Schroédinger Equation
The Dirac 6-Function

History
In development of quantum mechanics by P. Dirac, the following sequence of ideas occurred

(1) Observable = measurable quantity = Hermitian operator

(2) Physical states are linear combinations of the eigenvectors [requires complete
orthonormal basis]

(3) Possible measurements are represented by the eigenvalues [must be real numbers]
OIN =N, |\ =eigenvector , = eigenvalue

(4) Some observables have a discrete spectrum [finite number or denumerably infinite number]
—> eigenvectors satisfy

(N ] A) = 6
In this case, for different eigenvalues this is a well-defined statement.

(5) Other observables have a continuous spectrum [non-denumerably infinite number of
eigenvalues].

For example, the position operator X , which we have discussed and will discuss
further shortly, is such that

X|z)=zl|z) , |z)=eigenvector , 1z = eigenvalue

Now ask question, what is (x’ 1 x)? Dirac assumed



(2" | x) = 0prp = 6(x — ')
where he proposed the definitions

o

/5(az—x’)d9€’:1 S(x— ') = 0if &’ £z /f 5(z — 2')da' = f(x)

— o0

Although, the new mathematical object assumed by Dirac did not flt In with any mathematics

known at time (1929), the assumption gave the correct physical theory in sense that all its
predictions agreed with experiments.

Eventually(1960), mathematicians, who initially vehemently disputed Dirac’s assumption of new
“function”, caught up to physicists and proved all of its properties in the Theory of Distributions.

Introduction to the Schrodinger Equation in One Dimension

Time Evolution

One way of doing quantum calculations —> the Schrodinger Picture and involves Schrodinger

equation for determining wavefunctions corresponding to energy eigenstates and for specifying
time evolution of physical quantities. In this picture:

(a) states are represented by ket vectors that depend on t, 1(t))
(b) operators () representing observables or measurable quantities are independent of t

We then get a time-dependent expectation value of the form <Q(t)> = (¥(t)| Q [¥(t))

Let t be continuous parameter. Consider a family of unitary operators ﬁ(t) , with following
properties U0)=1 , Uty +t) =Ut1)U(t2)



Other transformations such as displacements, rotations and Lorentz boosts also satisfy these
properties.

The operator U (t) is the time development operator whose existence was one of our
postulates and whose form we specified earlier.

Now consider infinitesimal t.

We then write an infinitesimal version of unitary transformation (using Taylor series) as

. . dU(t
U(t):Ier(C]i—i) t + O(t%)
t=0

Since a unitary operator must satisfy unitarity condition U+ =1 for all t, we have

o ) . dU(t . dUT(t A
UU+:I=<I+() t+....> <I+ dt() t+....> =1+
t=0 t=0

dt
dU(t) dU(t)
7 — 0
i d -

dU (t) N dU (t)

— t+ ...
dt dt i

t=0

which implies that

A

If we define dlcflit) — _;H then condition becomes —iH = +(iH)" = —iHY or H = g+

t=0

—> H is Hermitian operator —> generator of family of transformations {7 () because it
determines operators uniquely. Now consider property U(t1 +t2) = U(t1)U(t2)



Of(z,y,2) df(x,y,z2
A partial derivative is defined by ( o ) = (da: )

Y,z=constants

For example, if f(x,y,z) = x°y + xy’z + x°sin(z), then
% = 322y +y 2 + 2x sin(2)
g—?fj = x5 + Try2
% = 2y’ + 2% cos(2)

Using the partial derivative we have

0 -
8_151U(t1 + tg)

t1=0

which is the equation for arbitrary t

dAU(t) - -
— HU(t
This equation is satisfied by the unique solution U(t) _ it

which gives an expression for time development operator in terms of Hamiltonian.

Formally —> Stone’s theorem.

Same form as we specified earlier for time-development operator.



Schrédinger picture follows directly from discussion of {/(t) operator.

Suppose we have some physical system represented by state vector 1p(0)) att =0 and
represented by state vector (1)) at t.

We ask this question.
How are these state vectors related to each other?

We make the following assumptions:

(1) every vector 1y(0)> such that (P(0) | P(0)) = 1 represents a possible state at t=0
(2) every vector (1)) such that (Q(t)IP(t)> = 1 represents possible state at t

(3) every Hermitian operator represents an observable or measurable quantity
(4) properties of physical system determine state vectors to within phase factor since
1) = eld 1Y)y implies that i ia
(o) ={ble™™ e ) =W [y) =1
(5) 1P(t)) is determined by 1P(0))

Now, if 1P(0)) and 19(0)) represent two possible states at t = 0 and 1Q(t)> and 1d(t))
represent corresponding states at t, then

Kp(0) | W(0))12 = probability of finding system in state represented by I$(0)> given that
system is in state 1J(0)) at t=0

Kp(t) 1 W(t))12 = probability of finding system in state represented by 1d(t)) given that
system is in state 1(t)) at t



(6) It makes physical sense to assume that these two probabilities should be same

(p(0) [ ()" = [{(t) | ()

Wigner’s theorem (linear algebra) —> exists unitary, linear operator {7  such that

1W(t)) = U(t) [¢(0))  and an expression of the form
~ 2
(] U()18)

gives the probability that the system is in state 1a) at t given that it was in state 13) at t=0.

We assume this expression is continuous function of t. We already showed that U(t)
satisfies the equation

U0 g (t) or U(t) = e

and thus,

(1)) = U(t) [(0)) = e~ |4(0))

which —> an equation of motion for state vector

Z,df] (t)
dt

4(0)) = HO(1) [4(0)) e i () = H ()

which is the abstract form of the famous Schrodinger equation.

We will derive the standard form of the equation shortly.



2 —iHt

As said earlier, operator U(t) =e —> time evolution operator.

Finally, we can write the time-dependent expectation value as

(1)) = U (1) [(0)) = e~ j1(0)) - Q) = (1] Q1)

—> Schrodinger picture where state vectors change with time and operators are constant in
time.
Note that Schrodinger picture is not the same as Schrodinger equation.

The Schrodinger equation involves mathematical object called the wave function which is one
particular representation of state vector, namely the position representation - will see later.

Thus, Schrodinger equation is applicable only to Hamiltonians that describe operators
dependent on external degrees of freedom like position and momentum.

The Schrodinger picture, on other hand, works with both internal and external degrees of
freedom and can handle much wider class of physical systems, as shall see.

Schrodinger Wave equation - Coordinate Representation - Wave functions: Approach #2
To form representation of an abstract linear vector space we must carry out these steps:

(1) Choose complete, orthonormal set of basis vectors {i1ay)}

(2) Construct identity operator | as sum over one-dimensional subspace projection
operators o) {akl i Z a
= k) (O]
k



(3) Write arbitrary vector Q) as linear combination or superposition of basis vectors using
identity operator
) =1|¢) = Z|Oék (ag|) [¢) = Z(Oék | Y) |ag)

It is clear from equation, that knowledge about behawor(say in time) of the expansion
coefficients (ax | ) —> behavior of state vector 1) and allow us to make predictions.

Remember also, that the expansion coefficient is the probability amplitude for particle in state
1) to behave like it is in state 1ay).

A particular representation, very important in study of many systems using Quantum
Mechanics, is formed using the eigenstates of the position operator as a basis —> coordinate
or position representation.

We restrict our attention to one dimension for simplicity.

A

Eigenstates {Ix)} of the position operator  satisfy * ) =z |x)

where eigenvalues x are continuous variables in range [-®,»©] —> basis of coordinate
representation.

Expanding earlier discussions, in this case, the summations become integrals and we have
P= [ o) talde —— [0)=110) = [ () () [0} do = [ (o] 0)]z) do

The expansion coefficient in the coordinate representation is given by Y(x) = x 1 )



Since the inner product defined for all states 1x), the new object is clearly function of

eigenvalues x —> probability amplitude for finding particle at point x in 1-dimensional space
if in (abstract)state vector 1y) —> wave function.

Bra vector corresponding to W) is (| = (¥ I = / (W | x) (x| dx = / (z | )" (x| dx

The normalization condition takes the form
W10) =1= W10 = [@lo) @l vpde = [ @] 0)fde = [ [)Pde= [ @)
The probability amplitude for a particle in state 1) to behave like it is in state 1®) is
@lu)=([ @) @ldn)( [ @ |9)1e)ds) = [do [ o' (@] 0) @] ) 2] @)
| ")

In order to evaluate this, need the normalization condition (x

We have
o= [@iva @l = [@lneldae s = ) el
which implies that (x| 2") =6z —2")
) undefined =z # a B
where 9(z —a) = {0 otherwise and / fle)le = a)de = fla)

for any function f(x) —> Dirac delta function as mentloned earlier.



Putting into above equation for Y(x), we have
= /w(aj x| 2 da' = /w 6(x — x")da' —> defining integral.
Thus, delta function normalization follows from completeness property of projection operators.

Using this result we get
(0| ) = / da / ir' (x| @) (&' | ) 8(z — ') = / (@ | )" (& | ) da = / o (2)ib(x)da

We formally write = operator using expansion in eigenvalues and projection operators as

§3=/a:\x>(a:|da:

Will also need properties of linear momentum operator. Eigenstates {Ip)} of momentum
operator p satisfy plp) =p|p)

where eigenvalues p are continuous variables in range [-,0] —> basis of momentum
representation Repeating the mathematical step used with x-representation we have

o [ 0 wlant) = 110y = —— [Up D wydo =5~ [l el dp ¥) = (o)

W= wli=oo [ ) pld=g [l bld

plp)=3dp—p)

1

5 d
p=5—~ p|p) (p|dp

1
2mh



Now we derive connections between two representations.

Need to determine quantity x 1 py —> (x| p) = /" —> key result.
It will enable us to derive the Schrodinger equation.
Derivation: A representation of Dirac delta function is

1 e dp = §(z — 2')

2mh

— 0

By representation —> can show that

[ 1@ |5y [ €| dz = f(a)

— 0

for any function f(x).

Result follows from Fourier transform theory.

Now can rewrite equation in another way

o

1 : / .
— | P gy = §(x — ') = (x| &) = (x| ]|z
2mh

— 00

which is clearly satisfied by (x| p) = /T

_ /rp><prdp \x’>=/<xrp><p\x'>dp =/<xrp><as'rp>*dp



It is not unique choice, however.

It is choice, however, that allows Quantum Mechanics to make predictions that agree with
experiment.

We might even say that this choice is another postulate!

Now, we can use these results to determine the expectation values of operators involving
position and momentum operators.

Since we are interested in coordinate representation need only determine these relationships.

Position operator calculations are straightforward
|z |y) =z |v) , (2 f(@)[) = flz) @] )

For the momentum operator write

@lpl) = 5 [ dptalplo) (01 0) = 5 [ doalplp) 0] ) = 5 [ pdp (o ) (0] )
Using  (xlp) =" wehave  plr|p) =i (x| p) = (e|pp)
" lpl) = g [0l 01 4)

= i [l 01 0) = o [do | ih 8 010

—i d d

= oo [ dp (@ |p) (p| ) = —ih—— (x| )



2 2
Can also show that N ST L o dm
@12 ) = - (—ing. ) (@19 =155 (7| )

Using these results, we can now derive Schrodinger wave equation.

Schrodinger wave equation in one dimension is a differential equation that corresponds to
eigenvector/eigenvalue equation for Hamiltonian operator or energy operator.

The resulting states are energy eigenstates.

We already saw that energy eigenstates are stationary states and thus have simple time
dependence.

This property allows us to find time dependence of amplitudes for very complex systems in
straightforward way.

We have H [Yg) = E|Yg) where E is a number and
N A2
H = energy operator = (kinetic energy + potential energy) operators = ;; + V(%)
m
Then have
~2
p .
(z !—+V( )[vp) = E(z|yg) —> (@5 |vp) +{@|V(2)[Ye) =E(|¥p)
h? 2 h2 d2p(x)
g (0| 8) + V(@) (@ | ¥6) = B @] ¥p) ——> —5 57 + V(@hiu(e) = Bép()

—> time-independent Schrodinger wave equation in 1 dimension.

Quantity v g(x) = (x | ¢¥g) is the wave function or energy eigenfunction in the position
representation corresponding to energy E.



Quantity |vg(2)]* = |(x | vE)|° represents probability density to find particle at

coordinate x if in state represented by vector Iyg).

Since
Ut) [g) = e "t [g) = e %t [g)  have (z|U(t)|vE) = Yr(z,t) =7 (x| ¢¥g)

> wE(xat) — e_i%th(va)

Therefore, W2 gz, t)
BT + V(z)Wg(x,t) = EYg(z,t)

i EYp(,t) | 0
S ij(f ) V(@) es(et) = ih (s, 1)

which is time-dependent Schrodinger wave equation.

Clearly, systems change in time.
One change is collapse process, discontinuous (and non-unitary).

We have also developed (from postulate #4) a deterministic (unitary) time evolution between
measurements.

Between measurements states evolve according to equation
(1)) = U(t) [9(0)) = e /" [1(0))
For energy eigenstates we find that - .
YE(t) =U®) [¥Ee(0) =e ' [Pp(0)) = e """ [PE(0))

that is, they only change by a phase factor.



Look at simple example to illustrate process.

Consider particle with hardness property but now place it in an external force that makes the
system have a higher energy when particle in hard state 1h) than when in soft state Is).

Define two energies +Eq for ih) and -E, for Is).

These energies —> corresponding energy eigenvalues for two states.

Therefore, energy operator (in hard-soft basis) given by

-~ [ +Ey 0
= )

Thus, have
Case #1 14(0)) = |h) (1)) = e H/M Py = e=iBot/hpy and
Case #2 4(0)) = |s) Y(t)) = e HHUR |5) = ¢iBot/h )

In either case, if measure hardness of this particle at t, still has same value as att =0, that is,

for case #1 , | > ,
([ 9(e)]” = <hle‘1E0t/h\h>| =[(hm))" =1

(s [wO) = |(sle= " | = (s | )2 = 0

or hardness of particle does not change in time if starts out in state of definite hardness
(—> energy eigenstates)

When initial state is not an energy eigenstate, that is, when it is superposition of hard and soft
states, then it will change with time.



The change will be in relative phase between the components.
1
9(0)) = —= ([h) +1s)) = |g)

V2
(1)) = e~ /M (0)) = %H/ (10} + [s)) = —5 (e 1/" ) + e/ 5))

(e—iEot/h ‘h> 4+ 6iEot/h ‘S>)

Sl =Nl

so relative phase is  g2iEot/h

This state is not eigenstate of hardness or color! What is probability of measuring various
results?

Initially:
1
(R O)F =5 = (s [ L) (g v =1, [m|(0))*=0
At time t: . 5 . 2
2 _ = [ —iEot/ iEgt/ _ | & _—iEpt/ -
10D = (8] (75 (780 ) 4 B0 1)) )| = | et
2 2
5 [0 = (6] (75 (e B0/ 1y + cB0m 1)) ) [ = | et — 2
2
a1 6O) = |t (5 (5 ) + =50 1) )
2 2
_ ‘%e—ont/h <g ‘ h> 4+ %eiEot/h <g ‘ 8> |_6—iE0t/h_|_ %eiEot/h _ C082 Qiot




(m | w(tmz — |(m) (% (e—z'Eot/h h) + oiEot/h \3>)> ‘2
_ Le—z’Eot/h (m | h) + LeiEOt/h (m | s)

V2 V2

So the probability of measuring the hardness of a particle that was originally in green state
remains 1/2 (as was at t = 0) since they are energy eigenstates or stationary states.

2 2
— ‘1 iFot/h __ leiEOt/h . o 2E0t

—e — Ssin
2

2 h

But much more interesting is the fact that probability for measurements of color oscillates
between probability =1 for green and probability = 1 for magenta.

So the procedure is as follows:
(1) Find the energy operator for the physical system.

(2) Express the initial state as a superposition of energy eigenstates.

(3) Insert the simple time dependence of the energy eigenstate to obtain the time dependence
of the state of the system.

(4) Determine probability for final measurements by taking appropriate inner products.



One-Dimensional Quantum Systems

Schrodinger equation in 1-dimension is

B2 A2 () B
- B LV (@)pe(e) = Bvu(o)

Solutions Yg(x) are energy eigenstates (eigenfunctions). Time dependence given by

ez, t) = e " wipp(x, 0) where Ve (z,0) = (x| E)
~ ~2
and H|E)=FE|E) where H = ;; V(%)
m™m

Thus we are faced with solving an ordinary differential equation with boundary conditions.

Since Ye(x) is physically related to the probability amplitude and hence to the measurable
probability, we assume that g(x) is continuous.

Using this fact, we can determine the general continuity properties of dyg (x)/dx.

The continuity property at a particular point, say x = Xo, is derived as follows:

xo+€d2¢) ( ) xo+e dﬁ; ( ) 5 ~ xo+te zo+e -
E\L E(T m
/ dx? = / d( dx ) T2 = / Ve(@)de = / V(z)Yg(r)dx

To—E To—E€ | zo—e e ]
Taking limitas e = 0

2 i To+te To+e

lim dyp () _ dyg(z) _ " B lim / Vg (z)ds — lim V(x)yg(r)de
e—0 dx r—mote dr e 72 250 am




mo—l—&"

d )
of A( wjﬁ) = Dlim [ V(@)ep(@)de

where have used continuity of Pg(x) to set

—> that whether or not dyg(x)/dx has a discontinuity depends directly on the potential energy
function.

If V(x) continuous at X = X, i.e., if lim [V(xg+¢) —V(xg—¢)] =0 then

e—0
To+E€
d 2m .
A ( ¢§x($)> = h—? lim V(z)yg(x)de =0  and dyg(x)/dx is continuous.
If V(x) has finite discontinuity (jump) at x = xo, i.e., lim [V(zo +¢) = V(zo — )] = finite then
$0—|—€
d 2m .
A ( wilfx)) = h—ZL lim V(z)Yp(z)de =0 and dyg(x)/dx is continuous.

Finally, if V(x) has an infinite jump at x = X, then we have two choices

(1) if potential is infinite over an extended region of x, then we must force Yg(x) = 0 in that
region and use only the continuity of Yg(x) as boundary condition at the edge of region.



(2) if potential is infinite at single point, i.e., V(X) = &(X — Xo), then would have

ro+e ro+te
3 (U5) =T [ vewsei ~Trim [ o st
_2m 2m . .
=23 hm wE(xo) 5 — Y p(xg) and thus dyg(x)/dx is discontinuous.

Last thing we must worry about is the validity of probability interpretation of Qg(x), i.e., YPe(x) =
XIYg> = probability amplitude for particle in state iQg> to be found at x —> must also have

(Ve | YE) = / \%E(x)lzda: < 00

This means that we must be able to normalize the wave functions and make total probability
that particle is somewhere on x—axis equal to one.

A wide range of interesting physical systems can be studied using 1-dimensional potential
energy functions.

Quantized Energy Levels in the Infinite Square Well Potential

This is standard first problem in any quantum mechanics class!

{O —a/2 <z <a/2

: - i Vix) =
Now consider potential energy function () =19 2] > a2



This is the so-called infinite square well shown in the figure.

Y= co

We consider the three regions labeled |, Il, IlI.
I II III

—> example of potential that is infinite in an extended region.

V=0

- =2
X= X=3

aN] [

Therefore, must require that wave function Y(x) = O in these regions or the Schrodinger
equation makes no sense mathematically. In this case have

Yr(x) =0 , rr(x) =0

Digression: Solving Second-Order ODEs
The solution technique use in most cases is called exponential substitution.

Exponential Substitution = Method applicable to all ordinary differential equations of form

©y | gy here A, B and C
AL L BYY Loy =0 where A, B and C are constants.
dt? dt
Definitions: 2nd-order = order of highest derivative

linear = no squares or worse
homogeneous = right-hand side = 0
constant coefficients = A, B, C

Therefore this equation is a 2nd-order, homogeneous, linear differential equation with constant
coefficients.



Method: Consider a typical equation of form
d*y dy
—+3—+2y=0
a a7
Make the exponential substitution

at
y—==e€

into ODE. This will convert diffEQ into an algebraic equation for a. We thus have

@ B d2€at 5 ot dy B deat
a2 d2 dt  dt

= ae™

which gives result
(@®+3a+2)e* =0=0a’+3a+2=0  sincee” = 0.

Solutions of algebraic equation tell us allowed values of a that give valid solutions to ODE.
In particular, in this case we get

a=—1,-2
as solutions to quadratic equation.

This result means that y = e and y = e™ satisfy the original ODE as can be seen by direct
substitution.



If there is more than one allowed value of (as in this case), then the most general solution will
be a linear combination of all possible solutions(because this is a linear diffEQ).

Since, in this case, allowed values of a are a = -1, -2, the most general solution of ODE is
y(t) = ae”t 4 be !

where a and b are constants to be determined by the initial conditions.

Number of arbitrary constants that need to be determined by initial conditions is equal to
order(highest derivative — 2 in this case) of this ODE.

Suppose the initial conditions are

dy _

y=0, —-=1 att=0.
Then have
y(t) = ae”t 4 be ! y(0)=0=a+1b
d dy
d—i — —ae " — 2be” %(O) =—a—2b=1

which gives a = —-b = 1 and thus the solution is

y(t) = et — e

One can easily substitute this solution into original equation and see that it works and has the
correct initial conditions!!



Now Simple Harmonic Motion. The equation(spring) of motion has the form

dt dt \ dt dt?
so that A=M, C=k and B=0

2
M@:—kxéMd (dx>:—k$:>Md—w+ka::O

Although the exponential substitution method is very powerful as described, we can make it
even more powerful by using a mathematical quantity called the complex exponential.

The change allows us to use this method for the SHM case.
Complex Exponentials - Alternative Very Powerful Method

Earlier found

. eiwt L e—iwt 6iwt 4 e—iwt
eT — cosat +isinat  Of sinwt = 5; , coswt = 5
Can use these results to solve SHM equation
d*y d?y k
M—2+ky=0— — +w’y =0 2= =
772 + kY 772 + w Yy , W A7

Substituting y = e™ get algebraic equation
a’ 4+ w? =0
—> solutions (allowed values of a) a = xiw —> most general solution

y(t) — Aeiwt _|_B6—z'wt



. d
Suppose initial conditions are Y=Yy , d—?Z =0 att=0.

Then have o it 1 p—iwt
2

y(0)=ygo=A+B —>A=B="5— ylb)=u
Returning to infinite square well Schrodinger equation: V= oo

— 7o COS Wt

Now in region |l, Schrodinger equation becomes : I I

h2 d2¢—” p2 h2k2
— :E E: } -
2m  dx? vrr 2m 2m =-8  x= =

which has general solution(using above method) given by
wll(x) _ Aeikaﬁ _|_B6—7jkaz

where Kk is some parameter to be determined.

Continuity of wavefunction at x = xa/2 says —>

- ka - ka a  ka _ika
¢II(—g):A€_Z% +Be'® =0 and ¢H(§)=Aezk2 + Be 15 =0

which imply that

2 _ _p—ika _ _ ika —>equation for allowed values (values corresponding to a
A valid solution) of parameter k.

Equationis ¢?** =1 —> allowed values of k form a discrete spectrum of
energy eigenvalues (quantized energies) given by
h2k2 2 2h2

ana:2nﬂékn:n—ﬂ—>En: n M7
a 2m 2ma?




The corresponding wave functions are
g"}) (CC) _ An(ezknx . e—iknae—iknaﬁ) _ Ane—i kga’ (eikn(x—l—%) . e—il%(a:—k%))

and so on.....

= fln sin k,, (a: + ﬁ)

We have mathematically solved ODE problem. Now what is the physical meaning of results?

We find a discrete spectrum of allowed energies corresponding to bound states of Hamiltonian.
Energy is quantized.

Bound states designate states localized in space, i.e., probability large only over restricted
regions of space and goes to zero far from potential region.

2ﬁ2
Lowest energy value or lowest energy level or ground state energy is Fi = ; 5 >0
ma
with (@) Acos (Z2)  |z| < a/2
€T ) —
' 0 lz| > a/2

This minimum energy is not zero because of the Heisenberg uncertainty principle(next lecture).

Since particle has nonzero amplitude for being in well, we say that it is localized such that
Ax = a and thus . .

A i
p_Aa: a

This says kinetic energy (or energy in this case because potential energy equals zero in region
Il) must have minimum value given approximately by

2
Emin — (Ap) i

min ~
2m 2ma2




The solutions also have the property

Y(—z) = Y(x) n odd Y(—x) = —y(x) neven
A discrete transformation of wave function corresponds to parity operator % where we have
pY(z) = ¢Y(—x) = ¢Y(z) — even parity pY(z) = Y(—x) = —p(x) = odd parity

Now look more generally at the parity operation.
Suppose that the potential energy function obeys the rule V(x) = V(-x) and let Y(X) be solution
of Schrodinger equation with energy E. Then

(_h_2v2 + V(:E’)) V(%) = EY(T)

2m

Now let X = X to get the equation

<_h—2v2 + V(—:E)) WW(—T) = E(—7) or (—h—2V2 + V(f)> h(—T) = Ey(-7)

2m 2m

—> that, if P(X) is solution of Schrodinger equation with energy E, then y(—x) is also solution of
same Schrodinger equation and hence with same energy E —> ((X) + y(—X) are also solutions
of same Schrodinger equation with same energy E (by linearity).

Now
Y(T) + p(—%) — even parity solution Y(T) — Y (—Z) — odd parity solution

This says that if V (x) = V (-X), then we can always choose solutions that have definite

parity (even or odd).



Formally, we define the parity operator by the relation

(T 9 [Y) = (=7 | )

Since
(# ° [¥) = (2| p|v) = (T | ¥)

—>must have ¢2 =] , which means eigenvalues of ¢ are +1 as indicated earlier.
&

Now can show [ﬁ, p} =0 for symmetric potentials, i.e.,
oH |E) = OE|E) = EQ|E) = +E |E)
Ho|E) =4+H|E) =4+F |FE)
:>@ﬂ§—ﬁ@)w»:o
= {FI, go} —

since IE) Is an arbitrary state.

This commutator relationship says that f7and ¢ share a common set of eigenfunctions
and that X A
Hp = pH . .
6Hp = ¢?H =f Thismeansthat [ Isinvariantunder ¢ transformation.

A

o' HG = H
where we have used ¢? =1 in the derivation. It also says that

0 (6|E) = ¢ (H|E)) = E($|E))



or © IE)is an eigenstate of [  with energy E as we stated.

The concept of parity invariance and the factthat 7 and ¢ share a common set of
eigenfunctions can greatly simplify the solution of the Schrodinger equation in many cases.



