probability of not hit =2/3

pqu—

m



We then have (for hits)

probability of 0/4 = [41/(4101)](1/3)°(2/3)* = 19.75%
srobability of 1/4 = [41/(1131)](1/3)}(2/3)° = 39.51%
srobability of 2/4 = [41/(2121)](1/3)?(2/3)% = 29.63%
srobability of 3/4 = [4!/(311D](1/3)3(2/3)! = 9.88%
srobability of 4/4 = [41/(4101)](1/3)*(2/3)° = 1.23%

Clearly the probability of getting at least one hit is
1 — P(0) =80.25%
Now in general

(n) = average or expectation value( for hits)

= sum over [possible values times probability of that value]

N N "
. ' m _N—m
mz::OmP(m, N,p)=>» =P

m=0




We now use a clever mathematical trick to evaluate this sum.

For the moment consider p and g to be two arbitrary independent
variables.

At the end of the calculation we will let g =1 — p as is appropriate
for a real physical system.

From the Binomial expansion formula, we have, in general,

N N NI
p N _ ' m _N—m _ N
mEZOﬁ (m, N, p) mE:o: M — P 9 (p+q)

Since p + g = 1, the says the the probability distribution
P(m, N, P) is properly normalized.

We then have
N

0 N1 m Nem O N
pa—pzm!(N_m)!p =Py (pta)

m=0




or

Al N' N N N-1
m -m _ + -
or
N
). mP(m,N,p) = Np(p+q)""
m=0
Thus,

(n) = Np(p+ q)"*



In a real physical system, we must have p + g = 1, so that we end
up with the result

(n) = Np

Some results for N =7 and N = 50 are shown below.

Expectation Value
p=hp=7"1/3=2.333...
04 T T T

035F

03F

025} ¢

02t ¢

P(k,7,1/3)

015

0.1

00s}




Expectation Value
p=np=50"1/3=16 666...

014

012

0.1F

008+

P{k,50,173)
O

0.06 +

0.04 -

002+ o

| | |
0 S 10 15 20 25 30

The variance can be calculated in a similar ways and we het

2 > no(m — 1)?P(m, N, p)
S _o2P(m, N, p)

= Npq



Example: Suppose you observed m special events (success) in a
sample of N events.

The measured probability for a special event to occur is then

€E — —

N
The error of the probability is

om _ /Ne(l—¢) \/6(1—6)

N N N

Oc —

which implies that the sample (/) should be as large as possible to
reduce the uncertainty in the probability.

Example: Suppose a baseball player’'s batting average is 1/3 (1 for
3 on average).

Consider the case where the player either gets a hit or makes an out
(forget about walks here!).



Then
p = probability for a hit = p=1/3

g =1— p = probability for “no hit" =g=1—p=2/3

On average how many hits does the player get in 100 at bats?
u = Np=100(1/3) = 33.33

What is the standard deviation for the number of hits in 100 at
bats?
o = (Npg)*/? = (200/9)'/2 = 4.71

therefore, we expect 33 == 5 hits in 100 at bats.



The Poisson Probability Distribution
This is a very widely used discrete probability distribution.

Consider the following conditions:

1. pis very small and approaches 0

example: a 100 sided dice instead of a 6 sided dice
— p = 1/100 instead of 1/6

example: a 1000 side dice with p =1/1000

2. N is very large and approaches oo

example: throwing 100 or 1000 dice instead of 2 dice
3. the product Np is finite



Example: radioactive decay

Suppose we have 25 mg of an element; this corresponds to a very
large number of atoms, N ~ 10%°.

Suppose the lifetime of this element is

A =10 years ~ 5 x 10*® seconds

These numbers imply that the probability of a given nucleus to
decay in one second is very small

p = X 2 x 10720 sec™?

Note that Np = 2 sec™! which clearly is finite!

It then turns out that the number of counts in a time interval is a
Poisson process (governed by the Poisson probability distribution).

The Poisson distribution can be derived by taking the appropriate
limits of the binomial distribution



! m _N—
m(N — my" 7

m

P(m,N,p) =

We have these limits

N N(N=1)....(N—=m+1)(N — m)
(N —m)! (N — m)!

~ N\N™

and

V" =1-p)"""=1—p(N - m) - pQ(N—m);\/—m—l) e
(pN)? |

2

~1— PN - PN

o ~ e

so that ym
'D(m7 N,P) — _pme—pN
m!



Now let 4+ = Np and we have

O ©.@, _ m O m

;P(m,,u): 2_:06 :7’7 :e_“;)%:e_“e“zl

We note that m is always an integer # 0, but © does not have to
be an integer.

It is straightforward to show that
1t = Np = mean of Poisson distribution

0% = Np = 11 = variance of the Poisson distribution



The mean and variance are the samel

Returning to the radioactivity example we have u = Np = 2
decays/sec . What is the probability of zero decays in one second?

e—220

P(0,2) = — 0.135 — 13.5%

0!
What is the probability of more than one decay in one second?

e 220 221

o T 0.594 — 59.4%

P(>1,2)=1-P(0,2)—P(1,2) =1
Another example:

The number of false fire alarms in a suburb of Houston averages
2.1 per day. Assuming a Poisson distribution is appropriate, the
probability that 4 false alarms will occur on a given day is given by

6_2'12.14
4

P(4,2.1) = = 0.0992 — 9.92%




Some other processes governed by a Poisson distribution are

1. The number of phone calls received by a telephone operator in
a 10-minute period.

2. The number of flaws in a bolt of fabric.

3. The number of typos per page made by anyone entering text.

Probability Interpretation

As we have said, in the standard way of thinking about probability
in relation to experiments, measured results are related to
probabilities using the concept of a limit frequency.

The limit frequency is linked to probability by this definition:
If C can lead to either A or ~ A and if in n repetitions, A
occurs m times, then

P(A|C) = lim (ﬂ)

n—00 n



We must now connect the mathematical formalism with this limit
frequency concept so that we can use the formalism to make
predictions for experiments in real physical systems.

This approach depends on whether we can prove that the limit
makes sense for real physical systems.

Let us see how we can understand the real meaning of the above
interpretation of probability and thus learn how to use it in quantum
mechanics, where probability will be the dominant property.

Suppose that we have an experimental measurement, M, that can
yield either A or ~ A as results, with a probability for result A given
by

P(AIM) = p

In general, we let any sequence of n independent measurements be
labeled as event M" and we define na as the number of times A
occurs, where 0 < ny < n.



We repeat the earlier, but so very important derivation.

Now imagine we carry out a sequence of n independent
measurements and we find that A occurs r times.

The probability for a sequence of results that includes result A r
times and ~ A (n — r) times (independent of their order in the

sequence) is given by
prq(n_r) p"“q(’n_?”)

where
g=P(~AM)=1—-—PAM)=1—-p

The different sequence orderings are mutually exclusive events and
thus we have

P(na=riM) = Y prg™™

all possible
orderings



The sum

2

all possible
orderings

just counts the number of ways to distribute r A's and (n — r)
~ A's, where all the terms contain the common factor p"g("~") .

This result is given by the Binomial probability distribution (more
about this later) as
n!

ri(n—r)!

so that
nl

.
ri(n—r)! P4
Now to get to the heart of the problem.

(n—r)

P(na=r|M") =

he frequency of A in M" is given by

na
fn:_
n



This is not necessarily = p in any set of measurements.
What is the relationship between them?

Consider the following:

(TLA ‘ 7‘) = average or expectation value
= sum over [possible values times probability of that value]
n n
n!
p— P — Mn — r r (n_’r) |
;r (na = r|M7) ; ri(n—r)! P4

We now use the same clever mathematical trick as used earlier to
evaluate this sum.

For the moment consider p and g to be two arbitrary independent
variables.

At the end of the calculation we will let g =1 — p as is appropriate
for a real physical system.



From the Binomial expansion formula, we have, in general,

n

n!
r (n—r) __
> Ao P4 = et a)

— rl(n— r)!
We then have
0 n! (n—r) _ .
pa—pgr!(n_r),pq (p+q)
or
- n! ro(n—r) _ n—1
rz:%rr!(n—r)!p ! = np(p+q)
or i
> P(na=rIM") = np(p+q)""
r=0
and thus

(na) = np(p+ q)""



In a real physical system, we must have p + g = 1, so that we end
up with the result

(na) = np

and

This says that p = the average frequency.
This does not say, however, that f, is close to p.

Now consider a more general experiment where the outcome of a
measurement is the value of some continuous variable @, with
probability density (for its continuous spectrum) given by

P(g < Q < g+ dq|M) = h(q)dq

If we let h(q) contain delta-functions, then this derivation is also
valid for the discrete part of the spectrum.



We can now derive the following useful result.

If Q is a nonnegative variable, which means that h(q) = 0 for
g < 0, then for any ¢ > 0

Q) = /0 " h(q)qdq > / " h(q)adq > e / " h(q)dg = cP(Q > ¢|M)

his implies that

P(Q > (M) < ‘¥

€
Now we apply this result to the nonnegative variable |Q — c|®
where o > 0 and ¢ = number, to obtain

PUQ — c| > M) = P(1Q — c* > e*|m) < Q=€)

EOé
which is called Chebyshev's inequality.
In the special case where

a=2 , c=(Q)= mean of distribution

(1Q—c|?) = (|Q—(Q)*) = (Q%) = (Q)* = ¢ = variance, € = ko



we have .
PIQ — (@) =2 ka|M) = 5

or, the probability of @ being k or more standard deviations from
the mean is no greater than 1/k? (independent of the form of the
probability distribution).

It can also be shown that

1
P(|f, — p| > 6|M) < —
(1 p| > o|M) < nd2
which implies that the probability of f, (the relative frequency of A
in n independent repetitions of M) being more than § away from p

converges to 0 as n — oo.
This is an example of the law of large numbers in action.

This DOES NOT say f, = p at any time or that f, remains close
to p as n — 0.



It DOES say that the deviation of f, from p becomes more and
more improbable or that the probability of any deviation approaches
0 as n — oc.

It is in this sense that one uses the limit frequency from experiment
to compare with theoretical probability predictions in physics.

From probability theory one derives only statements of probability,
not of necessity.

First hints of "subversive" or “Bayesian” thinking.....

How do we reason in situations where it is not possible to argue
with certainty?

In other words, is there a way to use techniques of deductive logic
to study the inference problem arising when using inductive logic?

No matter what scientists say, this is what they are actually doing
most of the time.



The answer to this last question resides in the Bayes' rule.

To Bayes (along with Bernoulli and Laplace), a probability
represented a “degree-of-belief” or “plausibility”, that is, how much
one thinks that something is true, based on the evidence on

hand.

The developers of standard probability theory (Fisher, Neyman and
Pearson) thought this seemed too vague and subjective a set of
ideas to be the basis of a “rigorous’ mathematical theory.

Therefore, they defined probability as the long-run relative
frequency with which an event occurred, given infinitely many
repeated experimental trials.

Since such probabilities can be measured, probability was then
thought to be an objective tool for dealing with random
phenomena.



This frequency definition certainly seems to be more objective, but
it turns out that its range of validity is far more limited.

In this view, probability represents a state of knowledge.

The conditional probabilities represent logical connections rather
than causal ones.

Example: Consider an urn that contains 5 red balls and 7 green

balls.

It a ball is selected at “random”, then we would all agree that the
probability of picking a red ball would be 5/12 and of picking a
green ball would be 7/12.

If the ball is not returned to the urn, then it seems reasonable that
the probability of picking a red or green ball must depend on the
outcome of the first pick (because there will be one less red or
green ball in the urn).



Now suppose that we are not told the outcome of the first pick, but
are given the result of the second pick.

Does the probability of the first pick being red or green change with
the knowledge of the second pick?

Initially, many observers would probably say “no’, that is, at the

time of the first draw, there were still 5 red balls and 7 green balls
in the urn, so the probabilities for picking red and green should still
be 5/12 and 7/12 independent of the outcome of the second pick.

The error in this argument becomes clear it we consider the
extreme example of an urn containing only 1 red and 1 green ball.

Although, the second pick cannot affect the first pick in a physical
sense, a knowledge of the second result does influence what we can
infer about the outcome of the first pick, that is, if the second ball
was green, then the first ball must have been red, and vice versa.

We can calculate the result as shown below:



Y = pick is GREEN(2nd pick)
X = pick is RED(1st pick)
I = initial number of RED/GREEN balls={n,m}

A Bayesian would say:

orob(X 1Y & I) = prob(Y | X & I) X prob(X | I)

prob(Y | I')
m
prob(Y 1 X & {n,m})x — rm " )
prob(X 1Y & {n,m}) = n+m __ =
n m__ _m m—1 nm +m(m—1) n+m-—1
n+mn+m-1 n+mn+m-1 n+m-1 n+m-1
n=m=1= prob(X1Y &{1,1})= ——— =1
(n+m-1)
5

n:S,m=7=>pr0b(X|Y&{5,7})=ﬁ=O.456

Non — Bayesian says:

prob(X 1 {5,7})= % =0.417



Clearly, the Bayesian and Non-Bayesian disagree.

However, the Non-Bayesian is just assuming that the calculated
result 0.417 is correct, whereas, the Bayesian is using the rules of
probability (Bayes' Rule) to infer the result 0.456 correctly.

The concerns about the subjectivity of the Bayesian view of
probability are understandable.

| think that the presumed shortcomings of the Bayesian approach
merely reflect a confusion between subjectivity and the difficult
technical question of how probabilities(especially prior probabilities)
should be assigned.

The popular argument is that if a probability represents a
degree-of-belief, then it must be subjective, because my belief could
be different from yours.



The Bayesian view is that a probability does indeed represent how
much we believe that something is true, but that this belief should
be based on all the relevant information available(all prior
probabilities).

While this makes the assignment of probabilities an open-ended
question, because the information available to me may not be the
same as that available to you, it is not the same as subjectivity.

It simply means that probabilities are always conditional, and this
conditioning must be stated explicitly.

Objectivity demands only that two people having the same
information should assign the same probability.



Gaussian Probability Distribution

The Gaussian probability distribution is perhaps the most used
distribution in all of science.

It is sometimes called the "bell-shaped curve’ or normal distribution.

Unlike the binomial or Poisson distributions, the Gaussian is a
continuous distribution given by

1 _-w?

e 202
o\ 2T

where
1 = mean(=mode=median) of distribution

o2 = variance of the distribution

y = continuous variable — oo <y < o0



See figure below.

mode
median
mean

The probability of y being in the range [a, b] is given by an integral

(y “)2

am/ W

which cannot be evaluated analytically.

Pla<y<b)=




The probability distribution is properly normalized to 1 since

(y u)z

2 dy =1

P(—oo <y < o) =

vl

One often hears statements about a measurement being a certain
number of standard deviations (o) away from the mean () of the
Gaussian.

We can associate a probability for a measurement to be | — no|
from the mean just by calculating the area outside of this region.

n Prob. of exceeding £no
0.67 | 0.5

1 0.32

2 0.05

3 0.003

4 0.00006




which shows that it is very unlikely (< 0.3%) that a measurement
taken at random from a gaussian pdf will be more than +30 from
the true mean of the distribution.

Relationship between Gaussian and Binomial Distributions

The Gaussian distribution can be derived from the binomial(or
Poisson) distribution assuming:

1. pis finite

2. N is very large

3. We have a continuous rather than a discrete variable
An example illustrating the small difference between the two

distributions (remember one is continuous and the other is discrete)
under the above conditions is:

Consider an experiment of tossing a coin many times where
P(heads) = 0.5 , N = 10000
For the binomial distribution:

mean number of heads = u = Np = 5000



standard deviation = o = [Np(1 — p)]*/? = 50

The probability to be within +o is

m—=5000+50 104 | _ ot
P(£o)= > A0F — mYim 0.5™0.5 = 0.69
m=5000—-50

For the Gaussian distribution:

1 R N
Plu—o<y<p+o)= / e 22 dy =0.68
I}

so that both distributions give about the same probability under
these conditions.

Central Limit Theorem

"he Gaussian distribution is important because of the Central Limit

"heorem.



A crude statement of the Central Limit Theorem is

Things that are the result of the addition of lots of small
effects tend to become Gaussian.

A more exact statement goes as follows:

Let Yq, Yo, ...., Y, be an infinite sequence of independent random
variables each with the same probability distribution (the Y's
actually can be from different pdf's).

Suppose that the mean (1) and the variance (¢2) of this
distribution are both finite.

For any numbers a and b:

Yi + Yo+ ... Y, — 1 b
im P la< SRR I b :—/ e—%yzdy
n—oo | oy/n V2 J;




The CLT tells us that under a wide range of circumstances the
probability distribution that describes the sum of random variables
tends towards a Gaussian distribution as the number of terms in the
sum — 00.

Alternatively we have the statement

Y — Y — 1 [° i
lim P{a< 'u<b]:|im P{a< 'u<b}:— e 2V dy
n— oo

0‘/\/5 n— oo Om \/ 27T 2

where o, is sometimes called the “error in the mean”.

For the CLT to be valid: 1 and o must be finite and no one term in
the sum should dominate the sum.

We note that a random variable is not the same as a random
number.

A random variable is a rule which associates a number with each
outcome in a set of possible outcomes S.



We note that if y is described by a gaussian pdf with 4 = 0 and
o = 1 then the probability that a < y < b is given by

1 b 1 2
) e
m Ja
which is the RHS of the CLT.

Example: A watch makes an error of at most +£1/2 minute per
day. After one year, what is the probability that the watch is

accurate to within =25 minutes? Assume that the daily errors are
uniform in [—1/2,1/2].

For each day, the average error is zero and the standard deviation
1/4/12 minute, that is, P(y) = 1.0, u© = 0 so that

o = = yidy = — 5 0 = ——

1/2
Sy = wPP(y)dy /1/2 1 1
25, P(y)dy ~1/2 12 V12

The error over the course of a year is just the addition of the daily
error.



Since the daily errors come from a uniform distribution with a well
defined mean and variance, the CLT is applicable.

Thus,
limPa<Y1—|—Y2—|— ..... + Y, — nu
n—o00 i O'\/E

<b_ ! /b _%yzd
= — e
_ \/27T a g

The upper limit corresponds to +25 minutes, i.e.,

125 — (365)(0)

(1/V12)V365

and the lower limit corresponds to -25 minutes, i.e.,

Yl -+ Y2 -+ . - Yn —ny —25 — (365)(0) B

—4.5

o+/n - (1/V12)V365

Therefore, the probability to be within -

25 minutes Is

p— / - e~ 2°dy = 0.999997 = 1 — 3 x 10~°
V2T J_45

that is, less than three in a million chance that the watch will
be off by more than 25 minutes after a year.



Example: Generate a Gaussian distribution using random numbers.

We have a random number generator which gives numbers

distributed uniformly in the interval [0, 1] so that © = 1/2 and
o=1/12.

Procedure:

1. Take n = 12 numbers (r;) from the random number generator
2. Add them together
3. Subtract nu =6

This should generate a number that looks like it is from a Gaussian
pdf, that is,

Y1+ Yo +..... —|—Y,,—n,u I’1—|—I’2—|— ..... —|—r12—12(1/2)
Pla< < b
oy/n (1/4/12)4/12
1 4.5 >
—P[ 6<(r1+r2+ —|—I’12—6)<6] — _Eydy
V2m J_as

where the value of a arises from all r; = 0 and the value of b arises
from all r, = 1.



OCTAVE code: cent-lim.m

m=10000;

k=40;

rl=rand(1,m);

mu=0.5;

sig=1/sqrt(12);

val=rand(2,m);
r2=val(1,:)+val(2,:)-1;
val=rand(3,m);
r3=val(1,:)+val(2,:)+val(3,:)-1.5;
val=rand(12,m);
ri2=val(1,:)+val(2,:)+val(3,:)+val(4,:)+val(5,:)+val(6,:)+val(7,:)+val(8,:)+val(9,:)+val(10,:)+val(1l,:)+val(12,:)-6;
subplot(2,2,1)

hist(rl,k);

title('10000 random numbers');
subplot(2,2,2)

hist(r2,k);

title('10000 pairs');
subplot(2,2,3)

hist(r3,k);

title('10000 triplets');
subplot(2,2,4)

hist(r12,k);

title('10000 sets of 12');



10000 random numkbers 10000 pairs

300
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Example: The daily income of a “card shark™ has a uniform
distribution in the interval [—$%40, $50].

What is the probability that she wins more than $500 in 60 days?

Let us use the CLT to estimate this probability

e_%yzdy

Iim P |a <

1
oo | o/ ] _\/277/3

The probability distribution of daily income is uniform, P(y) = 1.

Thus, we have

0
e [2a0yP(y)dy  1(50% —40%) ;

E?m P(y)dy 50— (—40)

o 720 Y2P 2 1(503 — 403)
f_40 P(y)dy 50 — (—40)

The lower value a is

25 =675




he lower value a is

a_Yl—I—YQ—I— ..... —I—Yn—n,u_SOO—(6O)(5)_1

oy\/n V/6751/60

The upper value b is the maximum the shark could win ($50/day
for 60 days)

b:Y1—|—Y2—|— ..... —I—Yn—n/L:3OOO—(6O)(5):13.4

ay/n /67560

Thus,

po L [Tetig L [T ey — 06
= — e 2 y ~N —— e 2 y — U.
V2T J1 V2o J1

or a 16% chance to win > $500 in 60 days.



Propagation of Errors

Example: we measure the current(/) and the resistance (R) of a
resistor.

Ohm's law is V = IR.

If we know the uncertainties (e.g. standard deviations) in / and R,
what is the uncertainty in V7

Given a functional relationship between several variables (x, y, z),
say Q = f(x,y,z) we ask:

What is the uncertainty in @ if the uncertainties in x, y, and z are
known? Usually when we talk about uncertainties in a measured
variable such as x, we assume:

1. the value of x represents the mean of a Gaussian distribution

2. the uncertainty in x is the standard deviation of the Gaussian
distribution



Remember, however, that not all measurements can be represented
by Gaussian distributions and that can cause ditficulties.

Propagation of Error Formula

Suppose Q = f(x, y).

o calculate the variance in @ as a function of the variances in x
and y we use the following:

o o (0Q\° 5 [9Q)\? 0Q\ [ 9Q
=) 3 () 2 (%) (5)

If the variables are uncorrelated (o4, = 0), the last term is zero.

Assume that we have several measurements of the quantities x, say
X1,X2,...,xny and y, say, vi1, V2, ...., YN.



The average of x and y are

1 < 1
:N;Xi 9 Ny:N;yl

We define
Qi = (X, i)
Q = f(ux, py) evaluated at the average values

If we expand @; about the average values (neglecting 2"-order or

higher terms) we get
0Q 0Q
Qi—Q:(XI :uX) <8X> —|_(yl lu)/) <8y>

so that

Hex Hy



i=1 Fy
L (0Q 2 , (0Q 2
-4(%), % (%),

0Q\ [0Q\ <
+ 2 <—) <—) (Xi — ,LLX)()/i — M )

8X Mx 6')/ Fy ; ’

If the measurements are uncorrelated (uncorrelated errors)

0Q\ ° 0Q\°
b () ()
Q@ ox ), Y\ Oy

Mty



When x and y are correlated, define

N
Oxy — Z(Xi — s )(yi — Ny)

so that for correlated errors
0Q\° 0Q\° OQ 0Q
% i) v (5) e (5) (5)
¢ Ox Hx g 8)/ Hy ’ Ox Hex 8)/ Hy

Example: Power in an electric circuit - P = I°R/

let / =1.04+0.1 amp and R = 10 £ 12 so that P = 10 watts. We
calculate the variance in the power using propagation of errors

OP\ OP\*
05 =0? | — e =07 (2/R)?:1—|—a%e (/2)2210 = 5 watts®
ol J IR /) g—10

so that
P =10 4 2 watts




This means that if the true value of the power was 10 W and we
measured it many times with an uncertainty o of 2 W and
Gaussian statistics apply, then 68% of the measurements would lie
in the range [8, 12] W. Sometimes it is convenient to put the above
calculation in terms of relative errors.

2

a,% oy OP\ 2 afz? OP\ 2 40,2 azR 0.1\2 1\2 >
— ( ) + ( ) :——l——:4<— + | — = 0.05 = 5 watts
P2 P2 \ 0l /=1 P2 \OR/ k=10 /2 R2 1 10

Clearly, the uncertainty in the current dominates (80%) the
uncertainty in the power, which mean that current must be

measured more precisely to greatly reduce the uncertainty in the
power.

Example: The error in the average

The average of several measurements each with the same
uncertainty (o) is given by

1

= ;(Xl + X0 4 .. + Xp)



and the variance of the mean is

oL ° ou ° ou °
2 2 2 2 2

or

Oy =

V/n

is the “error in the mean’’.

Clearly, we can determine the mean better by combining
measurements and the precision increases (gets better) as the
square root of the number of measurements.

Do not confuse o, with o.

o is related to the width of the pdf (e.g. Gaussian) that the
measurements come from.

o does not get smaller as we combine measurements.



Maximum Likelihood Method

Suppose that we are trying to measure the true value of some
quantity (x7) .

We make repeated measurements of this quantity (xi, x2, ...., X,).

The standard way to estimate x7 from our measurements is to
calculate the mean value:

1 n
Mx — ;;Xi
|—

and then set x7 = L.
Does this procedure make sense?

To answer this question we investigate the maximum likelihood
method(MLM), which is a general method for estimating
parameters of interest from data.



Statement of the Maximum Likelihood Method
Assume we have made n measurements of x (x1, X2, ...., Xp).

Assume we know the probability distribution function that describes
x, namely, f(x, a).

Assume that we want to determine the parameter «.

MLM: pick o to maximize the probability of getting the
measurements (the x;'s) that we did!

How do we use the MLM?
(1) Let f(x, ) be given by a Gaussian distribution
(2) Let @ = p be the mean of the Poisson distribution

(3) We want to estimate o from our set of n measurements



(4) Assume that o is the same for each measurement. Thus,

1

f(xi, ) =

o\ 2T

 (xj—a)?

€

252

(5) The likelihood function for this problem is

n n 1 (X-—a)2
[ = H f(xi, ) = H . _zﬂe_ 252
=1 =1
B 1 TN (Xi—oc)z

B oV 2T

o\ 2T |

1

(g —a)?

252

(6) Find « that maximizes the log(likelihood function):

(’9 ke (X,'—Oz)z_ k B
6‘_042 52 —O%IZ:;(X,—&)—O

=1

dlnL 0 1 . d (X,'—Oz)2_
— Z |nl I N
O O i (0‘ 27‘(> ; ; 202

n 1 n

E Xi = N — 0 = — E X
n

i=1 i=1

_ (xn—a)?

252



which is just the average value as expected.

It o is different for each data point, then « is just the weighted
average
n
2 i—1

D i=15

QN| X

O =

SR

—

Example:
(1) Let f(x, ) be given by a Poisson distribution
(2) Let @ = i be the mean of the Gaussian

(3) We want to estimate « from our set of n measurements



(4) The likelihood function for this problem is

n n o  x QX2 O X1 Q. Xn
e*a e’ e“« e
L:Hf(xi,a):H — = | e |
: : X! X2 X1: Xn:
=1 =1
enaaz7zlxi
 ox1xo!lx,]
(5) Find « that maximizes the log(likelihood function):
olnL | " '
— no — In o xi — InxyIxol... x| =0
oo oo Zl ' i
n 1= -

1 — 1 —
—n+a§><;:0%oz:;§x;

which is just the average value as expected.



General Properties of the MLM

1. For large data sets (large n) the likelihood function L
approaches a Gaussian.

2. For large n estimates converge to the true value of the
parameters.

3. MLM estimates are unbiased, efficient, sufficient and has
smallest variance. Solution is unique.

4. BAD NEWS: we must know the correct probability
distribution for the problem under consideration!

Maximum Likelihood Fit of Data to a Function

Suppose we have a set of n measurements:

X1,Y1 =~ O1

X2, Vo -0

Xns ¥Yn I— Op



Assume each measurement error(o) is a standard deviation from a
Gaussian pdf.

Assume that for each measured value y, there is an x which is
known exactly.

Suppose we know the functional relationship between the y's and
the x's:

y =q(x,a,0,....)

where «, (5, .... are parameters.
MLM gives us a method to determine «, (3, .... from the data.
Example: Fitting data points to a straight line:

y =q(x, 0, 8,....) = a+ Bx

n 1 (vi—aq(x;,,8...)0)%

L = f(Xiaaaﬁ): € 277
8! S e

i—1 i




We find o and 8 by maximizing the likelihood function L :

OlnL 0 < 1 (vi — o — Bx;)?"
= — |
O O Z I " (0‘,4/27‘(‘) D02 ]

=1 I

:zn: (i —a— Bx)* 0
i—1 L :

D02

/

OlnL 0 T 1 (vi — o — Bx;)?”
o5~ o5 2= |" <a,-m> 207

:zn: (yi —a — Bx)? 0
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which is two linear equations with two unknowns.



Assuming all of the o's are the same for simplicity:

n n n n n
D yi—> a=> Bxi=0=) yi—na—p8> x
=1 i=1 =1 =1 =1
n n n n n n
iny,- — Zax; — ZBX,? = 0= iny,- — ozZX,- — 5ZX,-2
=1 i=1 1 i=1 =1 =1

—
The solutions are
27:1 Yi Z;’:l Xi2 — 27:1 XiYi 27:1 Xi
o 2
n 27:1 Xi2 — (27:1 X;i)
_n 27:1 XiYi — 27:1 Yi 27:1 Xi
- 2
n 27:1 Xi2 — (27:1 X;)

These results = “least squares’ idea.

B



The fitted line best represents the data.
Not all the data points will be on the line.

The line minimizes the sum of squares of the deviations
between the line and the data

) = Z[data,- — prea’icl“ion,-]2 = Z[)/i — Q= ﬁxi]2
; i=1

i=1
And now for something completely different......
Testable Information: The Principle of Maximum Entropy
Let us move on to a situation where we do not have total ignorance.

Suppose that a die, with the usual six faces, was rolled a very large

number of times and we are only told that the average result was
4.5.



What probability should we assign for the various outcomes { X;}
that the face on top had i dots?

The information or conditions provided by the experiment is written
as a simple constraint equation

6

» " iprob(Xi|l) = 4.5
=1

If we had assumed a uniform pdf, then we would have predicted a
different average

6 6

S i prob(Xi| 1) = %Z - %(21) ~35

which means the uniform pdf is not a valid assignment.

There are many pdfs that are consistent with the experimental
results.

Which one is the best?



The constraint equation above is called testable information.

With such a condition, we can either accept or reject any proposed

pdf.

Jaynes proposed that, in this situation, we should make the
assignment by using the principle of maximum entropy (MaxEnt),
that is, we should choose that pdf which has the most entropy S
while satisfying the available constraints.

Explicitly, for case if the die experiment above, we need to maximize

6
S=-> pilog.(pi)
=1

where p; = prob(X;|l) subject to the conditions



1. normalization constraint

and

2. testable information constraint
6

Z ip; = 4.5

i=1
Such a constrained optimization is done using the method of
Lagrange multipliers as shown below:

Define the functions

° Of
f(p,'):Zp,'—].:O >8':O
i—1 Pj
6 ag

g(p;):Zip;—4.5:O > =0
=1



The maximization problem can then be written

0S of 0g
E A F A g
@pj f@pj gapj

—0 j=1,2,3,4,56

where the constants ¢, Ay are called undetermined multipliers.
We get the equations

—log. (pj) =1+ A +jAs =0 j=1,2,3,4,56
We then obtain

o loge (pj—l-l) — 1+ A+ (./ T 1))‘3“ - loge (pj) — 14 Ar _l_j)\g

— log, —— = Ay — Pirl _ 8 = constant
e g
Pj Pj




and

—log, (p1) — 1+ A + log, (8) =0
P1

)\f:1+logeg

Therefore,

6
Zpiz1=P1(1+5+52+53+54+55)
i—1

6

Y ipi=4.5=pi(1+28+ 352 +48° +58* + 65°)
=1

or
1+28+38° 4483 +584+683°

= 4.5
L+ 8+ + 67+ 54+ 5
1.558° +0.58* — 0.58% — 1.58% — 2,58 — 3.5 = 0




Solving for 8 we get 1.449255 so that
1
AT+ R+ B+ B+ B
p> = Bp1 = 0.07877
p3 = Bpo = 0.11416
ps = Bp3z = 0.16545
ps = Bpg = 0.23977
pe = Bps = 0.34749

is the MaxEnt assignment for the pdf for the outcomes of the die
roll, given only that it has the usual six faces and yields an average
result of 4.5.

= 0.05435

Why should the entropy function

6
S=-> pilog.(p;)
i—1

specified above be the choice for a selection criterion?



Let us look at two examples that suggest this criterion is highly
desirable and probably correct.

Kangeroo Problem(Gull and Skilling) The kangeroo problem is
as follows:

Information: 1/3 of all kangeroos have blue eyes and 1/3 of all
kangeroos are left-handed

Question: On the basis of this information alone, what proportion
of kangeroos are both blue-eyed and left-handed?

For any particular kangeroo, there are four distinct possibilities,
namely, that it is

blue-eyed and left-handed
blue-eyed and right-handed
not blue-eyed but left-handed
not blue-eyed but right-handed

= W N



Bernoulli's law of large numbers says that the expected values of
the fraction of kangeroos with characteristics (1)-(4) will be equal
to the probabilities ( P1,P2,P3,P4 ) we assign to each of these
propositions. This is represented by a 2 x 2 truth or contingency
table as shown below:

Left-Handed Left-handed
True False
Blue-Eyed P+ Po
True
Blue-Eyed P3 P4
False




Although there are four possible combinations of eye-color and
handedness to be considered, the related probabilities are not
completely independent of each other.

We have the standard normalization requirement

4
ZP,‘ =1
i=1

In addition, we also have two conditions on the so-called marginal
probabilities

p1+p2 = prob(blue & left|l)+ prob(blue & right|l)—prob(blue|l) = 1/3

p1+ps = prob(blue & left|l)+prob( not—blue & left|l)—prob(left|l) = 1/3
Since any p; > 0, these imply that 0 < p; < 1/3.



Using this result we can characterize the contingency table by a
single variable x = p; as in the table below:

Left-Handed Left-handed
True False
Blue-Eyed O<x=<1/3 1/3 - X
True
Blue-Eyed 1/3 - X 213 + X
False

where we have used



X =P1
P1+P2:1%P2:E—P1
3 3
1 1
P1‘|‘P3:§%P3:§—P1
2

p1+pz+p3+p4=1%p4:§+x

All such solutions, where 0 < x < 1/3, satisfy the constraints of
the testable information that is available.

Which one is best?

Common sense leads us towards the assignment based on
independence of these two traits, that is, any other assignment
would indicate a knowledge of kangeroo eye-color told us something
about its handedness.



Since we have no information to determine even the sign of any
potential correlation, let alone its magnitude, any choice other than
independence is not justified.

The independence choice says that

1
x = p1 = prob(blue & left|l) = prob(blue|l)prob(left|l) = 5

In this particular example it was straightforward to decide the most
sensible pdf assignment in the face of the inadequate information.

We now ask whether there is some function of the {p;} which,
when maximized subject to the known constraints, yields the
“independence’ solution.

The importance of finding an answer to this question is that it
would become a good candidate for a general variational principle
that could be used in situations that were too complicated for our
common Sense.



Skilling has shown that the only function which gives x =1/9 is
the entropy S as specified above or

S = —ipi loge (pi) = —xloge (x) — 2 (% — X) log. (% — X)

- (5 ) ose (5 %)

The results of Skilling's investigations, including three proposed
alternatives,

4
51=— Zp; log. (pi) — MaxEnt
i=1

4 4
S2=—> p; /| S3=—> log.(pi)
=1 =1

4
S4=-> \/pi
=1

are shown in the table below:



Function | Optimal x | Implied Correlation
S1 0.1111 None
| S2 | 0.0833 | Negative
S3 0.1301 Positive
S4 | 0.1218 | Positive

Clearly, only the MaxEnt assumption leads to an optimal value with
no correlations as expected.

Let us look at another example that lends further support to the
MaxEnt principle.



The Team of Monkeys

Suppose there are M distinct possibilities { X;} to be considered.
How can we assign truth tables (prob(X;|l) = p;) to these
possibilities given some testable information / (experimental
results).

What is the most honest and fair procedure?
Imagine playing the following game.

The various propositions are represented by different boxes all of
the same size into which pennies are thrown at random.

The tossing job is often assigned to a team of monkeys under the
assumption that this will not introduce any underlying bias into the
process.



After a very large number of coins have been distributed into the
boxes, the fraction found in each of the boxes gives a possible
assignment of the probability for the corresponding { X;}.

The resulting pdf may not be consistent with the constraints of /, of
course, in which case it must be rejected as a potential candidate.

If it is in agreement, then it is a viable option.
The process is then repeated by the monkeys many times.

After many such trials, some distributions will be found to come up
more often than others.

The one that occurs most frequently (and satisfies /) would be a
sensible choice for (prob(X;|l).

This is so because the team of monkeys has no axe to grind (no
underlying bias) and thus the most frequent solution can be
regarded as the one that best represents our state of knowledge.



It agrees with all the testable information available while being as
indifferent as possible to everything else.

Does this correspond to the pdf with the greatest value of

S=-—> pilog.(pi)?

After the monkeys have tossed all the pennies given to them,
suppose that we find ny in the first box, ny in the second box, and
SO on.

We then have

M
N = Z n; = total number of coins
=1

which will be assumed to be very large and also much greater than
the number of boxes M.

This distribution gives rise to the candidate pdf {p;} for the
possibilities { X }:



p;:% =12, M

Since every penny can land in any of the boxes there are MV
number of different ways of tossing the coins among the boxes.

Each way, by assumption of randomness and no underlying bias by
the monkeys, is equally likely to occur.

All of the basic sequences, however, are not distinct, since many
yield the same distribution {n;}.

The expected frequency F with which a set {p;} will arise, is given
by
number of ways of obtaining{n;}
F({pi}) = - '
M
The numerator is just the number of ways to distribute N coins in a
distribution {n;} which is given by

N

number of ways of obtaining{n;} =



Putting everything together we have

N!
|

F({P/}) nllni\)“ v!

log F) = —Nlog (M) + log (N!) Zlog n;!)

Using Stirling’s approximation log (n!) =~ nlog (n) — n for large n,
we find

M

log F) = —N log (M) + N log (N) — Zn; log (n;) — N—I—Zn;
M

— —N Iog(M) + N |Og(/V) — Z n; |0g(”i)

and thus



log F) = —N log (M) + N log (N Zp,Nlog pilN

M

= —Nlog (M) + Nlog(N) — ZPIN(log (pi) + log (N))
=1

= —Nlog (M) + Nlog (N) NZP1|0g pi) + Nlog (N ZP:
=1

M
= —Nlog (M) + Nlog (N) — Ny " p;log (p;) + Nlog (N)
=1

M
= —Nlog (M) — NZp,- log (pi)



Maximizing log (F) is equivalent to maximizing F, which is the
expected frequency with which the monkeys will come up with the
candidate pdf {p;}, that is, that is, maximizing log (F) will give us
the assignment prob({X;}|/) which best represents our state of
knowledge consistent with the testable information /.

Since M and N are constants, this is equivalent to the constrained
maximization of the entropy function

S=-> pilog.(p;)

and so we recover the MaxEnt procedure once again.



Group Theory and Elementary Particles

Introduction to Group Theory

The theory of finite groups and continuous groups is a very useful
tool for studying symmetry and invariance.

In order to use group theory we need to introduce some definitions
and concepts.

A group G is defined as a set of objects or operations (called
elements) that may be combined or multiplied to form a
well-defined product and that satisfy the following four conditions.

If we label the elements a, b, c, .......... , then the conditions are:
1. If a and b are any two elements, then the product ab is an
element.

2. The defined multiplication is associative, (ab)c = (a(bc)
There is a unit element /I, with la = al = a for all elements a.
L with a ! =a1la=1

0

4. Each element has an inverse b = a—
for all elements a.



In physics, these abstract conditions will take on direct physical
meaning in terms of transformations of vectors and tensors.

As a very simple, but not trivial, example of a group, consider the
set {/,a, b, c} that combine according to the group multiplication
table below.

I a b Cc
I I a b C
a a b C I
b b C I a
C C I a b

Clearly, the four conditions of the definition of group are satisfied.

The elements {/, a, b, c} are abstract mathematical entities,
completely unrestricted except for the above multiplication table.



A representation of the group is a set of particular objects
{I,a, b, c} that satisfy the multiplication table.

Some examples are:
{l=1,a=i,b=—-1,c=—i}

where the combination rules =ordinary multiplication.
This group representation is labelled (4.

Since multiplication of the group elements is “commutative’, i.e.,
ab = ba for any pair of elements, the group is labelled
“commutative or abelian”.

This group is also a “cyclic’ group, since all of the elements can be
written as successive powers of one element. In this case,

{(l=i*a=ib=i°c=i)}

Another representation is given by the successive 90° rotations in a
plane.



Remember the matrix that represents a rotation through angle ¢ in
2-dimensions is given by

With ¢ = 0,7/2,7,37/2, we have

/_10 (0 -1 b_—lO (0 1
—\o1) 77\t o) 7" o —1) “T {10
Thus, we have seen two explicit representations.

One with numbers(complex) using ordinary multiplication and the
other with matrices using matrix multiplication.

There maybe a correspondence between the elements of two groups.

The correspondence can be one-to-one , two-to-one or, many-to-
one.



It the correspondence satisfies the same group multiplication table,
then it is said to be homomorphic.

If it is also one-to-one, then it is said to be isomorphic.

he two representations that we discussed above are one-to-one
and preserve the multiplication table and hence, are iIsomorphic.

The representation of group elements by matrices is a very powerful
technique and has been almost universally adopted among
physicists.

It can be proven that all the elements of finite groups and
continuous groups of the type important in physics can be
represented by unitary matrices.



For unitary matrices we have
AT = A1

or, in words, the complex conjugate/transposed is equal to the
Inverse.

If there exists a transformation that will transform our original
representation matrices into diagonal or block-diagonal form, for
example,

/A11 Az A1z Aua) Pii P12 O 0 \
Ax1 A Axz A N 0 O 0 0
A31 A3zx A3z Az 0 0 Q11 Q@

\As1 A Au Aw) 0 0 Qn Q22/

such that the smaller portions or submatrices are no longer coupled
together, then the original representation is said to be reducible.



Equivalently, we have

B 1 (P O
posas - (20)

which is a “similarity” transformation.

We write
R=P3DQ

and say that R has been decomposed into the representations P
and Q.

The irreducible representations play a role in group theory that is
roughly analogous to the unit vectors of vector analysis.

They are the simplest representations = all others may be built up
from them.



It a group element x is transformed into another group element y
by means of a similarity transformation involving a third group
element g;

gng,'_l =Yy

then y is said to be conjugate to x.
A class is a set of mutually conjugate group elements.
A class is generally not a group.

The trace of each group element (each matrix of our
representation) is invariant under unitary transformations. We
define

Tr(A) = ) Aji = Trace(A)
I=1

Then we have



n n n n

Tr(SAS™H) =) (SAS™H)i = > ) spays;

i—1 i—1 j—1 k=1
n n
"\ "\ _1
— > > ajg Z ik =) Y ai(S'S)
Jj=1 k=1 =1 Jj=1 k=1
n
= >,>, aki(Nj = >,>4 ak; 0
=1 k=1 =1 k=1

= Z ajj = Tr(A)
j=1

We now relabel the trace as the character.

Then we have that all members of a given class (in a given
representation) have the same character.

This follows directly from the invariance of the trace under
similarity or unitary transformations.



If a subset of the group elements (including the identity element /)
satisfies the four group requirements (means that the subset is a
group also), then we call the subset a subgroup.

Every group has two trivial subgroups: the identity element alone
and the group itself.

The group (4 we discussed earlier has a nontrivial subgroup
comprised of the elements {/, b}.

The order of a group is equal to the number of group elements.

Consider a subgroup H with elements {h;} and a group element x
not in H.

Then xh; and h;x are not in the subgroup H.



The sets generated by
Xh,' , | = 1,2, ... and h,'X , 1 = 1,2....

are called the left and right cosets, respectively, of the subgroup H
with respect to x.

The coset of a subgroup has the same number of distinct elements
as the subgroup.

This means that the original group G can be written as the sum of
H and its cosets:

G=H+x1H+xH+ ......

Since H and all of its cosets have the same order(same number of
elements), the order(number of elements) of any subgroup is a
divisor of the order(number of elements) of the group.



The similarity transformation of a subgroup H by a fixed group

element x not in H

xHx 1

yields a subgroup.

If this subgroup is identical to H for all x, i.e., if
xHx 1= H

then H is called an invariant, normal or self-conjugate subgroup.

In physics, groups usually appear as a set of operations that leave a
system unchanged or invariant.

This is an expression of symmetry.

A symmetry is usually defined as the invariance of the Hamiltonian
of a system under a group of transformations.

We now investigate the symmetry properties of sets of objects such
as the atoms in a molecule or a crystal.



Two Objects - Twofold Symmetry Axis

Consider first the two-dimensional system of two identical atoms in
the xy-plane located at (1,0) and (—1,0) as shown below.

Y

What rotations can be carried out (keeping both atoms in the
xy-plane) that will leave the system invariant?

The only ones are | (always works) and a rotation by 7 about the
Z-axis.



So we have a rather uninteresting group of two elements.

The z-axis is labelled a twofold symmetry axis, corresponding to
the two rotation angles 0 and 7 that leave the system invariant.

Our system becomes more interesting in 3-dimensions. Now
imagine a molecule (or part of a crystal) with atoms of element X
at +£a on the x-axis, atoms of element Y at b on the y-axis, and
atoms of element Z at 4=c on the z-axis as shown below:

-
—

D b

Clearly, each axis is now a twofold symmetry axis.



The matrix representation of the corresponding rotations are:

1 0 O -1 0 O
R«(r)={0 -1 0 |,R(m)=10 1 O
0 0 -1 0 0 -1

-1 0 O 1 00

Rr)=| 0 -1 0], 1=[0 1 0

0 0 1 0 0 1

These four elements {/, R¢(7), Ry(7), R.(7)} form an abelian
group with a group multiplication table:

I R, |[R, |[R,
I I R, |[R, |[R,
R, |R, |[I R, |R,
R, |R, |R, |I R,
R, |R, |R, |[Ry |I




The products in this table can be obtained in either of two distinct
ways:

(1)

We may analyze the operations themselves - a rotation of «
about the x-axis followed by a rotation of m about the y-axis is
equivalent to a rotation of m about the z-axis

Ry (m)Ru(m) = Re(m)

and so on.

Alternatively, once the matrix representation is established, we
can obtain the products by direct matrix multiplication.

This latter method is especially important when the system is
too complex for direct physical interpretation.

This symmetry group is often labelled D>, where the D
signifies a dihedral group and the subscript 2 signifies a
twofold symmetry axis (and that no higher symmetry axis
exists).



Three Objects — Threefold Symmetry Axis

Consider now three identical atoms at the vertices of an equilateral
triangle as shown below:

t' A (0,1

Rotations (in this case we assume counterclockwise) of the triangle
of 0,27 /3, and4m /3 leave the triangle invariant.



In matrix form, we have

-9

_ _ (cos(2m/3) —sin(2m/3)\ _ (—1/2 —V/3)2
A= R;(2r/3) = (sin (2w/3) cos(27/3) ) B <\/§/2 —1/2 )

_ _ (12 v3)2
B = R,(41/3) = (_\@/2 _1/2)

The z-axis is a threefold symmetry axis.

{I, A, B} form a cyclic group, which is a subgroup of the complete
6-element group that we now discuss.

In the x — y plane there are three additional axes of symmetry -

each atom (vertex) and the origin define the twofold symmetry axes
C, D, and E.

We note that twofold rotation axes can also be described via
reflections through a plane containing the twofold axis.



In this case, we have for rotation of m about the C-axis.

C = Rc(m) = <_01 2)

The rotation of 7 about the D-axis can be replaced by a rotation of

47 /3 about the z-axis followed by a reflection in the y — z plane
(x = —x) or

o-notn-co- (3 9) (S, )~ (22, D)

Similarly the rotation of m about the E-axis can be replaced by a

rotation of 27 /3 about the z-axis followed by a reflection in the
y — z plane (x — —x) or

c-sr-a- (2 (A 90 (48 3



The complete group multiplication table is:

I A B C D E
I I A B C D E
A A B I D E C
B B I A E C D
C C E D I B A
D D C E A I B
E E D C B A I

Notice that each element of the group appears only once in each
row and in each column.lt is clear from the multiplication table that
the group is not abelian.

We have explicitly constructed a 6-element group and a 2 x 2
irreducible matrix representation of it.

The only other distinct 6-element group is the cyclic group
{I,R,R?,R® R* R°} with



P _ (cos (7/3) —sin(7/3)\ [—-1/2 —/3/2
~ \sin(w/3) cos(n/3) ) \W3/2 —1/2
The group {/,A< B, C,D, E} is labeled D5 in crystallography, the
dihedral group with a threefold axis of symmetry.

The three axes (C, D, E) in the x — y plane are twofold symmetry
axes and, as a result, (/, C), (I, D), and (/, E) all form two-element
subgroups.

None of these two-element subgroups are invariant.

There are two other irreducible representations of the symmetry
group of the equilateral triangle.

They are
1. the trivial {1,1,1,1,1,1}
2. the almost as trivial {1,1,1,—-1, -1, —1}
Both of these representations are homomorphic to Ds.



A general and most important result for finite groups of h elements

Is that
S

where n; is the dimension of the matrices of the it irreducible
representation. equality is called the dimensionality theorem and
is very useful in establishing the irreducible representations of a
group. Here for D3 we have

124+11+2°2=6
for our three representations.

This means that no other representations of the symmetry group of
three objects exists.

We note from the examples above that for the transformations
involving rotations and reflections, the transformations involving
only pure rotations have determinant = 1 and the those involving a
rotation and a reflection have determinant = —1.



Continuous Groups

The groups that we have been discussing all have a finite number
of elements.

If we have a group element that contains one or more parameters
that vary continuously over some range, then variation of the
parameter will produce a continuum of group elements (an infinite
number).

These groups are called continuous groups.

If continuous group has a rule for determining combination of
elements or the transformation of an element or elements into a
different element which is an analytic function of the parameters,
where analytic means having derivatives of all orders, then it is
called a Lie group.



For example, suppose we have the transformation rule
/
x; = fi(x1, x2, x3,0)

then for this transformation group to be a Lie group the functions
fi must be analytic functions of the parameter 6.

This analytic property will allow us to define infinitesimal
transformations thereby reducing the study of the whole group to a
study of the group elements when they are only slightly different
than the identity element /.

Orthogonal Groups
We begin our study by looking at the orthogonal group Os.

In particular, we consider the set of n x n real, orthogonal matrices
with determinant = +1 (no reflections).



The defining property of a real orthogonal matrix is
AT = A1
where T represents the transpose operation.

In terms of matrix elements this gives

Z(AT)jiAik — Z(A_l)jiAz’k — ljk — 5jk — O

1

The ordinary rotation matrices are an example of real 3 x 3
orthogonal matrices:

1 0 0 cos@ 0 —sin6
R«(¢p)=|0 cos¢p singp| , RO =] 0 1 0
0 —sing cosg sin@ 0 cos@



cosy siny 0
R,(v) = | —siny cosy O
0 0 1

These matrices follow the convention that the rotation is a
counterclockwise rotation of the coordinate system to a new
orientation.

Each n x n real orthogonal matrix with determinant = +1 has
n(n — 1)/2 independent parameters.

For example, 2-dimensional rotations are described by 2 x 2 real
orthogonal matrices and they need only one independent parameter
(2(2 —1)/2 = 1), namely the rotation angle.

On the other hand, 3-dimensional rotations require three
independent angles (3(3 —1)/2 = 3).



Let us see this explicitly for the 2 x 2 case: Suppose we have the

general 2 X 2 matrix
a b
c d

where all the elements are real.
Imposing the condition determinant = +1 gives
ad — bc =1
Imposing the condition that the transpose is the inverse gives
(a b) (a c) _ <a2—|—b2 ac——bd) _ (1 O)
c d/\b d ac + bd c? + d? 0 1

These equations imply the solution




(_\/13_ . ¢1a— 32>

which shows that there is only one independent parameter.
Special Unitary Groups, SU(2)
The set of complex n x n unitary matrices also forms a group.

This group is labeled U(n).

If we impose an additional restriction that the determinant of the
matrices be +1, then we get the special unitary group, labeled

SU(n).

he defining relation for complex unitary matrices is
AT = A1

where T represents the complex-conjugate-transpose or adjoint
operation.



In this case we have n? — 1 independent parameters.

This can be seen explicitly below: Suppose we have the general
2 x 2 matrix representing the transformation U

a b
c d
where all the elements are complex.
Imposing the condition determinant = +1 gives

ad — bc =1

Imposing the condition that the adjoint is the inverse gives

a b\ [a* c*\ [|a]*+|b|* ac* + bd* I 1 0
c d)\b* d*) \a*c+b*'d |c|*+|d|° 0 1




These equations imply the solution
a b
—b* a"

a|? + |b|? = aa* + bb* =1

where

Since each complex number has two independent components, this
shows that there are three (22 — 1) independent parameters.

For n = 3, there will be eight (32 — 1) independent parameters.

This will become the famous eightfold way of elementary particle
physics(later).



An alternative general form is for the 2 x 2 case is

e’ cosn  e'Ssiny
U(gv 1, C) — (eiC sin n e—i§ COS Tl)

Now we will determine the irreducible representations of SU(2).

Since the transformations are 2 x 2 matrices, the objects being
transformed (the vectors or states) will be a two-component

complex column vector (called a spinor):
v\ ([ a b\ [u
v')  \—b* a*) \v

/
u = au -+ by v = —b"u+3av

)

or



From the form of this result, if we were to start with a
homogeneous polynomial of the n®” degree in v and v and carry
out the unitary transformation given by the last two equations, we
would still have a homogeneous n'"" degree polynomial.

To illustrate what happens we use the function (due to Wigner):
WMy —m

VU +m)l| —m)!

The index m will range from —j to j, covering all terms of the form
uPv9 with p+ q = 2J.

fm(u, v) =

The denominator makes sure that our representation will be unitary.

Now we can show that
Ufm(u, v) = fn(u', v')

which becomes
J+m( % ., \j—m
Ufm(u, v) = fm(au+bv, —b*u+a*v') = (au + bv). ( b.u rav)
VU +m)i( —m)




We now express this last equation as a linear combination of terms
of the form f,(u, v).

The coefficients in the linear combination will give the matrix
representation in the standard way.

We expand the two binomials using the binomial theorem:

J+m

J+m __ U+ m) +m—k  j+m—k k. k
(au + bv) kE:O K+ m— k)!af g b" v
Jj—m :
. (= m) Gomen) j—m—
o x J m: . J—m—n *\J—M—n m-—n _xn_,n
(—b*u+a*v) nE:O( 1) n!(j—m—n)!b g av

Upon rearranging and changing some dummy indices we get

J
Ufm(u, v) = fp(d', V') = Z Unmm' fo (U, V)

m'=—j

where the matrix element U,y is given by



U,

mm

_ Jg(_l)m/—m—kk \/((J + m)l)z((f - m)!)z érj—{—m—ka*(j—m/—/<)bl<b>|<(m/—m+k)
k=0 KNG — m" — k)G +m— k)I(m" — m+ k)!

The index k starts with zero and runs up to j + m, but the factorials
in the denominator guarantee that the coefficient will vanish if any
exponent goes negative (since (—n)! = o0 for n=1,2,3,...).

Since m and m’ each range from —;j to j in unit steps, the matrices
U representing SU(2) have dimensions (25 + 1) x (2j + 1).

It j =1/2, then we get

U _ ( d b) _ < Um:1/2,m’:1/2 Um:1/27m/:_1/2 )
_b* a* Um:—1/2,m’:1/2 Um:—1/2,m’:—1/2

which is identical to the earlier equation.



SU(2) — O3 Homomorphism (for the mathematically inclined)

The operation of SU(2) on a matrix is given by a unitary

transformation
M = UMUT

Now any 2 x 2 matrix M can be written in terms of / and the three
Pauli matrices

| 1 0 (0 1 (0 —i (1 0
“\o1) " 1ro) 270 o) BT \o -1

that is, these four matrices span the 2 x 2 world; they are a basis.

Let M be a zero-trace matrix(then / does not contribute) so that in

general

B B Z X — 1y
M = xo1 + yoo + zo3 = (XJriy _, )



Since the trace is invariant under a unitary transformation, M’
must have the same form

Z' x" — iy’

he determinant is also invariant under a unitary transformation.

herefore
—(X2 _|_y2 + 22) _ _(X/2 _|_y/2 4 Z/2)

or x> + y? 4 z? is invariant under this operation of SU(2) (same as

with Os, the rotation group). SU(2) must, therefore, describe some
kind of rotation.

In fact, it is easy to check that the square of the length of a spinor
(2-element column vector)

sTs = (u* v*) (LI) —uxu+vv
v

Is invariant under the transformation U.



This suggests that SU(2) and O3 may be isomorphic or
homomorphic.

We can figure out what rotation SU(2) describes by considering
some special cases.

Consider 2
e'® 0
Uz(a/2) = ( 0 eia/2>

Now we carry out the transformation of each of the three Pauli
matrices.

For example,

/20 0 1)\ [e7*2 0 0
(I _ | — .
UZOl Uz — ( 0 e—lO{/Z) (1 O) ( 0 elOé/Z) <e1a



or
U,xo1 Ul = (x cosa)or — (xsina)os

Similarly,
U,xoo Ul = (ysina)oy + (y cos a)o

U,xo3U] = (2)03

Our earlier expression for M’ then gives

x' = xcosa + ysina

/ .
y = —XSIna + y Ccos«

Z = Z

Thus, the 2 x 2 unitary transformation using U,(«/2) is equivalent
to the rotation operator R, ().



The same correspondence can be shown for

_ [ cos(B/2) sin(5/2)
Uy (8/2) = <_ sin(8/2) cos (5/2)>

- (cos(¢/2) isin(¢/2)
Ux(¢/2) = (isin (¢/2) cos ((b/2)>

In general, we have

Uk(v/2) = I cos(v/2) 4 iogsin (v/2)

The correspondence

pict/2 0 cosae sina 0
U,(a/2) = ( 0 eio‘/z) < R,(a) = | —sina  cosal
0 0 1

is not a simple one-to-one correspondence.



Specifically, as a in R,(«a) ranges from 0 to 27 the parameter in
U,(a/2), a/2, goes from 0 to .

We find
R,(a 4+ 27) = R, («)
_eioz/2 0

e/ + 1) = () Sare) = U2

Therefore both U,(«/2) and U,(a/ + m) = —U,(a/2) correspond
to R,(a).

—€

The correspondence is 2 to 1, or SU(2) and O3 are homomorphic.

The establishment of the correspondence between representations
of SU(2) and those of O3 means that the known representations of
SU(2) automatically provide us with representations of Os.



Combining the various rotations, we find that a unitary
transformation using

Ula, B,7) = U(v/2)U,(8/2) Uz(a/2)

corresponds to the general Euler rotation R;(a)R,(8)R(()
(studied Advanced Mechanics and Quantum Mechanics courses) .

By direct multiplication we get

Ula, B,7) = Uz(7v/2) Uy (6/2) Uz () 2)

From our alternative original definition of U, using

E=(v+a)/2, n=06/2,9=(v—a)/2

we identity the parameters a and b as

a=e TN 2c05(8/2) , b=e"%2sin(5/2)



Finally the SU(2) representation of U,,,, becomes

U m/(Oé,B,’Y)

_Jf VG +mD2(( = m)1)?

— kl\/J—m— NG+ m—k){(m —m+ k)!

P / .
x e’””(cos (B/2)7 M= =2 (—sin (B/2)m " F2Heim'e
Here the irreducible representations are in terms of the Euler angles.

This result allows us to calculate the (2j + 1) x (2j 4+ 1) irreducible
representations of SU(2) for all j (j =0,1/2,1,3/2,...) and the
irreducible representations of )3 for integral orbital angular
momentum j (j =0,1,2,3,....) (in Quantum Mechanics course).



Generators

In all cases, rotations about a common axis combine as

Rz(¢2)RZ(¢1) — Rz(gbl ¢2)

that is, multiplication of these matrices is equivalent to addition of
the arguments.

This suggests that we look for an exponential representation of
the rotations, i.e.,

exp (¢2) exp (¢1) = exp (¢1 + ¢2)

Suppose we define the exponential function of a matrix by the
following relation:

(iaH)? I

_ JaH __ - |
U=¢e“" =[]+ iaH - T

where a is a real parameter independent of matrix(operator) H.



It is easy to prove that if H is Hermitian, then U is unitary and if U
is unitary, the H is Hermitian.

In group theory, H is labeled a generator, the generator of U.

The following matrix describes a finite rotation of the coordinates
through an angle ¢ counterclockwise about the z-axis:

cos¢ sing O

R.(¢) = | —sin¢ cos @0
0 0 1

Now letR, be an infinitesimal rotation through an angle d¢.

We can then write
R.(0¢) =1+ idpM,

where

o O O

0
M,=11 O
0 O



Similarly, we find

0
0 —i| , M, =
I.

0
0 O
0 —1 0 0

A finite rotation ¢ can be compounded out of successive
infinitesimal rotations ¢

R,(0¢2 + 0¢1) = (I + idpa M, ) (I + idp1 M)

Letting 6¢ = ¢/ N for N rotations, with N — oo, we get

R:(¢) = lim (I + (ig/N)M.))" = exp (ipM,)

N— o0

This implies that M, is the generator of the group R,(¢), a
subgroup of Os.

Before proving this result, we note:



(a) M, is Hermitian and thus, R,(¢) is unitary
(b) Tr(M;) =0 and det(R;(¢)) = +1

In direct analogy with M,, M, may be identified as the generator of
R, the subgroup of rotations about the x-axis, and M, as the
generator of R, .

RA(6) = exp (i6Ms) — I + igh, + (M) (OM)”

51 31
0 0 0 1 0 0
ooo+(01
0 0 1 0 0
> /1 0 0 ;
4 M, - ('fl) 0 1 0 :(’fl) M, + ...
" \0 0 0 '



O O O O o o
O O O O O

0

COoS ¢

0

=R O O kL O O

OO L OO

sing O
= | —sing cosgp O

0

1

O O O+ O

O O O O O O

where we have used the relations

M2

Z

O O =

O = O

o O O

¢2 | ' ¢3 |
cos @ + isin oM,
: MZ3 =M, , , etc



and we recognized the two series as cos ¢ and sin ¢.
Thus, we get the same matrix R,(¢) as earlier.

Other relations we can write are:

1. all infinitesimal rotations commute

[Ri(06i), Ri(0¢;)] =0

2. an infinitesimal rotation about an axis defined by unit vector A
IS

R(6p) =1+ idp "M
3. the generators satisfy the commutation rules
[Mi, Ml =) ieijc M
k

This will turn out to be the commutation relations for angular
momentum operators in quantum mechanics.



In a similar way the elements (Uj, U,, U3) of the two-dimensional
unitary group, SU(2), may be generated by

exp (ac1/2) , exp(aoz/2) , exp(aocs/2)

where o1, 05, 03 are the Pauli spin matrices and a, b, and ¢ are real
parameters.

We note that the o's are Hermitian and have zero trace and thus,
the elements of SU(2) are unitary and have determinant = +1.

We also note that the generators in diagonal form such as o3 will
lead to conserved quantum numbers.

Finally, it we define s; = %a,- then we have

[S,', Sj] — Z iE;J'kSk

k

which are the angular momentum commutation rules implying that
the s;are angular momentum operators.(Quantum mechanics
course)



SU(3) and the Eightfold Way of Elementary Particles

The basic elements of a group are unitary operators (matrices of
determinant = +1 or unimodular matrices) that transform the basis
vectors |g;) (we switch to Dirac notation which you learned in
Quantum class for convenience) among themselves as

n
q) =) ujilqi)

=1

We assume that the observed elementary particle states or
vectors, as linear combinations (or composites) of these basis
vectors also transform into one another under the unitary
operations of the group. It is most convenient to work with
infinitesimal unitary transformations where

/ I
U = exp 526_,’)\]' :/+§Z€j)\j
J J

where the €j are infinitesimal.



Now

J

/ I
det(U) =1 =det | [+ Z i | = det()+3 > € Tr(A))+0(e?)
J

Therefore we have, in the general case,

Z EJ'TI’()\J') =0

J

We can satisfy this condition by choosing matrices A; such that
Tr()\j) =0
for all .

For n x n matrices, there are n> — 1 linearly independent traceless
matrices.



Since these matrices now have all of the properties of the
generators of a group as discussed in the earlier parts of these
notes, we will make that designation. The \;j =1,2,3,.....n%* — 1
are the generators of the group.

We need, therefore, only study the commutation relations among
the generators in order to understand all of the group properties.

To see how this all works and to connect it to earlier ideas we will
now use SU(2) as an illustration.

As we stated earlier, the algebra is defined by the commutation
relations among a certain group of operators(the generators).

In order to find
1. all the operators, and

2. the defining commutation relations of the algebra we start
with the simplest physical realization of this algebra.



We assume the existence some entity with 2 states (we end up with
the 2-dimensional representation) and represent it by a 2-element
column vector, i.e.

a\ ( amount of “upness”
b/  \amount of “downness”

The example we will use is a quantity called isospin (/1, k, 3) and
the “upness” and “downness’ will refer to the values of 5 = 1, i.e.,

|proton) = |p) = (é) , |neutron) = |n) = (2)

The operator (2 x 2 matrix) which converts a neutron into a proton
(a raising operator) is given by

(0 1
+= 10 0

T+ |n)=|p) , 7=|p) =0

where



Similarly, its Hermitian adjoint (a lowering operator) is

¢+ (00
==7+= {1 o

lp)=In) , 7 |n) =0

where

Note that 7 "annihilates’ protons and 7_ “annihilates’ neutrons.

Forming their commutator we find that
| | = 75— 1 O

m|p) =I[p) , T3[m) =—|n)

and



We also find that

|73, 7] = £274

We then set
| — (I, b, l5) — Isospin

T — (7-17 T2, 7-3)
and then define

1 1
| = 57' — (/1, b, /3) — 5(7'177-277-3)

so that the “upness” values are given by ::%. .e.,

1 1
Blp) =3 Ip) » hln)=—>n

That completes the discussion of the 2-dimensional representation.



The same commutation relations are also used to derive higher
order representations.

Note that these three commutators only involve the same three
operators.

This means that these three commutators complete the
commutation relations (all further commutators can be expressed in
terms of these three operators or we have a closed commutator
algebra).

The three operators 71,7, 13 are the basic set for SU(2).
An equivalent set is
mn=i(ro —7), m=i(lr—4+7+) , T3

This also correlates with the earlier statements that we would have
n®> — 1 = 3 generators for SU(2).



To obtain the other representations of the SU(2) algebra, we must
only use these defining commutation relations.

It is clear from the commutators that only one of the Hermitian
operators 71, T2, 73 can be diagonalized in a given representation of
the space(using a given set of basis vectors).

We will choose a representation in which 73 is diagonal (this was
the choice in the 2-dimensional representation above also).

Remember that these diagonal elements are the eigenvalues of 73.

We label the state by the eigenvalue m of 73, i.e.,
T3 |m) = m|m)
Now let us use the commutation relations.
7374 |m) = (7473 + 274) [m) = (m + 2)74 [m)

This implies that
T+ |m) =c|m+2)



In a similar manner, we can show that
T_|m)=c"|m-2)

Now, if we start with any state in a given representation, we can
generate states with higher eigenvalues, until we reach the state
with maximum eigenvalue M (which we assume exists).

Since we cannot go any higher, this state must have the property

that
T_|_’M>:O

This was the case for the 2-dimensional representation where
7+ |p) =0

We now start with this highest weight state, which it turns out is
unique for an irreducible representation.

We then have
T |M) =X |M —2)

which implies that (assuming Ap is real)



(M| 7 = A1 (M =2

You can make sense of this by thinking in terms of matrices.

As usual, we choose to normalize our basis states to 1, i.e.,
(m| m) =1 and we then obtain

(M| 77— |M)

M —2[ M\ A [M = 2)
([, =]+ 7-74)
[T, =] M) + (M| 7—71 [M)
3 |M) =M

=X (M—2|M—2) = \?
M)

< X <

where we have used
T |M)=0, [rp, 7| =13, 13|M)=MI|M)

So we get



We also note that
(M =27 [M) =X = (M| 7, |M—2)

which implies that
r M= 2) = A M)

Now consider
T_|M —=2) =\ |M —4)

which gives (same algebra as before)

A5 = (M =2| 77 M —2) = (M =2|([ry, 7] +7-74) [M = 2)
= (M =2||ry, 7| IM=2) + (M =2|7_7 |M — 2)
= (M =213 |M —=2) + (M| X;|M) = A] + M —2




In general, we can state..... it
— |M—=2(p—1)) =X, |M —2p)

we get
A=A _ +M—2(p—1)

Now A3 = 0 (from definition of maximum eigenvalue and also see
below).

Thus, we have
M =X +1(M—-1+1)=M as beforel

M=X4+m-22-1)=M+M-2=2(M-2+1)
AN=XM+M-23-1)=3(M-3+1)




or generalizing
\o = P(M —p+1)

When )\% = 0(p # 0) we reach the minimum eigenvalue.

This gives
p=M+41

which implies the minimum eigenvalue is —M, that is,
T |M=2(p—-1) =7 |M-2(M+1-1))
— T_ ‘—M> =0 ()\M_|_1 — O)
—71_|—-M) =0

The total number of states contained in this set is

p=M+1= multiplicity



Let us represent the states by a linear array

The operators 7+ represent steps between equally spaced points.

There is only one state for a given value of m and only one set of
states (an irreducible representation) is generated from a given
maximum state |M) .



his result implies that there exists one independent operator that

can be constructed from 7+ and 73 which commutes with 7 and 73
(has simultaneous eigenstates with 73 and thus can simultaneously

label the states) and which serves to distinguish representations.

We consider the operator (the square of the isospin)

1 1 1 1
= §(T+T—+T—T+)+ZT32 = Z( P+ T = 172
We have
I, 7]=0

which implies that
[|m)=c|m) forall m

(m| T |m) = (M|T|M) = c



Using the commutation relations we have

1 1
r:Z 32—|—§7'3+7'_7'+

which gives

1 1 M (M
= (M|TIM)=-M*+-M=— =+ +1
¢ = (MITIM) =M™+ 5M =3 <2+>
If we let t = M /2 then we have ¢ = t(t + 1).
This means that

p=M-+1=2t+1= multiplicity

where 2t + 1 is an integer.



We note the connection to ordinary Isospin /:

1 1
/3257'3 ] /2:r:Z