
Start of Part #2

No theory yet - This story I will now tell will help push us in the correct direction!



A Simple Introduction to Quantum Ideas via Experiments 
I am going to tell you a  story about a world of electrons that have 2 properties
                                        Color and Hardness 
In this imagined Microworld: 

         Electrons have 2 properties ==> color and hardness

Note that In the Real world: 

         Electrons also have 2 properties ==> z- and x-spin (orthogonal directions)

                                and 

         Photons also have 2 properties => horizontal and vertical polarization
The Strange World of Color and Hardness 

Known experimental facts: 
            Color has two possible values = green or magenta. 
            This means that nothing else has ever been measured for electron color.  
Similarly, for hardness property. 
            Electrons are either hard or soft (only possibilities). 
            Nothing else ever measured. 



Color/Hardness Boxes (have 3 apertures)

[Examples : Stern-Gerlach devices and Polarizers as we will see later.]
These boxes represent the same physics as real world devices but without complications.
Electrons enter boxes through left aperture and exit through one of other two apertures.

Boxes separate electrons in physical space (put them onto different paths) 
           according to the value of color or hardness as shown.

Thus, in either case, one can distinguish the electrons after they pass through a box 
   by their final position(path) in real physical space, i.e., we have separate beams at end. 



AN EXPERIMENTAL PROPERTY                              
Measurements with hardness or color boxes are repeatable. 

The 1st color box determines the electron color and we choose the magenta beam. 

Then, without tampering(must define this concept) between measurements the magenta 
beam is subsequently (immediately=> Δt=0) sent into left aperture of another color box. 
    
The electron will (with probability = 1) emerge from 2nd box through magenta aperture. 

This same property of repeatability holds for green electrons and color boxes 
               and for hard or soft electrons with hardness boxes. 

It is simply a statement of the way the real microworld and its measuring devices work in the 
laboratory. 
               So our representation of the real world should behave that way also. 



Suppose we suspect the possibility that color and hardness properties are related in some 
way. 

We must investigate => check for correlations (or relationships) between the measured 
values of hardness and color properties. 

The boxes allow for checking whether such correlations exist.

No such correlations exist, 
         i.e., of any large collection of, say, magenta electrons, 
        all fed into left aperture of hardness box, precisely 1/2 emerge through hard aperture, 
        and precisely 1/2 emerge through soft aperture - one cannot predict which goes where! 

Same result occurs for green electrons and similar results hold if we send hard or soft 
electrons into color box  - all results are exactly 50%  —> there are no correlations. 



Color (hardness) of electron apparently gives no information about hardness (color). 

This usually means that no correlations seem to exist. 

Now, suppose we set up a sequence of three boxes. 

Color box, then hardness box and finally color box. 

Input 200 electrons

Suppose an electron(1 of 100) that emerges from magenta aperture of 1st color box 
           then goes into left aperture of hardness box 
          (no tampering => no other measurements or no time interval). 



Then suppose an electron that emerges(50 out of 100 do) from hardness box through soft 
aperture (1/2 of input 100 magenta electrons)
           and are sent into left aperture of last color box 
          (again no measurements or time intervals allowed). 

Presumably, the electron(1 out of 50) that enters that last box 
         is known to be BOTH magenta and soft, 
         which were results of two previous measurements just made on it! 

If so, then we expect the electrons(50) to emerge from magenta aperture(probability = 1), 
           confirming the result of 1st measurement. 
Any reputable classical physicist would say at this point 
           that electrons entering last color box are known to be magenta/soft. 
They have properties and we are just measuring again what they already have!!!!



Repeating, in the classical world, particles have objective reality - have real properties 
           and we just measure to find out values of properties.

PROBLEM: this is not what happens in the real microworld in this experiment! 

Precisely half of electrons entering last box emerge from magenta aperture 
           and  precisely half emerge from green aperture!! 

Therein lies the fundamental puzzle of the quantum world. 

We just used 2 experiments to determine these properties!

Any theory we develop must account for this result.



In fact, if 1st two measurements give magenta/soft, magenta/hard, green/soft or green/hard   
           which represents all possible cases, then, 
           when any of these beams sent into last box, 
           precisely half emerge from each aperture!! 

It seems as if presence of hardness box between two color boxes 
          constitutes some sort of color measurement or color tampering and vice versa. 

Hardness box seems to be changing half of magenta electrons into green electrons. 

As we will see, this will turn out to be an incorrect way of thinking about the results of the 
experiment! 



Hardness box must be the blame since if it were not there, 
         then the last box would only see magenta electrons
          (a different experiment that corresponds to repeatability) 

This all seems so weird (non-classical) 
  —> we must question (challenge) all features of experiment before we accept story as truth.

Perhaps hardness box is poorly built (not enough $$$$ from Congress in our research grant).

Maybe measuring hardness correctly disrupts color —> bad design. 
Two fundamental questions arise: 

1. Can hardness boxes be built that will measure hardness without disrupting color?

2.     In case of poorly built apparatus, it seems as if half of electrons change color….
        
        What is it that determines which electrons have color changed and which do not change?



Question 2 can be answered by checking correlations —> none exist.

Those electrons that have color changed by hardness box 
           and those electrons whose color is not changed by hardness box 
           do not differ from one another in any measurable way. 

So 2nd question has no answer that we can figure out from measurements. 

If we believe, as I do, that I can only know properties that I can measure, 
  then it means there is NO answer to this question, 
  i.e., there is no property of electrons that determines which electrons get color changed.  

This is completely counter to classical notion of cause/effect and objective reality!!! 

Question 1: no matter how we build hardness box (remember a device qualifies as a         
                    hardness box if it can separate electrons by hardness value) all disrupt color 
                    measurements - all change half of entering electrons.
 
Any hardness (color) measurement seems to randomize next color (hardness) measurement, 
i.e., make it 50% green/ 50% magenta. 



What about building a color AND hardness box?

This would need 5 apertures as shown.

Has to consist of hardness boxes and color boxes or their equivalents
         because we must be measuring hardness and color in some way. 

But as we have already seen, whichever box the electrons pass through last 
         provides reliable information ONLY about that measured quantity 
         and the other quantity is randomized (i.e., half/half). 

No one has succeeded in building device 
         which can simultaneously measure both color and hardness. 
          
Seems fundamentally beyond our means no matter how clever we are.

We will find the reason later!



Probing Deeper

We now build a more complicated experimental setup involving two paths as shown. 

      We will see this device often later - it is called a Mach-Zehnder Interferometer.

The mirrors are just reflectors which do not affect color/hardness values.

In this device, the hard and soft electrons follow different paths in physical space 
    and eventually the electrons are recombined into single beam again in black box at end.

That means it has been experimentally checked to be true.

All the black box does is recombine two beams into one beam by direction changes (like light 
beams with mirrors) 
Again, this is done without changing hardness or color values (checked experimentally).



So if we start 
      with a mixed (hard + soft) beam of electrons, 
      entering the first hardness box
      then we end up 
      with a mixed (hard + soft) beam (unchanged) at the end. 

The effectiveness of device has been checked separately for both hard and soft electrons 
and it works. 

Start with hard —> hard at end and they went on hard path! 


  Start with soft —> soft at end and they went on the soft path!



This is very important so I repeat: 
     If hard or soft electrons are sent in separately, 
         they simply travel along different paths and end up in same place 
        with their hardness property unchanged. 

Now some experiments can be done with apparatus. 

All of these experiments have actually been done in real laboratories with equivalent setups. 

         Listen carefully now to see where your classical mind is misleading you. 

They go on their separate paths and emerged unchanged at end



Send magenta electrons into 1st hardness box. 

At end (after recombination of beams) 
        add a final hardness box 
        and thus we are measuring hardness at that point 
                  
        i.e., after the “magenta” electrons have “passed” through the apparatus.

magenta



Analysis: 
For entering magenta electrons, 
       
       50% take h route and 50% take s route 

       at the end(recombined beam) 50% are hard electrons 

       (remember nothing bothers hardness along routes) 

        and 50% are soft electrons.                  —-> Experimentally verified!

magenta



Send hard electrons into hardness box. 
At end add color box (replace final hardness box with a color box) and measure color. 
Analysis: 

All hard electrons follow h route. 

When we measure color of hard electron it is 50-50 green-magenta.

Similarly for soft electrons. 
Therefore end up with 50-50 green/magenta coming out of  color box.

These experimental outcomes are what would expect from earlier results and do happen 
exactly as described above in real world experiments. So no problems yet!!! 

Change experiment

hard



Now again send magenta electrons into hardness box, but at the end add a color box and 
measure COLOR. 

What do you expect?   The true classical physicist would give the following argument. 
Since, for magenta electrons, 
         50% are hard and 50% are soft 
        (what happens to magenta electrons when sent into hardness box —> are randomized) 
        and each kind of electron takes the appropriate h and s routes, 
        at end, 50% of h (those on h route) electrons or 25% of total are magenta 
        and 50% of s (those on s route) electrons or 25% of total are magenta. 

Thus, for 100% magenta sent in, 
        classical reasoning says that only 50% are magenta at end. 

magenta

A prediction!



Problem: 
This last part of story, which a classical mind desperately wants to accept as correct, is false. 

When we actually do experiment, all(100%) of electrons at end are magenta!!! 

Very odd!  

Hard to imagine (classically) what can possibly be going on in this system. 

Of course, maybe it is just that our classically oriented minds 
        cannot imagine what is happening and need to be retrained!!! 

Seems like a valid conclusion(prediction) since hardness boxes(1st box) supposedly 
randomize color. 

Let us try another experiment in hopes of understanding what is going on. 

Rig up small, movable, electron-stopping wall that 
can be inserted in and out of route s. 

When the wall out, we just have the earlier apparatus. 
wall insertedwall not inserted



When wall is in, only those electrons moving along h route 
        get through apparatus to the beam recombination device. 
The electrons on the s route are blocked.

Analysis: First, there are 50% less electrons reaching beam recombination device. 

When wall out all(100%) of electrons that get to beam recombination device 
         are magenta at end (earlier experimental result). 

That means (or seems to mean) that all electrons that take s route 

        (or we think are taking s route) end up magenta 

         and all that take h route (or we think are taking h route) end up magenta 

         at beam recombination device when no wall is inserted. 

However, we did not check this!!!

However, we did not check this!!!



This means that with wall inserted, we should end up with 50% 
         (1/2 lost impacting inserted wall) electrons at beam recombination device.

Based on the earlier experiment results, they should all be magenta 
         since an inserted wall on soft path cannot possibly affect electrons on h path 
         and they all came out magenta in the previous experiment! 

This is an assumption called locality, which means the following: 

          We can separate the hard and soft paths by a very large distance 

          and therefore make sure that nothing we do on soft path(like inserting wall) 

          can affect electrons on hard path during time they are on hard path. 

          This is possible because the maximum speed of information transfer is 

          speed of light from the study of relativity. 



What is actual result? 

Again we are wrong in our classical way we are analyzing things. The result is 50/50 again. 

h route beam(if there really is one) seems to end up randomized(50-50 green-magenta) 
         and 50% of 50% is 25% 25 magenta and 25 green at end!

If we insert a wall in h route, same thing happens. Still end up only with 25% magenta! 

Clearly, we have real trouble with our classical way of reasoning! 

Seems if check (do measurement) 
          to see which path electrons are passing through device 

          (i.e., if we check to see whether the magenta electron 
          is passing through apparatus as a hard or a soft electron) 

         we get 25% magenta (50% change to green) at end 
         and if we DO NOT check we get 100% magenta (0% change to green). 



Our classical minds are spinning at this point!! 

We now turn to a quantum system containing only one particle at any instant of time 
        instead of using beams with many particles at any instant of time. 

Now consider a single magenta electron passing through apparatus when wall is out. 

Can it have taken h route? 
No, since all such electrons are hard and hard electrons are 50-50 green-magenta
       (and need 100% magenta). 

If on hard path, then they are hard - that is a measurement. 

Can it have taken s route? 
No, since all such electrons are soft and soft electrons are 50-50 green-magenta
       (and need 100% magenta). 

If on soft path, then are soft - it is measurement.

This was not possible during the early formative day of quantum mechanics. 
It only became possible in the 1980s.



Can it somehow have taken BOTH routes at same time?
If look (measure), then half the time find electron on h route 
         and half the time find electron on s route, 
         but never find two electrons in apparatus, 
         or two halves of single, split electron, 
         one-half on each route, or anything like that. 

No experimental way in which electron seems to be taking both routes simultaneously.
Therefore, as physicists, must rule out this possibility. 

Can it have taken neither route (got there some other way)? 

Certainly not. 

If we put walls in both routes, then NOTHING gets through at all. 

Thus, the results had to have something to do with the box and the paths. 

This eventually leads to the hypothesis for the meaning of the the word “quantum” as 
we will see.



Summarize the dilemma for classical view. 

Electrons passing through apparatus, based on measurements  

        do not take route h 

        and do not take route s 

         and do not take both routes at same time 

         and do not take neither of routes, 

         i.e., electrons have zero probability for doing any of these things (from experiment).

Problem is that those 4 possibilities are simply all of the logical possibilities 
     we have any notion of how to entertain using the everyday language of classical physics! 



What can these electrons be doing? 

They must be doing something which has simply never been thought of before in classical 
physics.

Electrons (in the microworld) seem to have modes of being, or modes of moving, 

         available to them which are unlike anything 

         we can think about using words derived from everyday ideas and classical physics. 

The name of new mode (a name for something do not understand at the moment) is 

                                           SUPERPOSITION. 

In the end all we can say about initially magenta electron, which is passing through our 
apparatus with the wall out,
                                     Prepare yourself for this!



        it is NOT on h path and NOT on s path and NOT on both paths and NOT on neither, 

        it is in a SUPERPOSITION of being on h and being on s. 

What this last statement means, other than none of above, we do not know at this time; 
          it requires a theory to fill in the gaps and we will do that. 

That is what one does in this (or any) quantum theory class. 

Final and most confusing experiment.

New experimental box = do-nothing box -  It has just 2 apertures. 

An electron goes into one aperture and emerges from other aperture 

          with ALL measurable properties (color, hardness, energy, momentum, whatever) 

          UNCHANGED. It is Experimentally verified!



Box does not measure anything.

If we measure the properties of electrons before entering box and then after passing through 
box, 
          no measured properties are changed.

Also the time it takes for electron to get through box 
          is identical to time it would have taken if box were not there. 

So nothing mysterious seems to be delaying it/messing around with it while in box. 

Such a do-nothing box can actually be constructed in the laboratory.

Experimentally if we build such a do-nothing box, then, 

  when inserted into either one of two paths (h or s), 

  it will change all electrons that were magenta at end                        
  into green electrons at end. box insertedbox not inserted



When the box is removed, they all go back to all being magenta. 

So inserting box into only one path changes the color of electrons passing through the entire 
apparatus.
 
What is going on here? 

Do-nothing boxes do not change any measurable property of electrons 

        that pass through it 

        AND of course, 

        do-nothing boxes do not change any measurable property of electrons
 
       that DO NOT pass through. 

       That would not make any sense at all. 



It is not possible for the electron to have passed through the do-nothing box 
         since we already said that cannot change anything. 

It is not possible for the electron to have passed outside the box 

         since the box certainly does not have a chance to bother anything 

         that does not even pass through it 

         (even though it would not do anything anyway). 

It is not possible that the electron passes 

         both simultaneously inside and outside of the box or neither as before. 

So once again our only explanation will go like......



Only answer is that the electron passes through our apparatus
          in a superposition of passing through do-nothing box 
          and not passing through do-nothing box 
         and this must cause the color change somehow.

This theory has got to be really neat when we finally
    figure out what it is we are saying about the world. 

Now onto mathematics to learn/ understand the appropriate language of physics, 
develop a theory and then we will be able figure out what is going on.

A pattern exists……
       Mathematics language  <—> Relationships 
                     Relationships <—> Correlations 
                      Correlations  <—> Quantum Mechanics 
           Quantum Mechanics <—> Mathematics language 
The reality of this pattern will become clear as we proceed 

through the class.



The Mathematics Of Quantum Mechanics - Part 1 

First, some High School level Stuff…

Vector =               directed line segment

or Vector —> 3 numbers (a,b,c)= number of dimensions in ordinary space

Multiplication by a scalar(a number)

We must learn some mathematics BECAUSE it is language of QM. 
We will not be able to explain and use the ideas of QM using WORDS!!

if in a plane—-> 2 numbers (a,b) = number of dimensions 

starting vector

multiply by 2

multiply by -1



Given two vectors

Sum Difference

call the “tail to tip” rule

one can add/subtract them with the geometric rules shown below



Now we generalize —> extend idea to a general linear combination(sum) of vectors

~C = ↵ ~A+ � ~B

Here, I note that all coefficients               are real numbers at this time.

it is still a vector!

These ideas and methods work perfectly for all macroworld vectors(high school math). 

But we must generalize further in order to deal with microworld vectors(this class).

↵ = 2

<latexit sha1_base64="nkXdn6T1Ktin5WBzGFUPCMAgHNI=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKeyGiLkIAS8eI5iHJEvoncwmQ2Zml5lZISy5+gNe9Q+8iVf/wx/wO5wkezCJBQ1FVTfdXUHMmTau++3kNja3tnfyu4W9/YPDo+LxSUtHiSK0SSIeqU4AmnImadMww2knVhREwGk7GN/O/PYTVZpF8sFMYuoLGEoWMgLGSo894PEIbiq4Xyy5ZXcOvE68jJRQhka/+NMbRCQRVBrCQeuu58bGT0EZRjidFnqJpjGQMQxp11IJgmo/nR88xRdWGeAwUrakwXP170QKQuuJCGynADPSq95M/M/rJias+SmTcWKoJItFYcKxifDsezxgihLDJ5YAUczeiskIFBBjM1raEigYUzMt2GC81RjWSatS9qrlq/tqqV7LIsqjM3SOLpGHrlEd3aEGaiKCBHpBr+jNeXbenQ/nc9Gac7KZU7QE5+sXI3SYKw==</latexit>

� = 0.5

<latexit sha1_base64="6Qzae5OyqOszFZDoqhS0/8Dct7w=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKexKgrkIAS8eI5gHJkuYnXSSIbOzy0yvEELO/oBX/QNv4tXv8Af8DifJHkxiQUNR1U13VxBLYdB1v53MxubW9k52N7e3f3B4lD8+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hNoIyL1gOMY/JANlOgLztBKj50AkN24xTLt5gtu0Z2DrhMvJQWSotbN/3R6EU9CUMglM6btuTH6E6ZRcAnTXCcxEDM+YgNoW6pYCMafzC+e0gur9Gg/0rYU0rn6d2LCQmPGYWA7Q4ZDs+rNxP+8doL9ij8RKk4QFF8s6ieSYkRn79Oe0MBRji1hXAt7K+VDphlHG9LSlkCzEeA0Z4PxVmNYJ42rolcqlu9LhWoljShLzsg5uSQeuSZVckdqpE44UeSFvJI359l5dz6cz0VrxklnTskSnK9fPDeYLA==</latexit>

using

adding parts => total

I am drawing pictures in the real 
3-dimensional world here!

Let us see how………..
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The Space of Physics

vector = 3 numbers (3 = dimension of our world)

Location in space (relative to an origin) = 3 numbers

—->  can define a position or radius vector

~r
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First - define 3 special vectors (called a basis) that will be 
used to construct all other vectors - several different label 
sets….

ê1, ê2, ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ

~r = (x, y, z) = (x1, x2, x3)

use axis labels (x = x1, y = y1, z = z1)
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= (a, b, c)
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They are unit vectors (length=1) and define a Right-Handed 
coordinate system as shown.

Now to add more mathematics to increase the descriptive power:

parallel to    
y-axis and 

also 
perpendicular
(orthogonal) 

to x-axis

parallel to x-y 
plane also


orthogonal to 
z-axis

as shown in 
diagram

diagram 
defines all 
quantities
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~r = xî+ yĵ + zk̂ = x1ê1 + x2ê2 + x3ê3

= xx̂+ yŷ + zẑ

r = |~r| =
p
x2 + y2 + z2vector length

In words, x1=x=component of    
in 1-direction(x-direction), etc

~r

<latexit sha1_base64="Mw6fBQDohr98tqTZ0aAiii2QkDI=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRKp2GXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmsnZoFxxqs4C9iZxc1KBHM1B+ac/jGkaodCUE6V6rpNoLyNSM8pxVuqnChNCQzLCnqGCRKi8bHHuzL4yytAOYmlKaHuh/p3ISKTUNPJNZ0T0WK17c/E/r5fqoO5lTCSpRkGXi4KU2zq257/bQyaRaj41hFDJzK02HRNJqDYJrWzxJQlRz0omGHc9hk3Svqm6tertY63SqOcRFeECLuEaXLiDBjxAE1pAIYQXeIU369l6tz6sz2VrwcpnzmEF1tcv8pCYKg==</latexit>

is a vector in 1-direction of length x1x1ê1

<latexit sha1_base64="JQs2+REc/+oGLZlCs/TX1li5AiA=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KolU7LLgxmUF+4AmhMn0ph06eTBzI5aQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5fiK4Qsv6Nkobm1vbO+Xdyt7+weFR9fikq+JUMuiwWMSy71MFgkfQQY4C+okEGvoCev7kdub3HkEqHkcPOE3ADeko4gFnFLXkPHm2M6aYQe7ZXrVm1a05zHViF6RGCrS96o8zjFkaQoRMUKUGtpWgm1GJnAnIK06qIKFsQkcw0DSiISg3m/+cmxdaGZpBLPVEaM7VvxcZDZWahr7eDCmO1ao3E//zBikGTTfjUZIiRGwRFKTCxNicFWAOuQSGYqoJZZLrX002ppIy1DUtpfiSTgDzii7GXq1hnXSv6najfn3fqLWaRUVlckbOySWxyQ1pkTvSJh3CSEJeyCt5M56Nd+PD+Fyslozi5pQswfj6BTCWmeY=</latexit>

~r

<latexit sha1_base64="Mw6fBQDohr98tqTZ0aAiii2QkDI=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRKp2GXBjcsK9gFtKJPpTTtkMgkzk0IJ3fkDbvUP3Ilbf8Qf8DuctlnY1gMXDufcy733+AlnSjvOt1XY2t7Z3Svulw4Oj45PyqdnbRWnkmKLxjyWXZ8o5ExgSzPNsZtIJJHPseOH93O/M0GpWCye9DRBLyIjwQJGiTZSpz9BmsnZoFxxqs4C9iZxc1KBHM1B+ac/jGkaodCUE6V6rpNoLyNSM8pxVuqnChNCQzLCnqGCRKi8bHHuzL4yytAOYmlKaHuh/p3ISKTUNPJNZ0T0WK17c/E/r5fqoO5lTCSpRkGXi4KU2zq257/bQyaRaj41hFDJzK02HRNJqDYJrWzxJQlRz0omGHc9hk3Svqm6tertY63SqOcRFeECLuEaXLiDBjxAE1pAIYQXeIU369l6tz6sz2VrwcpnzmEF1tcv8pCYKg==</latexit>

is vector sum of three vectors x1ê1

<latexit sha1_base64="JQs2+REc/+oGLZlCs/TX1li5AiA=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KolU7LLgxmUF+4AmhMn0ph06eTBzI5aQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5fiK4Qsv6Nkobm1vbO+Xdyt7+weFR9fikq+JUMuiwWMSy71MFgkfQQY4C+okEGvoCev7kdub3HkEqHkcPOE3ADeko4gFnFLXkPHm2M6aYQe7ZXrVm1a05zHViF6RGCrS96o8zjFkaQoRMUKUGtpWgm1GJnAnIK06qIKFsQkcw0DSiISg3m/+cmxdaGZpBLPVEaM7VvxcZDZWahr7eDCmO1ao3E//zBikGTTfjUZIiRGwRFKTCxNicFWAOuQSGYqoJZZLrX002ppIy1DUtpfiSTgDzii7GXq1hnXSv6najfn3fqLWaRUVlckbOySWxyQ1pkTvSJh3CSEJeyCt5M56Nd+PD+Fyslozi5pQswfj6BTCWmeY=</latexit>

x2ê2

<latexit sha1_base64="rYQjP/6X3ulLTYuvpgWcUSXtVRQ=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4Kkmp2GXBjcsK9gFNCJPpTTt08mDmRiwhH+APuNU/cCdu/Qx/wO9w2mahrQcuHM65l3M5fiK4Qsv6Mkobm1vbO+Xdyt7+weFR9fikp+JUMuiyWMRy4FMFgkfQRY4CBokEGvoC+v70Zu73H0AqHkf3OEvADek44gFnFLXkPHoNZ0Ixg9xreNWaVbcWMNeJXZAaKdDxqt/OKGZpCBEyQZUa2laCbkYlciYgrzipgoSyKR3DUNOIhqDcbPFzbl5oZWQGsdQToblQf19kNFRqFvp6M6Q4UaveXPzPG6YYtNyMR0mKELFlUJAKE2NzXoA54hIYipkmlEmufzXZhErKUNf0J8WXdAqYV3Qx9moN66TXqNvN+tVds9ZuFRWVyRk5J5fEJtekTW5Jh3QJIwl5Ji/k1Xgy3ox342O5WjKKm1PyB8bnDzPPmeg=</latexit>

x3ê3

<latexit sha1_base64="zEwSjbqWfLNRZnnJBsOW5f3rRnQ=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4Komt2GXBjcsK9gFtCJPpTTt08mDmRiwhH+APuNU/cCdu/Qx/wO9w2mZhWw9cOJxzL+dyvFhwhZb1bRQ2Nre2d4q7pb39g8Oj8vFJR0WJZNBmkYhkz6MKBA+hjRwF9GIJNPAEdL3J7czvPoJUPAofcBqDE9BRyH3OKGpp8OTWBmOKKWRuzS1XrKo1h7lO7JxUSI6WW/4ZDCOWBBAiE1Spvm3F6KRUImcCstIgURBTNqEj6Gsa0gCUk85/zswLrQxNP5J6QjTn6t+LlAZKTQNPbwYUx2rVm4n/ef0E/YaT8jBOEEK2CPITYWJkzgowh1wCQzHVhDLJ9a8mG1NJGeqallI8SSeAWUkXY6/WsE46V1W7Xr2+r1eajbyiIjkj5+SS2OSGNMkdaZE2YSQmL+SVvBnPxrvxYXwuVgtGfnNKlmB8/QI3CJnq</latexit>

,,

By using vector addition rules we have (could prove this using tip-to-tail rules)

draw it yourself

using Pythagorean theorem

ê1, ê2, ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ called a basis set Important fact
—> any vector 
can be written 
in terms of a 

basis



Go to 2 dimensions (for drawing simplicity)
Everything I do generalizes to higher dimensions easily.

êx = unit(length = 1) vector in x� direction

êy = unit(length = 1) vector in y � direction

~A = Axêx +Ay êy

Axêx = vector of length Ax in the x� direction

Ay êy = vector of length Ay in the y � direction

multiply by a scalar

by addition rule for vectors as shown



Ax = A cos↵ , Ay = A sin↵

trigonometry —> components 

~A = Axêx +Ay êy , ~B = Bxêx +By êy

~A+ ~B = (Ax +Bx) êx + (Ay +By) êy

~A� ~B = (Ax �Bx) êx + (Ay �By) êy

thus the old tip-to-tail idea is now 
eliminated in favor of adding and 
subtracting components; tip-to-tail idea 
cannot be extended to more 
complicated situations such as in 
microword but the new idea can!!

More Generalization - Further thinking about vectors

old

new symbol       —> Dirac 
Ket vector - it is the first 
element in a new language 

|V i = (v1, v2)or

Your only job is to learn the new terminology(language);  
I will do all the algebraic manipulations in class.

For two vectors we now have

~V = v1ê1 + v2ê2

<latexit sha1_base64="ADjQxNxUkIj+jypPq+4Y8rIAVCM=">AAACIHicbVDLSgMxFM3UV62vqks3wSIIQpkpFbsRCm5cVrCt0JYhk962oZkHyZ1CGeYD/A1/wK3+gTtxqR/gd5g+ENt6IHByzrnc5HiRFBpt+9PKrK1vbG5lt3M7u3v7B/nDo4YOY8WhzkMZqgePaZAigDoKlPAQKWC+J6HpDW8mfnMESoswuMdxBB2f9QPRE5yhkdx8oT0CnjTS65Hr0PaAYQKp61yM3NLvrWRSdtGegq4SZ04KZI6am/9ud0Me+xAgl0zrlmNH2EmYQsElpLl2rCFifMj60DI0YD7oTjL9TErPjNKlvVCZEyCdqn8nEuZrPfY9k/QZDvSyNxH/81ox9iqdRARRjBDw2aJeLCmGdNIM7QoFHOXYEMaVMG+lfMAU42j6W9jiKTYETHOmGGe5hlXSKBWdcvHyrlyoVuYVZckJOSXnxCFXpEpuSY3UCSeP5Jm8kFfryXqz3q2PWTRjzWeOyQKsrx+yWqMZ</latexit>

Start of Dirac language

|Ai = (Ax, Ay)

just a change of “notation” —> removes unit vectors

Now from the diagram

<latexit sha1_base64="f6OX+PDQIM+6h+yII7rRt78uZVg=">AAACDnicbVBLSgNBFOzxG+Mv0aWbwSBEkDATRLMRAm4ENxHMB5Jh6Om8JE16PnS/iYRh7uAF3OoN3Ilbr+AFPIedz8IkFjwoqt6jHuVFgiu0rG9jbX1jc2s7s5Pd3ds/OMzljxoqjCWDOgtFKFseVSB4AHXkKKAVSaC+J6DpDW8nfnMEUvEweMRxBI5P+wHvcUZRS24u37kHTBrpTXHk2hcjt3zu5gpWyZrCXCX2nBTIHDU399Pphiz2IUAmqFJt24rQSahEzgSk2U6sIKJsSPvQ1jSgPignmb6emmda6Zq9UOoJ0Jyqfy8S6is19j296VMcqGVvIv7ntWPsVZyEB1GMELBZUC8WJobmpAezyyUwFGNNKJNc/2qyAZWUoW5rIcWTdAiYZnUx9nINq6RRLtlXJfvhslCtzCvKkBNySorEJtekSu5IjdQJI0/khbySN+PZeDc+jM/Z6poxvzkmCzC+fgEebptO</latexit>

|V i = (v1, v2)

<latexit sha1_base64="Fv6w4Gti4qJAxlP84BQsHQ4miCM=">AAACCXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKjxwDXgQvEcwDkjXMTnqTIbMPZnrFsOwX+ANe9Q+8iVe/wh/wO5w8DiaxoKGo6qaa8mIpNNr2t5VbWV1b38hvFra2d3b3ivsHDR0likOdRzJSLY9pkCKEOgqU0IoVsMCT0PSG12O/+QhKiyi8x1EMbsD6ofAFZ2ikh84tYNpBeMKUZlm3WLLL9gR0mTgzUiIz1LrFn04v4kkAIXLJtG47doxuyhQKLiErdBINMeND1oe2oSELQLvp5OuMnhilR/1ImQmRTtS/FykLtB4FntkMGA70ojcW//PaCfoVNxVhnCCEfBrkJ5JiRMcV0J5QwFGODGFcCfMr5QOmGEdT1FyKp9gQMCuYYpzFGpZJ46zsXJYv7s5L1cqsojw5IsfklDjkilTJDamROuFEkRfySt6sZ+vd+rA+p6s5a3ZzSOZgff0CVhebHw==</latexit>

| i



addition

difference

length

If |V1i = (7,�2) and |V2i = (�5, 3)

then the sum |V i = |V1i+ |V2i = (7 + (�5), (�2) + 3) = (2, 1)

If |V1i = (7,�2) and |V2i = (�5, 3)

then the di↵erence |V i = |V1i � |V2i = (7� (�5), (�2)� 3) = (12,�5)

If |V i = (v1, v2) then length V =
q

v21 + v22

we are still adding components in same way as before!

we are still subtracting components in same way as before!

Now using new language to replace old equations……



We now define a new operation and the generalized vector length 

Here we are using vectors with real-valued components —>  called Euclidean vectors

If |V i = (v1, v2) , |Ui = (u1, u2) ,

h· · · | · · ·i

—> Dirac bra-c-ket or braket symbol —> another element in Dirac language

hV |V i = v1v1 + v2v2 = v21 + v22 = (length)2

length =
p

hV |V i =
q
v21 + v22

hV |V i � 0

Then we have

then hV |Ui = v1u1 + v2u2 definition

Now we have the language elements that will allow us to extend ideas so they are    
useful in the microword 

the symbol

In the world we are in at this moment with real-valued component Euclidean vectors

all vector lengths are non-negative numbers, i.e.,



3 dimensions |V i = (v1, v2, v3) , |Ui = (u1, u2, u3)

hV |Ui = v1u1 + v2u2 + v3u3 =
3X

k=1

vkuk

length =
p

hV |V i =
p
v1v1 + v2v2 + v3v3 =

vuut
3X

k=1

v2k

5X

j=1

Aj = A1 +A2 +A3 +A4 +A5

<latexit sha1_base64="5OOoePk9BIEPzbB1hM53cJotd34=">AAACIXicbVDLSgMxFM3UV62vUZduglUQhDJTW+ym0OLGZQX7gHYcMmmmTZt5kGSEMswP+Bv+gFv9A3fiTtz7HabtLGzrgQOHc+7lJscJGRXSML60zNr6xuZWdju3s7u3f6AfHrVEEHFMmjhgAe84SBBGfdKUVDLSCTlBnsNI2xnfTPP2I+GCBv69nITE8tDApy7FSCrL1s96IvLseFQ1k4cyrNujat02L+t2UfFKsaRYtvW8UTBmgKvCTEUepGjY+k+vH+DII77EDAnRNY1QWjHikmJGklwvEiREeIwGpKukjzwirHj2mwSeK6cP3YAr+hLO3L8bMfKEmHiOmvSQHIrlbGr+l3Uj6VasmPphJImP54fciEEZwGk1sE85wZJNlECYU/VWiIeIIyxVgQtXHI7GRCY5VYy5XMOqaBULZqlQvivla5W0oiw4AafgApjgGtTALWiAJsDgCbyAV/CmPWvv2of2OR/NaOnOMViA9v0LkmOhHg==</latexit>

summation 
symbol

One of the reasons for developing these new ideas is that  
the formalism now easily extends to more dimensions……

Definition:

then we can write

<latexit sha1_base64="nLJD+CtSwAbNyHNtJmku3p6wFQ8=">AAACD3icbVDLSsNAFJ34rPUV69LNYBFclaSIdiMU3LisYB/QxjCZTtuhk0mYuRFLyEf4A271D9yJWz/BH/A7nLZZ2NYDFw7n3Mu5nCAWXIPjfFtr6xubW9uFneLu3v7BoX1UaukoUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxjdTv/3IlOaRvIdJzLyQDCUfcErASL5d6ukk9FN+LX03e0ilX818u+xUnBnwKnFzUkY5Gr790+tHNAmZBCqI1l3XicFLiQJOBcuKvUSzmNAxGbKuoZKETHvp7PcMnxmljweRMiMBz9S/FykJtZ6EgdkMCYz0sjcV//O6CQxqXsplnACTdB40SASGCE+LwH2uGAUxMYRQxc2vmI6IIhRMXQspgSJjBlnRFOMu17BKWtWKe1lx7y7K9VpeUQGdoFN0jlx0heroFjVQE1H0hF7QK3qznq1368P6nK+uWfnNMVqA9fULk9ycxA==</latexit> n2X

i=n1
<latexit sha1_base64="QcpIYsAikdQddhzSuYvtJbZQF9g="></latexit>

7X

i=3

AiB
i = A3B

3 +A4B
4 +A5B

5 +A6B
6 +A7B

7

and so on ……

<latexit sha1_base64="TDAfbddLbNusIRc06FvhqKkdwJA=">AAACHnicbVDLSgMxFM34rPU16tJNtAiCUGaqaDdC0Y3LCnZaaIchk2ba0ExmSDKFMnbtb/gDbvUP3Ilb/QG/w3Q6C9t6OCGHc+/lJsePGZXKsr6NpeWV1bX1wkZxc2t7Z9fc23dklAhMGjhikWj5SBJGOWkoqhhpxYKg0Gek6Q9uJ/XmkAhJI/6gRjFxQ9TjNKAYKW155lHnRqABUanz6Iyvh56teTb0Kpr6Otf0zJJVtjLARWHnogRy1D3zp9ONcBISrjBDUrZtK1ZuioSimJFxsZNIEiM8QD3S1pKjkEg3zb4yhifa6cIgEvpwBTP370SKQilHoa87Q6T6cr42Mf+rtRMVVN2U8jhRhOPpoiBhUEVwkgvsUkGwYiMtEBZUvxXiPhIIK53ezBY/C2xc1MHY8zEsCqdSti/L9v1FqVbNIyqAQ3AMToENrkAN3IE6aAAMnsALeAVvxrPxbnwYn9PWJSOfOQAzML5+AZDZoes=</latexit>

hV |V i = v1v1 + v2v2 + v3v3
<latexit sha1_base64="lddJl1/XkAzoxUVfMjAHATVBQYE=">AAACHnicbVDLSgMxFM3UV62vUZduokUQhDJTRbsRim5cVnDaQjsMmTRtQzMP8hDKOGt/wx9wq3/gTtzqD/gdptNZ2NbDCTmcey83OX7MqJCW9W0UlpZXVteK66WNza3tHXN3rykixTFxcMQi3vaRIIyGxJFUMtKOOUGBz0jLH91M6q0HwgWNwns5jokboEFI+xQjqS3PPOxeczQiMnEenfRKebbmqfKqmvo60/TMslWxMsBFYeeiDHI0PPOn24uwCkgoMUNCdGwrlm6CuKSYkbTUVYLECI/QgHS0DFFAhJtkX0nhsXZ6sB9xfUIJM/fvRIICIcaBrzsDJIdivjYx/6t1lOzX3ISGsZIkxNNFfcWgjOAkF9ijnGDJxlogzKl+K8RDxBGWOr2ZLX4WWFrSwdjzMSyKZrViX1Tsu/NyvZZHVAQH4AicABtcgjq4BQ3gAAyewAt4BW/Gs/FufBif09aCkc/sgxkYX7+DrKHj</latexit>

hU |Ui = u1u1 + u2u2 + u3u3

<latexit sha1_base64="GszFPCC9w36qPTYN7uCKDqp7Phc=">AAACHnicbZDLSsNAFIYn9VbrLerSTbQIglCSVrQboejGZQXTFtoQJtNJO3RyYS6FErP2NXwBt/oG7sStvoDP4TTNwrYeGObn/8/hzHxeTAkXpvmtFVZW19Y3ipulre2d3T19/6DFI8kQtlFEI9bxIMeUhNgWRFDciRmGgUdx2xvdTvP2GDNOovBBTGLsBHAQEp8gKJTl6se9GwZHWCStRzu9HruWdK3zsVuVblVdNenWXL1sVsysjGVh5aIM8mq6+k+vHyEZ4FAgCjnvWmYsnAQyQRDFaaknOY4hGsEB7ioZwgBzJ8m+khqnyukbfsTUCYWRuX8nEhhwPgk81RlAMeSL2dT8L+tK4dedhISxFDhEs0W+pIaIjCkXo08YRoJOlICIEfVWAw0hg0goenNbvAxYWlJgrEUMy6JVrViXFev+otyo54iK4AicgDNggSvQAHegCWyAwBN4Aa/gTXvW3rUP7XPWWtDymUMwV9rXL4pIoec=</latexit>

hV |Ui = v1u1 + v2u2 + v3u3



More than 3 dimensions (we are not in Kansas anymore, Toto)

I can no longer easily visualize(draw on paper) so I stop trying!!

Dirac Braket = scalar or inner product(or “dot” product)

|V i = (v1, v2, ...., vn) , |Ui = (u1, u2, ...., un)

hV |Ui = v1u1 + v2u2 + · · ·+ vnun =
nX

k=1

vkuk

length =
p

hV |V i =
p
v1v1 + v2v2 + · · ·+ vnvn =

vuut
nX

k=1

v2k

extended definition



Generalization —-> complex components  i.e.,  components are complex numbers

Digression on simple properties of complex numbers 

definition of  i

definition of multiplication

definition of addition(or subtraction)

definition of complex number

absolute value

complex conjugate

i2 = �1 , i3 = �i , i4 = +1 , i5 = i , i6 = �1 , and so on

z = a+ bi

(7 + 4i) + (�2 + 9i) = 5 + 13i

(7 + 4i)(�2 + 9i) = (7)(�2) + (7)(9i) + (4i)(�2) + (4i)(9i)

= �14 + 63i� 8i� 36 = �50 + 55i

z⇤ = a� bi

|z|2 = z⇤z = (a� bi)(a+ bi) = a2 + b2 |z| =
p
a2 + b2

a = real part     b= imaginary part

Now the next step is to generalize the idea of “components”

Up to now “components” = “real” numbers and vectors were “Euclidean vectors”

add real parts and 
imaginary parts 

separately

using   

definition

Note that if    z   is real(imaginary part = 0) then    z* = z

<latexit sha1_base64="E1YJAIO1K2FZo6FBNo3apgwyLVE=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoPgxbArorkIAS8eI5gHJGuYncwmY2Znl5leISw5+QNe9Q+8iVe/xB/wO5wkezCJBQ1FVTfdXX4suEbH+bZyK6tr6xv5zcLW9s7uXnH/oKGjRFFWp5GIVMsnmgkuWR05CtaKFSOhL1jTH95M/OYTU5pH8h5HMfNC0pc84JSgkRr84fz6zO0WS07ZmcJeJm5GSpCh1i3+dHoRTUImkQqiddt1YvRSopBTwcaFTqJZTOiQ9FnbUElCpr10eu3YPjFKzw4iZUqiPVX/TqQk1HoU+qYzJDjQi95E/M9rJxhUvJTLOEEm6WxRkAgbI3vyut3jilEUI0MIVdzcatMBUYSiCWhui6/IkOG4YIJxF2NYJo3zsntZdu8uStVKFlEejuAYTsGFK6jCLdSgDhQe4QVe4c16tt6tD+tz1pqzsplDmIP19Qt+d5au</latexit>

i2 = �1

definition



In this generalized world the braket also has an extended definition

If components are real(Euclidean vectors), the  vi*=vi  and we have the same formula as earlier

hV |Ui = v⇤1u1 + v⇤2u2 + · · ·+ v⇤nvn =
nX

k=1

v⇤kuk

length =
p

hV |V i =

vuut
nX

k=1

v⇤kvk =

vuut
nX

k=1

|vk|2

Vectors in QM = Euclidean vectors with complex components - they live in a 
mathematical place called a “Hilbert space”
Now to extend all these idea to include Basis Vectors

|1i = (1, 0) $ êx , |2i = (0, 1) $ êy new representation for old unit basis vectors

|1i = (1, 0, 0) , |2i = (0, 1, 0) , |3i = (0, 0, 1)

just 2 dimensions for simplicity

3 dimensions

called n-tuples

Clearly length = 1 (unit vectors) and they are perpendicular or orthogonal(by definition) 
and as we will prove shortly

hV |Ui = v1u1 + v2u2 + · · ·+ vnun =
nX

k=1

vkuk

now

<latexit sha1_base64="7d6Wz/GnOPX8BTjRZVOAT27AbLA=">AAACQHicbZBLSwMxEMezPmt9rXr0EiyCp7JbRQsiFLx4VLAPaEvJptM2NPsgmRXr0g/k1/ALeNUvIN7EqyfTuhbbOiHwz29mmMnfi6TQ6Div1sLi0vLKamYtu76xubVt7+xWdBgrDmUeylDVPKZBigDKKFBCLVLAfE9C1etfjvLVO1BahMEtDiJo+qwbiI7gDA1q2ZeNHsMEhi334lfd08a5OemrMOGDKX484Q8tO+fknXHQeeGmIkfSuG7Zb412yGMfAuSSaV13nQibCVMouIRhthFriBjvsy7UjQyYD7qZjD87pIeGtGknVOYGSMf0b0fCfK0HvmcqfYY9PZsbwf9y9Rg7xWYigihGCPjPoE4sKYZ05BxtCwUc5cAIxpUwu1LeY4pxNP5OTfEU6wMOs8YYd9aGeVEp5N3TvHtzkisVU4syZJ8ckCPikjNSIlfkmpQJJ4/kmbyQV+vJerc+rM+f0gUr7dkjU2F9fQPyi7D/</latexit>

ê1 = êx ê2 = êy ê3 = êz



All the same……with changed mathematics language

<latexit sha1_base64="7SenHYa/I8NVLL1mTn1X+OfZtu4=">AAACEnicbVBLSgNBFOzxG+NvVFy5GQxCBAkzUTQbIeBGcBPBfCAJQ0/nJWnS86H7TSAMuYUXcKs3cCduvYAX8Bx2klmYxIIHRdV71KO8SHCFtv1trKyurW9sZray2zu7e/vmwWFNhbFkUGWhCGXDowoED6CKHAU0IgnU9wTUvcHdxK8PQSoeBk84iqDt017Au5xR1JJrHrceAJPa+DY/dJ2LoVvUc3numjm7YE9hLRMnJTmSouKaP61OyGIfAmSCKtV07AjbCZXImYBxthUriCgb0B40NQ2oD6qdTN8fW2da6VjdUOoJ0Jqqfy8S6is18j296VPsq0VvIv7nNWPsltoJD6IYIWCzoG4sLAytSRdWh0tgKEaaUCa5/tVifSopQ93YXIon6QBwnNXFOIs1LJNaseBcF5zHq1y5lFaUISfklOSJQ25ImdyTCqkSRhLyQl7Jm/FsvBsfxudsdcVIb47IHIyvX7cHnKo=</latexit>

|V i = (v1, v2, v3)

<latexit sha1_base64="Pb9TukQ4ZLx8n02KM0wJGMwn4C0=">AAACK3icbVDJSgNBEO2JW4xb1KOXwSAIQphJRHMRAl4ELxHMAkkYejqVpEnPQndNIAzzF/6GP+BV/8CT4lW/w84GJvFBw3uvqqjq54aCK7SsDyO1tr6xuZXezuzs7u0fZA+PaiqIJIMqC0QgGy5VILgPVeQooBFKoJ4roO4Obsf1+hCk4oH/iKMQ2h7t+bzLGUVtOdl86x4wriU3Q8du9SnGkDj2xdApzEVBi+JcFJ1szspbE5irxJ6RHJmh4mR/Wp2ARR74yARVqmlbIbZjKpEzAUmmFSkIKRvQHjQ19akHqh1P/pWYZ9rpmN1A6uejOXH/TsTUU2rkubrTo9hXy7Wx+V+tGWG31I65H0YIPpsu6kbCxMAch2R2uASGYqQJZZLrW03Wp5Iy1FEubHElHQAmGR2MvRzDKqkV8vZV3n64zJVLs4jS5IScknNik2tSJnekQqqEkSfyQl7Jm/FsvBufxte0NWXMZo7JAozvX+83p+Y=</latexit>

|V i = v1ê1 + v2ê2 + v3ê3

<latexit sha1_base64="7hahliNB06qYhOa3w4KH/2angKs=">AAACJXicbZBLSgNBEIZ7fMb4irp0MxiEgBBmEtFshIAbwU0E84AkDD2dStKk50F3TSAMcwWv4QXc6g3cieDKneewM8nCJP7Q8PFXFVX9u6HgCi3ry1hb39jc2s7sZHf39g8Oc0fHDRVEkkGdBSKQLZcqENyHOnIU0AolUM8V0HRHt9N6cwxS8cB/xEkIXY8OfN7njKK2nFyhcw8YN5KbsWOnaCcXY6eUYmmK5RTLiZPLW0UrlbkK9hzyZK6ak/vp9AIWeeAjE1Sptm2F2I2pRM4EJNlOpCCkbEQH0NboUw9UN05/lJjn2umZ/UDq56OZun8nYuopNfFc3elRHKrl2tT8r9aOsF/pxtwPIwSfzRb1I2FiYE7jMXtcAkMx0UCZ5PpWkw2ppAx1iAtbXElHgElWB2Mvx7AKjVLRviraD5f5amUeUYackjNSIDa5JlVyR2qkThh5Ii/klbwZz8a78WF8zlrXjPnMCVmQ8f0Lh5SlEw==</latexit>

|V i = v1 |1i+ v2 |2i+ v3 |3i

<latexit sha1_base64="/VLw1KB2Amxc3bB5i+4aJuxDmUA=">AAACDHicbVBLSgNBFOzxG+Mnoy7dDAYhQggzIpqNEHAjuIlgPpAMoafzJmnS86H7jRCGXMELuNUbuBO33sELeA47ySxMYsGDouo96lFeLLhC2/421tY3Nre2czv53b39g4J5eNRUUSIZNFgkItn2qALBQ2ggRwHtWAINPAEtb3Q79VtPIBWPwkccx+AGdBBynzOKWuqZhe49YOpMbkpO2S7b5z2zaFfsGaxV4mSkSDLUe+ZPtx+xJIAQmaBKdRw7RjelEjkTMMl3EwUxZSM6gI6mIQ1Auens8Yl1ppW+5UdST4jWTP17kdJAqXHg6c2A4lAte1PxP6+ToF91Ux7GCULI5kF+IiyMrGkLVp9LYCjGmlAmuf7VYkMqKUPd1UKKJ+kIcJLXxTjLNayS5kXFuao4D5fFWjWrKEdOyCkpEYdckxq5I3XSIIwk5IW8kjfj2Xg3PozP+eqakd0ckwUYX79zAJnF</latexit>

|1i = (1, 0, 0)

<latexit sha1_base64="aKYxT4ifMR65xYWncLb9e71t2W0=">AAACFnicbVDLSgMxFM3UV62vUVfiJliEilAmVbQboeDGZQX7gHYYMmmmDc1khiRTKEPxN/wBt/oH7sStW3/A7zDTdmGrB8I9nHMv9+b4MWdKO86XlVtZXVvfyG8WtrZ3dvfs/YOmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzhbea3RlQqFokHPY6pG+K+YAEjWBvJs49uRh4qobPzkVcpOVm5MCUTPbvolJ0p4F+C5qQI5qh79ne3F5EkpEITjpXqICfWboqlZoTTSaGbKBpjMsR92jFU4JAqN51+YQJPjdKDQSTNExpO1d8TKQ6VGoe+6QyxHqhlLxP/8zqJDqpuykScaCrIbFGQcKgjmOUBe0xSovnYEEwkM7dCMsASE21SW9jiSzykelIwwaDlGP6SZqWMrsro/rJYq84jyoNjcAJKAIFrUAN3oA4agIBH8AxewKv1ZL1Z79bHrDVnzWcOwQKszx/ApZx4</latexit>

= v1(1) + v2(0) + v3(0) = v1

Some examples:

<latexit sha1_base64="5Y2W7k1Lq5wMm3GQgaiDqem74yA=">AAACOXicbVDLSsNAFJ3UV62vqEs3wSIIQklaH10oFN24rGBboQ1hMp22QyeTMDMplJif8Tf8Abe6c+lGxK0/4CQN1LYeGDjn3Hu5d44bUCKkab5ruaXlldW1/HphY3Nre0ff3WsKP+QIN5BPff7gQoEpYbghiaT4IeAYei7FLXd4k9RbI8wF8dm9HAfY9mCfkR5BUCrL0S871xwOsYysx2Z8NXKsqbbik5FTnupyoitTXYkdvWiWzBTGIrEyUgQZ6o7+2en6KPQwk4hCIdqWGUg7glwSRHFc6IQCBxANYR+3FWXQw8KO0l/GxpFyukbP5+oxaaTu34kIekKMPVd1elAOxHwtMf+rtUPZq9oRYUEoMUOTRb2QGtI3ksiMLuEYSTpWBCJO1K0GGkAOkVTBzmxx02ziggrGmo9hkTTLJeu8dHZ3WqxVs4jy4AAcgmNggQtQA7egDhoAgSfwAl7Bm/asfWhf2vekNadlM/tgBtrPL+fWrWc=</latexit>

h1 |V i = v1 h1 | 1i+ v2 h1 | 2i+ v3 h1 | 3i



Definition: Vector Space = collection of vectors such that  

      if add any two vectors together => another vector in collection; 

           and have a scalar product(bracket) defined

Can write any vector in terms of basis <—> orthonormal set, i.e.,

      = component of vector in 1-direction, etcv1

no longer a valid picture when 
components are complex; 


just suggestive!!

—> Hilbert space in     
         microworld

|Ui = (u1, u2, u3) = u1(1, 0, 0) + u2(0, 1, 0) + u3(0, 0, 1) = u1 |1i+ u2 |2i+ u3 |3i

<latexit sha1_base64="wnPIz7rrgSpB0kRgCFac7Pz9c5w="></latexit>

|v1, v2i = v1(1, 0) + v2(0, 1) = (v1, 0) + (0, v2) = (v1, v2)

<latexit sha1_base64="DO4bxtW5/LdBtlnYkdfkQU17cIE="></latexit>

|v1, v2i = v1(1, 0) + v2(0, 1) = v1 |1i+ v2 |2i

<latexit sha1_base64="ei+REW0QujlLwS93bgYyTvLrhns="></latexit>

Similarly for 3 dimensions

and so on

<latexit sha1_base64="n7z8j8sL2Tu+j1UMSswqD5Vq65Q=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahopSkiLoRCm5cVrAXaEuYTE/t0MmFmZNACXkIX8MXcKtv4E66deFzOL0ItvWHgW/+cw5n5vciwRXa9shYWV1b39jMbeW3d3b39s2Dw7oKY8mgxkIRyqZHFQgeQA05CmhGEqjvCWh4g7txvZGAVDwMHnEYQcenTwHvcUZRW6553k6ApUl2W0xc5yJxy2e3Gtp9iilkrnOund9L2TULdsmeyFoGZwYFMlPVNb/b3ZDFPgTIBFWq5dgRdlIqkTMBWb4dK4goG9AnaGkMqA+qk04+lVmn2ulavVDqE6A1cf9OpNRXauh7utOn2FeLtbH5X60VY++mk/IgihECNl3Ui4WFoTVOyOpyCQzFUANlkuu3WqxPJWWoc5zb4kk6AMzyOhhnMYZlqJdLzlXJebgsVG5mEeXIMTkhReKQa1Ih96RKaoSRZ/JK3si78WJ8GJ/GaNq6YsxmjsicjK8ffPSmDg==</latexit>

~v = (v1, v2) = v1ê1 + v2ê2 “old way”



Using earlier rule for evaluating the scalar product (sum of component products)

h1 | 1i = (1, 0) · (1, 0) = (1)(1) + (0)(0) = 1 h1 | 2i = (1, 0) · (0, 1) = (1)(0) + (0)(1) = 0

h2 | 1i = (0, 1) · (1, 0) = (0)(1) + (1)(0) = 0 h2 | 2i = (0, 1) · (0, 1) = (0)(0) + (1)(1) = 1

h1 |V i = v1 h2 |V i = v2

h1 |V i = v1 h1 | 1i+ v2 h1 | 2i h2 |V i = v1 h2 | 1i+ v2 h2 | 2i

Thus, we can always write 

|V i = h1 |V i |1i+ h2 |V i |2i

—> The component of vector in particular direction(along a basis vector) is given by the 
scalar product(bracket) of vector with corresponding basis vector. New Definition of 
component! 
Remember component = projection on the axis in old real world!  
But now, in Hilbert space, it is a “braket” - no more pictures!!

general definition in new language

=1 =0=0 =1

in new language

<latexit sha1_base64="slRV81qEnkSXe5qLujVpZyN9CF4=">AAACGnicbZBLSgNBEIZ7fMb4GnUpwmAQBCHMBNFshIAbwU0E84AkDD2dStKk50F3TSAMs/IaXsCt3sCduHXjBTyHnUkWJvGHho+/qqjq34sEV2jb38bK6tr6xmZuK7+9s7u3bx4c1lUYSwY1FopQNj2qQPAAashRQDOSQH1PQMMb3k7qjRFIxcPgEccRdHzaD3iPM4racs2T9j1gUk9vRq6ToZNejNxShqXUNQt20c5kLYMzgwKZqeqaP+1uyGIfAmSCKtVy7Ag7CZXImYA0344VRJQNaR9aGgPqg+ok2TdS60w7XasXSv0CtDL370RCfaXGvqc7fYoDtVibmP/VWjH2yp2EB1GMELDpol4sLAytSSZWl0tgKMYaKJNc32qxAZWUoU5ubosn6RAwzetgnMUYlqFeKjpXRefhslApzyLKkWNySs6JQ65JhdyRKqkRRp7IC3klb8az8W58GJ/T1hVjNnNE5mR8/QI8HqDH</latexit>

|V i = v1 |1i+ v2 |2i



Orthogonality

First way - remember High School - using old language

~V = (7, 4) x̂ = (1, 0) , ŷ = (0, 1)

~V = 7x̂+ 4ŷ using old notation

Define old “dot” product:

~A · ~B = AxBx +AyBy = hA |Bi

7 = vx = x̂ · ~V , 4 = vy = ŷ · ~V
q
v2x + v2y =

p
65

components

length

y

x7

4

origin=(0,0)

Notice that every equation is identical to those in 
Dirac language. We only went to new language 
because these older ideas cannot be extended into 
microworld!



7 = vx = x̂ · ~V = length(x̂)⇥ length(~V )⇥ vx

length(~V )

vx

length(~V )
= cosine of angle between ~V and x̂

~A · ~B = AB cos ✓

x̂ · x̂ = length(x̂)⇥ length(x̂) cos (0�) = 1 x̂ · ŷ = length(x̂)⇥ length(ŷ) cos (90�) = 0

—> Basis vectors are orthonormal!

generalize

Now we can always write (in peculiar way - kind of stuff mathematicians and theoretical 
physicists do all the time!)

Now —> definition of cosine

~A · ~B = length( ~A)⇥ length( ~B)⇥ cos (angle between ~Aand ~B)

<latexit sha1_base64="Kac6KMCryz9FaS9zyACax1s92vE="></latexit>

Important special cases:

whole mess just multiplies vx by 1

= orthogonal + normalized to 1(length=1)

so

Can you see?

As I have been assuming!
—> orthonormal

length =1

0 if perpendicular

What are you really doing when you carry out algebra? You are either multiplying by 1  
or adding 0 — otherwise you will change the expression you are working on!



Generalize further (add new notation)  by defining in a vector space

hA |Bi = AB cos (✓AB)

hn |mi = �nm =

(
1 n = m

0 n 6= m

To easily explore further we need the definition of a new object - the  Kronecker Delta.

h1 | 1i = �11 = 1

h1 | 2i = �12 = 0

h2 | 1i = �21 = 0

h2 | 2i = �22 = 1

orthonormality clear!

then this implies that

no simple geometric picture possible (as with real components); “angle” is not 
geometric angle anymore, but just a some kind of parameter now!

     —-> length =1

—-> length =1

   —-> orthogonal

—-> orthogonal

for basis vectors     
<latexit sha1_base64="RCiPvdPYqvxsiw3n8zeSVOkpvtI=">AAACDHicbVDNSsNAEN7Uv1p/WvXoJVgED1ISEe2x4EXwUsHWQhvKZjtpl242YXcilJBX8AW86ht4E6++gy/gc7hNe7CtHwzz8X0zzPD5seAaHefbKqytb2xuFbdLO7t7++XKwWFbR4li0GKRiFTHpxoEl9BCjgI6sQIa+gIe/fHN1H98AqV5JB9wEoMX0qHkAWcUjdSvlHt3gKnMzvMeZv1K1ak5OexV4s5JlczR7Fd+eoOIJSFIZIJq3XWdGL2UKuRMQFbqJRpiysZ0CF1DJQ1Be2n+eGafGmVgB5EyJdHO1b8bKQ21noS+mQwpjvSyNxX/87oJBnUv5TJOECSbHQoSYWNkT1OwB1wBQzExhDLFza82G1FFGZqsFq74io4Bs5IJxl2OYZW0L2ruVc29v6w26vOIiuSYnJAz4pJr0iC3pElahJGEvJBX8mY9W+/Wh/U5Gy1Y850jsgDr6xdnyJuc</latexit>

|ni , |mi
definition just says that 

basis vector are unit length 
+ orthogonal or 

orthonormal



In order to complete the mathematical tools needed to describe the microworld we need one 
last mathematical object —> completely new for some of you guys  —> a Matrix.

m × n matrix is m × n array (m rows and n columns) of numbers(matrix elements) 
           with a well-defined set of associated mathematical rules.

For example, see sample matrices shown below
✓
2
5

◆ ✓
2 5
�3 10

◆

2 elements
4 elements

2 × 1 matrix (= column vector) 1 x 2 matrix (= row vector) 2 × 2 matrix 

�
2 5

�
2 elements

✓
2 5 �1
�3 10 5

◆

2 × 3 matrix 

Using Kronecker delta to do algebra -> very powerful tool that I will use to do 
manipulations and you will use if you make the effort to learn how to do the algebra.

nX

k=1

Ak�km = Am m  n

<latexit sha1_base64="XdIqnwFZru6SL+NW5OXMYu9cXHs="></latexit>

3X

k=1

Ak�k2 = A1�12 +A2�22 +A3�32 = A1(0) +A2(1) +A3(0) = A2

<latexit sha1_base64="4BNcmPwx7XRvESH4nqsI7YuDfAI="></latexit>

Examples

Definition

so appearance of kronecker delta 
inside a summation eliminates 

one summation —> a very 
powerful algebraic tool !!



A+B =

✓
(2) + (�8) (5) + (15)
(�3) + (7) (10) + (4)

◆
=

✓
�6 20
4 14

◆
addition => add elements

matrix multiplication

I just followed the general rule

using row-column labels

AB =

✓
2 5
�3 10

◆✓
�8 15
7 4

◆
=

✓
(2)(�8) + (5)(7) (2)(15) + (5)(4)

(�3)(�8) + (10)(7) (�3)(15) + (10)(4)

◆
=

✓
19 50
94 �5

◆

A =

✓
a11 a12
a21 a22

◆
, B =

✓
b11 b12
b21 b22

◆

AB =

✓
a11 a12
a21 a22

◆✓
b11 b12
b21 b22

◆
=

✓
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

◆

A =

✓
2 5
�3 10

◆
, B =

✓
�8 15
7 4

◆Consider  two matrices

—> two  2 × 2 matrices    (note boldface) 

A =

✓
a11 a12
a21 a22

◆
, B =

✓
b11 b12
b21 b22

◆

now using row-column labels

diagonal elements off-diagonal elements



I =

✓
1 0
0 1

◆
= identity matrix

detA = a11a22 � a12a21 = determinant of A

These following are definitions so that you know what 
I mean when I refer to some matrix property.

A�1 =
1

detA

✓
a22 �a12
�a21 a11

◆
= inverse matrix AA�1 = A�1A = I

IA = AI = A

<latexit sha1_base64="V2pmdpIcn/arswsjIXmPp50B15I=">AAACMXicbZDLSsNAFIZP6q3WW9Slm8EiuCqJVOxGqLjRXQV7gbaUyXTSDp1cmJkIJeRFfA1fwK2+QXfiwo0v4aSN1LYeGPj4/3M4Z34n5Ewqy5oYubX1jc2t/HZhZ3dv/8A8PGrIIBKE1knAA9FysKSc+bSumOK0FQqKPYfTpjO6Tf3mExWSBf6jGoe06+GBz1xGsNJSzyx3PKyGjhvfJ790k1zPcW7/EXtm0SpZ00KrYGdQhKxqPfOr0w9I5FFfEY6lbNtWqLoxFooRTpNCJ5I0xGSEB7St0cceld14+rsEnWmlj9xA6OcrNFX/TsTYk3LsObozvVAue6n4n9eOlFvpxswPI0V9MlvkRhypAKVRoT4TlCg+1oCJYPpWRIZYYKJ0oAtbHIFHVCUFHYy9HMMqNC5Kdrl0+VAuVitZRHk4gVM4BxuuoAp3UIM6EHiGV3iDd+PFmBgfxuesNWdkM8ewUMb3Dyniq8Y=</latexit>

AT =

✓
a11 a21
a12 a22

◆
= transpose matrix A† =

✓
a
⇤
11 a

⇤
21

a
⇤
12 a

⇤
22

◆
= Hermitian conjugate matrix

A† = A A† = A�1matrix = Hermitian matrix = Unitary

A =

✓
a11 a12
a21 a22

◆
Tr(A) = a11 + a22

<latexit sha1_base64="PXDEbweAEuq7wej6lxGO9O35qyU=">AAACGnicbVDLSsNAFJ3UV62vqEsRBotQEUpSKnYjVNy4rNAXtKFMppN26GQSZiZCCVn5G/6AW/0Dd+LWjT/gdzhps7CtB4Y5nHMv997jhoxKZVnfRm5tfWNzK79d2Nnd2z8wD4/aMogEJi0csEB0XSQJo5y0FFWMdENBkO8y0nEnd6nfeSRC0oA31TQkjo9GnHoUI6WlgXnaFKW+j9TY9eLb5OIGDWLbTi71V6kkcGAWrbI1A1wldkaKIENjYP70hwGOfMIVZkjKnm2FyomRUBQzkhT6kSQhwhM0Ij1NOfKJdOLZGQk818oQeoHQjys4U/92xMiXcuq7ujLdWC57qfif14uUV3NiysNIEY7ng7yIQRXANBM4pIJgxaaaICyo3hXiMRIIK53cwhRXoAlRSUEHYy/HsEralbJdLV89VIv1WhZRHpyAM1ACNrgGdXAPGqAFMHgCL+AVvBnPxrvxYXzOS3NG1nMMFmB8/QIPc6AP</latexit>

= sum over diagonal elements

A =

✓
1 4i

�4i 7

◆

<latexit sha1_base64="2rCrzauM9ARBsPVCIk5G6/RavB0="></latexit>

A =

✓
1 4i

�4i 7

◆

<latexit sha1_base64="2rCrzauM9ARBsPVCIk5G6/RavB0="></latexit>

A�1 =
1

2� 12i

✓
2 �4i
�3 1

◆

<latexit sha1_base64="ZhlkmHAW15TGnM1E/9OqjFc7HZo="></latexit>

AA�1 = I

<latexit sha1_base64="GRpSKhAOLhLVgtTxjR0OVW9Qe/I=">AAACBHicbVDLTgJBEOzFF+IL9ehlIjHxItk1GLmYQLzoDRN5GFjJ7DDAhNnZzcysCdns1R/wqn/gzXj1P/wBv8MB9iBgJZ1UqrrT3eWFnClt299WZmV1bX0ju5nb2t7Z3cvvHzRUEElC6yTggWx5WFHOBK1rpjlthZJi3+O06Y2uJ37ziUrFAnGvxyF1fTwQrM8I1kZ6qFYf4zMnubrt5gt20Z4CLRMnJQVIUevmfzq9gEQ+FZpwrFTbsUPtxlhqRjhNcp1I0RCTER7QtqEC+1S58fTgBJ0YpYf6gTQlNJqqfydi7Cs19j3T6WM9VIveRPzPa0e6X3ZjJsJIU0Fmi/oRRzpAk+9Rj0lKNB8bgolk5lZEhlhiok1Gc1s8iUdUJzkTjLMYwzJpnBedUvHirlSolNOIsnAEx3AKDlxCBW6gBnUg4MMLvMKb9Wy9Wx/W56w1Y6UzhzAH6+sXzCeX9g==</latexit>

A =
1

2

✓
1 + i 1� i
1� i 1 + i

◆

<latexit sha1_base64="lMhAlGp0T76Qxsn63CPKC+8HBr8="></latexit>

—>

—>

—>

If If

Trace

Special cases: 
effect = no change

definitions only for 2 x 2 matrices

definition

definition

effect
Example:

definition definition

Finally —>



Now start to pull it all together for QM.

|V i =
✓
v1
v2

◆
= “ket00 vector hV | =

�
v⇤1 v⇤2

�
= “bra00 vector

hV |Ui =
�
v⇤1 v⇤2

�✓u1

u2

◆
= v⇤1u1 + v⇤2u2 = “braket00

—> rule is just matrix multiplication

or we now broaden the Dirac language for use in QM

From now on we assume that all ket/bra vectors are unit vectors(required for QM to be 
valid in the microworld as we will see)

Finally we need to think about Operators

An operator is a mathematical object which acts on any vector in our vector space and 
results in another vector in same vector space.
 
Its operation and behavior is similar to a function with numbers          y = f(x)

Every Ket vector has a corresponding Bra vector in the Hilbert space.

column vector row vector

Then real mathematical meaning of the “braket” is

lots of jokes…
Dirac was oblivious!

new definition

insert number in function —> new number



Example

= an operator

A =

✓
a11 a12
a21 a22

◆
, |V i =

✓
v1
v2

◆

A |V i =
✓
a11 a12
a21 a22

◆✓
v1
v2

◆
=

✓
a11v1 + a12v2
a21v1 + a22v2

◆
=

✓
u1

u2

◆
= |Ui

A =

✓
a11 a12
a21 a22

◆
—> matrices are operators in QM

Operators are very important in QM because 
observables or measurable quantities are represented in QM by Hermitian 
operators(matrices) where
and 
transformations or physical changes  of vectors are represented in QM by Unitary 
operators (matrices) where  

Therefore

why I needed to introduce the idea!

A† = A

A† = A�1

just another vector in the space!!



Properties of operators -  Ô (note boldface + hat)
Matrix representation  (I show you this so you know what it is when I refer to it)

Definition: Matrix element

O =

✓
h1| Ô |1i h1| Ô |2i
h2| Ô |1i h2| Ô |2i

◆
=

✓
o11 o12
o21 o22

◆

onm = hn| Ô |mi

Now assume that

then

Ô |1i = |qi , Ô |2i = |ri

o21 = h2| Ô |1i = h2 | qi

—-> Matrix elements are just brackets = numbers!!

o12 = h1| Ô |2i = h1 | ri

<latexit sha1_base64="kyuDZ442Qx7IqakzOi60a+DZeKc="></latexit>

o22 = h2| Ô |2i = h2 | ri

<latexit sha1_base64="C68ArKInIo3OhcXGeWj/7NLoDcI="></latexit>

o11 = h1| Ô |1i = h1 | qi

<latexit sha1_base64="QhouvJIdkdTdLRmmRdkcMLWWV30="></latexit>

—->

that is what operators do!

(nm) = (row,column)= (nm) matrix element of Ô

matrix representing       is Ô

Using the            basis
<latexit sha1_base64="gbDe6LAV7FZ08eAPVnOY4kTBNck=">AAACDHicbVBLSgNBEO2Jvxg/GXXpZjAILiTMBNEsA24ENxHMB5Ih9HQqSZOeD901QhjmCl7Ard7Anbj1Dl7Ac9iZzMIkPijq8V4VVTwvElyhbX8bhY3Nre2d4m5pb//gsGweHbdVGEsGLRaKUHY9qkDwAFrIUUA3kkB9T0DHm97O/c4TSMXD4BFnEbg+HQd8xBlFLQ3Mcv8eMHHSy6zX0oFZsat2BmudODmpkBzNgfnTH4Ys9iFAJqhSPceO0E2oRM4EpKV+rCCibErH0NM0oD4oN8keT61zrQytUSh1BWhl6t+NhPpKzXxPT/oUJ2rVm4v/eb0YR3U34UEUIwRscWgUCwtDa56CNeQSGIqZJpRJrn+12IRKylBntXTFk3QKmJZ0MM5qDOukXas611Xn4arSqOcRFckpOSMXxCE3pEHuSJO0CCMxeSGv5M14Nt6ND+NzMVow8p0TsgTj6xemGZsk</latexit>

|1i , |2i

you will not need to do such manipulations yourself!!



Most important special case:

If Â |V i = a |V i (i.e., we get same vector back)  then

      called an eigenvector of operator        with eigenvalue      . |V i Â a

Ô |1i = o1 |1i , Ô |2i = o2 |2i {o1, o2} = eigenvalues

o11 = h1| Ô |1i = o1 h1 | 1i = o1

o12 = h1| Ô |2i = o2 h1 | 2i = 0

o21 = h2| Ô |1i = o1 h2 | 1i = 0

o22 = h2| Ô |2i = o2 h2 | 2i = o2

O =

✓
h1| Ô |1i h1| Ô |2i
h2| Ô |1i h2| Ô |2i

◆
=

✓
o1 0
0 o2

◆

For Hermitian operators, used for observables in QM, the set of eigenvectors always forms an 
orthonormal basis -> called a complete set and the eigenvalues are all real. Very useful!
If basis set that is used to calculate matrix representing an operator 
    is the set of eigenvectors of the operator, i.e., if 

then

Matrix representation with operator’s eigenvectors is diagonal matrix
          (nonzero elements (eigenvalues) on diagonal). 
For general basis vectors(not eigenvectors), 
          matrix representation is generally not diagonal. 



An alternate(and useful) method for defining operators uses the  “ket” and “bra” vectors. 
Consider the quantity 

Pfg = |fi hg| Pfg |V i = (|fi hg|) |V i = hg |V i |fi = number ⇥ |fi

Thus, the new object is an operator!  Called the  “ket-bra”

Pf = |fi hf |

Pf |V i = (|fi hf |) |V i = hf |V i |fi

= projection operator i.e.,

“projects”           onto i.e., final vector now in that direction|fi

Notice we used the rule: (hf |)(|fi) = hf | fi

gives amount of         in direction of 

to simplify notion

If g = f, then we get

Now consider set of orthonormal basis vectors: {|ni}, n = 1, 2, 3, ....., N

We have(doing some algebra for practice):
hk |ni = �kn

<latexit sha1_base64="AJedyXzmdX05Ljvi4fSRRWpbjJM=">AAACFXicbZBLSgNBEIZ74ivGV9SN4GYwCK7CjETMRgi6cRnBPCAJoadTSZrp6Rm6a4QwjtfwAm71Bu7ErWsv4DnsPBYm8YeGn7+qqOrPiwTX6DjfVmZldW19I7uZ29re2d3L7x/UdRgrBjUWilA1PapBcAk15CigGSmggSeg4fk343rjAZTmobzHUQSdgA4k73NG0UTd/FH7WlEfMPEfZXrV7oFA2k18mXbzBafoTGQvG3dmCmSmajf/0+6FLA5AIhNU65brRNhJqELOBKS5dqwhosynA2gZK2kAupNMfpDapybp2f1QmSfRnqR/JxIaaD0KPNMZUBzqxdo4/K/WirFf7iRcRjGCZNNF/VjYGNpjHHaPK2AoRsZQpri51WZDqihDA21uizfhlOYMGHcRw7KpnxfdUvHirlSolGeIsuSYnJAz4pJLUiG3pEpqhJEn8kJeyZv1bL1bH9bntDVjzWYOyZysr18n65/W</latexit>

(|ki hk|)(|ki hk|) = |ki (hk | ki) hk| = |ki (1) hk| = |ki hk|

<latexit sha1_base64="FiZjD4UehPv991MP19lN9WjOQno=">AAACW3icbZDLSsNAFIanqZcaq0bFlZtgEeqmJFKxG6HoRnBTwV6giWUyndQhkwszE6HEvJ0v4cKtC7f6AE7SIDb1wDD/+f9zmOFzIkq4MIy3ilJdW9/YrG2p2/Wd3T1t/2DAw5gh3EchDdnIgRxTEuC+IILiUcQw9B2Kh453k+XDZ8w4CYMHMY+w7cNZQFyCoJDWRHtsWndYJF5qXTMor7Nyf1X0zczwMvki3SL9Dc2yU7QTrWG0jLz0VWEWogGK6k20D2saotjHgUAUcj42jUjYCWSCIIpT1Yo5jiDy4AyPpQygj7md5BxS/VQ6U90NmTyB0HP370YCfc7nviMnfSieeDnLzP+ycSzcjp2QIIoFDtDiITemugj1DKo+JQwjQedSQMSI/KuOniCDSEj0S684OcRUlWDMMoZVMThvme3WxX270e0UiGrgGJyAJjDBJeiCW9ADfYDAK/gEX+C78q5UFVWpL0aVSrFzCJZKOfoBUAe4fw==</latexit>

(|ki hk|)(a |1i+ b |2)) = |ki (a hk | 1i+ b hk|2i) = (numberi ⇥ |ki

<latexit sha1_base64="1rOxsnpuAOz89PAbkk/Y9xWObAg="></latexit>

Another example:

using our rules we get

hf |V i

<latexit sha1_base64="pjvb8HngOx9C5X+Bpq83JcDE3eY=">AAACB3icbZDLSsNAFIYn9VbrrerSzWARXJVEFLssunFZwV6gCWUyPWmHTiZhZiKUmAfwBdzqG7gTtz6GL+BzOE2zsK0/HPj5zzmcw+fHnClt299WaW19Y3OrvF3Z2d3bP6geHnVUlEgKbRrxSPZ8ooAzAW3NNIdeLIGEPoeuP7md9buPIBWLxIOexuCFZCRYwCjRJnLdG0kmoNPgqZMNqjW7bufCq8YpTA0Vag2qP+4wokkIQlNOlOo7dqy9lEjNKIes4iYKYkInZAR9YwUJQXlp/nOGz0wyxEEkTQmN8/TvRkpCpaahbyZDosdquTcL/+v1Ex00vJSJONEg6PxQkHCsIzwDgIdMAtV8agyhkplfMR0TSag2mBau+DmbrGLAOMsYVk3nou5c1q/uL2vNRoGojE7QKTpHDrpGTXSHWqiNKIrRC3pFb9az9W59WJ/z0ZJV7ByjBVlfv7t+mj0=</latexit>

|fi

<latexit sha1_base64="//cIPP4AP6j3ZT7+H5WPjUub52Q=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KolU7LLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YBpkg3LFqTpz2OvEzUmF5GgOyj/9YcSSECQyQbXuuU6MXkoVciYgK/UTDTFlEzqCnqGShqC9dH5uZl8YZWgHkTIl0Z6rfydSGmo9DX3TGVIc61VvJv7n9RIM6l7KZZwgSLZYFCTCxsie/W4PuQKGYmoIZYqbW202pooyNAktbfEVnQBmJROMuxrDOmlfVd1a9fqhVmnU84iK5Iyck0vikhvSIHekSVqEkQl5Ia/kzXq23q0P63PRWrDymVOyBOvrF7VQmAQ=</latexit>

—>

so
<latexit sha1_base64="984V2BqxmcEVd0Lk6JQF6Ypdkao=">AAACDXicbVBLTgJBFOzxi/gbdemmIzFxRWaMUZYkblyikU8CE9LTNNChp3vS/QZDBs7gBdzqDdwZt57BC3gOG5iFgJW8pFL1XuqlwlhwA5737aytb2xubed28rt7+weH7tFxzahEU1alSijdCIlhgktWBQ6CNWLNSBQKVg8Ht1O/PmTacCUfYRSzICI9ybucErBS23XHY9x64L0+EK3VEx633YJX9GbAq8TPSAFlqLTdn1ZH0SRiEqggxjR9L4YgJRo4FWySbyWGxYQOSI81LZUkYiZIZ59P8LlVOrirtB0JeKb+vUhJZMwoCu1mRKBvlr2p+J/XTKBbClIu4wSYpPOgbiIwKDytAXe4ZhTEyBJCNbe/YtonmlCwZS2khJoMGEzythh/uYZVUrss+tdF//6qUC5lFeXQKTpDF8hHN6iM7lAFVRFFQ/SCXtGb8+y8Ox/O53x1zcluTtACnK9f/Cyb6A==</latexit>

|| ) |
the component

 orthonormal 

return to old braket symbol



Now for some useful properties for later derivations and examples of use of the language. 
RESULTS are important - ALGEBRA is for those learning how to do it themselves!

Consider operator
nX

k=1

|ki hk|

 
nX

k=1

|ki hk|
!
|V i =

nX

k=1

hk |V i |ki = |V i
nX

k=1

|ki hk| = Î

Result will be very important later for doing algebra!

We have

the identity operator

—> sum of allprojection operators

|V i = h1 |V i |1i+ h2 |V i |2i

Remember from earlier that for any Ket vector, we can write (example in 2 dimensions)

or in general
|V i =

2X

k=1

hk |V i |ki

so in n dimensions we have(2 terms in sum —-> n terms)

|V i =
nX

k=1

hk |V i |ki

Technical term: It is called a representation of the identity

clearly this is very powerful notation

no change!!



Expectation Value     —

hÔi = hV | Ô |V i

Will turn out(see later) to be the average value of an observable from a set of measurements 
on an ensemble of identical systems all in the state         . Let us see how.

B̂ |bki = bk |bki k = 1, 2, 3, ......, n eigenvector/eigenvalues equation

the set              are an orthonormal basis so thatif operator is Hermitian |bki

nX

k=1

|bki hbk| = Î

bk

hbi | bji = �ij

= eigenvalues of        

Very(almost most) important object in QM !!

First, we need an alternative representation of an operator
(also some simple algebra practice for those interested to do)

|bki

and 

   = eigenvectors of       
<latexit sha1_base64="+PSCA9IthXn2xhCpmChoykycOGA=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRIR7bLoxmUF+4CmlMl00g6dTMLMTaGEfIM/4Fb/wJ249Rv8Ab/DSZuFbT1w4XDOvdzD8WPBNTjOt1Xa2Nza3invVvb2Dw6P7OOTto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cp/7nSlTmkfyCWYx64dkJHnAKQEjDWzbGxNIvZDA2A/Suywb2FWn5syB14lbkCoq0BzYP94woknIJFBBtO65Tgz9lCjgVLCs4iWaxYROyIj1DJUkZLqfzpNn+MIoQxxEyowEPFf/XqQk1HoW+mYzj6hXvVz8z+slENT7KZdxAkzSxaMgERginNeAh1wxCmJmCKGKm6yYjokiFExZS198RSYMsoopxl2tYZ20r2ruTc19vK426kVFZXSGztElctEtaqAH1EQtRNEUvaBX9GY9W+/Wh/W5WC1Zxc0pWoL19QuXsJxI</latexit>

B̂
<latexit sha1_base64="+PSCA9IthXn2xhCpmChoykycOGA=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRIR7bLoxmUF+4CmlMl00g6dTMLMTaGEfIM/4Fb/wJ249Rv8Ab/DSZuFbT1w4XDOvdzD8WPBNTjOt1Xa2Nza3invVvb2Dw6P7OOTto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cp/7nSlTmkfyCWYx64dkJHnAKQEjDWzbGxNIvZDA2A/Suywb2FWn5syB14lbkCoq0BzYP94woknIJFBBtO65Tgz9lCjgVLCs4iWaxYROyIj1DJUkZLqfzpNn+MIoQxxEyowEPFf/XqQk1HoW+mYzj6hXvVz8z+slENT7KZdxAkzSxaMgERginNeAh1wxCmJmCKGKm6yYjokiFExZS198RSYMsoopxl2tYZ20r2ruTc19vK426kVFZXSGztElctEtaqAH1EQtRNEUvaBX9GY9W+/Wh/W5WC1Zxc0pWoL19QuXsJxI</latexit>

B̂

Only the result is important (will be used) for our later discussions……….

<latexit sha1_base64="CN3YOkOxMtXJTNU7GicVW1cqpzM=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4Kon46LLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFtfWNza3idmlnd2//oHx41NJRohg0WSQi1fGpBsElNJGjgE6sgIa+gLY/vp367SdQmkfyEScxeCEdSh5wRtFI7d49YNrK+uWKU3VmsFeJm5MKydHol396g4glIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76ezczD4zysAOImVKoj1T/06kNNR6EvqmM6Q40sveVPzP6yYY1LyUyzhBkGy+KEiEjZE9/d0ecAUMxcQQyhQ3t9psRBVlaBJa2OIrOgbMSiYYdzmGVdK6qLrX1auHy0q9lkdUJCfklJwTl9yQOrkjDdIkjIzJC3klb9az9W59WJ/z1oKVzxyTBVhfv5xol/Y=</latexit>

|V i



Then

B̂ = B̂Î = B̂
nX

k=1

|bki hbk|

=
nX

k=1

B̂ |bki hbk| =
nX

k=1

bk |bki hbk|

or

identity operator does not change anything

operator moves through summation 
and operates on Ket vector

—> operator written in terms of eigenvalues/eigenvectors or projection operators

B̂ =
nX

k=1

bk |bki hbk|

<latexit sha1_base64="Fa8ixuO+Xs42Ycl7/NqnXgnmOb0="></latexit>

Now further algebra gives  
(if interested see full mathematics supplementary lecture notes for details)

B̂3 =
nX

k=1

b3k |bki hbk| B̂n =
nX

k=1

bnk |bki hbk|B̂2 =
nX

k=1

b2k |bki hbk|

<latexit sha1_base64="Stax7DzvQ7F8AntJVYiUtpY6NGM="></latexit>

Definition: Power series representation of a function:

f(x) = a0 + a1x+ a2x
2 + a3x

3 + · · · =
1X

k=0

akx
k

Called the “spectral representation” of the operator

Sometimes a function can be written as a “power series” as shown below:



e↵x =
1X

k=0

1

k!
↵kxk

sin↵x =
1X

k=0

1

(2k + 1)!
(�1)k↵2k+1x2k+1 cos↵x =

1X

k=0

1

(2k)!
(�1)k↵2kx2k

Examples(these are the real definitions of the functions):

Ô
2 = ÎIn special case where (algebra is in mathematics supplement)

Now consider

e↵Ô =
1X

k=0

1

k!
↵k

Ô
ke↵x =

1X

k=0

1

k!
↵kxk

x ! Ô

<latexit sha1_base64="9Q0J1pjc7aIZeKfsR/3w4FJQYQw=">AAACE3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIxS4LbtxZwT6gCWUynbRDJw9mbsQS8xn+gFv9A3fi1g/wB/wOJ20WtvXAwOGce7lnjhcLrsCyvo2V1bX1jc3SVnl7Z3dv3zw4bKsokZS1aCQi2fWIYoKHrAUcBOvGkpHAE6zjja9zv/PApOJReA+TmLkBGYbc55SAlvrm8SN2IMLOiEDqBARGnp/eZlnfrFhVawq8TOyCVFCBZt/8cQYRTQIWAhVEqZ5txeCmRAKngmVlJ1EsJnRMhqynaUgCptx0mj/DZ1oZYD+S+oWAp+rfjZQESk0CT0/mEdWil4v/eb0E/Lqb8jBOgIV0dshPBNY/zsvAAy4ZBTHRhFDJdVZMR0QSCrqyuSueJGMGWVkXYy/WsEzaF1W7Vr28q1Ua9aKiEjpBp+gc2egKNdANaqIWougJvaBX9GY8G+/Gh/E5G10xip0jNAfj6xfTFZ6K</latexit>

This is one of the most powerful relations in QM

(original derivation was for ordinary functions by Euler in 16th century

ei✓ = cos ✓ + i sin ✓

<latexit sha1_base64="CfZENG/Hi+5pUS6QdhZjvWAXSP0=">AAACI3icbVDLSgNBEJz1GeMr6tHLYlAEIexKxFyEgBePEcwDsjHMTjrJkNnZZaZXCEv+wN/wB7zqH3gTLx68+h1OkhVMYsFAdVU33VN+JLhGx/m0lpZXVtfWMxvZza3tnd3c3n5Nh7FiUGWhCFXDpxoEl1BFjgIakQIa+ALq/uB67NcfQGkeyjscRtAKaE/yLmcUjdTOncB9wj3sA9LRlcdCnaTFGfc0l79VO5d3Cs4E9iJxU5InKSrt3LfXCVkcgEQmqNZN14mwlVCFnAkYZb1YQ0TZgPagaaikAehWMvnPyD42Ssfuhso8ifZE/TuR0EDrYeCbzoBiX897Y/E/rxljt9RKuIxiBMmmi7qxsDG0x+HYHa6AoRgaQpni5lab9amiDE2EM1t8RQeAo6wJxp2PYZHUzgtusXBxW8yXS2lEGXJIjsgpccklKZMbUiFVwsgjeSYv5NV6st6sd+tj2rpkpTMHZAbW1w/tLaYP</latexit>

! ei⇡/2 = i , ei⇡ = �1

<latexit sha1_base64="Hkku3+AY5NrloEfivOlp7A4BT14=">AAACInicbZDLSsNAFIYn9VbrrerSTbAUXGhNSsVCKRTcuKxgL9DEMpmetEMnF2YmQgl5Al/DF3Crb+BOXAmufQ6nbQRbPTDDz/+fw5n5nJBRIQ3jQ8usrK6tb2Q3c1vbO7t7+f2DtggiTqBFAhbwroMFMOpDS1LJoBtywJ7DoOOMr6Z55x64oIF/Kych2B4e+tSlBEtl9fNFSwY63MXUCul5OalTq2bVTqfXj5vUz8x+vmCUjFnpf4WZigJKq9nPf1mDgEQe+JIwLETPNEJpx5hLShgkOSsSEGIyxkPoKeljD4Qdz76T6EXlDHQ34Or4Up+5vydi7Akx8RzV6WE5EsvZ1Pwv60XSrdox9cNIgk/mi9yI6QrBlI0+oByIZBMlMOFUvVUnI8wxkYrgwhaH4zHIJKfAmMsY/op2uWRWShc3lUKjmiLKoiN0jE6QiS5RA12jJmohgh7QE3pGL9qj9qq9ae/z1oyWzhyihdI+vwGJlqLe</latexit>

—> real definition of i

ei↵Ô = cos↵Î+ iÔ sin↵

<latexit sha1_base64="FOqlOnBZVisb1Io8iaPJFcRLmwM="></latexit>

get a function of an operator now



In general, if we need an operator for an arbitrary function   f (x)   we do the following: 

Another Important Definition

ordinary numbers “commute”               but operators may not “commute”

Reminder: Useful properties to remember:

B̂ |bki = bk |bki k = 1, 2, 3, ......, n then

This is mathematical property behind Heisenberg uncertainty principle as we will see later.

if 

|V i = v1 |1i+ v2 |2i , |Ui = u1 |1i+ u2 |2i

<latexit sha1_base64="eiklmyp66vWIQpo8raOQ4hEy+9A="></latexit>



More algebra gives(see supplement):

=
nX

k=1

bk|dk|2hB̂i

<latexit sha1_base64="77K7kfr9AXbRlsbSh7m0phyc1wY=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKnsCuKHkUvHhVMFLIh9E56kyGzs8tMrxCWvfob/oBX/QNv4lX8Ab/DyePgq6ChqOqmuyvKlLTk+x/ezOzc/MLi0nJlZXVtfaO6udW0aW4ENkSqUnMbgUUlNTZIksLbzCAkkcKbaHA+8m/u0FiZ6msaZthOoKdlLAWQkzpVHirQPYU87AMVYQLUj+LirCx5aMZGp1rz6/4Y/C8JpqTGprjsVD/DbiryBDUJBda2Aj+jdgGGpFBYVsLcYgZiAD1sOaohQdsuxp+UfM8pXR6nxpUmPla/TxSQWDtMItc5OtX+9kbif14rp/ikXUid5YRaTBbFueKU8lEsvCsNClJDR0AY6W7log8GBLnwfmyJDAyQyooLJvgdw1/SPKgHh/Wjq8Pa6ck0oiW2w3bZPgvYMTtlF+ySNZhg9+yRPbFn78F78V69t0nrjDed2WY/4L1/AeA5os4=</latexit>

Suppose in the middle of a dream, I have an interesting thought….(this is example of how a 
theoretical physicist works…….)

hB̂i = hV | B̂ |V i

|V i =
nX

k=1

dk |bki , dk = hbk |V i

hV | =
nX

k=1

d⇤k hbk|

= expectation value

eigenvectors are complete orthonormal set = basis —> can make expansions —> so write

We can always do this with any basis set!!

B̂

<latexit sha1_base64="h5s23509c0uprcSfPWBBXbna0IE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRJR7LLoxmUF+4AmlMl00g6dTMLMTaGEfIM/4Fb/wJ249Rv8Ab/DaZuFbT1w4XDOvdzDCRLBNTjOt1Xa2Nza3invVvb2Dw6P7OOTto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfD/zOxOmNI/lE0wT5kdkKHnIKQEj9W3bGxHIvIjAKAizuzzv21Wn5syB14lbkCoq0OzbP94gpmnEJFBBtO65TgJ+RhRwKlhe8VLNEkLHZMh6hkoSMe1n8+Q5vjDKAIexMiMBz9W/FxmJtJ5GgdmcRdSr3kz8z+ulENb9jMskBSbp4lGYCgwxntWAB1wxCmJqCKGKm6yYjogiFExZS18CRcYM8oopxl2tYZ20r2rude3m8braqBcVldEZOkeXyEW3qIEeUBO1EEUT9IJe0Zv1bL1bH9bnYrVkFTenaAnW1y+YUJxK</latexit>

B̂

<latexit sha1_base64="h5s23509c0uprcSfPWBBXbna0IE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRJR7LLoxmUF+4AmlMl00g6dTMLMTaGEfIM/4Fb/wJ249Rv8Ab/DaZuFbT1w4XDOvdzDCRLBNTjOt1Xa2Nza3invVvb2Dw6P7OOTto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfD/zOxOmNI/lE0wT5kdkKHnIKQEj9W3bGxHIvIjAKAizuzzv21Wn5syB14lbkCoq0OzbP94gpmnEJFBBtO65TgJ+RhRwKlhe8VLNEkLHZMh6hkoSMe1n8+Q5vjDKAIexMiMBz9W/FxmJtJ5GgdmcRdSr3kz8z+ulENb9jMskBSbp4lGYCgwxntWAB1wxCmJqCKGKm6yYjogiFExZS18CRcYM8oopxl2tYZ20r2rude3m8braqBcVldEZOkeXyEW3qIEeUBO1EEUT9IJe0Zv1bL1bH9bnYrVkFTenaAnW1y+YUJxK</latexit>

is Hermitian  —> 

definition of components

and

expectation value of the operator in the state |V> using eigenvector of operator B



But, in general, if expectation value = average value, then we must have

hB̂i =
X

allowed values

(allowed value of B)⇥ (Probability of that value)

which is just the definition of 
the average value!!

hB̂i =
nX

k=1

bk|dk|2

<latexit sha1_base64="Gg2Ka+j7ndzGKNO2k8Cg58nFrK0="></latexit>

Now we just derived

Comparing(see arrows) last two equations - we might guess that in our future theory 

                 allowed measurement values = eigenvalues 

                        and 

    probability of a value = square of corresponding vector component value



Now we can write

|dk|2 = d⇤kdk = (hbk |V i)⇤ hbk |V i = | hbk |V i |2 = hV | bki hbk |V i

This assumption would then say that

=  probability of observing value        when in state | hbk |V i |2 bk |V i

It also says

= probability of observing value        in state bk |V i

= expectation value of the projection operator

That is all mathematics we will need for now(we will add a couple of things later) to 
proceed with developing QM.

These ideas will become postulates - that is what random thinking sometimes produces.

hV | bki hbk |V i = | hbk |V i |2 = |component|2

<latexit sha1_base64="+atFOgiL1lhpyD2tMuZOgrYY9p4="></latexit>

Lots of repetition coming…….as we use this new language!

That is the kind of dream a theoretical physicist might have!



As we worked through the mathematics 
  
we have laid the ground work for the postulates of QM  
  
(in some cases we have actually stated the postulate already).  

We will not need any more mathematics than I have shown you  
already, although we will add an extension here and there. 
  
You will get better at using the mathematics as we will use it in class 
and you get used to the language.

If you cannot follow all the details of the 
mathematics, then just follow along with 
the ideas that I will present based on the 
mathematics.  

That will be sufficient to understand QM. 


