
A pattern exists……

       Mathematics language  <—> Relationships


                      Relationships <—> Correlations


                      Correlations  <—> Quantum Mechanics


           Quantum Mechanics <—> Mathematics language


The reality of this pattern will become clear as we proceed 
through the class.



High School level Stuff…

Vector =               directed line segment

or Vector —> 3 numbers (a,b,c)= number of dimensions in ordinary space

Multiplication by a scalar(a number)

—-> 2 numbers (a,b) = number of dimensions (of plane)

starting vector

multiply by 2

multiply by -1

The Mathematics Of Quantum Mechanics - 1st Installment 

We must learn some mathematics BECAUSE it is language of QM. 
We will not be able to explain and use the ideas of QM using WORDS!!



Given two vectors

Sum Difference

call the “tail to tip” rule

one can add/subtract them with geometric rules shown below



Now we generalize —> extend idea to a general linear combination(sum) of vectors

~C = ↵ ~A+ � ~B

Here, I note that all coefficients are real numbers at this time.

still a vector!

This works perfectly for all macroworld vectors. 

But must generalize further in order to deal with microworld vectors.

↵ = 2
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� = 0.5
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using

adding parts => total

I am drawing pictures in the real 
3-dimensional world here!

Let us see how………..



The Space of Physics

vector = 3 numbers (3 = dimension of our world)

Location in space (relative to an origin) = 3 numbers

—->  can define a position or radius vector

~r
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First - define 3 special vectors (called a basis) that will be 
used to construct all other vectors

ê1, ê2, ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ

~r = (x, y, z) = (x1, x2, x3)

use axis labels (x = x1, y = y1, z = z1)
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= (a, b, c)
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They are unit vectors (length=1) and define a Right-Handed 
coordinate system as shown.

Now to add more mathematics to increase descriptive power:
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~r = xî+ yĵ + zk̂ = x1ê1 + x2ê2 + x3ê3

= xx̂+ yŷ + zẑ

r = |~r| =
p
x2 + y2 + z2length

In words, x1=x=component of    
in 1-direction(x-direction), etc

~r
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is a vector in 1-direction of length x1x1ê1
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~r
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is vector sum of three vectors x1ê1
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x2ê2
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x3ê3
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,,

By using vector addition rules we have

draw it yourself

using Pythagorean theorem

ê1, ê2, ê3 or î, ĵ, k̂ or x̂, ŷ, ẑ called a basis set Important
—> any vector 
can be written 
in terms of a 

basis



Go to 2 dimensions (for simplicity)

êx = unit(length = 1) vector in x� direction

êy = unit(length = 1) vector in y � direction

~A = Axêx +Ay êy

Axêx = vector of length Ax in the x� direction

Ay êy = vector of length Ay in the y � direction

multiply by a scalar

by addition rule for vectors



Ax = A cos↵ , Ay = A sin↵

trigonometry —> components 

~A = Axêx +Ay êy , ~B = Bxêx +By êy

~A+ ~B = (Ax +Bx) êx + (Ay +By) êy

~A� ~B = (Ax �Bx) êx + (Ay �By) êy

old tip-to-tail idea 
eliminated in favor of adding and 
subtracting components; tip-to-tail idea 
cannot be extended to more 
complicated situations such as in 
microword!

More Generalization - Thinking about vectors

old
new -> Dirac Ket vector is 
the first element in new 
language 

|V i = (v1, v2)or

Your only job is to learn the new terminology; I will do the manipulations in class

For two vectors we now have

~V = v1ê1 + v2ê2
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Start of Dirac language

|Ai = (Ax, Ay)

change of “notation” removes unit vectors

Now



addition

difference

length

If |V1i = (7,�2) and |V2i = (�5, 3)

then the sum |V i = |V1i+ |V2i = (7 + (�5), (�2) + 3) = (2, 1)

If |V1i = (7,�2) and |V2i = (�5, 3)

then the di↵erence |V i = |V1i � |V2i = (7� (�5), (�2)� 3) = (12,�5)

If |V i = (v1, v2) then length V =
q

v21 + v22

adding components as before!

subtracting components as before!



A new operation and the generalized length 

we are using real-valued components —>  called Euclidean vectors

If |V i = (v1, v2) , |Ui = (u1, u2) ,

h· · · | · · ·i

—> Dirac bra-c-ket or braket symbol —> another element in Dirac language

hV |V i = v1v1 + v2v2 = v21 + v22 = (length)2

length =
p

hV |V i =
q
v21 + v22

hV |V i � 0

Then

then hV |Ui = v1u1 + v2u2 definition

—->

Now we have language element that will allow of to extend ideas so they are useful in 
the microword:

symbol



3 dimensions

|V i = (v1, v2, v3) , |Ui = (u1, u2, u3)

hV |Ui = v1u1 + v2u2 + v3u3 =
3X

k=1

vkuk

length =
p

hV |V i =
p
v1v1 + v2v2 + v3v3 =

vuut
3X

k=1

v2k

5X

j=1

Aj = A1 +A2 +A3 +A4 +A5
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summation 
symbol

The formalism easily extends to more dimensions……

Definition:

then



More than 3 dimensions (not in Kansas anymore, Toto)

can no longer easily visualize(draw on paper)

braket = scalar or inner product(or “dot” product)

|V i = (v1, v2, ...., vn) , |Ui = (u1, u2, ...., un)

hV |Ui = v1u1 + v2u2 + · · ·+ vnun =
nX

k=1

vkuk

length =
p

hV |V i =
p
v1v1 + v2v2 + · · ·+ vnvn =

vuut
nX

k=1

v2k

extended definition



Generalization —-> complex components

Digression on complex numbers 

definition of  i

definition of multiplication

definition of addition

definition of complex number

absolute value

complex conjugate

i2 = �1 , i3 = �i , i4 = +1 , i5 = i , i6 = �1 , and so on

z = a+ bi

(7 + 4i) + (�2 + 9i) = 5 + 13i

(7 + 4i)(�2 + 9i) = (7)(�2) + (7)(9i) + (4i)(�2) + (4i)(9i)

= �14 + 63i� 8i� 36 = �50 + 55i

z⇤ = a� bi

|z|2 = z⇤z = (a� bi)(a+ bi) = a2 + b2 |z| =
p
a2 + b2

a = real part     b= imaginary part

Now we need to generalize the idea of “components”

Up to now “components” = “real” numbers and vectors were “Euclidean vectors”

add real part and 
imaginary parts 

separately

using i2 =-1

definition

Note that   z   is real is    z* = z



braket becomes

(same as before if components real, i.e.,  vi*=vi)

hV |Ui = v⇤1u1 + v⇤2u2 + · · ·+ v⇤nvn =
nX

k=1

v⇤kuk

length =
p

hV |V i =

vuut
nX

k=1

v⇤kvk =

vuut
nX

k=1

|vk|2

Vectors in QM = Euclidean vectors with complex components in Hilbert space

Now to extend idea of Basis vectors

|1i = (1, 0) $ êx , |2i = (0, 1) $ êy new representation for old unit basis vectors

|1i = (1, 0, 0) , |2i = (0, 1, 0) , |3i = (0, 0, 1)

2 dimensions

3 dimensions

called n-tuples

Clearly length = 1 (unit vectors) and they are perpendicular or orthogonal(by definition) 
and as we will prove shortly



Definition: Vector Space = collection of vectors such that  

           if add two vectors together => another vector in collection; 

           and have a scalar product(bracket) defined

Can write any vector in terms of basis <—> orthonormal set, i.e.,

      = component of vector in 1-direction, etcv1

no longer a valid picture when 
components are complex; 


just suggestive!!

—> Hilbert space in     
         microworld

|Ui = (u1, u2, u3) = u1(1, 0, 0) + u2(0, 1, 0) + u3(0, 0, 1) = u1 |1i+ u2 |2i+ u3 |3i

<latexit sha1_base64="wnPIz7rrgSpB0kRgCFac7Pz9c5w="></latexit>

|v1, v2i = v1(1, 0) + v2(0, 1) = (v1, 0) + (0, v2) = (v1, v2)
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|v1, v2i = v1(1, 0) + v2(0, 1) = v1 |1i+ v2 |2i
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Similarly for 3 dimensions

and so on



Using earlier rule for evaluating the scalar product (sum of component products)

h1 | 1i = (1, 0) · (1, 0) = (1)(1) + (0)(0) = 1 h1 | 2i = (1, 0) · (0, 1) = (1)(0) + (0)(1) = 0

h2 | 1i = (0, 1) · (1, 0) = (0)(1) + (1)(0) = 0 h2 | 2i = (0, 1) · (0, 1) = (0)(0) + (1)(1) = 1

h1 |V i = v1 h2 |V i = v2

h1 |V i = v1 h1 | 1i+ v2 h1 | 2i h2 |V i = v1 h2 | 1i+ v2 h2 | 2i

Thus, we can always write 

|V i = h1 |V i |1i+ h2 |V i |2i

—> The component of vector in particular direction(along basis vector) given by 
scalar product(bracket) of vector with corresponding basis vector.  
Remember component = projection on vector in old real world!  
But now, in Hilbert space, it is a “braket”.

general definition in new language

=1 =0=0 =1

in new language



Orthogonality

First way - remember High School - use old language

~V = (7, 4) x̂ = (1, 0) , ŷ = (0, 1)

~V = 7x̂+ 4ŷ using old notation

Define “dot” product:

~A · ~B = AxBx +AyBy = hA |Bi as is easy to check -> old/new related

7 = vx = x̂ · ~V , 4 = vy = ŷ · ~V
q
v2x + v2y =

p
65

components

length

y

x7

4

origin=(0,0)



7 = vx = x̂ · ~V = length(x̂)⇥ length(~V )⇥ vx

length(~V )

vx

length(~V )
= cosine of angle between ~V and x̂

~A · ~B = AB cos ✓

x̂ · x̂ = length(x̂)⇥ length(x̂) cos (0�) = 1 x̂ · ŷ = length(x̂)⇥ length(ŷ) cos (90�) = 0

—> Basis vectors are orthonormal!

generalize

Now we can always write (in peculiar way)

Now
—> definition of cosine

~A · ~B = length( ~A)⇥ length( ~B)⇥ cos (angle between ~Aand ~B)

<latexit sha1_base64="Kac6KMCryz9FaS9zyACax1s92vE="></latexit>

Important special cases:

whole mess just multiplies by 1

= orthogonal + normalized to 1(length=1)

so

can you see?

As I have been assuming!

—> orthonormal



Generalize further (add new notation)  by defining in a vector space

hA |Bi = AB cos (✓AB)

hn |mi = �nm =

(
1 n = m

0 n 6= m

To explore further we need the definition of a Kronecker Delta.

h1 | 1i = �11 = 1

h1 | 2i = �12 = 0

h2 | 1i = �21 = 0

h2 | 2i = �22 = 1

orthonormality clear!

then

no simple geometric picture possible (as with real components); angle not geometric 
angle but just a parameter now!

—-> length =1

—-> length =1

—-> orthogonal

—-> orthogonal

for basis vectors



In order to complete our mathematic necessary to describe the microworld we need one last 
mathematical object is needed —> completely new —> a Matrix

m × n matrix is m × n array(m rows and n columns) of numbers(matrix elements) 
           with a well-defined set of associated mathematical rules.

For example, see sample matrices shown below
✓
2
5

◆ ✓
2 5
�3 10

◆

2 elements
4 elements

2 × 1 matrix (column vector) 1 x 2 matrix (row vector) 2 × 2 matrix 

�
2 5

�
2 elements

✓
2 5 �1
�3 10 5

◆

2 × 3 matrix 

Using Kronecker delta to do algebra -> very powerful tool

nX

k=1

Ak�km = Am m  n

<latexit sha1_base64="XdIqnwFZru6SL+NW5OXMYu9cXHs="></latexit>

3X

k=1

Ak�k2 = A1�12 +A2�22 +A3�32 = A1(0) +A2(1) +A3(0) = A2

<latexit sha1_base64="4BNcmPwx7XRvESH4nqsI7YuDfAI="></latexit>



A+B =

✓
(2) + (�8) (5) + (15)
(�3) + (7) (10) + (4)

◆
=

✓
�6 20
4 14

◆
addition => add elements

matrix multiplication

I just followed the general rule

using row-column labels

AB =

✓
2 5
�3 10

◆✓
�8 15
7 4

◆
=

✓
(2)(�8) + (5)(7) (2)(15) + (5)(4)

(�3)(�8) + (10)(7) (�3)(15) + (10)(4)

◆
=

✓
19 50
94 �5

◆

A =

✓
a11 a12
a21 a22

◆
, B =

✓
b11 b12
b21 b22

◆

AB =

✓
a11 a12
a21 a22

◆✓
b11 b12
b21 b22

◆
=

✓
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

◆

A =

✓
2 5
�3 10

◆
, B =

✓
�8 15
7 4

◆Consider  two matrices

—> 2           2 × 2 matrices    (note boldface) 

A =

✓
a11 a12
a21 a22

◆
, B =

✓
b11 b12
b21 b22

◆

using row-column labels

diagonal elements off-diagonal elements



I =

✓
1 0
0 1

◆
= identity matrix

detA = a11a22 � a12a21 = determinant of A

special cases:

A�1 =
1

detA

✓
a22 �a12
�a21 a11

◆
= inverse matrix AA�1 = A�1A = I

IA = AI = A

<latexit sha1_base64="V2pmdpIcn/arswsjIXmPp50B15I=">AAACMXicbZDLSsNAFIZP6q3WW9Slm8EiuCqJVOxGqLjRXQV7gbaUyXTSDp1cmJkIJeRFfA1fwK2+QXfiwo0v4aSN1LYeGPj4/3M4Z34n5Ewqy5oYubX1jc2t/HZhZ3dv/8A8PGrIIBKE1knAA9FysKSc+bSumOK0FQqKPYfTpjO6Tf3mExWSBf6jGoe06+GBz1xGsNJSzyx3PKyGjhvfJ790k1zPcW7/EXtm0SpZ00KrYGdQhKxqPfOr0w9I5FFfEY6lbNtWqLoxFooRTpNCJ5I0xGSEB7St0cceld14+rsEnWmlj9xA6OcrNFX/TsTYk3LsObozvVAue6n4n9eOlFvpxswPI0V9MlvkRhypAKVRoT4TlCg+1oCJYPpWRIZYYKJ0oAtbHIFHVCUFHYy9HMMqNC5Kdrl0+VAuVitZRHk4gVM4BxuuoAp3UIM6EHiGV3iDd+PFmBgfxuesNWdkM8ewUMb3Dyniq8Y=</latexit>

AT =

✓
a11 a21
a12 a22

◆
= transpose matrix A† =

✓
a
⇤
11 a

⇤
21

a
⇤
12 a

⇤
22

◆
= Hermitian conjugate matrix

A† = A A† = A�1matrix = Hermitian matrix = Unitary

A =

✓
a11 a12
a21 a22

◆

Tr(A) = a11 + a22

<latexit sha1_base64="PXDEbweAEuq7wej6lxGO9O35qyU=">AAACGnicbVDLSsNAFJ3UV62vqEsRBotQEUpSKnYjVNy4rNAXtKFMppN26GQSZiZCCVn5G/6AW/0Dd+LWjT/gdzhps7CtB4Y5nHMv997jhoxKZVnfRm5tfWNzK79d2Nnd2z8wD4/aMogEJi0csEB0XSQJo5y0FFWMdENBkO8y0nEnd6nfeSRC0oA31TQkjo9GnHoUI6WlgXnaFKW+j9TY9eLb5OIGDWLbTi71V6kkcGAWrbI1A1wldkaKIENjYP70hwGOfMIVZkjKnm2FyomRUBQzkhT6kSQhwhM0Ij1NOfKJdOLZGQk818oQeoHQjys4U/92xMiXcuq7ujLdWC57qfif14uUV3NiysNIEY7ng7yIQRXANBM4pIJgxaaaICyo3hXiMRIIK53cwhRXoAlRSUEHYy/HsEralbJdLV89VIv1WhZRHpyAM1ACNrgGdXAPGqAFMHgCL+AVvBnPxrvxYXzOS3NG1nMMFmB8/QIPc6AP</latexit>

sum over diagonal elements

A =

✓
1 4i

�4i 7

◆

<latexit sha1_base64="2rCrzauM9ARBsPVCIk5G6/RavB0="></latexit>

A =

✓
1 4i

�4i 7

◆

<latexit sha1_base64="2rCrzauM9ARBsPVCIk5G6/RavB0="></latexit>

A�1 =
1

2� 12i

✓
2 �4i
�3 1

◆

<latexit sha1_base64="ZhlkmHAW15TGnM1E/9OqjFc7HZo="></latexit>

AA�1 = I

<latexit sha1_base64="GRpSKhAOLhLVgtTxjR0OVW9Qe/I=">AAACBHicbVDLTgJBEOzFF+IL9ehlIjHxItk1GLmYQLzoDRN5GFjJ7DDAhNnZzcysCdns1R/wqn/gzXj1P/wBv8MB9iBgJZ1UqrrT3eWFnClt299WZmV1bX0ju5nb2t7Z3cvvHzRUEElC6yTggWx5WFHOBK1rpjlthZJi3+O06Y2uJ37ziUrFAnGvxyF1fTwQrM8I1kZ6qFYf4zMnubrt5gt20Z4CLRMnJQVIUevmfzq9gEQ+FZpwrFTbsUPtxlhqRjhNcp1I0RCTER7QtqEC+1S58fTgBJ0YpYf6gTQlNJqqfydi7Cs19j3T6WM9VIveRPzPa0e6X3ZjJsJIU0Fmi/oRRzpAk+9Rj0lKNB8bgolk5lZEhlhiok1Gc1s8iUdUJzkTjLMYwzJpnBedUvHirlSolNOIsnAEx3AKDlxCBW6gBnUg4MMLvMKb9Wy9Wx/W56w1Y6UzhzAH6+sXzCeX9g==</latexit>

A =
1

2

✓
1 + i 1� i
1� i 1 + i

◆

<latexit sha1_base64="lMhAlGp0T76Qxsn63CPKC+8HBr8="></latexit>

—>

—>

—>

If If

Trace



Start to pull it all together for QM

|V i =
✓
v1
v2

◆
= “ket00 vector hV | =

�
v⇤1 v⇤2

�
= “bra00 vector

hV |Ui =
�
v⇤1 v⇤2

�✓u1

u2

◆
= v⇤1u1 + v⇤2u2 = “braket00

—> rule is just matrix multiplication

Filling out Dirac language for QM

From now on we assume that all ket vectors are unit vectors

Thinking about Operators

Operator is mathematical object which acts on vector in vector space and results in 
another vector in same vector space.
 
Similar to a function with numbers y=f(x).

Every Ket vector has a corresponding Bra vector



Example

= an operator

A =

✓
a11 a12
a21 a22

◆
, |V i =

✓
v1
v2

◆

A |V i =
✓
a11 a12
a21 a22

◆✓
v1
v2

◆
=

✓
a11v1 + a12v2
a21v1 + a22v2

◆
=

✓
u1

u2

◆
= |Ui

A =

✓
a11 a12
a21 a22

◆
—> matrices are operators in QM

Operators very important because 
observables or measurable quantities are represented in QM by Hermitian 
operators(matrices) 
and 
transformations or physical changes  of vectors are represented in QM by Unitary 
operators (matrices). 

Therefore



Properties of operators -  Ô (note boldface + hat)

Matrix representation

Definition: Matrix element (nm)=(row,column)

O =

✓
h1| Ô |1i h1| Ô |2i
h2| Ô |1i h2| Ô |2i

◆
=

✓
o11 o12
o21 o22

◆

onm = hn| Ô |mi

Assume that

then

Ô |1i = |qi , Ô |2i = |ri

o21 = h2| Ô |1i = h2 | qi

—-> Matrix elements are just brackets = numbers!!

o12 = h1| Ô |2i = h1 | ri

<latexit sha1_base64="kyuDZ442Qx7IqakzOi60a+DZeKc="></latexit>

o22 = h2| Ô |2i = h2 | ri

<latexit sha1_base64="C68ArKInIo3OhcXGeWj/7NLoDcI="></latexit>

o11 = h1| Ô |1i = h1 | qi

<latexit sha1_base64="QhouvJIdkdTdLRmmRdkcMLWWV30="></latexit>

—->

that is what operator do!



Most important special case:

If Â |V i = a |V i (i.e., we get same vector back)  then

      called an eigenvector of operator        with eigenvalue    . |V i Â a

Ô |1i = o1 |1i , Ô |2i = o2 |2i {o1, o2} = eigenvalues

o11 = h1| Ô |1i = o1 h1 | 1i = o1

o12 = h1| Ô |2i = o2 h1 | 2i = 0

o21 = h2| Ô |1i = o1 h2 | 1i = 0

o22 = h2| Ô |2i = o2 h2 | 2i = o2

O =

✓
h1| Ô |1i h1| Ô |2i
h2| Ô |1i h2| Ô |2i

◆
=

✓
o1 0
0 o2

◆

For Hermitian operators, used for observables in QM, the set of eigenvectors always forms an 
orthonormal basis - called complete set and the eigenvalues are all real. Very useful!
If basis used to calculate matrix representing an operator 
         is set of eigenvectors of operator, i.e., if 

then

Matrix representation with operator’s eigenvectors is diagonal matrix
          (nonzero elements (eigenvalues) on diagonal). 
For general basis vectors(not eigenvectors), 
          matrix representation generally not diagonal. 



An alternate method for defining operators uses the  “ket” and “bra” vectors. 
Consider the quantity 

Pfg = |fi hg| Pfg |V i = (|fi hg|) |V i = hg |V i |fi = number ⇥ |fi

Thus, the new object is an operator!  Called the  “ket-bra”

Pf = |fi hf |

Pf |V i = (|fi hf |) |V i = hf |V i |fi

= projection operator i.e.,

“projects” onto final vector now in that direction|fi

Notice we used the rule: (hf |)(|fi) = hf | fi

gives amount in direction

to simplify notion

If g=f, then we get

Now consider set of orthonormal basis vectors: {|ni}, n = 1, 2, 3, ....., N

We have(doing some algebra for practice): hk |ni = �kn

<latexit sha1_base64="AJedyXzmdX05Ljvi4fSRRWpbjJM=">AAACFXicbZBLSgNBEIZ74ivGV9SN4GYwCK7CjETMRgi6cRnBPCAJoadTSZrp6Rm6a4QwjtfwAm71Bu7ErWsv4DnsPBYm8YeGn7+qqOrPiwTX6DjfVmZldW19I7uZ29re2d3L7x/UdRgrBjUWilA1PapBcAk15CigGSmggSeg4fk343rjAZTmobzHUQSdgA4k73NG0UTd/FH7WlEfMPEfZXrV7oFA2k18mXbzBafoTGQvG3dmCmSmajf/0+6FLA5AIhNU65brRNhJqELOBKS5dqwhosynA2gZK2kAupNMfpDapybp2f1QmSfRnqR/JxIaaD0KPNMZUBzqxdo4/K/WirFf7iRcRjGCZNNF/VjYGNpjHHaPK2AoRsZQpri51WZDqihDA21uizfhlOYMGHcRw7KpnxfdUvHirlSolGeIsuSYnJAz4pJLUiG3pEpqhJEn8kJeyZv1bL1bH9bntDVjzWYOyZysr18n65/W</latexit>

(|ki hk|)(|ki hk|) = |ki (hk | ki) hk| = |ki (1) hk| = |ki hk|

<latexit sha1_base64="FiZjD4UehPv991MP19lN9WjOQno=">AAACW3icbZDLSsNAFIanqZcaq0bFlZtgEeqmJFKxG6HoRnBTwV6giWUyndQhkwszE6HEvJ0v4cKtC7f6AE7SIDb1wDD/+f9zmOFzIkq4MIy3ilJdW9/YrG2p2/Wd3T1t/2DAw5gh3EchDdnIgRxTEuC+IILiUcQw9B2Kh453k+XDZ8w4CYMHMY+w7cNZQFyCoJDWRHtsWndYJF5qXTMor7Nyf1X0zczwMvki3SL9Dc2yU7QTrWG0jLz0VWEWogGK6k20D2saotjHgUAUcj42jUjYCWSCIIpT1Yo5jiDy4AyPpQygj7md5BxS/VQ6U90NmTyB0HP370YCfc7nviMnfSieeDnLzP+ycSzcjp2QIIoFDtDiITemugj1DKo+JQwjQedSQMSI/KuOniCDSEj0S684OcRUlWDMMoZVMThvme3WxX270e0UiGrgGJyAJjDBJeiCW9ADfYDAK/gEX+C78q5UFVWpL0aVSrFzCJZKOfoBUAe4fw==</latexit>

(|ki hk|)(a |1i+ b |2)) = |ki (a hk | 1i+ b hk|2i) = (numberi ⇥ |ki

<latexit sha1_base64="1rOxsnpuAOz89PAbkk/Y9xWObAg="></latexit>

Another example:

using our rules we get

hf |V i

<latexit sha1_base64="pjvb8HngOx9C5X+Bpq83JcDE3eY=">AAACB3icbZDLSsNAFIYn9VbrrerSzWARXJVEFLssunFZwV6gCWUyPWmHTiZhZiKUmAfwBdzqG7gTtz6GL+BzOE2zsK0/HPj5zzmcw+fHnClt299WaW19Y3OrvF3Z2d3bP6geHnVUlEgKbRrxSPZ8ooAzAW3NNIdeLIGEPoeuP7md9buPIBWLxIOexuCFZCRYwCjRJnLdG0kmoNPgqZMNqjW7bufCq8YpTA0Vag2qP+4wokkIQlNOlOo7dqy9lEjNKIes4iYKYkInZAR9YwUJQXlp/nOGz0wyxEEkTQmN8/TvRkpCpaahbyZDosdquTcL/+v1Ex00vJSJONEg6PxQkHCsIzwDgIdMAtV8agyhkplfMR0TSag2mBau+DmbrGLAOMsYVk3nou5c1q/uL2vNRoGojE7QKTpHDrpGTXSHWqiNKIrRC3pFb9az9W59WJ/z0ZJV7ByjBVlfv7t+mj0=</latexit>

|fi

<latexit sha1_base64="//cIPP4AP6j3ZT7+H5WPjUub52Q=">AAACAnicbVDLSsNAFJ3UV62vqks3wSK4KolU7LLgRnBTwT6gDWUyvWmHTiZh5kYoITt/wK3+gTtx64/4A36H0zYL23rgwuGce7n3Hj8WXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tZRohi0WCQi1fWpBsEltJCjgG6sgIa+gI4/uZ35nSdQmkfyEacxeCEdSR5wRtFInf49YBpkg3LFqTpz2OvEzUmF5GgOyj/9YcSSECQyQbXuuU6MXkoVciYgK/UTDTFlEzqCnqGShqC9dH5uZl8YZWgHkTIl0Z6rfydSGmo9DX3TGVIc61VvJv7n9RIM6l7KZZwgSLZYFCTCxsie/W4PuQKGYmoIZYqbW202pooyNAktbfEVnQBmJROMuxrDOmlfVd1a9fqhVmnU84iK5Iyck0vikhvSIHekSVqEkQl5Ia/kzXq23q0P63PRWrDymVOyBOvrF7VQmAQ=</latexit>

—>



Now consider basis vectors: {|ni}, n = 1, 2, 3, ....., N

We have:
(|ki hk|)(|ki hk|) = |ki hk | ki hk| = |ki hk|

Pk |ni = (|ki hk|) |ni = |ki hk |ni = hk |ni |kiNow

Since hk |ni = 0 k 6= n hk |ni = 1 k = n

Thus: Pk |ni =
(
|ki n = k

0 n 6= k

eigenvalues of            are 0,1 Pk

Another way

P2
k |ni = Pk |ni

(Pk � P2
k) |ni = 0

Pk(1� Pk) |ni = 0

Now for some useful properties needed for derivations and examples of use of new 
language.

hn |mi = �nm =

(
1 n = m

0 n 6= m

Pk |ki = +1 |ki = |ki

<latexit sha1_base64="6x5YPJvbTwc8FyW23m4CX9xXjJI=">AAACJHicbVDLSsNAFJ34rPUVdelmsIiCUBKp6EYQ3AhuKlgrtCFMprc6ZPJg5kYoIZ/gb/gDbvUP3IkLNy79DqdtBK0eGOZwzr3ce0+QSqHRcd6tqemZ2bn5ykJ1cWl5ZdVeW7/SSaY4tHgiE3UdMA1SxNBCgRKuUwUsCiS0g/B06LfvQGmRxJc4SMGL2E0s+oIzNJJv73QjhrecybxZ+GH3HDAPi+M9l37T8vftmlN3RqB/iVuSGinR9O3Pbi/hWQQxcsm07rhOil7OFAouoah2Mw0p4yG7gY6hMYtAe/nooIJuG6VH+4kyL0Y6Un925CzSehAFpnK4vp70huJ/XifD/pGXizjNEGI+HtTPJMWEDtOhPaGAoxwYwrgSZlfKb5liHE2Gv6YEioWARdUE407G8Jdc7dfdRv3golE7OSojqpBNskV2iUsOyQk5I03SIpzck0fyRJ6tB+vFerXexqVTVtmzQX7B+vgCGualfg==</latexit>

Pk |n 6= ki = 0 |n 6= ki = 0

<latexit sha1_base64="kvTHdYYBWqh+awdIBG1p241Xkic=">AAACKXicbVDLSsNAFJ34rPVVdelmsAgupCSi6EYouBHcVLBVaEKZTG91yGQSZm6EEvIT/oY/4Fb/wJ26FfwOp20WWj0wcO4593LnnjCVwqDrvjszs3PzC4uVperyyuraem1js2OSTHNo80Qm+iZkBqRQ0EaBEm5SDSwOJVyH0dnIv74HbUSirnCYQhCzWyUGgjO0Uq+278cM7ziTeavoRf4FYK6or4BGxalLp+pere423DHoX+KVpE5KtHq1L7+f8CwGhVwyY7qem2KQM42CSyiqfmYgZTxit9C1VLEYTJCPryrorlX6dJBo+xTSsfpzImexMcM4tJ2jG8y0NxL/87oZDk6CXKg0Q1B8smiQSYoJHUVE+0IDRzm0hHEt7F8pv2OacbRB/toSahYBFlUbjDcdw1/SOWh4h42jy8N686SMqEK2yQ7ZIx45Jk1yTlqkTTh5IE/kmbw4j86r8+Z8TFpnnHJmi/yC8/kNey6miw==</latexit>

{set}
—> orthonormal

—> member of set

eigenvalues of            are 0,1 Pk

P2
k = Pk

<latexit sha1_base64="9BuGACF3xmfMt/hoCtlfjshax/k=">AAACGnicbVDLSsNAFJ34rPUVdSnCYBFclaRU7EYouHFZwT6gjWEynbRDJpMwMxFKyMrf8Afc6h+4E7du/AG/w0mbRR8eGDj3nHu5d44XMyqVZf0Ya+sbm1vbpZ3y7t7+waF5dNyRUSIwaeOIRaLnIUkY5aStqGKkFwuCQo+Rrhfc5n73iQhJI/6gJjFxQjTi1KcYKS255tkgRGqMEUtb2WPNDW7majdwzYpVtaaAq8QuSAUUaLnm72AY4SQkXGGGpOzbVqycFAlFMSNZeZBIEiMcoBHpa8pRSKSTTr+RwQutDKEfCf24glN1fiJFoZST0NOd+ZFy2cvF/7x+ovyGk1IeJ4pwPFvkJwyqCOaZwCEVBCs20QRhQfWtEI+RQFjp5Ba2eAIFRGVlHYy9HMMq6dSqdr16dV+vNBtFRCVwCs7BJbDBNWiCO9ACbYDBM3gFb+DdeDE+jE/ja9a6ZhQzJ2ABxvcfgwmhkA==</latexit>

—->

basis vectors

More details:



Now for some useful properties for later derivations and examples of use of the language

Consider operator
nX

k=1

|ki hk|

 
nX

k=1

|ki hk|
!
|V i =

nX

k=1

hk |V i |ki = |V i
nX

k=1

|ki hk| = Î

Will be very important!

We have

the identity operator

—> sum of projection operators

|V i = h1 |V i |1i+ h2 |V i |2i

Remember from earlier that for any Ket vector, we can write (example in 2 dimensions)

or in general
|V i =

2X

k=1

hk |V i |ki

so in n dimensions we have(2 terms in sum —-> n terms)

|V i =
nX

k=1

hk |V i |ki

Technical term: It is a representation of the identity

this is very powerful notation

no change!!



Expectation Value
hÔi = hV | Ô |V i

Will turn out(see later) to be the average value of an observable from a set of measurements 
on identical systems in state         . Let us see how.|V i

B̂ |bki = bk |bki k = 1, 2, 3, ......, n eigenvector/eigenvalues equation

are an orthonormal basis so thatif operator Hermitian |bki

nX

k=1

|bki hbk| = Îbkhbi | bji = �ij = eigenvalues        and 

Very important object!!

First, we need an alternative representation of an operator

(also some simple algebra practice for you to do)



Then

B̂ = B̂Î = B̂
nX

k=1

|bki hbk|

=
nX

k=1

B̂ |bki hbk| =
nX

k=1

bk |bki hbk|

or

identity operator does not change anything

operator moves through summation 
and operates on Ket vector

—> operator written in terms of eigenvalues/eigenvectors or projection operators

B̂ =
nX

k=1

bk |bki hbk|

<latexit sha1_base64="Fa8ixuO+Xs42Ycl7/NqnXgnmOb0="></latexit>

Algebra gives (see next slide for details)

B̂3 =
nX

k=1

b3k |bki hbk| B̂n =
nX

k=1

bnk |bki hbk|B̂2 =
nX

k=1

b2k |bki hbk|

<latexit sha1_base64="Stax7DzvQ7F8AntJVYiUtpY6NGM="></latexit>



Examples of algebra with useful end results:

B̂2 =

 
nX

k=1

bk |bki hbk|
! 

nX

m=1

bm |bmi hbm|
!

=
nX

k=1

nX

m=1

bkbm |bki hbk | bmi hbm| =
nX

k=1

nX

m=1

bkbm |bki hbm| �km

=
nX

k=1

b2k |bki hbk|

B̂3 =
nX

k=1

b3k |bki hbk| B̂n =
nX

k=1

bnk |bki hbk|

Let us step through algebra…..

using 
X

k

Ak�kn = An

<latexit sha1_base64="XaWaPmsL1FGlxzq0DQzqTvYRqFk=">AAACF3icbVBNS8NAEN3U7/pV9aaXxSJ4KolU7EVQvHhUsFpoS9hsJ3bJZhN2J0IJAf+Gf8Cr/gNv4tWjf8Df4bb2YFsfDDzem2FmXpBKYdB1v5zS3PzC4tLySnl1bX1js7K1fWuSTHNo8kQmuhUwA1IoaKJACa1UA4sDCXdBdDH07x5AG5GoGxyk0I3ZvRKh4Ayt5Fd2OyaL/Yie2+r0QCLz80gVp+e+NatuzR2BzhJvTKpkjCu/8t3pJTyLQSGXzJi256bYzZlGwSUU5U5mIGU8YvfQtlSxGEw3H/1Q0AOr9GiYaFsK6Uj9O5Gz2JhBHNjOmGHfTHtD8T+vnWHY6OZCpRmC4r+LwkxSTOgwENoTGjjKgSWMa2FvpbzPNONoY5vYEmgWARZlG4w3HcMsuT2qefXa8XW9etYYR7RM9sg+OSQeOSFn5JJckSbh5JE8kxfy6jw5b8678/HbWnLGMztkAs7nDzJJn7w=</latexit>



e↵x =
1X

k=0

1

k!
↵kxk

sin↵x =
1X

k=0

1

(2k + 1)!
(�1)k↵2k+1x2k+1 cos↵x =

1X

k=0

1

(2k)!
(�1)k↵2kx2k

Examples(the real definitions):

Ô
2 = ÎIn special case where (algebra on next slide)

Now consider

e↵Ô =
1X

k=0

1

k!
↵k

Ô
ke↵x =

1X

k=0

1

k!
↵kxk

x ! Ô

<latexit sha1_base64="9Q0J1pjc7aIZeKfsR/3w4FJQYQw=">AAACE3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIxS4LbtxZwT6gCWUynbRDJw9mbsQS8xn+gFv9A3fi1g/wB/wOJ20WtvXAwOGce7lnjhcLrsCyvo2V1bX1jc3SVnl7Z3dv3zw4bKsokZS1aCQi2fWIYoKHrAUcBOvGkpHAE6zjja9zv/PApOJReA+TmLkBGYbc55SAlvrm8SN2IMLOiEDqBARGnp/eZlnfrFhVawq8TOyCVFCBZt/8cQYRTQIWAhVEqZ5txeCmRAKngmVlJ1EsJnRMhqynaUgCptx0mj/DZ1oZYD+S+oWAp+rfjZQESk0CT0/mEdWil4v/eb0E/Lqb8jBOgIV0dshPBNY/zsvAAy4ZBTHRhFDJdVZMR0QSCrqyuSueJGMGWVkXYy/WsEzaF1W7Vr28q1Ua9aKiEjpBp+gc2egKNdANaqIWougJvaBX9GY8G+/Gh/E5G10xip0jNAfj6xfTFZ6K</latexit>

One of most powerful relations in QM

(original derivation for ordinary functions by Euler in 16th century

ei✓ = cos ✓ + i sin ✓

<latexit sha1_base64="CfZENG/Hi+5pUS6QdhZjvWAXSP0=">AAACI3icbVDLSgNBEJz1GeMr6tHLYlAEIexKxFyEgBePEcwDsjHMTjrJkNnZZaZXCEv+wN/wB7zqH3gTLx68+h1OkhVMYsFAdVU33VN+JLhGx/m0lpZXVtfWMxvZza3tnd3c3n5Nh7FiUGWhCFXDpxoEl1BFjgIakQIa+ALq/uB67NcfQGkeyjscRtAKaE/yLmcUjdTOncB9wj3sA9LRlcdCnaTFGfc0l79VO5d3Cs4E9iJxU5InKSrt3LfXCVkcgEQmqNZN14mwlVCFnAkYZb1YQ0TZgPagaaikAehWMvnPyD42Ssfuhso8ifZE/TuR0EDrYeCbzoBiX897Y/E/rxljt9RKuIxiBMmmi7qxsDG0x+HYHa6AoRgaQpni5lab9amiDE2EM1t8RQeAo6wJxp2PYZHUzgtusXBxW8yXS2lEGXJIjsgpccklKZMbUiFVwsgjeSYv5NV6st6sd+tj2rpkpTMHZAbW1w/tLaYP</latexit>

! ei⇡/2 = i , ei⇡ = �1

<latexit sha1_base64="Hkku3+AY5NrloEfivOlp7A4BT14=">AAACInicbZDLSsNAFIYn9VbrrerSTbAUXGhNSsVCKRTcuKxgL9DEMpmetEMnF2YmQgl5Al/DF3Crb+BOXAmufQ6nbQRbPTDDz/+fw5n5nJBRIQ3jQ8usrK6tb2Q3c1vbO7t7+f2DtggiTqBFAhbwroMFMOpDS1LJoBtywJ7DoOOMr6Z55x64oIF/Kych2B4e+tSlBEtl9fNFSwY63MXUCul5OalTq2bVTqfXj5vUz8x+vmCUjFnpf4WZigJKq9nPf1mDgEQe+JIwLETPNEJpx5hLShgkOSsSEGIyxkPoKeljD4Qdz76T6EXlDHQ34Or4Up+5vydi7Akx8RzV6WE5EsvZ1Pwv60XSrdox9cNIgk/mi9yI6QrBlI0+oByIZBMlMOFUvVUnI8wxkYrgwhaH4zHIJKfAmMsY/op2uWRWShc3lUKjmiLKoiN0jE6QiS5RA12jJmohgh7QE3pGL9qj9qq9ae/z1oyWzhyihdI+vwGJlqLe</latexit>

real definition

ei↵Ô = cos↵Î+ iÔ sin↵

<latexit sha1_base64="FOqlOnBZVisb1Io8iaPJFcRLmwM="></latexit>

Definition: Power series representation of a function:

f(x) = a0 + a1x+ a2x
2 + a3x

3 + · · · =
1X

k=0

akx
k



ei✓Ô =
1X

k=0

1

k!
(i✓)kÔk =

1X

k=0

1

k!
(i)k✓kÔk

= Î+ i✓Ô+
1

2!
i2✓2Ô2 +

1

3!
i3✓3Ô3 +

1

4!
i4✓4Ô4 + · · ·

= Î+ i✓Ô� 1

2!
✓2Ô2 � i

1

3!
✓3Ô3 +

1

4!
✓4Ô4 + · · ·

Ô
2 = Ô

4 = Ô
6 = · · · = Î

Ô = Ô
3 = Ô

5 = · · · = Ô

where have used

where have used i2 = �1, i3 = �i, i4 = +1......

=

✓
Î� 1

2!
✓2Ô2 +

1

4!
✓4Ô4 + · · ·

◆
+ i

✓
✓Ô� 1

3!
✓3Ô3 + · · ·

◆

=

✓
Î� 1

2!
✓2Î+

1

4!
✓4Î+ · · ·

◆
+ i

✓
✓Ô� 1

3!
✓3Ô+ · · ·

◆

= cos ✓ Î+ iÔ sin ✓



In general, if we need operator for an arbitrary function   f(x)   we do the following: 

Definition

ordinary numbers “commute”               operators may not “commute”

Remember these useful properties:

B̂ |bki = bk |bki k = 1, 2, 3, ......, n then

This is mathematical property behind Heisenberg uncertainty principle.

if 

|V i = v1 |1i+ v2 |2i , |Ui = u1 |1i+ u2 |2i

<latexit sha1_base64="eiklmyp66vWIQpo8raOQ4hEy+9A="></latexit>



More algebra gives:

I have an interesting thought….(this is how a theoretical physicist works…….)

hB̂i = hV | B̂ |V i

|V i =
nX

k=1

dk |bki , dk = hbk |V i

hV | =
nX

k=1

d⇤k hbk|

= expectation value

eigenvectors are complete orthonormal set = basis —> make expansions

Can always do this with any basis set!!

B̂

<latexit sha1_base64="h5s23509c0uprcSfPWBBXbna0IE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRJR7LLoxmUF+4AmlMl00g6dTMLMTaGEfIM/4Fb/wJ249Rv8Ab/DaZuFbT1w4XDOvdzDCRLBNTjOt1Xa2Nza3invVvb2Dw6P7OOTto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfD/zOxOmNI/lE0wT5kdkKHnIKQEj9W3bGxHIvIjAKAizuzzv21Wn5syB14lbkCoq0OzbP94gpmnEJFBBtO65TgJ+RhRwKlhe8VLNEkLHZMh6hkoSMe1n8+Q5vjDKAIexMiMBz9W/FxmJtJ5GgdmcRdSr3kz8z+ulENb9jMskBSbp4lGYCgwxntWAB1wxCmJqCKGKm6yYjogiFExZS18CRcYM8oopxl2tYZ20r2rude3m8braqBcVldEZOkeXyEW3qIEeUBO1EEUT9IJe0Zv1bL1bH9bnYrVkFTenaAnW1y+YUJxK</latexit>

B̂

<latexit sha1_base64="h5s23509c0uprcSfPWBBXbna0IE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRJR7LLoxmUF+4AmlMl00g6dTMLMTaGEfIM/4Fb/wJ249Rv8Ab/DaZuFbT1w4XDOvdzDCRLBNTjOt1Xa2Nza3invVvb2Dw6P7OOTto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfD/zOxOmNI/lE0wT5kdkKHnIKQEj9W3bGxHIvIjAKAizuzzv21Wn5syB14lbkCoq0OzbP94gpmnEJFBBtO65TgJ+RhRwKlhe8VLNEkLHZMh6hkoSMe1n8+Q5vjDKAIexMiMBz9W/FxmJtJ5GgdmcRdSr3kz8z+ulENb9jMskBSbp4lGYCgwxntWAB1wxCmJqCKGKm6yYjogiFExZS18CRcYM8oopxl2tYZ20r2rude3m8braqBcVldEZOkeXyEW3qIEeUBO1EEUT9IJe0Zv1bL1bH9bnYrVkFTenaAnW1y+YUJxK</latexit>

is Hermitian  —> 

=
nX

k=1

bk|dk|2hB̂i

<latexit sha1_base64="77K7kfr9AXbRlsbSh7m0phyc1wY=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKnsCuKHkUvHhVMFLIh9E56kyGzs8tMrxCWvfob/oBX/QNv4lX8Ab/DyePgq6ChqOqmuyvKlLTk+x/ezOzc/MLi0nJlZXVtfaO6udW0aW4ENkSqUnMbgUUlNTZIksLbzCAkkcKbaHA+8m/u0FiZ6msaZthOoKdlLAWQkzpVHirQPYU87AMVYQLUj+LirCx5aMZGp1rz6/4Y/C8JpqTGprjsVD/DbiryBDUJBda2Aj+jdgGGpFBYVsLcYgZiAD1sOaohQdsuxp+UfM8pXR6nxpUmPla/TxSQWDtMItc5OtX+9kbif14rp/ikXUid5YRaTBbFueKU8lEsvCsNClJDR0AY6W7log8GBLnwfmyJDAyQyooLJvgdw1/SPKgHh/Wjq8Pa6ck0oiW2w3bZPgvYMTtlF+ySNZhg9+yRPbFn78F78V69t0nrjDed2WY/4L1/AeA5os4=</latexit>

see algebra on next slide



hB̂i =
 

nX

k=1

d⇤k hbk|
!
B̂

 
nX

m=1

dm |bmi
!

=
nX

k=1

nX

m=1

d⇤kdm hbk| B̂ |bmi

=
nX

k=1

nX

m=1

d⇤kdm hbk| bm |bmi =
nX

k=1

nX

m=1

d⇤kdmbm hbk | bmi

=
nX

k=1

nX

m=1

d⇤kdmbm�km =
nX

k=1

bkd
⇤
kdk =

nX

k=1

bk|dk|2



Now, in general, if expectation value = average value, then we must have

hB̂i =
X

allowed values

(allowed value of B)⇥ (Probability of that value)

which is just the definition of 
the average value!!

hB̂i =
nX

k=1

bk|dk|2

<latexit sha1_base64="Gg2Ka+j7ndzGKNO2k8Cg58nFrK0="></latexit>

Now we just derived

Comparing(see arrows) last two equations - we might guess 

                 allowed values = eigenvalues 

                        and 

                probability = square of component value



Now we can write

|dk|2 = d⇤kdk = (hbk |V i)⇤ hbk |V i = | hbk |V i |2 = hV | bki hbk |V i

This says that

=  probability of observing value        when in state | hbk |V i |2 bk |V i

Also says

= probability of observing value        in state bk |V i

= expectation value of the projection operator

hV | bki hbk |V i = | hbk |V i |2 = |component|2

<latexit sha1_base64="+atFOgiL1lhpyD2tMuZOgrYY9p4="></latexit>



Repeat of Time Evolution Derivation - it is clearly so important 

Energy eigenvectors evolve in time with exponential factor e�iEt/~

—> for energy eigenvector ∣E⟩ have Û(t) |Ei = e�iEt/~ |Ei

Thus, if want to find time evolution of arbitrary state, 
            then follow procedure stated earlier: 

1. Write arbitrary initial (t = 0) state ∣ψ⟩ in terms of energy eigenvectors, 

             i.e., use energy basis. 

| (0)i =
X

n

an |Eni where an = ⟨En ∣ ψ⟩.

2. Operate with time development operator 

| (t)i = Û(t) | i = Û(t)
X

n

an |Eni =
X

n

anÛ(t) |Eni =
X

n

ane
�iEnt/~ |Eni

3. Do measurement of observable,     
             —> must change basis to eigenvectors of      (go to HOME space).     Have

B̂

B̂

|Eni =
X

k

ckn |bki where                               and           B̂ |bki = bk |bki ckn = hbk |Eni



4. Finally, probability amplitude for measuring bk if in state ∣ψ(t)⟩ given by 

hbk | (t)i =
X

n

ane
�iEnt/~ hbk |Eni

Have, formally, answered question, 
          although computation might be difficult. 
Another way of thinking about time evolution 
          is to work directly with time-evolution operator          . 
Makes above discussion more formal. 

Most of operators have we been discussing correspond to observables. 
In mathematics —> Hermitian operators. 
Since their eigenvalues 
        are possible results of measurements of observables and eigenvalues 
        must be real numbers 
        —> always true for Hermitian operators. 

=
X

n

ane
�iEnt/~ckn

Û(t)

Time-evolution operator representative of 2nd class of operators in quantum theory. 
These operators do not represent observables, 
            but instead transform kets (states) into different kets (states). 



Because coefficients of basis states in representation of arbitrary state 
         are related to probability amplitudes 
          and therefore sum of their absolute squares must equal 1, 
          these transformation-type operators, in mathematics —> unitary operators. 
Unitary operators in mathematics have eigenvalues whose absolute value always equals 1. 
From our study of complex numbers, 
             know that if                                              , then                                               
             or  ∣z∣ = 1   always. 

Thus, eigenvalues of any unitary operator 
            can always be represented by a complex exponential. 

z = ei↵ = cos↵+ i sin↵ |z|2 = cos2 ↵+ sin2 ↵ = 1

If eigenvectors/eigenvalues of               represented by equationÛ(t) Û(t) |�ni = ei�n |�ni

then can write Û(t) =
X

n

ei�n |�ni h�n|

In many physical systems, 
         energy operator does not change with time. 
In quantum theory 
         —> both energy operator 
         and time-evolution operator have same eigenvectors. 



If have                                     , then —> can write Ĥ |Eki = Ek |Eki Û(t) =
X

n

e�iEnt/~ |Eni hEn|

—> for energy eigenvector have

Û(t) |Eki =
"
X

n

e�iEnt/~ |Eni hEn|
#
|Eki = eiEkt/~ |Eki

i.e., only change by phase factor. 
            —> no probabilities changes during time evolution of these states 
            and called stationary states. 

More importantly, property gives method for finding time evolution for arbitrary state —> 

1. Write initial arbitrary state in energy basis | (0)i =
X

n

an |Eni where an = hEn | i

2. Operate with time development operator 

| (t)i = Û(t) | i = Û(t)
X

n

an |Eni =
X

n

anÛ(t) |Eni =
X

n

ane
�iEnt/~ |Eni

3. and so on as before...... 

If you wanted to do it, you are now able to to do QM calculations!!



As we worked through the mathematics 
  
we have laid the ground work for the postulates of QM  
  
(in some cases we have actually stated the postulate already).  

We will not use any more mathematics than I have shown you already. 
  
You will get better at using the mathematics as we will use it in class and you get       
used to the language.

If you cannot follow all the details of the mathematics,  

       then just follow along with the ideas that I present.  

That will be sufficient to understand QM.

That is all mathematics  will need for QM - lots of repetition coming…….

These ideas will become postulates - that is what random thinking sometimes produces


